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Abstract The Ohno relation is a well-known relation among multiple zeta values. Hirose, Onozuka, Sato, and
the author investigated the sum related to the Ohno relation and presented two types of new relations and five
conjectural formulas. This paper proves one of these formulas.
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1 Introduction

We call a sequence of positive integers “index” and an index whose last component greater than 1 “admissible
index”. For an admissible index (k1, ..., k), the multiple zeta values (MZVs) are defined by

1
tkis k)= Y T <R

l<my<--<m, ™1 =" Mr

For an index (or a sequence of nonnegative integers) k = (ky, ..., k), we call |k| = k; + - - - + k, its weight
and r its depth. For an admissible index

k=,....,L,b+1,...,1,...,1,bj+ 1) (ap, by = 1),
[ — N —
a;—1 aj—1
we define the dual index of k by
K=, . La+1,...,1,...,1,a +1).
—— [ ——
b—1 b1—1

If an index k and a sequence of nonnegative integers e are the same depth, we denote by k @ e the index obtained
by componentwise addition. Hereafter, if we write e, we always assume that e runs over sequences of nonnegative
integers having suitable depth. In [1], Hirose, Onozuka, Sato, and the author considered the following sums.
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A note on Ohno sums for multiple zeta values 831

Definition 1.1 (Ohno sum) For an admissible index k and a nonnegative integer m, we define O, (k), O(k),
respectively by

Om(k):= > t(kde) €R,

le|=m
o0
Oth) =Y Op(k)X™ € R[[X]].
m=0
Using the above notation, the celebrated Ohno relation is written as follows:
Theorem 1.2 (Ohno relation; Ohno [4]) For an admissible index k, we have
Ok) = Ok").

We denote by Z the Q-linear space spanned by all indices. We define the Q-bilinear productni: Z x Z — 7
by

Gk =km =k,
(kom0 = (km(,D), k) + ((k, k)l D),

where k,l € 7 and k,[ € 7. For example, we have (a) i (b, ¢) = (a,b,c) + (b, a,c) + (b, ¢, a). For an
admissible index k and an integer s > 2, put

F(s; k) := O((s) L k) — O((s) i k).
Then the following Ohno sum relation holds:
Theorem 1.3 (Hirose—-Murahara—Onozuka—Sato [1]) For integers s, t > 2, we have
F(s; ¢+ 1) =F@; (s + D).

We denote by {a}! I-times repetition of a, e.g., ({233 = (2,2,2). The aim of this paper is to prove the
following relation conjectured by Hirose, Onozuka, Sato, and the author in [1].

Theorem 1.4 (Main theorem) For integers s,t > 2 andl > 0, we have
F(s; (t+ D i ((2)) = F(; (s + D 1 ((2})).

Remark 1.5 The case ! = 0 in Theorem 1.4 gives Theorem 1.3.

2 Proof of Theorem 1.4

In the following, the maps ¢, O,,: Z — R and O: 7 — R[[X]] will be extended Q-linearly. We denote by
(k) % I the formal sum of indices found by adding k to each element of 1, i.e., if I = (Iy, ..., /), we have

&L= +k oo )+t iy ooy by + K,

and extend it Q-bilinearly. Note that, throughout this paper, we often use the special case of the harmonic product
formula ¢ (k)¢ (1) = ¢((k) = I) (for details of the harmonic product, see [2], for example), where

Kyl =()ml+ (k) 1.
For an admissible index k, integers s, ¢ > 2, and nonnegative integers m, [, we define
Foni(s: k) := Op((s) Tk it ({2})) — O ((s) it (K i1 ({2)')7),
Dy i(s, 1) i= Fp(s; (¢ + 1)) — Fp (25 (s + 1)).

Note that Theorem 1.4 is equivalent to Dy, ;(s,t) = O for any s,t > 2 and m,[ > 0. The main strategy of
the proof is similar to [1], however, some calculation methods are modified to bear a little more complicated
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832 H. Murahara

calculations. Especially, to show D,, (s, 2) = 0 in the last part of the proof, we use the Hoffman relation (see
Theorem 2.6). The proof goes through the following steps:

Lemmas 2.1 and 2.2 = Lemma 2.3

Lemma 2.4 } = Lemma 2.5

} = Theorem 1.4.
Theorem 2.6

In the following, we omit the range of m’s in the summation if they are integer of 0 or more, for example, we

often Write D m+-tmy=m a8 D, 4 -
my,...,mp=

Lemma 2.1 Forintegerss > 2,t > 1, and m,l > 0, we have

Fuis; G+1D)=—= > > ¢(s+m)%(+Di(2)) @e)

mi+my=m |e|=m

+ Y >t Hm)E @+ D)) @e)).

mi+my=m |e|=my
Proof By definitions, we have

Y Oy ()0, (0 + 1 i (12)))

mi+moy=m

= D D tls+m) @+ D |2))) @ e)

mi+ma=m |e|=my

= Y D tls+m) i+ D {2))) @ e)

mi+may=m |e|=my (1)

+ 03 Dt Hm) R+ D (2)) @ e)

mi+ma=m |e|=my
= Op((s) i (¢ + 1) i ({2)))
+ ) Y dHmDEF@+ D)) @e)).

mi+my=m |e|=my
We also have

Y Oy ()O0m, (0 + 1 it (12)))

mi+moy=m
- Z O, (8)Om, (¢ + 1) 1 ({2)))7)  (by Theorem 1.2)
mi-+my=m
= Y D ts+m)x+DE{2Y)N @e) )

mi-+ma=m |e|=m,
= Op((s) i ((r + D) & (2)')7)
+ > Y cHmpA@+ DI 2Y) @e)).

mi+ma=m |e|=m;
From (1) and (2), we have
O ((5) T (2 4 1) 1t ({2)1) — O ((s) T (¢ + 1) T (12} )1
=— > D t+mDE+ D2 @e)

mi+may=m |e|=my

+ Y Y s Hm) R+ D) @ e)).

mi+my=m |e|=my

By the definition of F;, ;(s; (t 4+ 1)), we obtain the result. |
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Lemma 2.2 Forintegers s,t > 1, m > 1, and | > 0, we have

YY) G HmDE(@+ D {2)) @e))

mitma=m |e|=mj
- ) ) G Hm A DA+ D 2)) Be)
mi+my=m—1 |e|=my
= Ou((®) % ((t + D i ((2)))
and

YooY cHmDE@+ D) @e)

mi+my=m |e|=my
- > Y dGHm+DE@+DE ) @)
my+my=m—1 |e|=m>
= On((s) % (¢ + D 1 ({2}')7).
Proof Since

Yoo i m g L) @)

mi+my=m |e|=mj

- Y > i i mi 4 L ) @ e)

mi+my=m—1 |e|=my

= Om(lls '°"lr/)

holds for an admissible index (1, ..., [s) € Z and positive integers m, i with 1 < i < r’, we have

Yotk m) R, L) @ €)

mi+my=m |e|=my

- > Y dkEm DR L) B e)

mi+my=m—1 |e|=m2

= Op((k) %1, ..., 1))

for a nonnegative integer k. By using this equality, we obtain the first equality. The second equality can be proved

in the same way.

Lemma 2.3 Forintegerss > 3,t > 1, m > 1, andl > 0, we have

Fpg(s =1t + 1) = Fp1(s: (1 + 1))

= —On((s = D)%+ DI A2))) + Onls — D& (¢ + D 1 (210 H).

Proof By Lemmas 2.1 and 2.2 , we have
Fopg(s —1;(t+ 1)) — Fipo1,(0s; (¢ + 1))

=—( YooY tHm = DA+ DE2))) Be))

mi+my=m |e|=m;)

- > Zc((s+m1>4<(((t+1)1?1({2}’»@@))

my+mpy=m—1 |e|=m2

+< oY tsmi - DR+ DE ) @ e

mi+my=m |e|=my

-y Zg((s+m1)fk<<<t+1)11‘1({2}’))*@@))

mi+my=m—1 |e|=m>

= —Op((s — D) ((t + 1)1 (2)') + On((s — D & (¢ + D i (2N 5.

This finishes the proof.

O
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834 H. Murahara

Lemma 2.4 For integers s,t > 3 and l, m > 0, we have

O () 1 (1) T ({2 N)T) — O (s — D& (¢ + D 1 (12) )5
— (O (@) 1 () T (21N = O (t — D & ((s + D i (2} ))) = 0.

Proof We shall show this lemma only for / > 1. The case [ = 0 can be shown similarly. We have

1
() i ((0) 1 (21 )" =D () i (207, 1, (207

i=0

[
= (o) 2y, (12 @

i=0

= i(lZ({Z}J’ S, {2}1'*]" {1}t*27 {2}[7i+1) + f({z}l, {l}], s, {l}ffj*Z7 {2}17i+l)
i=0 “j=0 s
1—i
+ Y@y ey s 2y )>

j=0

and

1
—DA@+DEEN =D - DEFEYF .+ 1,277

i=0

I
=3 - D& {1y 2y
i=0
I i—1

- Z Z({z}j» s+ 1, 27yt eyt

i=1j=0

l t—2 I—i
+ Z(

D@ Vs (T @y e s + 1 {z}“f)).

i=0 “j=0 =0
Thus, we have

O () i (1) T {2 NT) — O (s — D & (¢ + 1) 1 (12 ) )

L/d I—i
= Z(Z On(2V 5, 27 (Y2207 4 - 02y, (1Y 2 20 s, (21 77)

i=0 “j=0 =
1—i
=Y On @Y AT 2 s+ 1L 2 ) — 0(2) s (1Y 2 {2}““))
j=0
I i1
=)D 0n @2V s+ 1L 2F Ty )
i=1j=0
= D (On(@%s 2 (2 @D + 0 (@) (12 207 s 209
a+b+c=l
a,b,c>0

— O}, (171 (207, s + 1, {2)9)
— D 0@ s (YT 2 = Y 02 s+ 1,207 (1 2.

ath=l atbte=l—1
a.b=0 a,b,c>0
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A note on Ohno sums for multiple zeta values 835

Similarly, we also have

O (1) Tt () i ((21')7) — O ((r = 1) % (s + 1) i ({2')7)

= D (0n(2 1,42, (1P 72 20 + 0, (121, (1P 72 201 1, 2)9)

a+b+c=l
a,b,c>0

— O (123, (1P~ (287, 1 + 1, {2)9))
= 2 On(@F . (P22 = 3 On(@) .+ L 217 (1P @2,

a+b=l a+b+c=I—-1
a,b>0 a,b,c>0
Then, by using Theorem 1.2, we find the result. O

Lemma 2.5 For integers s,t > 3 and m > 1, we have
Dy—1,1(s,1) = Dini(s — 1,8) + Dy (s, t — 1).
Proof By definitions, we have

Dy—1(s,t) = Dpy (s —1,8) = Dy i (s, t — 1)
= Fp—100s; ¢ + 1)) = Fp—1,(t; (s + 1)
= (Fpa(s = L (0 + 1)) = Fpi(t; (5)) — (Fni(s3 (1) — Fa(t — 15 (s + 1))
=—Fuis =1L+ 1) = Fp_11(s; ¢+ D)) + (Fng(t = L (s + 1)) — Fu—1,1(55 (s + 1))
+ Fun (5 () — Fu1(s; (1))

Then, by Lemma 2.3, we have
Dy—1,(s,t) = Dp (s —1,¢) — Dy i (s, t — 1)
= Op((s — D&+ D {2))) — Opl(s — 1) % (¢ + D 1 (2} )1
—On((t = 1) % ((s + DI ({2)) + Ot — D & (s + D T ({2
+ O ((s) T (1) 1 (12))7) — O (1) 1 ((s) T ({2)')7).

Since
On((s — D& ((r + D 1t (12))) — Op((t — D & ((s + 1) i (12})))
= Op((s + 1)1 (2)) + (s + D fit (¢ + 1) i ({2} 1)
—On(s+nm 2+ +Dme+ D@2 =0
and by Lemma 2.4, we obtain the result. |

In the proof of Theorem 1.4, we use the following theorem.

Theorem 2.6 (Hoffman [3, Theorem 5.1]) For positive integers k1, . . ., k, with k, > 2, we have

Y ki ki ki, k)

1<i<r j=0
ki>2

Now we prove our main theorem.
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836 H. Murahara

Proof of Theorem 1.4 By Lemma 2.5 and the identity D,, ;(s,t) = —D,, (¢, s), we need to show only the case
Dy i(5,2) = 0, i, Fi(s3 (3)) = Fu (2 (s + 1)),
By Lemma 2.1, we have
Fni(s3(3) — Fni(25 (s + 1))

= Y. Y (s HmD A3 (2 @ e)

mi+ma=m |e|=my
+e((s+m) &3 T |21 @e))
— ([ 4+ DOy (s + D) 1 2} + 0,,(2) 1 (s + 1) T {2))7).

Put
A== > N t(s+m)A Q) (2 @e)),
mi+my=m |e|=my

Bi= Y 3 (s +m)#3) @) @e,

mi+my=m |e|=m;

Ci=—(+DOpu((s+Dm2YH + 0,21 (s + 1) i {2)H7).

Then, by definitions, we have

m

A== (On-alls +a+3) i (12})) + On_al(s +a+2) fii 3) it ({2'71)), 3)
a=0

where we understand the second term is 0 if / = 0, and the same shall apply hereinafter.
By Lemma 3.1 in the next section, we get

I+1

A=— > (Zmax{mp—s—f-l,O})

mi+-+mpp1=m+s “p=1

“)

1+1
ng(ml+2,...,mi_1+2,mi+3,mi+1—|—2,...,m1+1+2).
i=1

On the other hand, we have

il
B= Z (ZZOmz({Z}j,s—le +2, {Z}i—j—l’ 1’{2}l—i+1)
my+mo=m Ni=1 j=0
!
+ 3 Oy (20 s+ my + 1, (217
i=0
1o ’ | .
+2_2 Om (21,2 s +mi+2, {2}""”)
i=0 j=0

(Om—a((1) Tt (s +a +2) it (2))71), 2)

M=

Q
Il
S

Om—a((s +a+1) T (12))),2) + Op_a (D) T (12)), 5 + a + 2)).
Since

I+1
On((s + D@ ((2)F) = Y On((2) s + 1, (27
i=0
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A note on Ohno sums for multiple zeta values 837

and

Ow((2) 1t ((s + 1) it ({2)'))
I+1
=142 02, s+ 1,207 = Op(s + 1, {241
i=0
[ s=2 ) )
+3 D 0n@2Y 2.5 — j+ 121,
i=0 j=1
we also have
I+1 ‘ )
C=Y 0n(2), s+ 1,2/ = Op(s + 1. (2"
i=0
I s=2 . )
+ 33 On2Y 25— j+ 127
i=0 j=1
I 52 . )
=O0n@ s+ DE AN+ Y ) Oy, j+2,5—j+ 1,217
i=0 j=1
1 s=2 ' )

= D On(2), j+2,5—j+ 1,2,

i=0 j=0
Then we find

B+C= (Onal(D it (s +a+2) i ({2, 2)

a=0
+ On—a((s +a+ 1 (21, 2) + Op—al() B (2)), 5 +a +2) 3)
[ 52
+ ZZOm({Z}i, J+2,s—j+1, {2}1—1).
i=0 j=0

By Lemma 3.2, we get
B+C

+1
= Z <Zmax{ml,—s+1,0}>

mi+-+mpp=m+s “p=1 (6)
I4+1 m;
XYY e+ 2, mi 2, L = 2 mig + 2, mig + 2).
i=1 j=0
Hence, from (4) and (6), we find
Fui(s;3) — Fny(2; (s +1)=A+B+C
I+1
- Z (Z max{m, — s + 1, 0}>
mi+---+mpp1=m+s “p=1
I+1
x Z(—aml F 2, mig 2, mi A3 mi 2, mg - 2)
i=1
m;
+Z§(m1 +2, o omi+2, 5+ 1Lmp—j4+2,mi +2, .., m +2))~
j=0
By Theorem 2.6, we obtain the result. O
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838 H. Murahara

3 Additional lemmas

Before ending this paper, we shall state some lemmas which were used in the proof of Theorem 1.4. Let [ be a
positive integer. For integers p, g with 1 < p,qg <[+ 1, put

D On a2 s +a+2,2077703, 2 (p <),
a=0

m

Gpg =1 Oma(2 " s+a+3, {27 (r=q.

a=0

D On o273, 2177 s +a+ 2,277 (p>g)
a=0

and
Hp 4 = Z max{m, —s + 1,0}

mi+---+mp=m-+s
xXemy+2,...,mg_1+2,mg+3,mge1+2,...,mq41+2).

Note that we have

RHS.of B)== > G,y
1<p.q=<l+1

R.H.S. of (4) = — Z Hpy,.
1<p.g=<l+1

Lemma 3.1 Forintegersi, j with1 <i,j <[+ 1, we have
Gpg=Hpyg

Proof We prove this lemma only for i < j. The other cases can be proved similarly.
We have

m
Gp,q:z Z (Q2+er,....2+e,_1,s+a+2+ep,

a=0ej+-+ey1=m—a
er,....e1+1>0

2+ep+1,...,2+eq_1,3+eq,2+eq+1,...,2+61+1)

m m-—a
=ZZ Z (Q2+er,....24ep 1,5 +a+2+ep,

€l,.s€p,.nne 1120

24epit, .. 24eq-1,3+eq, 2+ egq1, ..., 2+ erq1)

m m
=ZZ Z (QR+er,....2+e, 1,5 +u+2,

eles€psennsel 120

24epyl, .. 24eg-1,34+ €4, 2+ eg1,. .., 2 Feq1),
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A note on Ohno sums for multiple zeta values 839

where the symbol ¢}, in the summation means that the part e, is skipped. Then we find

m u
Gpg=Y.Y, > (Q+er,....2+ept,stu+2,

el,.€p,ynnery1>0

2—|—ep+1,...,2+eq_1,3+eq,2+eq+1,...,2—|—el+1)

m
=> @+ > (Q4er,....24ep 1,5 +u+2,
u=0

€lsuny €psany €l+120
24eptt, .., 2+ eq-1,34eq, 2+ egq1, .., 2+ er).
On the other hand, we have

m+1
Hyq=Y u > Cmy+2,...omp 1 +2, s +u+1,

u=1 " myednt b myp e =m—u+1
mp41 +2,...,mq_1 +2,mq +3,mq+1 +2,...,m41+2)
m
=)+ > Comy+2, . mpy+ 2,5 +ut2,
u=0 My enip e Amp g =m—u
Mmpp1+2,...,mg1+2,mg+3,mgr1+2,...,mq1+2).
This finishes the proof.
For integers p, g with 1 < p,q <[+ 1, put

m
D Ona(2P™ s +a+2,{2)4777 1, 2} 71 (P <,
a=0
m
Z(Om_a({z}l’*‘, Ls+a+2, 2077 4 02 s +a+1, {2}1*1’“))
a=0
Ipg = 5—2
+)0n(2P7 42,5 — j+ 1,27 (r =9,
j=0
m
D Ona(2¥7 1,207 s +a +2, 2} 7T (r>q
a=0
and
Jpq = Z max{m, —s + 1,0}
mi+-tmpp=m+s
Mg
XY e 42, mg + 2, Lmg — A 2mg + 2, mig +2).
j=0

Note that we have
RHS.of )= Y Iy
I<p.g<i+1

R.H.S. of (6) = Z Jpg-
1<p,q<i+1

Lemma 3.2 For an integer p,q with 1 < p,q <1+ 1, we have

Ipg=1Jpyq-
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840 H. Murahara

Proof The case p < g can be proved in a similar mannar to the proof of the previous lemma. Indeed, we have

m
Ip,q:z Z {Q+er,....24ep—1,s+a+2+e,,

a=0e1+--+ep=m—a
el,....e+2>0

24+ept1,.-2+eg1, 1 +eq, 2+ egyr, ..., 2+ e42)

m m—a

=ZZ Z {Q2+er,....24ep 1,5 +a+2+ep,

a=0ep=0¢|+--4€,++ey=m—a—e,
el,...i€p,.ej12>0

24epit, .. 24eq1, L 4+eq, 2+ egq1, ..., 2+ e140)

m m
:ZZ Z (Q+er,....24ep_1,s+u+2,

a=0U=a ¢;+...4¢p+-+ejo=m—u
2+ep+ls~'-72+eq—l, 1 +eq,2+€q+1,...,2—|—€1+2),

Then we find

m u
IP:‘IZZZ Z (Q2+er,....2+ep 1,5 +u+2,

el,..,€p,nnne]12>0

2+€p+1,...,2+€q71,1+€q,2+€q+1,...,2+€1+2)
m

=Y w+1) > (Q+er,....24ep 1,5 +u+2,
u=0

elees€psennsel42>0

24epyl, .. 24 g1, 1 4+eg, 2+ egq1,..., 2+ eq2).
We also have

m—+1 ny

Tpg =) u > >

u=l " my+-nip+-Amp=m—utl1 j=0
¢ (my +2,-~7mp71 +2,S+M+1,mp+l +2,
ceemg 1+ 2, j+ 1 mg —j+2,my +2, .00, mpp +2)

g

=un§<u+1> > >

my4nip4Amp g =m—u j=0
é'(m1+2,...,mp_1+2,S+u+2,mp+1+2,
ceesmg 1+ 2, j+1mg — j+2,my +2, .., mpp +2)

m
=D+ > Comi+2, . ompoy+2.5 +u+2,
u=0

myAntp 4 Amp  =m—u

Mpp1 +2,...,mg_1 +2,mg+ 1, mgp1 +2,...,mpy2+2).

Thus we find the case p < ¢ holds, and the case p > ¢ can be proved similarly.
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A note on Ohno sums for multiple zeta values 841

Now, we consider the case p = ¢. By the similar argument above, we find

D Ona2P™ s +a+2,2/ 7P
a=0

=Y w+1 >
u=0

mittm e tm o =m—u

cmy+2,...omp 1 +2,mp+ 1L s+tu+2,mp2+2,...,my+2).

Thus we have

m
Z Om-a(2}P71 1, s +a+2, {2}/ 7P+
a=0

—Z(u+1)2 >

v=0 mi+--+m=m—u—v

§(m1+2 mp_1+2 v+ Ls+u+2,m,+2,...,m+2)

—Z<u+1>2 >

v=u mi—+---+mj=m—v

{(m1+2,...,mp_1+2,v—u+1,s+u+2,mp+2,...,m1—|-2)

=§j > i(u—i—l)

v=0mi+--+my=m—v u=0

Cmp+2,...omp  +2,v—u+1l,s+u+2,m,+2,...,m+2).

Since
v v v—u+l
Z(u+l)x(v—u+1,s+u+2)=2 Z (J,s+v—j+3),
u=0 u=0 j=1
we get

D Ona2P s +a+2,{2)/ 771
a=0

v v—u+l (7)

> Y Xy

v=0mi+-+m=m—vu=0 j=1
{(ml—}_z""vmp*l+29j’s+v_j+3’mp+21""m1+2)'

Similarly, we also have

D Ona2 s +a+1, 27772
a=0
v s+v+1 (8)

> Y Y X

v=0mi+-+m=m—vu=0 j=s+v—u+1
Cmy+2,...omp_ 1 +2,j,s+v—j+3,mp+2,...,m+2).
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842 H. Murahara

Since
s—2
Y On(2Y T 42 s — i+ 12
j=0
m v os—2
Cmy+2,...omp 1 +2,j—ut+v+2,stu—j+1,mpy+2,...,m+2),
we have
s—2
D 0n(2YP T 42,5 — j+ 1,2 7P
j=0

v S+v—u (9)

> Y ¥y
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From (7), (8), and (9), we get
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Hence, we have I, , = J,, ,. This finishes the proof. m|
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