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Abstract We identify U3z (3) by having a self centralizing element of order 12.
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1 Introduction

Let G be a finite group, P a Sylow p-subgroup of G and N a non-trivial subgroup of P. The normalizer of N
in G is called a p-local subgroup of G. In most cases, when the structure of P is known we can determine the
structure of p-locals of G. So identifying G with its p-local subgroups is an important subject in group theory
and plays a crutial role in the classification of finite simple groups. For this, many of the finite simple groups
have been identified with their p-local informations in [1,3,5,7-9,11,12,12—14] and [15].

In this paper we consider the finite simple groups with an extraspecial Sylow 3-subgroups of order 27. In
fact we will consider the following question:

Question 1: Is that possible to determine the finite simple groups which have an extraspecial Sylow 3-subgroup
P of order 27 such that C(P) = Z(P)?

As far we know the groups U3 (3), 2F4(2)’, L3(3) and M, are among the groups satisfying the conditions of
the question above. But maybe there are also some other examples. The groups M, and L3(3) are characterized
by their 3-local subgroups in [9]. In this paper we will identify the group U3 (3) by its 3-local information and we
give an answer to the question above in some cases. In fact by the assumptions of the question above, in many
cases the group G has a self- centralizing element of order 12. So at first we have looked at the groups with a
self centralizing element of order 12 and have proved the theorem 1. Then in theorem 2 we show that when the
group G is Uz (3). To state our theorems we need some assumptions and notation. We note that for a finite groups
G and a subgroup H of G we denote by Ng(H) and Cg (H) the normalizer of H in G and the centralizer of H
in G, respectively.

Notation: Throughout this paper we keep these notation.

(1) Let G be a finite simple group. Let k € G be of order 12. Set M = (k), a = K t=k312=zand T = (1).
(i) Let D € Sylo,(Ng(M)) and D = (d).

(iii) Let S € Sylo(Cg (1)) and set B = O2(Cg(2)).

With the notation above to state our theorems we need the following assumptions.
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Assumption *: Let G be a finite simple group.
(1) Assume that C(M) = M, Ng(M) < Cg(t) and Ng(M)/ (a) = Zs.
(ii) We assume that 7 € D and then r = d2.

Theorem 1 . Let G be a finite simple group. Assume that G satisfies the assumption *. Then we have Cg(t)/N =
S3 where N = F(Cg(t)) is the Fitting subgroup of C(t). We have further that B = O,(N) and if B is abelian
then B is a characteristic subgroup of S.

Theorem 2 Let G be a finite simple group. Assume that G satisfies the assumption * and Cg(D) = D. Then
G = Us(3).

Among others as a corollary we can give an answer to the question 1 when the group U3(3) appears.

Corollary 1 Let H be a finite simple group, P € Syl3(H) be an extraspecial group of order 27 such that
Ny(P)/P = Zg, Cy(P) = Z(P) and Cyx(x) < Ng(P) foreach 1 # x € P. Let Q € Sylo(Ng(P)) and
Cy(Q) = Q. Then H = U3(3).

2 Proofs of Theorems 1 and 2

In this section we will prove Theorems 1 and 2. We keep our notation and assumptions as in the last section.
In fact G is a finite simple group which satisfies the assumption *. If x, y € G, we denote Cg(x) N Cg(y) by
Cg(x, y). First we need the following theorem due to Higman.

Theorem 21 /3, Theorem 8.2]

Let H be a finite group with a normal 2-subgroup Q such that H/Q is isomorphic to PSL(2,2™), n > 2,
and suppose that an element of H of order 3 acts fixed point free on Q. Then Q is elementary abelian, and is the
direct product of minimal normal subgroups of H, each of order 22" The Sylow 2-subgroup P of H is of class
2, and if |Q| > 2%, Q is the only abelian subgroup of H of index 2".

The next theorem drives directly from the main theorem in [1].

Theorem 22 We have C(t) has a nilpotent normal subgroup N such that one of the following holds;
(i) We have C(t)/N is isomorphic to either S3 or Z3;

(ii) We have C(t)/N is isomorphic to L2(7) and N = (t);

(iii) Cg(t)/ N = As, in which case, N/ (t) is an elementary abelian 2-group.

Proof We have Cg(t,a) = Zp2, so the theorem follows from [1]. We note that in case iii), by [1] we have
Cg(t)/N = As and N is a 2-group, then 21 will give us that N/ () is an elementary abelian 2-group . O

We recall that 7 = (¢) and 12 = 7.

Lemma 23 We have Cg(t)/N is not isomorphic to Zz or Lo(7). Further, we have N # T, d ¢ N and
Cg (1) = Ng(T).

Proof We have D < Cg(t) and d inverts a, sod ¢ N and Cg(t)/N 2 Z3. Assume that Cg(t)/N = Lo(7).
Then by theorem 22 we have N = T and then Cg(¢) is a nonsplit extension of Z4 by L,(7). But the Schur
multiplier of L,(7) is 2, so Cg(t)/N 2 L2(7). Now by theorem 22, Cg(t)/N = S3 or A5. We have Cg(T)
is a normal subgroup of index at most 2 in Ng(T'). So if Cg(t) # Ng(T), then Ng(T)/N = S5, A5 x Z3 or
S3 x Z». This implies that 16 divides the order of N (M) which is a contradiction to our assumption *. Assume
that N = T and Cg(¢)/N = S3. Then D € Syl,(Cg(t)) and since T is a characteristic subgroup of D and
Cg(T) = Ng(T) we deduce that D € Syl,(G), which is impossible as no non abelian simple group has a cyclic
Sylow 2-subgroup. Assume that Cg(¢)/N = As. Since the Schur multiplier of As is also 2, we getthat N # T
and the lemma holds. o
We note that by lemma 23 we get that 7 is not conjugate to r~! in G.

Lemma 24 Assume that Cg(t)/N = As and Z(N) # T. Then Z(N) contains all involutions of (Z(N), a, d).
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Proof Assume that Cg(t)/N = As and Z(N) # T. Since Z(N) is normal in Cg () and Cg(t)/N = As, we
have (Z(N),a,d) /Z(N) = As. So we may assume that N is abelian. Let x € Cg(¢) \ N be an element of order
2. Since Cg(¢)/N has just one class of involutions we may assume that x N = dN. This gives us that xd € N.
We note that by Coprime action theorem (see [6, Theorem 8.2.7]) we have N = T X [a, N] and [a, N] is an
elementary abelian 2-group. We also note that by lemma 23, Cg(T) = Ng(T). Now assume that xd be of order
2. then d* = d~! which implies that ¥ = ¢t~ !, a contradiction. Assume that xd be of order 4. Since x ¢ D, we
conclude that xd € mT for some involution m € [N, a]. But this gives us that 1" = +~1, a contradiction. Now
the lemma is proved.

Lemma 25 Assume that Cg(t)/N = As. Then Z(N) = T. Specially N is nonabelian.

Proof Assume that Cg(t)/N = As and we may assume that Z(N) = N and then N is abelian. Let f € Cg(¢)
be of order three such that (d, f) N/N = A4. Set W =< d,d’ >. Then W is of order 16 and W N N = T. By
this and lemma 24 we conclude that W has just one involution and Z(W) = T. But there is no such a group of
order 16 and the lemma is proved.

Lemma 26 We have Cg(t)/N 2 As.

Proof By lemma 25 we have that N is not abelian. We have 1 # N’ < (r). We note that (a) is a Sylow
3-subgroup of C¢(¢) of order 3 and a acts fixed point freely on F/T. Now let f € Cg(¢) be of order three
such that (d, f) N/N = A4. Set F = O2({(N,d, f)). We note that f is conjugate to a in C;(¢). Therefore
Cr(f) = T which implies that f acts fixed point freely on F/T. We have also that < [d, d/] > is of order 2
and is normalized by f. Hence [d, dl e Cn(f) = T. We note that by lemma 23 we have Cg(t) = Ng(T).
Since G is simple, by Glauberman’s Z*-Theorem (see [6, page 369]) we get that there is s = 8 € F such that
g ¢ Cg(t). Now we prove the following claim.

Claim 1: We have s2 ¢ T and [d, s] # 1.

Proof Assume that s2 e Tands € N.Then s? = z and {r,s) = Z4 x Z. This shows that s = tm or r 'm
where m € N is of order 2. For x € N we have [x, m] € T which implies that m* € mT. Since m is of order 2,
we get that m* = m or mz. If m™ = mgz, then s* = s~! a contradiction. Therefore s € Z(N)=T and t = s,
a contradiction. Therefore s ¢ N and we have shown that if 1 # x € N is conjugate to 7 in G, then x = ¢. So
we may assume that s = dm for some m € N and we have t ¢ N§. Therefore [d, s] # 1, m? e T. We note that
by lemma 23 we get that s is not conjugate to s~ in G. Now we have s = md = s~ 'tm> = s~ 't,s,s 't ' or
s~z By this and since §2 = (sd)2 = z, we get that s = s, a contradiction to [d, 5] = 1. Therefore 52 # z and
we have shown that if 1 # x € Cg(¢) is conjugate to 7 in G and x2 € T, then x = . Hence [d, s] # 1 and the
claim 1 is proved.

By calim 1 we get that s> # z and therefore s ¢ N.Sinced ¢ N and Cg(¢)/N has just one class of involutions,
we may assume that s = dm for some m € N . Then m? e T.Setl = [d, m], then[l,d] € T. Since [d, 5] # 1,
we have [ # 1. As m? € T, we conclude that m? = (md)2 = mlml. This implies that m = Iml. As m? = ml,
we have s¢ = dml = sl and since (d))? =t and [[,d] € T, we get that d' = dz ord. Assume that d' = dz and
then /¢ = Iz. Now we have s = s’ = sd2 = (sl)d = s/lz which gives us that 1?2 = 7. From this and as m = Iml,
we imply that [/, m] = z and then we have s = s° = s%" = "™ = dlmlz = dmz = sz, which tells us that
z = 1, a contradiction. Therefore [d,[] = 1 and then s = 5" = s = (dml)? = dmi?. This gives us that [*> = 1
and since m = Iml, we get that [m, [] = 1. Hence [s, /] = 1. Now we have (24 = (s9?% = (s1)? = 521% = 2
which implies that [sz, d] = 1. We note that s9 = s, therefore [s, sd] = 1. We have shown that s # st e Cg(s)
and (s?)> = s2. But this is a contradiction to s being conjugate to  and the lemma holds. O

Now we have the following theorem.

Theorem 27 We have Cg(t)/N = S3 and if B is abelian, then B is a characteristic subgroup of S.

Proof By lemmas 22, 23 and 25, we get that C()/N = S3 and N is nilpotent. So B = O»(N). We have also
that d ¢ N and d inverts a. We note that since B # T and a acts fixed point free on B/ T, we get that S is
not abelian. Assume that B is abelian and g € Aut(S), then B8 < S and by Coprime action theorem (see [6,
Theorem 8.2.7]) we have B = T ®[B, a]. Since B and B¢ are of index 2 in S and S/[B, a] is abelian, we get that
S’ < BN B3N [B,a)l. Since a is fixed point free on [B, a] and d inverts a, we have Cg(d) < DS’. This shows
thatif d € B#, then we have B¢ = DS’. This gives us that 7§ is of index 2 in B and $'N(8")* < Cg(d,d*) = 1.
But this implies that |S’| = 2 and then B = Z4 x Z x Z, which shows that B has no element of order 8, a
contradiction. Therefore D N B¢ = T. Assume that B # B2 and x € B8\ B. Then x~'d € BN B¢ = Z(9).
This gives us that d € B$, a contradiction. This gives us that B = B¢ and the lemma holds. O
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Theorem 27 proves theorem 1. So in the remaining of this paper we prove theorem 2. By lemmas 22, 23 and 25,
we get that Cg(1)/N = S3. By our assumption in theorem 2 we have Cg (D) = D. Now we have the following
lemma.

Lemma 28 [f Cs (D) = D, then Ns(D)/D = Z».

Proof We have Cs(D) = D and since G is simple, we get that D # S and Ng(D)/D is a non trivial subgroup
of Zy x Z3. Since Ng(D) < Cg(t), we deduce that Ng(D)/D = Z; and the lemma holds.

In the next lemma we show that S is of order 32.
Lemma 29 B/T is elementary abelian of order 4 and S is of order 32. Further Z(S) = T.

Proof Letx € B ¢ T. Then [x,x%] = 1. Set W = (x, x%). Since d inverts a and W is (a)-invariant, we get
that D acts on W. Then Cy (D) # 1 and hence W N T # 1. Since Np(D) is of index 2 in B and by lemma 28
Ns(D)/D = Z,, we get that |[B/T| = 4 and then |S| = 32. Now the lemma holds.

Proof of theorem 2: We assume that G is a finite simple group which satisfies the assumption * and Cg (D) = D.
By lemmas 27, 23 and 29, we have Cg(1)/N = S3, Cg(T) = Ng(T) and |S| = 32. This implies that
S € Sylr(G). Now by [2] we get that G = U3(3) and theorem 2 is proved.

Proof of Corollary 1: Let H be a finite simple group, P € Syl3(H) be an extraspecial group of order 27 such
that Ny (P)/P = Zg, Cy(P) = Z(P) and Cy(x) < Ny (P) foreach 1 #x € P.Let Q € Syl,(Nu(P)) and
Cu(Q) = Q.Let Q =< g > and Z(P) =< p >, then ¢> € Cy(p) and pg? is a selt centralizing element of
order 12 in H. So H satisfies the assumptions of theorem 2 and hence H = U3(3). Now the corollary is proved.
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