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Abstract This paper considers comparison problems of predictor and estimator in the context of seemingly
unrelated regression models (SURMs). SURMs are a class of multiple regression equations with correlated
errors among the equations from linear regression models. Our aim is to establish a variety of equalities and
inequalities for comparing covariance matrices of the best linear unbiased predictors (BLUPs) and the ordinary
least squares predictors (OLSPs) of unknown vectors under SURMs by using various rank and inertia formulas
of block matrices. The results for comparisons of the best linear unbiased estimators (BLUEs) and the ordinary
least squares estimators (OLSEs) in the models are also considered.
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1 Introduction
Consider the set of m regression models formulated by
Sityi =XiB; +ei )]

with E(¢;) = 0 and D(e;) = cov(e;, &;) = oj;I,, which are based on the equations y;; = x;;18i1 + - +
Xijp; Bip; + €ij, where y; = (yij) € R™*1 is a vector of observable response variables, X; = (xij¢) € R"™*Piis
a known matrix of arbitrary rank, B; = (8;;) € RV *1 is an unknown parameter vector, &; = (g; i) € R™x1 g
an error vector, i = 1,...,m,t=1,...,p;,and j = 1, ..., n. Several number of models given as in (1) with
individual relations can be encountered in some statistical problems. These models can have correlated error
terms among each other although they seem unrelated if the same data or an amount of the same independent
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variables are used for the models. The models S; are known as seemingly unrelated regression models (SURMs).
Combining the SURMs in (1), we can write

S:y=XB+e, E(e)=0 and D(¢e) = X ®1,, 2)
where
yi X;0---0 B €
Y2 0 X,... 0 B &)
y: : ) X= : s : ) ﬂ: : , &€= : ) (3)
Ym 0 0 Xm ﬂm Em

y € Rl X e R*P B e RPX! & € R™*! with p; + -+ py = p,and X = (o) € R™™ is
a positive semi-definite matrix of arbitrary rank. In what follows, it is assumed that S is consistent, that is,
yev [X, DI In] holds with probability 1 [19, p. 282]. If S is consistent, then the SURM s are consistent [29].

Prediction/estimation of the unknown vectors in linear regression models is one of the main subjects in
statistical analysis. It is known that unknown vectors in regression models can be estimated or predicted separately
or jointly. To establish general results simultaneously on joint unknown vectors under the models S; and S, we
can consider the following vector.

¢, = Kip + Hie )
for given matrices K; € R¥*? and H; € R*" with K; = [0,....K;,...,0] and H; = [0,... . H;, ..., 0],
i =1,...,m.The vector ¢; in (4) is also written as ¢; = K;B; + H;e;. ¢; encompasses all vector and matrix

operations in (1) as its special cases. For instance;

(a) If K; = X; and H; = I,,, ¢; becomes the observable response vector, i.e., ¢; = X; B, + & =yi.
(b) If H; = 0, ¢; becomes a general vector of unknown parameters, i.e., ¢; = K; B;.

(c) IfK; =X, and H; = 0, ¢; becomes the mean vector, i.e., ¢; = X; ;.

(d) If K; = 0and H; =1,,, ¢; becomes the random error vector, i.e., ¢; = &;.

We note that the matrices K; and H; correspond to the matrices X; and T;, respectively, when K; = X; and
H; = I,,, where X = [0 X, 0] and T; = [0 R PR 0] Under the assumptions in (1), (2), and
(4), we can obtain the followmg results

D) = o;;H;H, = H;(¥ ® I,)H], )
cov(¢;,y) = Hi(X ®L,), and cov(¢;,yi) = 0;;H; = H; (X @ )T}, (6)
i = 1,...,m. Such linear combinations of all unknown vectors in linear regression models given in (4) were

first formulated in [20], see also [16,17,25,28,32].

The prediction problem of the vector ¢; is closely connected to the prediction problem of new observations
based on currently available datain (1). To establish the results on prediction of new observations, we can consider
the linear model y; s = X;sB +¢;7, where y;; € R9*! is an unobservable random vector containing new (future)
observations, X;r € R9*?i is known model matrix associated with new observations, §; is the same as in (1),
and e;r € RY *1 is a random error vector associated with new observations. Combining (1) and the model related
to the new unobserved observations yields the extended model of (1) which contains all information for solving
the prediction problem of new unobserved observations. The results on the prediction of the vector ¢; are derived
from the prediction of new unobserved observation vector y; s by setting y;r = ¢; in the results. This inference
is another type of approaches in linear regression models, for details see, [9,11,12,14,18,26].

The vector ¢, is described as predictable under S if a linear statistic L;y, L; € RK>7m - exists such that
EL;y — ¢;,) = 0, or equlvalently ‘K(K/ ) € € (X'), holds [28]. This requirement also corresponds to the
estimability condition of vector K, B under S [1]. We note that the predictability condition for S; is expressed as
% (K)) € ¢ (X)). It is obvious that ¢, is predictable under S if it is predictable under S; [29].

Let ¢, be predictable under S. If there exists L; such that

D(L;y — ¢;) = min subjectto E(L;y — ¢;,) =0, i=1,...,m, @)

holds in the Lowner partial ordering, the linear statistic L;y is defined to be the best linear unbiased predictor
(BLUP) of ¢; [7], denoted by L;y = BLUPs(¢;) = BLUPs(K; B +1 H,e). If H; = 0, BLUP of ¢; reduces the
best linear unbiased estimator (BLUE) of K B, denoted by BLUEg (K B), under S.
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The ordinary least-squares estimator (OLSE) of the unknown parameter vector 8 and the ordinary least-
squares predictor (OLSP) of the random vector € in S are defined to be

OLSEs(B) = argmin(y — XB)'(y — XB) and OLSPs(e) =y — OLSEs(Xp) ®)
ﬂG]RPXl

while the OLSEs (K; 8) = K;OLSEs(B) and OLSPs(H;&) = H;OLSPg(¢), and then OLSP of ¢; under S is
written as

OLSPs(¢,;) = OLSEs(K;B) + OLSPs(H;¢), ©)

see, [28, Definition 1.3].

SURMs, proposed by Zellner [33], consist of a set of regression models that appear to be unrelated but each
of them is linked to their correlated error terms across the models. As in linear regression models, one of the
main issues in SURMs is the prediction/estimation of the unknown vectors. The prediction/estimation of joint
unknown vectors in considered models can be derived through each of S; or can be derived through S. Instead of
considering SURM s individually, a common procedure is considering these models jointly. The joint estimation
procedure under combined model S can be more efficient than the estimation procedure of the ordinary least
square under each of S; models when the correlation among the error terms is high and explanatory variables
from different models are uncorrelated. In [33] and [34], a method for joint estimation of unknown parameters
was given by combining the equations in SURMs to gain more efficiency in estimation. Therefore, it is worth
considering certain links and comparisons among predictors/estimators under SURMs and their combined model
since there are connections between inference results obtained from all these models.

Comparison of predictor/estimator of unknown vectors in different models is one of the main problems
encountered in the theory of regression analysis. BLUPs of unknown vectors play a significant role in statistical
inference from SURMs and their covariance matrices are mostly used as a criterion in comparisons for optimality
with other predictors. In this study, we consider prediction problems under SURMs and we give several results
on properties of BLUPs and OLSPs of unknown vectors. Our main purpose is to focus on the comparison of
predictors and to give a new insight on the comparison of BLUPs and OLSPs under SURMs. We establish a
variety of equalities and inequalities for comparison of covariance matrices of BLUPs and OLSPs in SURMs by
using an approach consisting formulas of ranks and inertias of block matrices.

As previous and recent works on SURMs, we can refer [2-6,8,13,15,21,22] among others. For detail studies
on inertias, ranks and Lowner partial ordering of symmetric matrices; see, e.g., [18,23,24,31]. Some works on
comparisons of predictors/estimators in linear regression models; see, [9,10,27,28,30].

Let R™*" stand for the set of all m x n real matrices. A’, r(A), € (A), and AT denote the transpose, the
rank, the column space, and the Moore-Penrose generalized inverse of A € R"*" respectively, and also I,
denotes the identity matrix of order m. For the orthogonal projectors, we use the symbols Py = AA™ and
Ej = At =1, —P,. The positive inertia, denoted by i ; (A), and the negative inertia, denoted by i _ (A), are the
numbers of the positive and negative eigenvalues of symmetric matrix A counted with multiplicities, respectively,
and also for brief, i+ (A) is used for both numbers. For the symmetric matrices A; and A; of same size, the
inequalities Al —A <0A <A)A A <x0A KA),A —A)>0(A; = Ay),andA] — Ay =0
(A1 = Ay) mean that the difference A| — A, is negative definite, negative semi-definite, positive definite, and
positive semi-definite matrix in the Lowner partial ordering, respectively.

2 Preliminary results

In this section, we first give well-known results on BLUPs and OLSPs of all unknown vectors under the models
and then we give some rank and inertia formulas of block matrices. The first lemma is derived from [25, Theorem
1] and the second one is derived from [28, Theorem 5.1].

Lemma 1 Let consider S in (2). Assume that the vector ¢; in (4) is predictable under S, i = 1, ..., m. In this
case, the fundamental equation for BLUP of ¢; is
Ly = BLUPs(¢;) & L [X, (Z @ L)X'] = [K;, Hi(Z @ L)X1]. (10)

Then, BLUPgs(¢;) = L;y is written as

([Ri, B(Z @ L)X ][X, (F@L)X]" + U [X, (e 1)x*]" )y, an
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where U; € Rkxnm ¢ arbitrary. Furthermore,

(@) r[X, ToL)X'] = r[X, ZQL] ¢[X, TQL)X'] = ¢[X, ZQL], and ¢X) N €[(X ®
L)X = {0},

(b) L; is unique < r [X, y® In] = nm.

(c) BLUPs(¢;) is unique < S is consistent.

(d) BLUPs(¢,;) satisfies

D[BLUPs(¢)] = ZZWH(Z ® L,) (Z:W™)’, (12)
cov{BLUPs(¢;). ¢;} = Z:W (X ® I,)H], (13)
D[¢; — BLUPs(¢)] = (ZW' —H,;) (£ ®L,) (ZzW' — H,)', (14)

where W = [X, (£ @ L)X ] and Z; = [K;, H;(Z @ L,)X*].

Lemma 2 Let consider S; in (1). Assume that the vector ¢; in (4) is predictable under S;, i =1, ..., m. Then
OLSEs, (KiB,) = KiX;'yi, OLSPs,(He;) = HiXi'yi, (15)
OLSPg, (¢;) = OLSEg, (K;8;) + OLSPs, (H;&;) = (K;X;" + H;X{")y;, (16)
D[OLSPs, ($;)] = o (K X" + H, X (K X[ + H;X; ), (17)
cov{OLSPs, (¢,). ¢;} = 01 (K;X;" + HiX;{HH], (18)
D[¢; — OLSPs, (¢,)] = 0i; (K;X;” — H;Px,)(KiX;” — H;Px,)". (19)

We note that the BLUP and the OLSP of ¢; under S; coincide since D(y;) = o;;1,,. (16) can also be written as
BLUPs, (¢,) = ([Ki, o;;HiX} | W;" + U;Wi) y;, where U; € RF" and W; = [X;, 0 Xt i=1,....m.
We collect some inertia and rank formulas of block matrices in the following four lemmas; see, [23].

Lemma 3 Let Aj, Ay € R™¥" or let Ay = A, Ay = A, € R"¥"™ Then,
1 2

(a) Ay =A2 & r(A; —Ay) =0.
(b) Ai = Ay & i (Al —Ay)) =mand A} < Ay & i_(A] —Ay) =m.
(c) A =Ar & i (A1 —Ay) =0and A} S Ay & i (A —Ay) =0.

Lemmad Let A} = A} e R"™™ Ay = A, e R, Q € R"*", and k € R. Then,
1 2

r(Ap) =i (A +i-(Ay), (20)
. iz if k>0
i+ (kA1) = {in(Al) if k<0 @h
A CTA - . [-A
zi[Qi fj:zi[_é/ Aﬂm;[ Q _%2], (22)
is [f,‘ 132} =LA Fis(A). iy [Q" ‘(ﬂ =i [Q" ‘(ﬂ ) 23)
i+(QA1Q) =r(A1Q) —ix(A)) +ix(Ex,QAEA, Q). (24
Lemma5 LetA; = A, € R™*" B =B € R"™" and Ay € R"*"_ Then,
s [ﬁ} ﬂ = r(A2) +i£(Ex,A ). (25)
2
In particular,
it [AX/:/I ﬂ =r[A1 Ay, i [AX/:/I ‘?,2] =r(A2), (26)
i [AA2] i A 4B ALATAY) i (A C EA 2
“|A, B =it(Ay) +ix( 2ATA2) if T(A2) S E(A)). (27)
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Lemma 6 Ler A| = A} € R, B = B € R"", Ay € RY*", and Q € R with €(A1) € €(Q') and
-A1Q 0

Q 0 Ay |. Then,

0 A, B

E(A2) C 6 (Q). Also let N =

i+(B—A5Q)TAIQTAy) =iL(N) —r(Q). (28)

3 Comparisons of BLUPs/OLSPs in SURMs

In this section, some results on the comparison of covariance matrices of predictors are derived by using block
matrices’ rank and inertia formulas.

Theorem 1 Let ¢; be predictable under S;, i =1, ..., m, and let BLUPs(¢;) and OLSPg, (¢;) be as given in
(11) and (16), respectively. Denote

reol, X 0 0
X’ 0 K - X'H, 0
N= 0 I/il' — ﬁl‘X 0 Ki - Hi Xi (29)
0 0 K - XH o/ 'X/X;
Then
i (D[¢; — BLUPs(¢,;)] — D[¢p; — OLSPgs, (¢;)]) =i (N) — r [X, rY® In] —r(X;), (30)
i (D[¢; — BLUPs(¢;)] — D[$; — OLSPs, (¢,)]) =i~ (N) — r(X), 31)
r(D[¢; — BLUPs(¢;)] — D[¢; — OLSPg,(¢,)]) =r(N) — r [X, r® In] -rXp) —rX). (32

In consequence, the following results hold.

(a) D[¢; — OLSPs, (¢;)] > D[¢p; — BLUPs(¢;)] < i_(N) = r(X) + k.

(b) D[¢; — OLSPs, (¢;)] < D[¢; — BLUPs($;)] < i (N) =r[X, T QL] +r(X;) + k.

(c) Dl¢; — OLSPs, (¢;)] = D¢; — BLUPs(¢;)] < i+ (N) =r [X, T QL] + r(Xp).

(d) D[¢; — OLSPs, (¢;)] < D[¢; — BLUPs(¢;)] < i_(N) = r(X).

(e) Dl$p; — OLSPs, (¢;)] = D[¢p; — BLUPs(¢)] < r(N) =r [X, TR L] + r(X;) + r(X).

Proof We can apply (28) to D[¢; — BLUPs(¢;)] — D[¢; — OLSPg, (¢;)]. From (19) and by using the equality
XX = XXX X)X X)),

i+(D[¢p; — BLUPs(¢;)] — D[¢p; — OLSPg, (¢;)])
=i (D[¢; — BLUPs(¢;)] — 0i; (Ki — HiX) (X[ X)) " (K; — HiX;)')

——O’,'l'X;X,' X;X,' 0
= i:t X;X,' 0 (K,‘ - H,’X,‘)/ — r(X;X,’)
| 0 K —HX; Dl¢; — BLUPs(¢,)] |
—Gl','X;Xi 0 X;X,'
=iz 0 —D[¢; —BLUPs(¢)] K; — HiX; | — r(X;)
i XX; K — X'H; 0 ]
Ui,'X;Xi 0 X;X,‘ 0
=iz 0 0 K; —H;X; | — | It | D[¢; — BLUPs(¢p;)][0 I 0]
XX; K —XH 0 0
- r(Xy) 33)

is obtained. We can apply (27) to (33) after setting the expression in (14) and by using X Q I, = (X ®L,))(X' ®
I,) " (¥ ®I,). After that we can reapply (27) to the obtained expression. In this case, (33) is equivalently written

as
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rol, (Z@L)(ZW* —H) [01; 0]
i 0 . O’iiX;X,' 0 X;X,‘
Tl L | @ZWH—H)(ZQL,) 0 0 K; — H;X;
0 XX, K -XH 0
—ix (X QL) —rX;)
rol, 0 —(ZeL)H 0
—i R 0 O’iiX;Xi 0 X;Xi
T -HEeL) 0 0 K; — H;X;
0 X/X; K| -XH 0
YRI, 0 N
0 0 0 W 2RIL,000 . )
0 0
0 —W YeI, 0 0 0
-W 0 0 0 Z, 0
_ | ZeL 0 ¥l 0 —(ZQL)H 0
- 0 0 R 0 Gl'iX;Xl' 0 X;X,'
0 Z, -H;XxL) 0 0 K; - H;X;
0 0 0 XX; K —XH 0
. |0 W .
— it [W’ 01| —iz(X eI —rX;) (34

where W = [X, Xe® In)XL] and Z; = [ﬁi, ﬁi(Z ® In)Xl]. After setting these matrices in (34), by using
Lemma 4 and 5, and some congruence operations, (34) is equivalently written as

[ —(Zel) X -(ZalL)X* 0 (Zel)H 0
-X’ 0 0 0 K 0
_; —X+(Z®IL) 0 0 0 X' (ZeL)H 0
T R 0 /(\) R 0 O’,','X;Xi R 0 R X;X,'
H(Zol) K HEeL)X" 0 -H((ZQL)H K —HX;
i 0 0 0 XX, K -XH, 0
—-r[X, Z®L]-rX)
__(Z®In) -X 0 R 0 R 0
-X' 0 0 K -XH 0
= i:F 0 R OA O’,','X;X,' 0 X;X,'
0 Ki—-HX 0 0 K; — H;X;
L 0 0 X'X; K -XH 0
+izXHZRL)XYH —r[X, ZQL] - rX)
__(E ®In) X - 0 e 0
. -X' 0 K -XH 0
=i 0 K-HX 0 K; — H;X;
-1
.0 0 K -XH —0o,'XX;
+iz0iXX) + iz XN (E QL)X —r[X, ZOL]—rX)
[ZelL, X 0 0
. X 0 K -XH, 0
=0 K-EX 0 K -HX;
.o 0 K -XH o;'XX;

. DXL X
—}—t;(a,-iX;Xi) +ir |: ;?, " 0] —rX)—r [X, ) ®In] —rX;).
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In consequence, from (24)-(26), the required results (30) and (31) are obtained. From (20), adding the
equalities in (30) and (31) yields (32). Applying Lemma 3 to (30)-(32) yields (a)-(e). O

The conclusions obtained in Theorem 1 can be considered for certain specific forms of ¢; as presented in the
following corollaries.

Corollary 1 Let K;B; be estimable under S;,i =1, ..., m. Denote

2, X 0 0
X' 0K 0
N=1 9 Ro K (36)
0 0K o;'XX;
Then
i+ (D[BLUEs (K;B;)] — DIOLSEs; (K; 8)]) = i +(N) — r [X, ¥ ® L] — r(X)), (37)
i (D[BLUEs(K;B;)] — D[OLSEs; (K;8;)]) =i —(N) — r(X), (38)
r(DIBLUE;s (K;8;)] — D[OLSEs, (K;8)]) = r(N) — r [X, T ® L] — r(X;) — r(X). (39)
In consequence,
(a) D[OLSEgs, (K;B;)] > DIBLUEs(K;8,)] & i_(N) = r(X) + k.
(b) D[OLSEg, (K;B;)] < DIBLUEs(K;B))] ¢ i+(N) =r [X, X QL] + r(X;) + k.
(c) DIOLSEs, (K;8;)] = DIBLUEs(K;8))] < iy (N) =r [X, Z QL] + r(X)).
(d) DIOLSEs; (K;B;)] < DIBLUEs(K;B;)] < i—(N) = r(X).
(e) DIOLSEs;, (K;B;)] = DIBLUEs(K; )] & r(N) =r [X, £ ® L] + r(X;) + r(X).
Corollary 2 X;B; is always estimable and €; is always predictable under S;, i = 1, ..., m. Denote
YRI, X
R R “
where ii = [0, . €5 ...,0]. Then
i+ (D[BLUEs(X;B;)] — DI[OLSEg, (X;B;)])
=i, (D[e; — BLUPs(&;)] — Dle; — OLSPs,(¢)]) =it (N) —r [X, Z®L,], (41)
i (D[BLUEs(X;B;)] — D[OLSEg, (X;B8;)])
=i_(D[e; — BLUPg(e;)] — D[e; — OLSPg; (¢/)]) = i—(N) +r(X;) — r(X), (42)
r(D[BLUEs(X;B;)] — DIOLSEg;, (X;B;)]) = r(D[e; — BLUPs(¢;)] — D[e; — OLSPg, (&;)])
=r(N) —r[X, ZQL]+rX) —rX). (43)

In consequence,

(a) D[OLSEg, (X;B;)] = DIBLUEs(X;B;)] < Dle; — OLSPg, (¢;)] > Dl[e; — BLUPs(¢;)] & i_(N) =
rX) — r(X;) +k.

(b) D[OLSEg, (XiB;)] < DIBLUEs(X;B;)] & Dle; — OLSPgs. (e;)] < Dle; — BLUPs(g)] < i (N) =
r[X. ZQIL,] +k.

(c) DIOLSEg, (X;B;)] = DIBLUEs(X;B;)] < Dle; — OLSPg, (¢;)] = Dle; — BLUPs(¢))] & i+ (N) =
r [X rY® I,,] .

(d) D[OLSEs, (X;B;)]
rX) — r(X;).

(e) DIOLSEg, (X;B;)] = DIBLUEs(X;B;)] <& Dle; — OLSPg, (¢;)] = Dle; — BLUPs(e;)] < r(N) =
r [X rY® In] —rX;) + rX).

R

D[BLUEs(X;B;)] < Dle; — OLSPg; (¢;)] < Dle; — BLUPs(&i)] & i-(N) =
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4 Conclusions

The performance and connection of BLUPs and OLSPs of unknown vectors under SURMs and their combined
model are considered in this paper. As is well known, the models S; and S can be considered separately or
simultaneously. Combining information on different models may lead to gain efficiency in estimation. Inspired
by a variety of known results on the estimators under the combined model, this paper collects a list of equalities
and inequalities for the comparisons of predictors under SURMSs. We use some known rank and inertia formulas
of block matrices for deriving the results to simplify complicated matrix operations. Our approach provides a
general framework in the context of the comparison of predictors in SURMs. The obtained results can present
useful and general aspects for describing comparisons of BLUPs/BLUEs and OLSPs/OLSEs in SURMs.
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