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Abstract This paper deals with the problem of finding some upper bound estimates for the maximal modulus
of a lucunary polynomial on a disk of radius R, R ≥ 1 under the assumption that the polynomial does not vanish
in another disk with radius k, k ≥ 1. The obtained results generalize as well as sharpen some already known
estimates due to [2–5].
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1 Introduction

For a polynomial P(z) := ∑n
v=0 avzv of degree n and R ≥ 0, set M(P, R) := max|z|=R |P(z)| . We denote

M(P, 1) by ‖P‖, the uniform norm of the polynomial P on the unit disc |z| = 1. The study of inequalities that
relate the norm of a polynomial on a larger disk to that of its norm on the unit disk and their various versions is
a classical topic in analysis. Over a period, these inequalities have been generalized in different domains and in
different norms. It is a simple deduction from the maximum modulus principle (see [10], p. 158) that for R ≥ 1,

M(P, R) ≤ Rn‖P‖. (1.1)

Equality holds in (1.1) only for P(z) = λzn . Noting that these extremal polynomials have all zeros at the origin,
it is natural to seek improvements under appropriate condition on the zeros of P(z). It was shown by Ankeny
and Rivlin [1] that if P(z) �= 0 in |z| < 1, then (1.1) can be replaced by

M(P, R) ≤
(

Rn + 1

2

)

‖P‖, R ≥ 1. (1.2)

The above inequality (1.2) is sharp and equality holds for P(z) = λ + μzn with |λ| = |μ|. As a refinement of
(1.2), it was shown by Govil [7] that if P(z) �= 0 in |z| < 1, then for R ≥ 1,
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Growth estimates of a polynomial not vanishing in a disk 751

M(P, R) ≤
(

Rn + 1

2

)

‖P‖ − n

2

(‖P‖2 − 4|an|2
‖P‖

)

×
{
(R − 1)‖P‖
‖P‖ + 2|an| − ln

(

1 + (R − 1)‖P‖
‖P‖ + 2|an|

)}

. (1.3)

This result of Govil [7] was sharpened by Dewan and Bhat [3], which was later generalized by Govil and
Nyuydinkong [8]. In 2004, Gardner, Govil and Weems [4] generalized the result of Govil and Nyuydinkong
[8] in a different direction by considering polynomials of the form a0 + ∑n

j=μ a j z j , μ ≥ 1. More precisely,
Gardner, Govil and Weems [4] proved the following result.

Theorem A If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in

|z| < k, k ≥ 1, then for R ≥ 1,

M(P, R) ≤
(

Rn + kμ

1 + kμ

)

‖P‖ −
(

Rn − 1

1 + kμ

)

m − n

1 + kμ

(
(‖P‖ − m)2 − (1 + kμ)2|an|2

(‖P‖ − m)

)

×
{

(R − 1)(‖P‖ − m)

(‖P‖ − m)+ (1 + kμ)|an| − ln

(

1 + (R − 1)(‖P‖ − m)

(‖P‖ − m)+ (1 + kμ)|an|
)}

, (1.4)

where here and throughout m = min|z|=k
|P(z)|.

The result of Govil and Nyuydinkong [8] is a special case of Theorem A, when μ = 1. For k = μ = 1, the above
theorem reduces to the result of Dewan and Bhat [3], which is a sharpening of (1.3). Very recently, Dalal and
Govil [2] used a recurrence relation and proved the following sharpening of (1.3).

Theorem B If P(z) = ∑n
ν=0 aνzν, is a polynomial of degree n and P(z) �= 0 in |z| < 1, then for R ≥ 1 and

any N , 1 ≤ N ≤ n,

M(P, R) ≤
(

Rn + 1

2

)

‖P‖ − n‖P‖
2

(

1 − 2|an|
‖P‖

)

h(N ), (1.5)

where

h(N ) =
(

RN − 1

N

)

+
N−1∑

ν=1

(
RN−ν − 1

N − ν

)

(−1)ν
(

2|an|
‖P‖ + 1

)(
2|an|
‖P‖

)ν−1

+ (−1)N
(

2|an|
‖P‖ + 1

)(
2|an|
‖P‖

)N−1

ln

(

1 + (R − 1)‖P‖
‖P‖ + 2|an|

)

,

for N ≥ 1 and h(0) = 0.
By using the monotonicity of the function h(N ) (as given by Lemma 9) and the fact that |an| ≤ ‖P‖

2 , it easily
follows that the bound in (1.5) is sharper than that obtained from (1.3).

In 2005, Gardner, Govil and Musukula [5] used the coefficients of the polynomial P(z) and proved the
following generalization and refinement of (1.3).

Theorem C If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in

|z| < k, k ≥ 1, then for R ≥ 1,

M(P, R) ≤
(

Rn + S1

1 + S1

)

‖P‖ −
(

Rn − 1

1 + S1

)

m − n

1 + S1

(
(‖P‖ − m)2 − (1 + S1)

2|an|2
(‖P‖ − m)

)

×
{

(R − 1)(‖P‖ − m)

(‖P‖ − m)+ (1 + S1)|an| − ln

(

1 + (R − 1)(‖P‖ − m)

(‖P‖ − m)+ (1 + S1)|an|
)}

,

where

S1 = kμ+1
{(

μ
n

) |aμ|
|a0|−m kμ−1 + 1

(
μ
n

) |aμ|
|a0|−m kμ+1 + 1

}

.
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For k = 1,we have S1 = 1, the above theorem reduces to the result of Dewan and Bhat [3], whenμ = 1.Although
the literature on polynomial inequalities involving growth is vast and growing and over the last four decades
many different authors produced a large number of research papers and monographs on such inequalities. One
can see in the literature (for example, refer [2,4,5,9]), the recent research and development in this direction.

2 Main Results

In this paper, we first prove the following sharpening of Theorem A due to Gardner, Govil and Weems [4]. Our
result also implies a strengthening of Theorem B due to Dalal and Govil [2], as a special case.

Theorem 1 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in

|z| < k, k ≥ 1, then for R ≥ 1,

M(P, R) ≤
(

Rn + kμ

1 + kμ

)

‖P‖ −
(

Rn − 1

1 + kμ

)

m − n

(‖P‖ − m

1 + kμ
− |an|

)

H(N ), (2.1)

where

H(N ) =
(

RN − 1

N

)

+
N−1∑

v=1

(
RN−v − 1

N − v

)

(−1)v
(

1 + (1 + kμ)|an|
‖P‖ − m

)(
(1 + kμ)|an|
‖P‖ − m

)v−1

+ (−1)N
(

1 + (1 + kμ)|an|
‖P‖ − m

)(
(1 + kμ)|an|
‖P‖ − m

)N−1

ln

(

1 + (R − 1)(‖P‖ − m)

(‖P‖ − m)+ (1 + kμ)|an|
)

, (2.2)

for N ≥ 1, H(0) = 0.

Remark 1 From Lemma 9, we have H(1) ≤ H(N ). Using this and
Lemma 2 in (2.1), we get

M(P, R) ≤
(

Rμ + kμ

1 + kμ

)

‖P‖ −
(

Rn − 1

1 + kμ

)

m − n

(‖P‖ − m

1 + kμ
− |an|

)

H(1), (2.3)

and from (2.2)

H(1) = (R − 1)−
(

1 + (1 + kμ)|an|
‖P‖ − m

)

ln

(

1 + (R − 1)(‖P‖ − m)

(‖P‖ − m)+ (1 + kμ)|an|
)

.

Substituting the value of H(1) in (2.3), we get inequality (1.4) of Theorem A. This shows that Theorem 1
provides a refinement of Theorem A.

Remark 2 It is easy to observe that for μ = 1, Theorem 1 provides a generalization of Theorem B due to Dalal
and Govil [2].
Next, we prove the following result which gives a refinement of Theorem C and also implies Theorem C as a
special case.

Theorem 2 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in

|z| < k, k ≥ 1, then for R ≥ 1 and 0 ≤ λ ≤ 1, we have

M(P, R) ≤
(

Rn + Sλ
1 + Sλ

)

‖P‖ −
(

Rn − 1

1 + Sλ

)

λm − n

(‖P‖ − λm

1 + Sλ
− |an|

)

ψ(N ), (2.4)

where

ψ(N ) =
(

RN − 1

N

)

+
N−1∑

v=1

(
RN−v − 1

N − v

)

(−1)v
(

1 + (1 + Sλ)|an|
‖P‖ − λm

)(
(1 + Sλ)|an|
‖P‖ − λm

)v−1

+(−1)N
(

1 + (1 + Sλ)|an|
‖P‖ − λm

)(
(1 + Sλ)|an|
‖P‖ − λm

)N−1

ln

(

1 + (R − 1)(‖P‖ − λm)

(‖P‖ − λm)+ (1 + Sλ)|an|
)

, (2.5)
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for N ≥ 1 and ψ(0) = 0,
and

Sλ = kμ+1

⎧
⎨

⎩

(
μ
n

) |aμ|
|a0|−λm kμ−1 + 1

(
μ
n

) |aμ|
|a0|−λm kμ+1 + 1

⎫
⎬

⎭
. (2.6)

Remark 3 From Lemma 9, we have ψ(N ) is a non-negative monotonically increasing function of N for N ≥ 1,
and hence ψ(1) ≤ ψ(N ). Using this and Lemma 5 in (2.4), we get

M(P, R) ≤
(

Rn + Sλ
1 + Sλ

)

‖P‖ −
(

Rn − 1

1 + Sλ

)

λm − n

(‖P‖ − λm

1 + Sλ
− |an|

)

ψ(1), (2.7)

and from (2.4)

ψ(1) = (R − 1)−
(

1 + (1 + Sλ)|an|
‖P‖ − λm

)

ln

(

1 + (R − 1)(‖P‖ − λm)

(‖P‖ − λm)+ (1 + Sλ)|an|
)

.

Substituting the value of ψ(1) in (2.7), we get the following.

Corollary 1 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in

|z| < k, k ≥ 1, then for R ≥ 1 and 0 ≤ λ ≤ 1, we have

M(P, R) ≤
(

Rn + Sλ
1 + Sλ

)

‖P‖ −
(

Rn − 1

1 + Sλ

)

λm − n

1 + Sλ

(
(‖P‖ − λm)2 − (1 + Sλ)2|an|2

‖P‖ − λm

)

×
{

(R − 1)(‖P‖ − λm)

(‖P‖ − λm)+ (1 + Sλ)|an| − ln

(

1 + (R − 1)(‖P‖ − λm)

(‖P‖ − λm)+ (1 + Sλ)|an|
)}

, (2.8)

where Sλ is defined by (2.6).

Remark 4 For λ = 1 in Corollary 1, we obtain Theorem C. For λ = 0, we have

S0 = kμ+1

{
(
μ
n )| aμ

a0
|kμ−1 + 1

(
μ
n )| aμ

a0
|kμ+1 + 1

}

≥ kμ ≥ 1,

we have the following generalization of (1.3).

Corollary 2 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in

|z| < k, k ≥ 1, then for R ≥ 1, we have

M(P, R) ≤
(

Rn + S0

1 + S0

)

‖P‖ − n

1 + S0

(‖P‖2 − (1 + S0)
2|an|2

‖P‖
)

×
{

(R − 1)‖P‖
‖P‖ + (1 + S0)|an| − ln

(

1 + (R − 1)‖P‖
‖P‖ + (1 + S0)|an|

)}

, (2.9)

where

S0 = kμ+1
{(

μ
n

)∣
∣ aμ

a0

∣
∣kμ−1 + 1

(
μ
n

)∣
∣ aμ

a0

∣
∣kμ+1 + 1

}

. (2.10)

Remark 5 For k = 1 and μ = 1, we have S0 = 1, the above inequality (2.9) reduces to inequality (1.3).
Taking λ = 0 in Theorem 2 we have the following generalization of Theorem B.
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754 I. Hussain

Corollary 3 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in

|z| < k, k ≥ 1, then for R ≥ 1,

M(P, R) ≤
(

Rn + S0

1 + S0

)

‖P‖ − n

( ‖P‖
1 + S0

− |an|
)

φ(N ),

where

φ(N ) =
(

RN − 1

N

)

+
N−1∑

v=1

(
RN−v − 1

N − v

)

(−1)v
(

1 + (1 + S0)|an|
‖P‖

)(
(1 + S0)|an|

‖P‖
)v−1

+(−1)N
(

1 + (1 + S0)|an|
‖P‖

)(
(1 + S0)|an|

‖P‖
)N−1

ln

(

1 + (R − 1)‖P‖
‖P‖ + (1 + S0)|an|

)

,

for n ≥ 1, φ(0) = 0 and S0 is defined by (2.10).

Remark 6 Since 0 ≤ λ ≤ 1, and hence for different values of λ, we get different bounds in Theorem B. By
Lemma 7, we have Sλ ≤ S0 and in particular S1 ≤ S0, the bounds obtained from Theorem B for λ = 0 and
λ = 1 are not comparable, and depending on the values of m, either one of the bounds may be sharper.

3 Lemmas

Lemma 1 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in |z| <

k, k ≥ 1, then

‖P ′‖ ≤ n

1 + kμ
(‖P‖ − m).

Lemma 2 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in |z| <

k, k ≥ 1, then

|an| ≤ 1

1 + kμ
(‖P‖ − m).

Lemma 3 If P(z) = ∑n
ν=0 avzv, is a polynomial of degree n, then for

|z| = R ≥ 1,

|P(z)| ≤ Rn
{

1 − (‖P‖ − |an|)(R − 1)

|an| + R‖P‖
}

‖P‖.

The above Lemmas 1, 2 and 3 are due to Gardner, Govil and Musukula [5].

Lemma 4 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in |z| <

k, k ≥ 1, then for 0 ≤ λ ≤ 1 and |z| = 1,

|P ′(z)| ≤ n

1 + Sλ
(‖P‖ − λm).

where Sλ is defined by (2.6).
The above lemma is due to Mir and Dar [9].

Lemma 5 If P(z) = a0 + ∑n
j=μ a j z j , μ ≥ 1, aμ �= 0, is a polynomial of degree n and P(z) �= 0 in |z| <

k, k ≥ 1, then for 0 ≤ λ ≤ 1,

|an| ≤ 1

1 + Sλ
(‖P‖ − λm), (3.1)

where Sλ is defined by (2.6).
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Proof of Lemma 5 If P(z) = ∑n
v=0 avzv, then P ′(z) = ∑n

v=1 vavzv−1 . Hence, we have

‖P ′‖ = max|z|=1
|P ′(z)|

= max|z|=1
|P ′(1/z)|

= max|z|=1

|nan + (n − 1)an−1z + · · · a1zn−1|
|zn−1|

= max|z|=1
|nan + (n − 1)an−1z + · · · a1zn−1|

≥ |nan|. (3.2)

On the other hand, by Lemma 4 for 0 ≤ λ ≤ 1,

‖P ′‖ ≤ n

1 + Sλ
(‖P‖ − λm). (3.3)

Combining (3.2) and (3.3), we obtain

|nan| ≤ n

1 + Sλ
(‖P‖ − λm),

from which (3.1) follows. ��
Lemma 6 The function

{

1 − (x − n|an|)(r − 1)

r x + n|an|
}

x

is an increasing function of x, for x > 0.
We omit the proof of the above lemma as it follows easily by using derivative test.

Lemma 7 For k ≥ 1 and μ ≥ 1, the function

ψ(x) = kμ+1
{(

μ
n

) |aμ|
x kμ−1 + 1

(
μ
n

) |aμ|
x kμ+1 + 1

}

,

is an increasing function of x . Since |a0| ≥ |a0|−λm, 0 ≤ λ ≤ 1, in particular this lemma implies that S0 ≥ Sλ.

Proof of Lemma 7 The proof of this lemma follows by considering the first derivative test of ψ(x). ��
Lemma 8 Let H(N ) = ∫ R

1
(r−1)(r N−1)

r+a dr for N ≥ 1. Then

H(N ) =
(

RN − 1

N

)

+
N−1∑

v=1

(
RN−v − 1

N − v

)

(−1)v(a + 1)av−1

+ (−1)N (a + 1)aN−1ln

(
R + a

1 + a

)

.

Proof of Lemma 8 The above lemma is due to Dalal and Govil ([2], Lemma 3.6), however for the sake of
completeness we present the brief outline of its proof.

we have

H(N ) =
R∫

1

(r − 1)(r N−1)

r + a
dr.

we define, for each N ≥ 0, g(N ) =
R∫

1

r N

r+a dr . It is easy to see for N ≥ 1, H(N ) = g(N )− g(N − 1).

123



756 I. Hussain

Also we can see that

g(N )+ a g(N − 1) =
R∫

1

r N + ar N−1

r + a
dr

=
R∫

1

r N−1(r + a)

r + a
dr

= RN − 1

2
= t (N ), (say).

Then

g(N ) = t (N )− a g(N − 1). (3.4)

Solving the recurrence relation (3.4) , we get

g(N ) =
N−1∑

k=0

g(N − k)(−1)kak + (−1)N aN g(0), (3.5)

where

g(0) =
R∫

1

1

r + a
dr = ln

(
R + a

1 + a

)

.

Substituting the value of g(0) in (3.5), we get

g(N ) =
N−1∑

k=0

g(N − k)(−1)kak + (−1)N aN ln

(
R + a

1 + a

)

. (3.6)

Using H(N ) = g(N )− g(N − 1) and value of t (N ), we get for N ≥ 1,

H(N ) =
(

RN − 1

N

)

+
N−1∑

k=1

(
RN−k − 1

N − k

)

(−1)k(a + 1)ak−1 + (−1)N (a + 1)aN−1ln

(
R + a

1 + a

)

,

which is equivalent to (2.2), after putting a = 2|an |
h‖P‖ .

This completes the proof of Lemma 8. ��
Lemma 9 The function H(N ) defined in Lemma 8 is a non-negative increasing function of N for N ≥ 1.

Proof of Lemma 9 The above lemma is due to Dalal and Govil ([2], Lemma 3.7), however for the sake of
completeness we present the brief outline of its proof.

We define a function g(N ) = ∫ R
1

r N

r+a dr for N ≥ 0. It is easy to see that

H(N ) = g(N )− g(N − 1),

for N ≥ 1.
Also for N ≥ 1, g(N ) − g(N − 1) = ∫ R

1
(r−1)(r N−1)

r+a dr ≥ ∫ R
1

(r−1)(r N−2)
r+a dr = g(N − 1) − g(N − 2), as

r N−1 ≥ r N−2 for r ≥ 1. This implies H(N ) = g(N ) − g(N − 1) ≥ g(N − 1) − g(N − 2) = H(N − 1).
Hence, H(N ) is an increasing function of N for N ≥ 1. Further, H(N ) = g(N ) − g(N − 1) ≥ 0 for N ≥ 0

as
∫ R

1
(r−1)(r N−1)

r+a dr ≥ 0 for N ≥ 1 and H(0) = 0. Therefore, H(N ) ≥ 0 is an increasing function of N for
N ≥ 0. ��
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4 Proofs of Theorems

Proof of Theorem 1 For each θ, 0 ≤ θ < 2π and R ≥ 1, we have

P(Reiθ )− P(eiθ ) =
R∫

1

eiθ P
′
(reiθ )dr,

which implies

|P(Reiθ )− P(eiθ )| ≤
R∫

1

|P ′
(reiθ )|dr.

Now applying Lemma 3 to the polynomial P
′
(z) which is of degree n − 1, we get

|P(Reiθ )− P(eiθ )| ≤
R∫

1

rn−1
{

1 − (‖P
′ ‖ − n|an|)(r − 1)

n|an| + r‖P ′ ‖
}

‖P
′ ‖dr. (4.1)

Using Lemma 1 and by Lemma 6, the integrand in (4.1) is an increasing function of ‖P
′ ‖, we get for 0 ≤ θ < 2π ,

|P(Reiθ )− P(eiθ )| ≤
R∫

1

rn−1

⎧
⎪⎪⎨

⎪⎪⎩
1 −

(
n

1+kμ (‖P‖ − m)− n|an|
)

(r − 1)

n|an| + r n
1+kμ (‖P‖ − m)

⎫
⎪⎪⎬

⎪⎪⎭

n

1 + kμ
(‖P‖ − m)dr

= n

1 + kμ
(‖P‖ − m)

R∫

1

rn−1dr − n

1 + kμ
(‖P‖ − m)

×
R∫

1

rn−1
(
(‖P‖ − m)− (1 + kμ)|an|
(1 + kμ)|an| + r(‖P‖ − m)

)

(r − 1)dr

= (Rn − 1)

1 + kμ
(‖P‖ − m)− n

1 + kμ
(‖P‖ − m)(1 − a)

R∫

1

(r − 1)(rn−1)

r + a
dr, (4.2)

where a = (1+kμ)|an |
‖P‖−m .

Note that by lemma 9, the integral
∫ R

1
(r−1)(rn−1)

r+a dr is a non-negative and increasing function of N for 1 ≤ N ≤ n,
therefore for every N , where 1 ≤ N ≤ n, we have

R∫

1

(r − 1)(r N−1)

r + a
dr ≤

R∫

1

(r − 1)(rn−1)

r + a
dr. (4.3)

By using Lemma 1 and the fact that ‖ P ′ ‖≥ n|an|, we have 1 − a ≥ 0.
If we use inequality (4.3) in (4.2), we get that for every N , where 1 ≤ N ≤ n, that

|P(Reiθ )− P(eiθ )|

≤ (Rn − 1)

1 + kμ
(‖P‖ − m)− n

1 + kμ
(‖P‖ − m)(1 − a)

R∫

1

(r − 1)(r N−1)

r + a
dr. (4.4)
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On applying Lemma 8 in (4.4), we get for each 0 ≤ θ < 2π ,

|P(Reiθ )− P(eiθ )| ≤ (Rn − 1)

1 + kμ
(‖P‖ − m)− n

1 + kμ
(‖P‖ − m)(1 − a)H(N ), (4.5)

where H(N ) is as defined in (2.2).
Now substituting the value of a and using the obvious inequality

|P(Reiθ )| ≤ |P(Reiθ )− P(eiθ )| + |P(eiθ )| (4.6)

in (4.5), we get for 0 ≤ θ < 2π and R ≥ 1,

|P(Reiθ )| ≤
(

Rn + kμ

1 + kμ

)

‖P‖ −
(

Rn − 1

1 + kμ

)

m − n

1 + kμ
(‖P‖ − m)

(

1 − (1 + kμ)|an|
‖P‖ − m

)

H(N ). (4.7)

The above inequality (4.7) is equivalent to (2.1) and this completes the proof of Theorem 1. ��
Proof of Theorem 2 Proceeding similarly as in the proof of Theorem 1, we get from (4.1) for each θ, 0 ≤ θ < 2π
and R ≥ 1,

|P(Reiθ )− P(eiθ )| ≤
R∫

1

rn−1
{

1 − (‖P
′ ‖ − n|an|)(r − 1)

n|an| + r‖P ′ ‖
}

‖P
′ ‖dr. (4.8)

Now using Lemma 4 and by Lemma 6, the integrand in (4.8) is an increasing function of ‖P
′ ‖, we get for

0 ≤ θ < 2π ,

|P(Reiθ )− P(eiθ )|

≤
R∫

1

rn−1
{

1 −
(

n
1+Sλ

(‖P‖ − λm)− n|an|
)
(r − 1)

n|an| + r n
1+Sλ

(‖P‖ − λm)

}
n

1 + Sλ
(‖P‖ − λm)dr

= n

1 + Sλ
(‖P‖ − λm)

R∫

1

rn−1dr − n

1 + Sλ
(‖P‖ − λm)

×
R∫

1

rn−1
(
(‖P‖ − λm)− (1 + Sλ)|an|
(1 + Sλ)|an| + r(‖P‖ − λm)

)

(r − 1)dr

= (Rn − 1)

1 + Sλ
(‖P‖ − λm)− n

1 + Sλ
(‖P‖ − λm)(1 − b)

R∫

1

(r − 1)(rn−1)

r + b
dr, (4.9)

where b = (1+Sλ)|an |
‖P‖−λm .

As in the proof of Theorem 1,one can see that 1 − b ≥ 0 by using Lemma 1 and the fact that ‖ P ′ ‖≥ n|an|.
Also, by lemma 9 the integral

∫ R
1

(r−1)(rn−1)
r+b dr is a non-negative and increasing function of N for 1 ≤ N ≤ n,

therefore for every N , where 1 ≤ N ≤ n, we have

R∫

1

(r − 1)(r N−1)

r + b
dr ≤

R∫

1

(r − 1)(rn−1)

r + b
dr. (4.10)

Now proceeding similarly as in the proof of Theorem 1, we get (2.4). We omit the details. �� ��
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