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Abstract In this note, we investigate the similarity of Cowen-Douglas operators with index one in terms of the
ratio of metrics of the corresponding holomorphic bundles. For the case of index two, we give some sufficient
and necessary conditions for the similarity of M} @ M} by using the ratio of determinants of the metrics, where
M., is the multiplication operator of weighted Bergman spaces.
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1 Introduction

Let H be a complex separable Hilbert space, L(H) be the set of all bounded linear operators on H. Let T, T in
L(H). We say T is similar to 7' (denoted by T ~; T), if there exists an invertible operator X € £() such that
XT = T X. In particular, when X is unitary, we say 7 is unitarily equivalent to 7 (T" ~, T). When H is finite
dimensional, the famous jordan canonical form theorem shows that eigenvalues and generalized eigenspaces
are completely similar invariants of operators. However, it is almost impossible to find the geometric similarity
invariants of all bounded linear operators in infinite dimensional space. One can only consider special subclasses.
A. L. Shields in [3] gives a classical similarity theorem, which characterizes the similarity invariants of unilateral
weighted shift operators.

In the paper [6], M. J. Cowen and R. G. Douglas proposed and systematically studied a class of bounded
linear operators on H, named Cowen-Douglas operators.

LetT € B,(£2).Based onthe kernel of T —wl, w € 2, M.J. Cowen and R. G. Douglas defined the curvature
KCr of the Hermitian holomorphic vector bundle determined by 7'. They also found a set of completely unitary
invariants, consisting of curvature and its covariant partial derivatives. When the dimension of the vector bundle
is one, they have the following important theorem.

Theorem 1.1 [6] Let T and T belong to B1(2). Then T ~,, T ifand only if K7 = K5.

However, for Cowen-Douglas operators with index one, it is not clear how to describe their similarity in
terms of curvature. M. J. Cowen and R. G. Douglas once conjectured thatif 7, T € B;(ID) and the spectrums of
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The metrics of Hermitian holomorphic vector 737

T and T are D (closure of unit disk D), then T~ T if and only if lim Kr@ _ 1 This conjecture was proved

w— 9D K@) -
to be inaccurate with an example given by D. N. Clark and G. Misra (cf. [4,5]). Let e, ¢ be the holomorphic
2
non-zero sections of E7 and Ej respectively, and a,, := ”;Z;HZ . Through the example mentioned above, D. N.

Clark and G. Misra illustrated that the ratio of the norms of sections is more efficient than the ratio of curvatures.
According to this new geometric invariant, they have the following theorem.

Theorem 1.2 [5] Let S, (o > 0) and T(||T|| < 1) be weighted backward shift operators, S, with weight
a, = (%)%(n e N), and a,, corresponds to Er and Eg,. Then T ~; Sy if and only if a,, is bounded and

bounded from zero.

This theorem can be seen as a geometric form of the similarity theorem given by A.L. Shields in [3].

Suppose T € B, (2). A holomorphic vector y of the bundle Er is a spanning section, if span{y (w) : w €
Q} =H.

One of the main theorems of K. Zhu in the paper [9] provided a sufficient and necessary condition for the
similarity of two Cowen-Douglas operators by using the spanning holomorphic cross-sections. In [8], the first
author joint with C. L. Jiang and X. Z. Guo proved that the ordered K-group of commutant is a kind of similarity
invariant of Cowen-Douglas operators.

The purpose of this paper is to describe the similarity invariants from the viewpoint of eigenvector bundles
corresponding to Cowen-Douglas operators. D. N. Clark and G. Misra had shown that a,, can be regarded as the
similarity invariant when the index is one, where a,, is the ratio of the metrics of two weighted shift operators.
Inspired by this, we investigate the similarity of some n-hypercontraction and some homogeneous operators by
using this same invariant. For the high rank case, a natural substitution is the ratio of the determinants of the
metrics corresponding to holomorphic bundles.

The paper is organized as follows. In Section 2, we introduce some notations and definitions about Cowen-
Douglas operators. In Section 3, according to the method of making the radio of metrics of Hermitian holomorphic
vector bundles as an invariant in Theorem 1.2, we consider the similarity of some n-hypercontractive Cowen-
Douglas operators with index one. This is a kind of supplement to the similarity theorem of D. N. Clark and G.
Misra. In Section 4, based on the upper triangular representation theorem (cf. [11]), we discussed the similarity
problem of Cowen-Douglas operators with index two.

2 Preliminaries

In this section, we review some basic facts and notations for Cowen-Douglas operators (see [6]).

Definition 2.1 [6] For a domain €2 in C and a positive integer n. An operator T € L(H) is said to be a Cowen-
Douglas operator with index n over Q (T € B,(R2)),if T — wl is surjective, dimker(7 —wl) = nforall w € Q2
and span{ker(T — wl), w € Q} = H.

The class of Cowen-Douglas operators is very rich, in which weighted backward shift operators are typical
Cowen-Douglas operators with index one. Let T € B, (£2). For a fixed but arbitrary w € 2, M. J. Cowen and R.
G. Douglas proved that there exist holomorphic functions

Vi Q> H, (T —-—wly;=0,1<i<n

such that the holomorphic family {y;}?_, is linearly independent. It is called the holomorphic frame of operator

T. They also showed that such an operator 7' can determine a rank » Hermitian holomorphic vector bundle Er,
denoted as following:

Er ={(x,w) e Hx Q| x eker(T —wl)}and 7 : ET — Q, where 7 (x, w) = w.

One of their remarkable results is that the unitary classification of these operators can be completely characterized
by the Hermitian holomorphic vector bundles. The metric of bundle E7 at w is defined as

n

hr(w) = (<VJ(CU)’ Vi (w)>)i,j:l'

Then the curvature C7 of the bundle E7 at w is defined by

Jw

d 9
Kr(w) := ——<h}1(w)%hr(w)>.
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738 K.Ji, S.Ji

In particular, when 7" € B(€2), the curvature /Cr has another form:

2
log || e(w) 1%,

d
K =—
@) =5 e
where e(w) € ker(T — wl) is a non-zero cross-section of E7. We know that K7 can be considered as a bundle
map. Then the definition of the covariant partial derivatives ICT’ wiwi» s J € NU{0} is given as follows:

(1) ICT,a)iw-H" = %(]CT,wiﬁj); ‘
Q@) Kppivigi = 35 Kq i) + 1h7 5hr, Ky il

By using an n-linearly independent sections of 7" in B, (£2), M. J. Cowen and R. G. Douglas constructed a
unitary operator and proved that each Cowen-Douglas operator is unitarily equivalent to the adjoint of multi-
plication operator on some reproducing kernel Hilbert space of holomorphic C" —valued functions defined on
Q* .= {w : w € Q} (see [6]). In other words, if T € B, (R2), then we have T ~,, (MZ*, ‘Hg, K), where Hilbert
space Hy is the analytic function space with reproducing kernel K, and Hgx = span{K (-, w)§, w € Q*, & €
C"}. In addition, when T € B;(2), we have MK (-, w) = wK (-, @) and Epy: (w) = span{K (-, )}, o € Q.

Definition 2.2 Let T; € Bi(D), T; ~, (M}, Hg;, K;), where Hilbert spaces H; are the analytic function
spaces with reproducing kernels K;, i = 0, 1. We denote a,, corresponding to Hermitian holomorphic vector
bundles E7;, and E7; as

5/3

_ 1Ko @2
1K @)l

w

3 The ratio of metrics and the similarity of some Cowen-Douglas operators

In this section, we obtain a sufficient and necessary condition for some n-hypercontractive Cowen-Douglas
operators with index one is similar to the adjoint of the multiplication operator on the weighted Bergman spaces.
First, by the relation between Cowen-Douglas operators and multiplication operator, we give a characterization
of some Cowen-Douglas operators with index one.

Lemma 3.1 Let T € Bi(D), T ~, (M;‘, ‘Hg , K), where Hilbert space Hy is the analytic function space with
reproducing kernel K and

o0
K(z,w) = Zanz"ﬂ’, a, > 0,z, 0 € D.
n=0

oo
Then T is unitarily equivalent to a weighted backward shift operator with weight sequence { / a”’jrl ] K
n n—=

Proof Let {e,(2)};2, be the orthogonal normal basis of H . For any z, @ € I, the reproducing kernel K can
be expressed as

Kz o) =) a2"a" =) ex(2)en().
n=0

n=0

It follows that e, (z) = /a,z". By the property of multiplication operator M, we have that

1 dn dn
M.e,(2) = Janz"" =\/ ( an+1z”+1)=\/ ent1(2),
an41 an+1

and thus M;enﬂ = /(l:il ey. Recall that T ~, (M}, Hg, K), then T is unitarily equivalent to a weighted

o0

backward shift operator with weight sequence { a"il } o O
n n=

Each Cowen-Douglas operator with index one in Lemma 3.1 can be regarded as a weighted (backward) shift
operator up to unitary equivalence. Next, we recall the similarity theorem of weighted shift operators given by
A. L. Shields (cf. [3]), which plays an important role in the similarity.
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The metrics of Hermitian holomorphic vector 739

Theorem 3.2 [3] Let S and T be weighted shift operators with non-zero weight sequences {v, }> , and {wn},2,
respectively. Then S ~¢ T if and only if there exist real numbers m and M, such that

WiWiy] ;)

O0<m< ‘SM,ifj.

UiViq] - V)

Definition 3.3 [1,2] Let T € L(H). Operator T is said to be an n-hypercontraction, if

a k
Z(—l)f( .)(T*)f' T/ >0
=0 /

forall 1 <k < n. In particular, when n = 1, T is a contraction.

For the n-hypercontractive Cowen-Douglas operators in Lemma 3.1, we have the following similarity theo-
rem.

Theorem 3.4 Let T € Bi(D), T ~, (M”“, ‘Hg, K), where Hilbert space Hy is the analytic function space
with reproducing kernel K and

o0
K(z,w) = Zanz’%", a, > 0.
n=0

If T is n-hypercontractive, then T ~; ANQ if and only if a,, is bounded and bounded below from zero, where a,,
corresponds to Et and E jj., M is the multiplication operator on analytic function space H g with reproducing

kernel E(z, w) = ﬁ

Proof Necessity: By Lemma 3.1, we know that 7" and M ¥ can be regarded as the weighted shift operators with

o0 N o0 ~
weight sequence { 4 } 0 and { ﬂ} o respectively. If T~ Mj, by Theorem 3.2, for k > 1, there exist
i=

ajt1 i+nf;_
m;, M; >0, i =0, 1, such that one of the lfollowing equations holds,

1
mop< —— = % < My < 0o, whenn =1, (3.1)
1—[1{71 a; ap
=0

aj+1

[T Vi (n—1)!
< 2V arin = < M, < oo, whenn > 2. (3.2)
]‘[lf—é ai aptk+1)---(k+n—1)
=

ai+1

mj

In the case of contraction, by (3.1), we have aom% <ar < aoMZ, k > 1. It follows that

2 |w|? — 2 5 lw|?
ao +aom0m < K(E,E) = Zan|w| n < a()—l—aoMom, w € D.
n=0

By Definition 2.2, we obtain
ap(1 — |w?) 4+ agm3|w* < a, = (1 — |0|HK @, @) < ap(1 — |w|?) + agM|w|*, w € D.

Thus, a,, is bounded and bounded below from zero whenn = 1.
In the case of n-hypercontraction, n > 2, inequality (3.2) is equivalent to

apmik +1)--- (k+n—1) - <aoM12(k+l)~--(k+n—1)

(n—1)! == (n—1)! =2 k=l
From the equation above, we have that
a0y i(ﬂ Deeetk+n— Do < iakmﬁk < ColMi i(k + 1) (4 — Do,
(n—l)!k=1 _k=1 _(n—l)!k=1
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740 K.Ji, S.Ji

o
Now we consider the function Y (k+1)---(k+n— Dxk0 <x < 1). We integrate this function term by term
k=1

o
n — 1 times, and obtain kgl xkAn=l = 1= - In the following, we will prove

n

(=) === ) 63

by mathematical induction, where (%)("’1) is the (n — 1)-th derivative of
Whenn =2, (=)' = (21"__;‘)22 = ﬁ — 1. We assume that equation (3.3) is valid for n = m. Then

() = (- 32
= (m l)(l x)(m 1)+( ) (%)(m)
=m(m — 1)!((1—x)”’ 1)+ x-m!

=m!(

1
(l—x)’"+l

1
=y~ D

that is, equation (3.3) is also valid for n = m + 1. Then equation (3.3) holds for n > 2.
Based on the details we analyzed above, we can imply

1 — 1
ooy —1) )2 ol = i (s 1))

By Definition 2.2, we have

K (o, ) 2 _
ay = ~— = (1 — |w|")"K(w, ®),
*= Ro.2 (1 —|ol")" K (0, w)
o0
where K (@, @) = Y. a,|w|*". Thus, we obtain
n=0

a()(ml m? — 1)(1 — |oP?) )< gy < ao(M]2 —(M? - 1)1 — |w|2)”>, weD.

Clearly, a,, is bounded and bounded below from zero, for any w € D.
Sufficiency: Since T is an n-hypercontraction, by Definition 3.3, we have

- () =0 h
a ap a

-a+0anz 2)
! . .

L+ DD )k 2 0 o
j:
n . .

1+ Z(-l)l(@)‘%%...ﬁzo (n) (3.4)
J

R N e =L (D)
Jj=
n . _ _ o

L () i 2 0 ®)
j=
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Inequalities (3.4) is equivalent to

a1 — (T)ao = 0 (D
ar — (1)ar + (5)ao = 0 2)
l .

ar+ Y (—1)/ (’;)az_j >0 )]
j=1

an + Zl(—l)j(.'})anfj >0 (n) (3.5)
iz

anr1 + Y (—1)1(’;)an+1_j >0 (n+1)

j=1

ar + Zl(—l)j (;)ak—j >0 (k)

J=

By Definition 2.2, we can represent a,, in the following form:
ap = (1 - |w*)'K @, ®)

! ‘ " ‘
— ap+ <a1 - (’;)ao)|w|2 Foot (a, + Zl(—l)J(f})al,j)|w|21 oot (an + Zl(—1)f(j)an,,-)|w|2"
J= J=

n . n .
(@t + 2 D Qansi—g JloP 2 4 (o X 17 (aiy o + -
Jj=1 j=I1

According to inequalities (3.5), we know that the coefficients of |w|2i (i € N) are not less than 0. Then a,, > ay.
By assumptions of sufficiency, we have a,, is bounded for any w € . Hence, there exists a positive number M,
such that ag < a,, < M. Since all the coefficients of |w|* (i € N) are non-negative, we obtain that the function

a,, takes the maximum value when |w| = 1. By the formula (/) = (mi_l) + ('f:ll), we also obtain

n—1 1 ) 0 n .
max a, = ag + . (al + Y (-1 (’})al_j)+ > <at + Y (=1 (;'.)a,_j)
t=n

lwl<1 =1 j=1 j=1
- ag, ifn =1;
T | — (nIl)akfl +o (=1 (nyl)akfj 4 (D" gy, ifn > 2
for any k > n — 1. It follows that
ap < ay < 1\70, whenn = 1; 3.6)

and
n—1 (n—1 n—1 A
ap < ap — ! ag—1+ -+ (=1 j ar—j + -+ (=D"""ar_py1 < Mo, whenn >2. (3.7

Claim: For any positive integer n > 1 and any positive sequence {a; };>0, if n and {a; };>o satisfy (3.7), then

pier (k — 00) is bounded, denoted by ax = O (k"N (k — o0).

When n = 2. With inequality (3.7), we know ay satisfies ag < ap — ar—1 < MVO, k > 1. Moreover,
kaog + ag < ax Ski\%-l—a(), k>1.

In this case, ay = O (k)(k — 00) holds.

@ Springer



742 K.Ji, S.Ji

We assume that the Claim is valid for n = m. Then we prove that the Claim is also true when n = m + 1.
By inequality (3.7), when n = m + 1, we have

a =a—| ag—1+---+(=1) i ag—j + -+ (=D"ax—m < Mo

for any k > m. Set uy := ar — ar—1. Since T is a contraction, which implies a,+; > a, > 0. That means
ug = 0, k > 1. By the formula (') = (’"71) + (’"71) again, we obtain

i i—1

_ m—1 N m—1 ' =l ~
ap < ug | Up—1+ -+ (=1) i p—j+--+ D" upmyr < Mo

for any k > m. Thus the positive sequence {u,}72 | also satisfy the induction hypothesis in case of n = m.
Therefore, replacing of a; with uy in the induction hypothesis, we have that u; = O (k™Y (k — 00). That is to
say, there exist m; and M», such that mak™ ! < ap —ax_y < Mak™! for any k > 1. In addition, we have

k k
my Zim*l +ap <a; < MzX:im*1 + ag.

i=1 i=1
k
Let S,, := > i™. In the following, we will prove S,,—; = O (k™)(k — 00). It is well-known that
i=1
St = £ (40" = A+ 8 = ((3)Sn-2+ (3)Sn-s
+(YZ)S’"*4 t+ot (mni?:)SS + (mn12)S2 + (mril)sl))
for m > 1. Clearly, in the case of S| = lk(k + 1), we also have
S = 0(k?)(k — 00).

Suppose that S,,,—1 = O(k"")(k — 00) holds for m — 1 < [, we then prove that §; = O (kK't1)(k — 00) holds.
Since

St =k (A + 0 = a4 = (551 + (5) 812
H)s o+ ()84 ()2 + (1))

Based on assumptions and the formula above, we can imply %(k — 00) is bounded and S; = O(kH‘l)(k —
00). So

k
Su-1= D i""" = OW")(k — c0)
i=1

and gy = O(k")(k — 00). The Claim is true.
Lastly, by Theorem 3.2, we have that T ~; M7 if and only if

-0 i+n -0 ajy1

is bounded and bounded below from zero, that is, “—g or ao(kf’#% is bounded and bounded below from
zero for any k > 1. By the Claim, we know that @y = O (k"~!)(k — ©0), this completes the proof. O

Thus, for n-hypercontractive Cowen-Douglas operators with index one in Lemma 3.1 and the adjoints of
weighted Bergman spaces multiplication operators, the similarity invariant is the ratio of the metrics of the
holomorphic vector bundles associated with these operators. Next, we will give a concrete example to verify
Theorem 3.4.
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The metrics of Hermitian holomorphic vector 743

Example 3.5 Suppose T € Bi(D) and T ~, (M}, Hy, K), where Hilbert space Hx is the analytic function
o ~

space with reproducing kernel K (z, w) = > 2(":])2”_” Then T ~¢ M} and a,, corresponds to E7 and E i
n=0

is bounded and bounded below from zero, Where M is the multiplication operator on analytic function space

‘H g with reproducing kernel K@z ») = =% Zw)

Proof By Lemma 3.1, in the sense of unitary equivalence, T is a weighted (backward) shift with weight sequence

{ (n—i—1)><(n—i—3)}°o
(n+2)2 n:O7

and M ¥ is the backward unilateral shift. Note that 7' is contractive and its weight sequence satisfies

(i+1)xG+3) . n+3) V2

—_—— = lim [ ——— = —.
(i +2)2 nsoo\ 2(n+2) 2

V2 i+ 1) x4 3)

FIRt e

By Theorem 3.2, we have T is similar to M *
On the other hand, from Definition 2.2, we calculate Ay,

For any n € N, we then obtain

ao = (1= oK @ o)
= |mxzzﬁfu%

_ 2(—|of? >1n<1 |w\ D2l
- |oof*

2(1—x) In(1—x)+2x
x2

Set x := |a)|2. Now, we consider the function , 0 < x < 1. We then have that

2(1 = x)In(1 — x) + 2x

Iim(1 —x)In(1 —x) =0, lim 5 =2,
x—1 x—1 X
20 —x)In(1 — x) + 2x . —In(1 —x) . 1
lim 3 = lim = lim =1.
x—0 X x—0 X x—=01—x

Note that

2020 n(=042x 55 continuous on (0, 1), so
X

_ 21— o) In(l — |0f?) + 2|0
“ ||t

is bounded and bounded below from zero for any w € D. O

4 The ratio of determinants of metrics and the similarity of some Cowen-Douglas operators

In this section, we change the similarity invariant for the high rank case from the ratio of the metrics to the ratio
of the determinants of the metrics. Based on this invariant, we will investigate the similarity problem related to
M, D . = M} ® M}, where M, is the multiplication operator on weighted Bergman space. Before discussing
the 51m11ar1ty of Cowen-Douglas operators with index two, we first recall some facts about upper triangular
representation of Cowen-Douglas operators with high rank.

Lemmad4.1 [11]Let T € L(H) be a Cowen-Douglas operator with index two. Then there exists an orthogonal
decomposition H = Ho ® H1 and operators Ty, T| in B1(2) such that T takes the following form

T= (0%, 4.1)
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744 K.Ji, S.Ji

Lemma 4.2 [7] Let T be a bounded linear operator of the form ( {f T;’ll ) Suppose that the two operators Ty, T\
are in B1(2), then T is in B>(2).

Influenced by these two lemmas above, we mainly consider Cowen-Douglas operators with index two in the
formula (4.1). We assume the bounded linear operator 7 € B>(ID) on Hilbert space satisfying the following
conditions:

(1) T; ~, (M}, Hk,, K;), where Hilbert spaces H, are analytic function spaces with reproducing kernels K;

o0 . . . .
and K;(z, w) =1 +/¥1 c’jzfaf,c’j >0, z,weD, i=0,1;
(2) Ty, Ty are n-hypercontractive;
N Jdje;,0<j <k
(3) Tp,1(ej) = { 0. > k.

where ¢; = (0,---,0,1,0,0,--- )T. In what follows, b,, stands for the ratio of determinants of metrics of
———

i
holomorphic vector bundles and e; always has the above definition.

Theorem 4.3 Let T be a bounded linear operator under assumptions (1) through (3). If there exists a metric
ht of Er, such that by, is bounded and bounded below from zero, then T ~; M; (2), where by, corresponds to
Er and E s M is the multiplication operator on the analytic function space Hx with reproducing kernel

K(Z CU) — —zo)*"

Theorem 4.4 Let T be a bounded linear operator under assumptions (1) through (3). If T ~; 1\71; @ and
To ~s T, then there exists a metric ht of Er, such that b,, corresponds to Er and E @ is bounded and

bounded below from zero, where Mz is the multiplication operator on the analytic function space Hg with
reproducing kernel K (z, w) = ﬁ

Moreover, the above two theorems are also applications of Theorem 3.4. Before proving these two theorems,
we first introduce the operator Model Theorem in [2] and a few lemmas.

Theorem 4.5 [Model Theorem, [2]] Let T € L(H). There exists a Hilbert space E and an M; * E—mvarzant
subspace N' C H, such that T is unitarily equivalent to M;" £ N if and only if T is an n- hypercontractlon
with lim ||T" k|| = O for every h € 'H, M is the multiplication operator on the analytic function space Hg with
n
reproducing kernel K (z, w) = ﬁ
From the operator Model Theorem, we can see that the eigenvector bundle of 7" has the tensor structure as
the following
ker(T — wl) = span{K (-, ®)} @ N (w), 4.2)

where K (z, w) = ﬁ N(@):={e€ E: K(,®e e N}
Suppose ¢ is the non-zero cross-section of E7, by equation (4.2) and Remark 4.3 of [10], we have

1
(Z( 1)]( )(T )fo)zr(a»

The following lemma gives the structure and properties of Cowen-Douglas operators with index one.

2

It (@) = (4.3)

Z)n

Lemma 4.6 [11] Given T € B1(2) N L(H) and Ay € 2, there exists an orthogonal normal basis {e,},° , of H
and r > 0 such that T admits the matrix representation

Ao aiz aiz -

0 Ao a3 -

0 0 2 - 4.4)
with respect to {e,};° , and |ay 1| > r > 0 forallk =1,2-

Next, using Theorem 3.2 given by A. L. Shields, we can prove the following two lemmas.
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The metrics of Hermitian holomorphic vector 745

Lemma 4.7 Let T; € Bi(D), i =0, 1. Suppose that T; ~, (M}, Hk,, K;), where Hilbert spaces H, are the
analytic function spaces with reproducing kernels K;, i = 0, 1. If there exists a positive integer k such that

o]

o0
KO(Z’ C()) - Zanznana K] (Zv (1)) - Zan-f‘kznana an > 05
n=0 n=0

then Ty ~; T».

Proof By Lemma 3.1, in the sense of unitary equivalence, 77 and 7> can be regarded as weighted shift operators

oo - oo
with weight sequences { ai } and { / a’—*"} , respectively.
di+1 Ji—0 Aitk+1 ) j—(
By Theorem 3.2, in order to show that the two shift operators are similar, we need to prove the ratio of

products of weight sequences is bounded and bounded below from zero. For any m € N, we only need to check
/ % is bounded and bounded below from zero. Note that

Ak+m+1 _ Am+2 Am+3 Ak+m—+1

am+1 Am+1 Am+2 Am+k

By Lemma 4.6, there exists » > 0, such that _ / % < rk.Since T; are bounded linear operators and k is finite,

we have that agka"a—T is bounded and bounded below from zero. m]
m

Lemma4.8 Let T; € Bi(D), i =0, 1. Suppose that T; ~, (M}, Hg,, K;), where Hilbert spaces Hg, are the
analytic function spaces with reproducing kernels K; and

o0
Ki(z,w) = Zaiz”@", a,il >0,i=0,1.
n=0

If there exist two non-zero bounded linear operators X, Y such that XTy = T\ X, ToY = YTy, then Ty ~; T.

Proof By Lemma 3.1, T;, i = 0, 1 can be regarded as the weighted shift operators up to unitary equivalence.
Suppose that X = ((xi,j))?f}:o- By XTo = T1 X, we can obtain x; ; = 0 wheni > j.In the case of i < j.
If there exist ip, jo(io < jo), such that x;, ;, = 0, then x;y4x j,+x = 0, where iy + k € N. Note that X
is a non-zero operator, without loss of generality, we assume that xoo 7# 0, which implies x;; # 0 and

o 041 . ...
x”;’;_‘“ = Z’Oa’+ L i € N. By Theorem 3.2, in order to prove that Ty is similar to 77, we only need to check that
B i+1%

for any positive integer /,

XI+1,1+1
X00

is bounded and bounded below from zero.
We affirm that x;;, i € N is bounded. Firstly, we have

T
”Xei'l” = ||(x0,l’l’ e ’xnfl,nvxn,n’xn+l,n7 "') || S ||X||'

Suppose that x, ,, is unbounded. Recall that X is a bounded linear operator, but
. T, —
lim ||(x0,l’ls s Xn—1ns Xnons Xn+1,ns *° )|l = oo.
n—o00

It is a contradiction. So {x;;};2, is a bounded sequence. This means that there exists M > 0 such that

XI41,14+1
X00
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Setting ¥ = ((y;, J)) i=0" Similarly, we assume that yp o # 0. By ToY = Y T;, we there exists m > 0, such
that

Yi+1,1+1
Yoo
Thus we have
1
—_<<
—
for any [ > 0. According to Theorem 3.2, we obtain Ty ~, T. O

Proof of Theorem 4.3 Since T € B,(ID), we have dimker(7 — w) = 2. Let {yp, y1} be a holomorphic frame of
Er and t;(w) = K;(-,®) € E7;, i =0, 1. In fact, we can verify that there exists a holomorphic vector 7, such
that the frame of E7 has the following form

(Tt _ ([
0= (8) = (2).

and satisty (Tp — w)f2(w) = —Tp.1(t1(w)). Then we can imply that

e} CO
J+
n(w) = —/cdoer — th 0)31+1_mk L-wleji,
C

j=k k
where
\/>°do+\/>1d1,l:1'
\/>d0+z\/:d + el 2 <1<k
Let
p(@) i= —/doer — Zml\/7 Weisr. @5)
Then

00
h(w) = plw) — —o Z‘/C2+i+lwl€k+i+1'
Jeroiso

Note that Z ck i +1w e; is the eigenvector of operator T at the eigenvalue w and T ~u (M Hg, K ), where

K (z,w) = Z ck i +1zi6i . By Lemma 4.7, we have that Ty ~; T. Hence, we can find an invertible operator X,
i=0

such that XTy = T X Tt follows that

hw) = <X{’t§‘(“a))))) = p(@) + XTo(@)).

We then have

<X (q?@))) H — IX(0(@)] = | X (fo(w))]|| and <p(a)), X@(Z))} — 0. Furthermore, the metric

of the operator E7 is

hr (@) = (yj, vi))} j=o
_ lo@I*  (p@). (@) + (X(to(@)). fo(@)) |
{to(®), p(®)) + ({to(w), X (to(@))) Ip@)II> + lIt1(@)]I> + |1 X (to () ]|
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In addition,

det hr (@) = (@) (ln @) + [ p@)]* + 1 X (to(@)I?) = [{p(e), to(@)) + (X to(@)). to(w))|.

According to the condition, suppose that there exists a positive number M such that b, = - dethr < pf. By
et h (2)

Cauchy-Schwarz inequality, we can see that

o (@) 121X (to (@) 1 + o (@) 121 p@) > = |(p(@), to(@)) + (X (to(@)), to(@))]* >

llzo (@) 12 1It1 (@) 112

This means od-2r = M. Since T; are n-hypercontractive, i = 0, 1, by equation (4.3), we have that
i 2

It (@) = 2),1 (Z( 1)/( )(T )fo) 1i (@) (4.6)

We affirm that both
2

H(Z( 1)1( >(T )fo) ()| i=0,1 4.7)

are bounded. Note that
II(Z( DI )TV T 26 (@)1
4.8)

_1+z(cl+2< D)l ol + 3 (4 500l o

t=n j=1

If we assume that equation (4.7) is unbounded when i is equal to 0. By inequality (3.5), we know it diverges at
|w| = 1. Then there exists only one possibility that equation (4.8) is 0 wheni = 1 and |w| = 1, since

2 ) 2
—”t‘(’i“’_)':w”é‘)(aﬁ” <Z( 1)/( )(To)’Tf> (Z( 1)/( )(T1)’T]>2t1(w)
That is,

Z<c,+2( 1)f< )cl ,) Z(c,—i—Z( 1)f< )ct J.) 1.

=1
Using inequality (3.5) again, we know the coefficients of lw|* (j € N) are not negative in equation (4.8). It’s a
contradiction. So

2
=0,1

(Z( 1)1( >(T VT2 4 ()

are both bounded.

Since T; are n-hypercontractive and the norms in (4.7) are bounded, by Theorem 3.4 and equation (4.6), we
have Ty ~; T1 ~; 1\7;‘ Thus Ty & T1 ~; 1\71;(2). So we only need to prove T ~¢ Ty @ T, that is, we find an
invertible operator Y so that (To @ 7)Y = YT.

Next, we define an operator L, Le; = l;e;+1(i € N). We assume that {/;}7°, satisfy the following

i—1 0 Y
C; C
lo=/c3do, li =y S i 0 by = | e g 2 ),
p=0 ¢ Ck+lck+q
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748 K.Ji, S.Ji

where ,/c(l) = 1/cg = 1. Note that

1.0 1.0 0
\/Ckck+q+l \/Ckck+q+l k 1

0 1 0 1 : 0 1

Ck+1C%k+q CkChktg+1 Ck+1 g

T
Cktq+1

T
k+1 k+2  Ck4q+1 ck 1
0 1 :
kel “k+q Ck+l “k+q
0 0 D a
k+1 k+2  “k+q+1 k+q+1

0
Since Ty ~; T, by Theorem 3.2, we have /M is bounded. And, from Lemma 4.6, there exists r > 0,
CkChagt1

l
such that | T > r.Sol;(i € N) are bounded and L is a bounded linear operator. We also verify that 7p | =
k+q+1

ToL — LTy. Setting Y := (é ?) Hence, we have Y is an invertible operator and satisfies (7o & T7)Y = Y T.

This completes the proof. O

Proof of Theorem 4.4 Based on the discussion of 7' in Theorem 4.3, we know that
det hr(@) = 1@ 2 @2 + [p@)I12 + 1X to@)?) = [(p@), to(@)) + (X(to(@)), to(@)) 2.

. ~ . . . Xoo X . Yoo Y
Since T~ T, there exists an invertible operator 0001} and its inverse ( ;%0 ! , such that
X0 X1 Yio Y1u

Xoo Xot1\ (7o To M* 0 Xoo Xot
X110 X11 0 T 0 Z‘f'< X0 X1 )’

To To,1 Yoo Yo'\ _ (Yoo Yo M* 0
0 T Yio Y11 Yio Y 0 M* )

X10To = M X10, T1 Y10 = Y1oM}. (4.9)

Then, we have

By Tp ~; T, thereexists an invertible operator Zy, such that 7o Z; = Z; T;. Combining equation (4.9) and Lemma
4.8, we can obtain M *X10Z1 = X10Z1Ty and T} ~; M *. Thatis, Ty ~ T} ~ M; *. By the n-hypercontractivity
of Ty, T and Theorem 3.4, there are m;, M; > 0(i = 0 1), such that

llto() 1 ll£1 ()12
TOST jepyn S0 M E A gy S

We know h it (w) = m, h o (@) = W It follows that

b, < lo@I2Un@P+Ip@]2+IX (to@)I?)

@ = (I—lo)=2" ,

Mo(My + 2 + “(f_"l‘;(l‘%l”n)

< Mo(M + [ X[Mo + [ p@) (1 = |o)"). w € D.

IA

By equation (4.5), we know p is a bounded holomorphic function and || p(w)||? is bounded.
On the other hand, we have

[(p(@). to(@)) + (X t0(@)). to(@) > < llto(@) 21 p@) 2 + t0(@) 211X (to ()|

2
Then, mom; < W < by. So by, % is bounded and bounded below from zero. O

For Theorem 4.3 and Theorem 4.4, we give a simple example.
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Example 4.9 Let T; € B1(D), i = 0, 1. Suppose that 7; ~, (M;‘, Hk;, Ki), i = 0,1, where Hilbert spaces
‘H g, are analytic function spaces with reproducing kernels K; and

25> 9w

_ 9z
Ko(z, w) =1+ 4z + — Ki(z,w) =1+ —.
1 —zw 1—zw

Let operator 7" under assumptions (2) and 3)inn =k = 1,dy = % dy = %
On the one hand, by using Lemma 3.1 and Theorem 3.2, we know that T and 7} can be regarded as weighted
backward shift operators and Ty ~ T ~ MZ*, where M, is the multiplication operator on the analytic function

space ‘H g with reproducing kernel K (z,w) = (1_—1@) Note that there exists an invertible operator (é A}IZ),
which is intertwining 7" and Ty & T;. It follows that T~ ]\le(z).
On the other hand, we can find a holomorphic frame {yy, y1} of E7 in the form of

Yo = (g) S VL= <2) where 1;(w) = K;(-,w), i =0, 1.

o .
Then, we can obtain 72 (w) = —e; —3 ) ' ~Le;. The metric of E7 and its determinant are expressed as follows
=2
2, Oel* 9lw|?
1 +4|w|” + T w2+ i 5)
hr (@) = 2! N
—w@2+4 ety 24 1Bl
1—|ow|? 1—|w|?
4 2 2
det hr(@) = (1 + 4o + 2L 2 + {22) — 0P 2+ 222
o 2, 18lw|?+54|w|* 81|wl|®
=2+ 4wl + T e @ € D.

Let by, corresponds to E7 and E - Then we have

det ht

= —2+4+18|w* +30|w|* + 31|w°.
det b = 2 18l + 3000+ 31l

by

Clearly, for any w € D, 2 + 18|w|? 4 30|w|* + 31|w|® is bounded and bounded below from zero.
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