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Abstract In this note, we investigate the similarity of Cowen-Douglas operators with index one in terms of the
ratio of metrics of the corresponding holomorphic bundles. For the case of index two, we give some sufficient
and necessary conditions for the similarity of M∗

z ⊕ M∗
z by using the ratio of determinants of the metrics, where

Mz is the multiplication operator of weighted Bergman spaces.
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1 Introduction

Let H be a complex separable Hilbert space, L(H) be the set of all bounded linear operators on H. Let T,˜T in
L(H). We say T is similar to ˜T (denoted by T ∼s ˜T ), if there exists an invertible operator X ∈ L(H) such that
XT = ˜T X . In particular, when X is unitary, we say T is unitarily equivalent to ˜T (T ∼u ˜T ). When H is finite
dimensional, the famous jordan canonical form theorem shows that eigenvalues and generalized eigenspaces
are completely similar invariants of operators. However, it is almost impossible to find the geometric similarity
invariants of all bounded linear operators in infinite dimensional space. One can only consider special subclasses.
A. L. Shields in [3] gives a classical similarity theorem, which characterizes the similarity invariants of unilateral
weighted shift operators.

In the paper [6], M. J. Cowen and R. G. Douglas proposed and systematically studied a class of bounded
linear operators on H, named Cowen-Douglas operators.

Let T ∈ Bn(�). Based on the kernel of T −ωI, ω ∈ �, M. J. Cowen and R. G. Douglas defined the curvature
KT of the Hermitian holomorphic vector bundle determined by T . They also found a set of completely unitary
invariants, consisting of curvature and its covariant partial derivatives. When the dimension of the vector bundle
is one, they have the following important theorem.

Theorem 1.1 [6] Let T and ˜T belong to B1(�). Then T ∼u ˜T if and only if KT = K
˜T .

However, for Cowen-Douglas operators with index one, it is not clear how to describe their similarity in
terms of curvature. M. J. Cowen and R. G. Douglas once conjectured that if T,˜T ∈ B1(D) and the spectrums of
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The metrics of Hermitian holomorphic vector 737

T and T̃ are D̄ (closure of unit disk D), then T ∼s ˜T if and only if lim
w→∂D

KT (ω)
K

˜T (ω)
= 1. This conjecture was proved

to be inaccurate with an example given by D. N. Clark and G. Misra (cf. [4,5]). Let e, ẽ be the holomorphic

non-zero sections of ET and E
˜T respectively, and aω := ‖e(ω)‖2

‖̃e(ω)‖2 . Through the example mentioned above, D. N.
Clark and G. Misra illustrated that the ratio of the norms of sections is more efficient than the ratio of curvatures.
According to this new geometric invariant, they have the following theorem.

Theorem 1.2 [5] Let Sα(α ≥ 0) and T (‖T ‖ ≤ 1) be weighted backward shift operators, Sα with weight
an = ( n+1

n+2 )
α
2 (n ∈ N), and aω corresponds to ET and ESα . Then T ∼s Sα if and only if aω is bounded and

bounded from zero.

This theorem can be seen as a geometric form of the similarity theorem given by A.L. Shields in [3].
Suppose T ∈ Bn(�). A holomorphic vector γ of the bundle ET is a spanning section, if span{γ (ω) : ω ∈

�} = H.
One of the main theorems of K. Zhu in the paper [9] provided a sufficient and necessary condition for the

similarity of two Cowen-Douglas operators by using the spanning holomorphic cross-sections. In [8], the first
author joint with C. L. Jiang and X. Z. Guo proved that the ordered K-group of commutant is a kind of similarity
invariant of Cowen-Douglas operators.

The purpose of this paper is to describe the similarity invariants from the viewpoint of eigenvector bundles
corresponding to Cowen-Douglas operators. D. N. Clark and G. Misra had shown that aω can be regarded as the
similarity invariant when the index is one, where aω is the ratio of the metrics of two weighted shift operators.
Inspired by this, we investigate the similarity of some n-hypercontraction and some homogeneous operators by
using this same invariant. For the high rank case, a natural substitution is the ratio of the determinants of the
metrics corresponding to holomorphic bundles.

The paper is organized as follows. In Section 2, we introduce some notations and definitions about Cowen-
Douglas operators. In Section 3, according to the method of making the radio of metrics of Hermitian holomorphic
vector bundles as an invariant in Theorem 1.2, we consider the similarity of some n-hypercontractive Cowen-
Douglas operators with index one. This is a kind of supplement to the similarity theorem of D. N. Clark and G.
Misra. In Section 4, based on the upper triangular representation theorem (cf. [11]), we discussed the similarity
problem of Cowen-Douglas operators with index two.

2 Preliminaries

In this section, we review some basic facts and notations for Cowen-Douglas operators (see [6]).

Definition 2.1 [6] For a domain � in C and a positive integer n. An operator T ∈ L(H) is said to be a Cowen-
Douglas operator with index n over � (T ∈ Bn(�)), if T −ωI is surjective, dim ker(T −ωI ) = n for all ω ∈ �

and span{ker(T − ωI ), ω ∈ �} = H.

The class of Cowen-Douglas operators is very rich, in which weighted backward shift operators are typical
Cowen-Douglas operators with index one. Let T ∈ Bn(�). For a fixed but arbitrary ω ∈ �, M. J. Cowen and R.
G. Douglas proved that there exist holomorphic functions

γi : � → H, (T − w I )γi = 0, 1 ≤ i ≤ n

such that the holomorphic family {γi }n
i=1 is linearly independent. It is called the holomorphic frame of operator

T . They also showed that such an operator T can determine a rank n Hermitian holomorphic vector bundle ET ,
denoted as following:

ET = {(x, w) ∈ H × � | x ∈ ker(T − w I )} and π : ET → �, where π(x, w) = w.

One of their remarkable results is that the unitary classification of these operators can be completely characterized
by the Hermitian holomorphic vector bundles. The metric of bundle ET at ω is defined as

hT (ω) = ((〈γ j (ω), γi (ω)〉))n
i, j=1.

Then the curvature KT of the bundle ET at ω is defined by

KT (ω) := − ∂

∂ω

(

h−1
T (ω)

∂

∂ω
hT (ω)

)

.
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738 K. Ji, S. Ji

In particular, when T ∈ B1(�), the curvature KT has another form:

KT (ω) = − ∂2

∂ω∂ω
log ‖ e(ω) ‖2,

where e(ω) ∈ ker(T − ωI ) is a non-zero cross-section of ET . We know that KT can be considered as a bundle
map. Then the definition of the covariant partial derivatives KT,ωi ω j , i, j ∈ N ∪ {0} is given as follows:

(1) KT,ωi w j+1 = ∂
∂w

(KT,ωi w j );
(2) KT,ωi+1w j = ∂

∂ω
(KT,ωi ω j ) + [h−1

T
∂

∂ω
hT ,KT,ωi ω j ].

By using an n-linearly independent sections of T in Bn(�), M. J. Cowen and R. G. Douglas constructed a
unitary operator and proved that each Cowen-Douglas operator is unitarily equivalent to the adjoint of multi-
plication operator on some reproducing kernel Hilbert space of holomorphic C

n−valued functions defined on
�∗ := {ω : ω ∈ �} (see [6]). In other words, if T ∈ Bn(�), then we have T ∼u (M∗

z ,HK , K ), where Hilbert
space HK is the analytic function space with reproducing kernel K , and HK = span{K (·, ω)ξ, ω ∈ �∗, ξ ∈
C

n}. In addition, when T ∈ B1(�), we have M∗
z K (·, ω) = ωK (·, ω) and EM∗

z
(ω) = span{K (·, ω)}, ω ∈ �.

Definition 2.2 Let Ti ∈ B1(D), Ti ∼u (M∗
z ,HKi , Ki ), where Hilbert spaces HKi are the analytic function

spaces with reproducing kernels Ki , i = 0, 1. We denote aω corresponding to Hermitian holomorphic vector
bundles ET0 and ET1 as

aω = ‖K0(·, ω)‖2

‖K1(·, ω)‖2 .

3 The ratio of metrics and the similarity of some Cowen-Douglas operators

In this section, we obtain a sufficient and necessary condition for some n-hypercontractive Cowen-Douglas
operators with index one is similar to the adjoint of the multiplication operator on the weighted Bergman spaces.
First, by the relation between Cowen-Douglas operators and multiplication operator, we give a characterization
of some Cowen-Douglas operators with index one.

Lemma 3.1 Let T ∈ B1(D), T ∼u (M∗
z ,HK , K ), where Hilbert space HK is the analytic function space with

reproducing kernel K and

K (z, ω) =
∞
∑

n=0

anznωn, an > 0, z, ω ∈ D.

Then T is unitarily equivalent to a weighted backward shift operator with weight sequence
{√

an
an+1

}∞
n=0

.

Proof Let {en(z)}∞n=0 be the orthogonal normal basis of HK . For any z, ω ∈ D, the reproducing kernel K can
be expressed as

K (z, ω) =
∞
∑

n=0

anznωn =
∞
∑

n=0

en(z)en(ω).

It follows that en(z) = √
anzn . By the property of multiplication operator Mz , we have that

Mzen(z) = √
anzn+1 =

√

an

an+1
(
√

an+1zn+1) =
√

an

an+1
en+1(z),

and thus M∗
z en+1 =

√

an
an+1

en . Recall that T ∼u (M∗
z ,HK , K ), then T is unitarily equivalent to a weighted

backward shift operator with weight sequence
{√

an
an+1

}∞
n=0

. ��
Each Cowen-Douglas operator with index one in Lemma 3.1 can be regarded as a weighted (backward) shift

operator up to unitary equivalence. Next, we recall the similarity theorem of weighted shift operators given by
A. L. Shields (cf. [3]), which plays an important role in the similarity.
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The metrics of Hermitian holomorphic vector 739

Theorem 3.2 [3] Let S and T be weighted shift operators with non-zero weight sequences {υn}∞n=0 and {ωn}∞n=0,
respectively. Then S ∼s T if and only if there exist real numbers m and M, such that

0 < m ≤
∣

∣

∣

ωiωi+1 · · ·ω j

υiυi+1 · · · υ j

∣

∣

∣≤ M, i ≤ j.

Definition 3.3 [1,2] Let T ∈ L(H). Operator T is said to be an n-hypercontraction, if

k
∑

j=0

(−1) j
(

k

j

)

(T ∗) j T j ≥ 0

for all 1 ≤ k ≤ n. In particular, when n = 1, T is a contraction.

For the n-hypercontractive Cowen-Douglas operators in Lemma 3.1, we have the following similarity theo-
rem.

Theorem 3.4 Let T ∈ B1(D), T ∼u (M∗
z ,HK , K ), where Hilbert space HK is the analytic function space

with reproducing kernel K and

K (z, ω) =
∞
∑

n=0

anznωn, an > 0.

If T is n-hypercontractive, then T ∼s ˜M∗
z if and only if aω is bounded and bounded below from zero, where aω

corresponds to ET and E
˜M∗

z
, ˜Mz is the multiplication operator on analytic function space H

˜K with reproducing

kernel ˜K (z, ω) = 1
(1−zω)n .

Proof Necessity: By Lemma 3.1, we know that T and ˜M∗
z can be regarded as the weighted shift operators with

weight sequence
{√

ai
ai+1

}∞
i=0

and
{√

i+1
i+n

}∞
i=0

, respectively. If T ∼s ˜M∗
z , by Theorem 3.2, for k ≥ 1, there exist

mi , Mi > 0, i = 0, 1, such that one of the following equations holds,

m0 ≤ 1
∏k−1

i=0

√

ai
ai+1

=
√

ak

a0
≤ M0 < ∞, when n = 1, (3.1)

m1 ≤
∏k−1

i=0

√

i+1
i+n

∏k−1
i=0

√

ai
ai+1

=
√

ak(n − 1)!
a0(k + 1) · · · (k + n − 1)

≤ M1 < ∞, when n ≥ 2. (3.2)

In the case of contraction, by (3.1), we have a0m2
0 ≤ ak ≤ a0 M2

0 , k ≥ 1. It follows that

a0 + a0m2
0

|ω|2
1 − |ω|2 ≤ K (ω, ω) =

∞
∑

n=0

an|ω|2n ≤ a0 + a0 M2
0

|ω|2
1 − |ω|2 , ω ∈ D.

By Definition 2.2, we obtain

a0(1 − |ω|2) + a0m2
0|ω|2 ≤ aω = (1 − |ω|2)K (ω, ω) ≤ a0(1 − |ω|2) + a0 M2

0 |ω|2, ω ∈ D.

Thus, aω is bounded and bounded below from zero when n = 1.
In the case of n-hypercontraction, n ≥ 2, inequality (3.2) is equivalent to

a0m2
1(k + 1) · · · (k + n − 1)

(n − 1)! ≤ ak ≤ a0 M2
1 (k + 1) · · · (k + n − 1)

(n − 1)! , n ≥ 2, k ≥ 1.

From the equation above, we have that

a0m2
1

(n − 1)!
∞
∑

k=1

(k + 1) · · · (k + n − 1)|ω|2k ≤
∞
∑

k=1

ak |ω|2k ≤ a0 M2
1

(n − 1)!
∞
∑

k=1

(k + 1) · · · (k + n − 1)|ω|2k .
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740 K. Ji, S. Ji

Now we consider the function
∞
∑

k=1
(k + 1) · · · (k + n − 1)xk(0 ≤ x < 1). We integrate this function term by term

n − 1 times, and obtain
∞
∑

k=1
xk+n−1 = xn

1−x . In the following, we will prove

( xn

1 − x

)(n−1) = (n − 1)!
( 1

(1 − x)n
− 1

)

(3.3)

by mathematical induction, where ( xn

1−x )(n−1) is the (n − 1)-th derivative of xn

1−x .

When n = 2, ( x2

1−x )′ = 2x−x2

(1−x)2 = 1
(1−x)2 − 1. We assume that equation (3.3) is valid for n = m. Then

( xm+1

1−x )(m) = (x · xm

1−x )(m)

= ( m
m−1

)

( xm

1−x )(m−1) + (m
m

)

x( xm

1−x )(m)

= m(m − 1)!( 1
(1−x)m − 1) + x · m! 1

(1−x)m+1

= m!( 1
(1−x)m+1 − 1),

that is, equation (3.3) is also valid for n = m + 1. Then equation (3.3) holds for n ≥ 2.
Based on the details we analyzed above, we can imply

a0

(

m2
1

( 1

(1 − |ω|2)n
− 1

)

+1

)

≤
∞
∑

k=0

ak |ω|2k ≤ a0

(

M2
1

( 1

(1 − |ω|2)n
− 1

)

+1

)

.

By Definition 2.2, we have

aω = K (ω, ω)

˜K (ω, ω)
= (1 − |ω|2)n K (ω, ω),

where K (ω, ω) =
∞
∑

n=0
an|ω|2n . Thus, we obtain

a0

(

m2
1 − (m2

1 − 1)(1 − |ω|2)n
)

≤ aω ≤ a0

(

M2
1 − (M2

1 − 1)(1 − |ω|2)n
)

, ω ∈ D.

Clearly, aω is bounded and bounded below from zero, for any ω ∈ D.
Sufficiency: Since T is an n-hypercontraction, by Definition 3.3, we have

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

1 − (n
1

) a0
a1

≥ 0 (1)

1 − (n
1

) a1
a2

+ (n
2

) a1
a2

a0
a1

≥ 0 (2)

...

1 +
l
∑

j=1
(−1) j

(n
j

) al−1
al

al−2
al−1

· · · al− j
al− j+1

≥ 0 (l)

...

1 +
n
∑

j=1
(−1) j

(n
j

) an−1
an

an−2
an−1

· · · an− j
an− j+1

≥ 0 (n)

1 +
n
∑

j=1
(−1) j

(n
j

) an
an+1

an−1
an

· · · an+1− j
an+2− j

≥ 0 (n + 1)

...

1 +
n
∑

j=1
(−1) j

(n
j

) ak−1
ak

ak−2
ak−1

· · · ak− j
ak− j+1

≥ 0 (k)

...

(3.4)
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Inequalities (3.4) is equivalent to

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

a1 − (n
1

)

a0 ≥ 0 (1)

a2 − (n
1

)

a1 + (n
2

)

a0 ≥ 0 (2)
...

al +
l
∑

j=1
(−1) j

(n
j

)

al− j ≥ 0 (l)

...

an +
n
∑

j=1
(−1) j

(n
j

)

an− j ≥ 0 (n)

an+1 +
n
∑

j=1
(−1) j

(n
j

)

an+1− j ≥ 0 (n + 1)

...

ak +
n
∑

j=1
(−1) j

(n
j

)

ak− j ≥ 0 (k)

...

(3.5)

By Definition 2.2, we can represent aω in the following form:

aω = (1 − |ω|2)n K (ω, ω)

= a0 +
(

a1 − (n
1

)

a0

)

|ω|2 + · · · +
(

al +
l
∑

j=1
(−1) j

(n
j

)

al− j

)

|ω|2l + · · · +
(

an +
n
∑

j=1
(−1) j

(n
j

)

an− j

)

|ω|2n

+
(

an+1 +
n
∑

j=1
(−1) j

(n
j

)

an+1− j

)

|ω|2n+2 + · · · +
(

ak +
n
∑

j=1
(−1) j

(n
j

)

ak− j

)

|ω|2k + · · · .

According to inequalities (3.5), we know that the coefficients of |ω|2i (i ∈ N) are not less than 0. Then aω ≥ a0.
By assumptions of sufficiency, we have aω is bounded for any ω ∈ D. Hence, there exists a positive number ˜M0,
such that a0 ≤ aω ≤ ˜M0. Since all the coefficients of |ω|2i (i ∈ N) are non-negative, we obtain that the function
aω takes the maximum value when |ω| = 1. By the formula

(m
i

) = (m−1
i

) + (m−1
i−1

)

, we also obtain

max|ω|≤1
aω = a0 +

n−1
∑

l=1

(

al +
l
∑

j=1
(−1) j

(n
j

)

al− j

)

+
∞
∑

t=n

(

at +
n
∑

j=1
(−1) j

(n
j

)

at− j

)

≥
{

ak, if n = 1;
ak − (n−1

1

)

ak−1 + · · · + (−1) j
(n−1

j

)

ak− j + · · · + (−1)n−1ak−n+1, if n ≥ 2

for any k ≥ n − 1. It follows that

a0 ≤ ak ≤ ˜M0, when n = 1; (3.6)

and

a0 ≤ ak −
(

n − 1

1

)

ak−1 + · · · + (−1) j
(

n − 1

j

)

ak− j + · · · + (−1)n−1ak−n+1 ≤ ˜M0, when n ≥ 2. (3.7)

Claim: For any positive integer n > 1 and any positive sequence {ai }i≥0, if n and {ai }i≥0 satisfy (3.7), then
ak

kn−1 (k → ∞) is bounded, denoted by ak = O(kn−1)(k → ∞).

When n = 2. With inequality (3.7), we know ak satisfies a0 ≤ ak − ak−1 ≤ ˜M0, k ≥ 1. Moreover,

ka0 + a0 ≤ ak ≤ k˜M0 + a0, k ≥ 1.

In this case, ak = O(k)(k → ∞) holds.
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We assume that the Claim is valid for n = m. Then we prove that the Claim is also true when n = m + 1.
By inequality (3.7), when n = m + 1, we have

a0 ≤ ak −
(

m

1

)

ak−1 + · · · + (−1) j
(

m

j

)

ak− j + · · · + (−1)mak−m ≤ ˜M0

for any k ≥ m. Set uk := ak − ak−1. Since T is a contraction, which implies an+1 ≥ an > 0. That means
uk ≥ 0, k ≥ 1. By the formula

(m
i

) = (m−1
i

) + (m−1
i−1

)

again, we obtain

a0 ≤ uk −
(

m − 1

1

)

uk−1 + · · · + (−1) j
(

m − 1

j

)

uk− j + · · · + (−1)m−1uk−m+1 ≤ ˜M0

for any k ≥ m. Thus the positive sequence {uk}∞k=1 also satisfy the induction hypothesis in case of n = m.
Therefore, replacing of ak with uk in the induction hypothesis, we have that uk = O(km−1)(k → ∞). That is to
say, there exist m2 and M2, such that m2km−1 ≤ ak − ak−1 ≤ M2km−1 for any k ≥ 1. In addition, we have

m2

k
∑

i=1

im−1 + a0 ≤ ak ≤ M2

k
∑

i=1

im−1 + a0.

Let Sm :=
k
∑

i=1
im . In the following, we will prove Sm−1 = O(km)(k → ∞). It is well-known that

Sm−1 = 1
m

(

(1 + k)m − (1 + k) − ((m
2

)

Sm−2 + (m
3

)

Sm−3

+(m
4

)

Sm−4 + · · · + ( m
m−3

)

S3 + ( m
m−2

)

S2 + ( m
m−1

)

S1
)

)

for m > 1. Clearly, in the case of S1 = 1
2 k(k + 1), we also have

S1 = O(k2)(k → ∞).

Suppose that Sm−1 = O(km)(k → ∞) holds for m − 1 < l, we then prove that Sl = O(kl+1)(k → ∞) holds.
Since

Sl = 1
l+1

(

(1 + k)l+1 − (1 + k) − ((l+1
2

)

Sl−1 + (l+1
3

)

Sl−2

+(l+1
4

)

Sl−3 + · · · + (l+1
l−2

)

S3 + (l+1
l−1

)

S2 + (l+1
l

)

S1
)

)

.

Based on assumptions and the formula above, we can imply Sl
kl+1 (k → ∞) is bounded and Sl = O(kl+1)(k →

∞). So

Sm−1 =
k
∑

i=1

im−1 = O(km)(k → ∞)

and ak = O(km)(k → ∞). The Claim is true.
Lastly, by Theorem 3.2, we have that T ∼s ˜M∗

z if and only if

k−1
∏

i=0

√

i + 1

i + n

/k−1
∏

i=0

√

ai

ai+1

is bounded and bounded below from zero, that is, ak
a0

or ak(n−1)!
a0(k+1)···(k+n−1)

is bounded and bounded below from

zero for any k ≥ 1. By the Claim, we know that ak = O(kn−1)(k → ∞), this completes the proof. ��
Thus, for n-hypercontractive Cowen-Douglas operators with index one in Lemma 3.1 and the adjoints of

weighted Bergman spaces multiplication operators, the similarity invariant is the ratio of the metrics of the
holomorphic vector bundles associated with these operators. Next, we will give a concrete example to verify
Theorem 3.4.
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Example 3.5 Suppose T ∈ B1(D) and T ∼u (M∗
z ,Hk, K ), where Hilbert space HK is the analytic function

space with reproducing kernel K (z, w) =
∞
∑

n=0

2(n+1)
n+2 znωn . Then T ∼s ˜M∗

z and aω corresponds to ET and E
˜M∗

z

is bounded and bounded below from zero, where ˜Mz is the multiplication operator on analytic function space
H

˜K with reproducing kernel ˜K (z, ω) = 1
(1−zω)

.

Proof By Lemma 3.1, in the sense of unitary equivalence, T is a weighted (backward) shift with weight sequence

{

√

(n + 1) × (n + 3)

(n + 2)2

}∞

n=0
,

and ˜M∗
z is the backward unilateral shift. Note that T is contractive and its weight sequence satisfies

lim
n→∞

n
∏

i=0

√

(i + 1) × (i + 3)

(i + 2)2 = lim
n→∞

√

(n + 3)

2(n + 2)
=

√
2

2
.

For any n ∈ N, we then obtain

√
2

2
≤

n
∏

i=0

√

(i + 1) × (i + 3)

(i + 2)2 ≤ 1.

By Theorem 3.2, we have T is similar to ˜M∗
z .

On the other hand, from Definition 2.2, we calculate aω,

aω = (1 − |ω|2)K (ω, ω)

= (1 − |ω|2)(
∞
∑

n=0

2(n+1)
n+2 |ω|2n)

= 2(1−|ω|2) ln(1−|ω|2)+2|ω|2
|ω|4 .

Set x := |ω|2. Now, we consider the function 2(1−x) ln(1−x)+2x
x2 , 0 < x < 1. We then have that

lim
x→1

(1 − x) ln(1 − x) = 0, lim
x→1

2(1 − x) ln(1 − x) + 2x

x2 = 2,

lim
x→0

2(1 − x) ln(1 − x) + 2x

x2 = lim
x→0

− ln(1 − x)

x
= lim

x→0

1

1 − x
= 1.

Note that 2(1−x) ln(1−x)+2x
x2 is continuous on (0, 1), so

aω = 2(1 − |ω|2) ln(1 − |ω|2) + 2|ω|2
|ω|4

is bounded and bounded below from zero for any ω ∈ D. ��

4 The ratio of determinants of metrics and the similarity of some Cowen-Douglas operators

In this section, we change the similarity invariant for the high rank case from the ratio of the metrics to the ratio
of the determinants of the metrics. Based on this invariant, we will investigate the similarity problem related to
M∗(2)

z := M∗
z ⊕ M∗

z , where Mz is the multiplication operator on weighted Bergman space. Before discussing
the similarity of Cowen-Douglas operators with index two, we first recall some facts about upper triangular
representation of Cowen-Douglas operators with high rank.

Lemma 4.1 [11] Let T ∈ L(H) be a Cowen-Douglas operator with index two. Then there exists an orthogonal
decomposition H = H0 ⊕ H1 and operators T0, T1 in B1(�) such that T takes the following form

T =
(

T0 T0,1
0 T1

)

. (4.1)
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Lemma 4.2 [7] Let T be a bounded linear operator of the form
(

T0 T0,1
0 T1

)

. Suppose that the two operators T0, T1

are in B1(�), then T is in B2(�).

Influenced by these two lemmas above, we mainly consider Cowen-Douglas operators with index two in the
formula (4.1). We assume the bounded linear operator T ∈ B2(D) on Hilbert space satisfying the following
conditions:

(1) Ti ∼u (M∗
z ,HKi , Ki ), where Hilbert spaces HKi are analytic function spaces with reproducing kernels Ki

and Ki (z, ω) = 1 +
∞
∑

j=1
ci

j z
jω j , ci

j > 0, z, ω ∈ D, i = 0, 1;

(2) T0, T1 are n-hypercontractive;

(3) T0,1(e j ) =
{

d j e j , 0 ≤ j ≤ k;
0, j > k,

where e j = (0, · · · , 0
︸ ︷︷ ︸

j

, 1, 0, 0, · · · )T . In what follows, bω stands for the ratio of determinants of metrics of

holomorphic vector bundles and e j always has the above definition.

Theorem 4.3 Let T be a bounded linear operator under assumptions (1) through (3). If there exists a metric
hT of ET , such that bω is bounded and bounded below from zero, then T ∼s ˜M∗(2)

z , where bω corresponds to
ET and E

˜M∗(2)
z

, ˜Mz is the multiplication operator on the analytic function space HK with reproducing kernel

K (z, ω) = 1
(1−zω)n .

Theorem 4.4 Let T be a bounded linear operator under assumptions (1) through (3). If T ∼s ˜M∗(2)
z and

T0 ∼s T1, then there exists a metric hT of ET , such that bω corresponds to ET and E
˜M∗(2)

z
is bounded and

bounded below from zero, where ˜Mz is the multiplication operator on the analytic function space HK with
reproducing kernel K (z, ω) = 1

(1−zω)n .

Moreover, the above two theorems are also applications of Theorem 3.4. Before proving these two theorems,
we first introduce the operator Model Theorem in [2] and a few lemmas.

Theorem 4.5 [Model Theorem, [2]] Let T ∈ L(H). There exists a Hilbert space E and an M∗
z,E−invariant

subspace N ⊂ HK , such that T is unitarily equivalent to M∗
z,E |N if and only if T is an n-hypercontraction

with lim
n

‖T nh‖ = 0 for every h ∈ H, Mz is the multiplication operator on the analytic function space HK with

reproducing kernel K (z, ω) = 1
(1−zω)n .

From the operator Model Theorem, we can see that the eigenvector bundle of T has the tensor structure as
the following

ker(T − ωI ) = span{K (·, ω)} ⊗ N (ω), (4.2)

where K (z, ω) = 1
(1−zω)n , N (ω) := {e ∈ E : K (·, ω)e ∈ N }.

Suppose t is the non-zero cross-section of ET , by equation (4.2) and Remark 4.3 of [10], we have

‖t (ω)‖2 = 1

(1 − |ω|2)n

∥

∥

∥

∥

( n
∑

j=0

(−1) j
(

n

j

)

(T ∗) j T j
) 1

2

t (ω)

∥

∥

∥

∥

2

. (4.3)

The following lemma gives the structure and properties of Cowen-Douglas operators with index one.

Lemma 4.6 [11] Given T ∈ B1(�) ∩ L(H) and λ0 ∈ �, there exists an orthogonal normal basis {en}∞n=0 of H
and r > 0 such that T admits the matrix representation

⎛

⎝

λ0 a12 a13 ···
0 λ0 a23 ···
0 0 λ0 ···
...

...
...

. . .

⎞

⎠ (4.4)

with respect to {en}∞n=0 and |ak,k+1| > r > 0 for all k = 1, 2 · · · .

Next, using Theorem 3.2 given by A. L. Shields, we can prove the following two lemmas.
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Lemma 4.7 Let Ti ∈ B1(D), i = 0, 1. Suppose that Ti ∼u (M∗
z ,HKi , Ki ), where Hilbert spaces HKi are the

analytic function spaces with reproducing kernels Ki , i = 0, 1. If there exists a positive integer k such that

K0(z, ω) =
∞
∑

n=0

anznωn, K1(z, ω) =
∞
∑

n=0

an+k znωn, an > 0,

then T1 ∼s T2.

Proof By Lemma 3.1, in the sense of unitary equivalence, T1 and T2 can be regarded as weighted shift operators

with weight sequences
{√

ai
ai+1

}∞
i=0

and
{√

ai+k
ai+k+1

}∞
i=0

, respectively.

By Theorem 3.2, in order to show that the two shift operators are similar, we need to prove the ratio of
products of weight sequences is bounded and bounded below from zero. For any m ∈ N, we only need to check
√

a0ak+m+1
akam+1

is bounded and bounded below from zero. Note that

ak+m+1

am+1
= am+2

am+1

am+3

am+2
· · · ak+m+1

am+k
.

By Lemma 4.6, there exists r > 0, such that
√

ak+m+1
am+1

< rk . Since Ti are bounded linear operators and k is finite,

we have that
√

a0ak+m+1
akam+1

is bounded and bounded below from zero. ��
Lemma 4.8 Let Ti ∈ B1(D), i = 0, 1. Suppose that Ti ∼u (M∗

z ,HKi , Ki ), where Hilbert spaces HKi are the
analytic function spaces with reproducing kernels Ki and

Ki (z, ω) =
∞
∑

n=0

ai
nznωn, ai

n > 0, i = 0, 1.

If there exist two non-zero bounded linear operators X, Y such that XT0 = T1 X, T0Y = Y T1, then T0 ∼s T1.

Proof By Lemma 3.1, Ti , i = 0, 1 can be regarded as the weighted shift operators up to unitary equivalence.
Suppose that X = ((xi, j ))

∞
i, j=0. By XT0 = T1 X , we can obtain xi, j = 0 when i > j . In the case of i ≤ j .

If there exist i0, j0(i0 ≤ j0), such that xi0, j0 = 0, then xi0+k, j0+k = 0, where i0 + k ∈ N. Note that X
is a non-zero operator, without loss of generality, we assume that x0,0 �= 0, which implies xi,i �= 0 and
xi+1,i+1

xii
=
√

a0
i a1

i+1

a0
i+1a1

i
, i ∈ N. By Theorem 3.2, in order to prove that T0 is similar to T1, we only need to check that

for any positive integer l,

xl+1,l+1

x00
=
√

√

√

√

a0
0a1

l+1

a1
0a0

l+1

is bounded and bounded below from zero.
We affirm that xii , i ∈ N is bounded. Firstly, we have

‖Xen‖ = ‖(x0,n, · · · , xn−1,n, xn,n, xn+1,n, · · · )T ‖ ≤ ‖X‖.
Suppose that xn,n is unbounded. Recall that X is a bounded linear operator, but

lim
n→∞ ‖(x0,n, · · · , xn−1,n, xn,n, xn+1,n, · · · )T ‖ = ∞.

It is a contradiction. So {xii }∞i=0 is a bounded sequence. This means that there exists M > 0 such that

xl+1,l+1

x00
=
√

√

√

√

a0
0a1

l+1

a1
0a0

l+1

≤ M.
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Setting Y = ((yi, j ))
∞
i, j=0. Similarly, we assume that y0,0 �= 0. By T0Y = Y T1, we there exists m > 0, such

that

yl+1,l+1

y00
=
√

√

√

√

a1
0a0

l+1

a0
0a1

l+1

< m.

Thus we have

1

m
≤
√

√

√

√

a0
0a1

l+1

a1
0a0

l+1

≤ M

for any l > 0. According to Theorem 3.2, we obtain T0 ∼s T1. ��
Proof of Theorem 4.3 Since T ∈ B2(D), we have dim ker(T − ω) = 2. Let {γ0, γ1} be a holomorphic frame of
ET and ti (ω) = Ki (·, ω) ∈ ETi , i = 0, 1. In fact, we can verify that there exists a holomorphic vector t2 such
that the frame of ET has the following form

γ0 =
(

t0
0

)

, γ1 =
(

t2
t1

)

,

and satisfy (T0 − ω)t2(ω) = −T0,1(t1(ω)). Then we can imply that

t2(ω) = −
√

c0
1d0e1 −

k−1
∑

i=1

mi

√

c0
i+1

c0
i

ωi ei+1 − mk

∞
∑

j=k

√

√

√

√

c0
j+1

c0
k

ω j e j+1,

where

ml =

⎧

⎪

⎨

⎪

⎩

√

c0
1d0 +

√

c1
1d1, l = 1;

√

c0
l d0 +

l−1
∑

i=1

√

c1
i c0

l
c0

i
di +

√

c1
l dl , 2 ≤ l ≤ k.

Let

p(ω) := −
√

c0
1d0e1 −

k−1
∑

i=1

mi

√

c0
i+1

c0
i

ωi ei+1. (4.5)

Then

t2(ω) = p(ω) − mk
√

c0
k

ωk
∞
∑

i=0

√

c0
k+i+1ω

i ek+i+1.

Note that
∞
∑

i=0

√

c0
k+i+1ω

i ei is the eigenvector of operator ̂T at the eigenvalue ω and ̂T ∼u (M∗
z ,H

̂K , ̂K ), where

̂K (z, ω) =
∞
∑

i=0
c0

k+i+1ziωi . By Lemma 4.7, we have that T0 ∼s ̂T . Hence, we can find an invertible operator X ,

such that XT0 = ̂T X . It follows that

t2(ω) =
(

p(ω)

X (t0(ω))

)

:= p(ω) + ̂X (t0(ω)).

We then have

∥

∥

∥

∥

(

0
X (t0(ω))

)∥

∥

∥

∥

= ‖ ̂X (t0(ω))‖ = ‖X (t0(ω))‖ and
〈

p(ω), ̂X (t0(ω))
〉

= 0. Furthermore, the metric

of the operator ET is

hT (ω) = ((〈γ j , γi 〉))1
i, j=0

=
(

‖t0(ω)‖2 〈p(ω), t0(ω)〉 + 〈 ̂X (t0(ω)), t0(ω)〉
〈t0(ω), p(ω)〉 + 〈t0(ω), ̂X (t0(ω))〉 ‖p(ω)‖2 + ‖t1(ω)‖2 + ‖X (t0(ω))‖2

)

.
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In addition,

det hT (ω) = ‖t0(ω)‖2(‖t1(ω)‖2 + ‖p(ω)‖2 + ‖X (t0(ω))‖2) − |〈p(ω), t0(ω)〉 + 〈 ̂X (t0(ω)), t0(ω)〉|2.

According to the condition, suppose that there exists a positive number M such that bω = det hT
det h

M∗(2)
z

≤ M . By

Cauchy-Schwarz inequality, we can see that

‖t0(ω)‖2‖X (t0(ω))‖2 + ‖t0(ω)‖2‖p(ω)‖2 − |〈p(ω), t0(ω)〉 + 〈 ̂X (t0(ω)), t0(ω)〉|2 ≥ 0.

This means ‖t0(ω)‖2‖t1(ω)‖2

(1−|ω|2)−2n ≤ M . Since Ti are n-hypercontractive, i = 0, 1, by equation (4.3), we have that

‖ti (ω)‖2 = 1

(1 − |ω|2)n

∥

∥

∥

∥

( n
∑

j=0

(−1) j
(

n

j

)

(T ∗
i ) j T j

i

) 1
2

ti (ω)

∥

∥

∥

∥

2

. (4.6)

We affirm that both
∥

∥

∥

∥

(
n
∑

j=0

(−1) j
(

n

j

)

(T ∗
i ) j T j

i

) 1
2
ti (ω)

∥

∥

∥

∥

2

, i = 0, 1 (4.7)

are bounded. Note that

‖(
n
∑

j=0
(−1) j

(n
j

)

(T ∗
i ) j T j

i )
1
2 ti (ω)‖2

= 1 +
n−1
∑

l=1

(

ci
l +

l
∑

j=1
(−1) j

(n
j

)

ci
l− j

)

|ω|2l +
∞
∑

t=n

(

ci
t +

n
∑

j=1
(−1) j

(n
j

)

ci
t− j

)

|ω|2t .

(4.8)

If we assume that equation (4.7) is unbounded when i is equal to 0. By inequality (3.5), we know it diverges at
|ω| = 1. Then there exists only one possibility that equation (4.8) is 0 when i = 1 and |ω| = 1, since

‖t0(ω)‖2‖t1(ω)‖2

(1 − |ω|2)−2n
=
∥

∥

∥

∥

( n
∑

j=0

(−1) j
(

n

j

)

(T ∗
0 ) j T j

0

) 1
2

t0(ω)

∥

∥

∥

∥

2∥
∥

∥

∥

( n
∑

j=0

(−1) j
(

n

j

)

(T ∗
1 ) j T j

1

) 1
2

t1(ω)

∥

∥

∥

∥

2

≤ M.

That is,

n−1
∑

l=1

(

c1
l +

l
∑

j=1

(−1) j
(

n

j

)

c1
l− j

)

+
∞
∑

t=n

(

c1
t +

n
∑

j=1

(−1) j
(

n

j

)

c1
t− j

)

= −1.

Using inequality (3.5) again, we know the coefficients of |ω|2 j ( j ∈ N) are not negative in equation (4.8). It’s a
contradiction. So

∥

∥

∥

∥

(

n
∑

j=0

(−1) j
(

n

j

)

(T ∗
i ) j T j

i )
1
2 ti (ω)

∥

∥

∥

∥

2

, i = 0, 1

are both bounded.
Since Ti are n-hypercontractive and the norms in (4.7) are bounded, by Theorem 3.4 and equation (4.6), we

have T0 ∼s T1 ∼s ˜M∗
z . Thus T0 ⊕ T1 ∼s ˜M∗(2)

z . So we only need to prove T ∼s T0 ⊕ T1, that is, we find an
invertible operator Y so that (T0 ⊕ T1)Y = Y T .

Next, we define an operator L , Lei = li ei+1(i ∈ N). We assume that {li }∞i=0 satisfy the following

l0 =
√

c0
1d0, li =

i−1
∑

p=0

√

√

√

√

c1
pc0

i+1

c0
pc1

i

dp +
√

c0
i+1

c0
i

di (1 ≤ i ≤ k), lk+q =
√

√

√

√

c1
k c0

k+q+1

c0
k+1c1

k+q

lk(q ≥ 1),
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where
√

c1
0 =

√

c0
0 = 1. Note that

√

c1
k c0

k+q+1

c0
k+1c1

k+q
=

√

c1
k c0

k+q+1

c0
k c1

k+q+1
·
√

c0
k

c0
k+1

· 1
√

c1
k+q

c1
k+q+1

=

√

c1
k

c1
k+1

c1
k+1

c1
k+2

··· c1
k+q

c1
k+q+1

√

c0
k

c0
k+1

c0
k+1

c0
k+2

··· c0
k+q

c0
k+q+1

·
√

c0
k

c0
k+1

· 1
√

c1
k+q

c1
k+q+1

.

Since T0 ∼s T1, by Theorem 3.2, we have

√

c1
k c0

k+q+1

c0
k c1

k+q+1
is bounded. And, from Lemma 4.6, there exists r > 0,

such that

√

c1
k+q

c1
k+q+1

> r . So li (i ∈ N) are bounded and L is a bounded linear operator. We also verify that T0,1 =

T0 L − LT1. Setting Y :=
(

I L
0 I

)

. Hence, we have Y is an invertible operator and satisfies (T0 ⊕ T1)Y = Y T .

This completes the proof. ��
Proof of Theorem 4.4 Based on the discussion of T in Theorem 4.3, we know that

det hT (ω) = ‖t0(ω)‖2(‖t1(ω)‖2 + ‖p(ω)‖2 + ‖X (t0(ω))‖2) − |〈p(ω), t0(ω)〉 + 〈 ̂X (t0(ω)), t0(ω)〉|2.

Since T ∼s ˜T , there exists an invertible operator

(

X00 X01
X10 X11

)

and its inverse

(

Y00 Y01
Y10 Y11

)

, such that

(

X00 X01
X10 X11

) (

T0 T0,1
0 T1

)

=
(

˜M∗
z 0

0 ˜M∗
z

) (

X00 X01
X10 X11

)

,

(

T0 T0,1
0 T1

) (

Y00 Y01
Y10 Y11

)

=
(

Y00 Y01
Y10 Y11

) (

˜M∗
z 0

0 ˜M∗
z

)

.

Then, we have
X10T0 = ˜M∗

z X10, T1Y10 = Y10 ˜M
∗
z . (4.9)

By T0 ∼s T1, there exists an invertible operator Z1, such that T0 Z1 = Z1T1. Combining equation (4.9) and Lemma
4.8, we can obtain ˜M∗

z X10 Z1 = X10 Z1T1 and T1 ∼s ˜M∗
z . That is, T0 ∼s T1 ∼s ˜M∗

z . By the n-hypercontractivity
of T0, T1 and Theorem 3.4, there are mi , Mi > 0(i = 0, 1), such that

m0 ≤ ‖t0(ω)‖2

(1 − |ω|2)−n
≤ M0, m1 ≤ ‖t1(ω)‖2

(1 − |ω|2)−n
≤ M1.

We know h
˜M∗

z
(ω) = 1

(1−|ω|2)n , h
˜M∗(2)

z
(ω) = 1

(1−|ω|2)2n . It follows that

bω ≤ ‖t0(ω)‖2(‖t1(ω)‖2+‖p(ω)‖2+‖X (t0(ω))‖2)

(1−|ω|2)−2n

≤ M0(M1 + ‖p(ω)‖2

(1−|ω|2)−n + ‖X (t0(ω))‖2

(1−|ω|2)−n )

≤ M0(M1 + ‖X‖2 M0 + ‖p(ω)‖2(1 − |ω|2)n), ω ∈ D.

By equation (4.5), we know p is a bounded holomorphic function and ‖p(ω)‖2 is bounded.
On the other hand, we have

|〈p(ω), t0(ω)〉 + 〈 ̂X (t0(ω)), t0(ω)〉|2 ≤ ‖t0(ω)‖2‖p(ω)‖2 + ‖t0(ω)‖2‖X (t0(ω))‖2.

Then, m0m1 ≤ ‖t0(ω)‖2‖t1(ω)‖2

(1−|ω|2)−2n ≤ bω. So bω = det hT
det h

˜M∗(2)
z

is bounded and bounded below from zero. ��

For Theorem 4.3 and Theorem 4.4, we give a simple example.
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Example 4.9 Let Ti ∈ B1(D), i = 0, 1. Suppose that Ti ∼u (M∗
z ,HKi , Ki ), i = 0, 1, where Hilbert spaces

HKi are analytic function spaces with reproducing kernels Ki and

K0(z, ω) = 1 + 4zω + 9z2ω2

1 − zω
, K1(z, ω) = 1 + 9zω

1 − zω
.

Let operator T under assumptions (2) and (3) in n = k = 1, d0 = 1
2 , d1 = 1

3 .
On the one hand, by using Lemma 3.1 and Theorem 3.2, we know that T0 and T1 can be regarded as weighted

backward shift operators and T0 ∼s T1 ∼s ˜M∗
z , where ˜Mz is the multiplication operator on the analytic function

space H
˜K with reproducing kernel ˜K (z, ω) = 1

(1−zω)
. Note that there exists an invertible operator

(

I ˜Mz
0 I

)

,

which is intertwining T and T0 ⊕ T1. It follows that T ∼s ˜M∗(2)
z .

On the other hand, we can find a holomorphic frame {γ0, γ1} of ET in the form of

γ0 =
(

t0
0

)

, γ1 =
(

t2
t1

)

, where ti (ω) = Ki (·, ω), i = 0, 1.

Then, we can obtain t2(ω) = −e1 −3
∞
∑

i=2
ωi−1ei . The metric of ET and its determinant are expressed as follows

hT (ω) =
⎛

⎝

1 + 4|ω|2 + 9|ω|4
1−|ω|2 −ω(2 + 9|ω|2

1−|ω|2 )

−ω(2 + 9|ω|2
1−|ω|2 ) 2 + 18|ω|2

1−|ω|2

⎞

⎠ ,

det hT (ω) = (1 + 4|ω|2 + 9|ω|4
1−|ω|2 )(2 + 18|ω|2

1−|ω|2 ) − |ω|2(2 + 9|ω|2
1−|ω|2 )2

= 2 + 4|ω|2 + 18|ω|2+54|ω|4
1−|ω|2 + 81|ω|6

(1−|ω|2)2 , ω ∈ D.

Let bω corresponds to ET and E
˜M∗(2)

z
. Then we have

bω = det hT

det h
˜M∗(2)

z

= 2 + 18|ω|2 + 30|ω|4 + 31|ω|6.

Clearly, for any ω ∈ D, 2 + 18|ω|2 + 30|ω|4 + 31|ω|6 is bounded and bounded below from zero.
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