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Abstract We study the optimal solutions of optimization problems and well-posedness for locally convex cone-
valued functions. Using the non-linear scalarization functions, we prove some existence results and obtain
characterizations of the optimal solutions. Then, we consider the well-posedness in Tykhonov sense and discuss
the scalar optimization problems.
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1 Introduction

The theory of locally convex cones was developed by K. Keimel and W. Roth in [5]. The basic idea is to extend
the notion of a locally convex space to a more general underlying algebraic structure. Afterwards, many topics
on locally convex cones have been studied; for example, see [6—14]. The original optimization problems and
pointwise well-posedness for locally convex cone-valued functions have been defined and studied in [1]. Our aim
in the present work is the study of optimal solutions and well-posedness for the original and weak local (global)
optimization problems for locally convex cone-valued functions. In Section 2, considering the original and local
(global) preorders, we define three kind of optimization problems for locally convex cone-valued functions and
study the optimal solutions. In Section 3, we consider the non-linear scalarization functions for locally convex
cones and prove some existence theorems. Then we derive the characterization of optimal solutions and the
pointwise well-posed optimization problems by means of Tykhonov well-posed problems.

A cone is a set P endowed with two operations; addition and scalar multiplication for non-negative real
numbers A > 0. The addition is associative and commutative, and there is a neutral element 0 € P. For the
scalar multiplication the usual associative and distributive properties hold, 1.a = @ and 0.a = 0 for every
a € P. The cone P is an ordered cone if it carries a preorder, i.e., a reflexive transitive relation < such that
a < bimplies a+c <b+c and ra < Abforall a,b,c € P and A > 0. With usual addition, multiplication
and order the extended scalar field R = R U {+00} of real numbers is a natural example of an ordered cone. In
particular a + co = 4oo foralla € R, A.(+00) = 400 forall A > 0 and 0.(+-00) = 0. A full locally convex
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cone is an ordered cone P that contains an abstract neighborhood system ), i.e., a subset of P with the following
properties:

(v1)) O<vforallv eV,
(vp) forallu,v € Vthereisw € V withw <uand w < v,
(v3) u+veVandiv e Vforallu,veVand A > 0.

For every a € P and v € V we define
v(a) ={b €P|b<a+v}, respectively (@)v=1{beP|a<b-+v}

to be a neighborhood of a in the upper, respectively lower topology on P. Their common refinement is called
symmetric topology. We assume all elements of P to be bounded below, i.e., for every a € P and v € V we
have 0 < a + pv for some p > 0. The cone R with abstract neighborhood system V = {¢ ¢ R | ¢ > 0}
forms a full locally convex cone. Finally, a locally convex cone (P, V) is a subcone of a full locally convex cone
not necessarily containing the abstract neighborhood system V. Every locally convex ordered vector space is a
locally convex cone in this sense, as it can be embedded into a full locally convex cone (see Example 1.2.7 in
[5D.

If (P, V) and (Q, W) are locally convex cones, a linear mapping 7 : P — Q is called uniformly continuous
(u-continuous) if for every w € W there is v € V such that T(a) < T(b) + w whenever a < b + v for
a, b € P.Itis immediate from the definition that, u-continuity implies continuity with respect to the upper, lower
and symmetric topologies on P and Q. The set of all u-continuous linear mapping p : P — R forms a cone
which is called the dual cone of P and denoted by P*. The polar vy of a neighborhood v € V is defined by
vy = {n € P*:a < b+ v implies that u(a) < n(b) + 1}.

2 Optimization problems and optimal solutions

In this section, we extend the general classical optimization problems for locally convex cone-valued functions
and study the optimal solutions. Also, we define the well-posedness for optimization problems and identify three
classes of pointwise well-posed problems.

Let (P, V) be a locally convex cone and v € V. According to [5, Ch I, 3.2], the v-local preorder <, on P is
defined by a <, bfora, b € Pifand onlyifa < b+ pv forall p > 0 and the global preorder < on P is defined
as the intersection of all local preorders <,, v € V,i.e.,a < bfora,b € Pifandonlyifa <b+vforallv e V.
The cone P is called separated if a = b for a, b € P implies that ¢ = b, where @ is the closure of {a} with
respect to the lover topology. According to [5, Ch I, Proposition 3.9], (P, V) is separated if and only if the global
preorder < is an order, i.e., < is antisymmetric. Note that in R with abstract neighborhood V = {¢ : ¢ > 0},
the local preorders <,, and the global preorder < coincide with the original order < . Considering the original
preorder < and the local preorders <, v € V, we define the following relations on P :

a~b for a,beP if a<b and b <a.
a<b for a,beP if a<b and a = b.
a~y,b for a,beP if a X, b and b <, a.

Let G C P. We say that a € G is a minimal element, if b < a for some b € G then b ~ a and v-local minimal
element, if b <, a for some b € G then b =, a. Also, a € G is a global minimal element if, a is a v-local
minimal element for all v € V. We will denote by Min(G, <), Min(G, <) and Min(G, <) the set of all original
minimal, v-local minimal and global minimal elements of G, respectively.

Remark 2.1 If G CPandfora € G, | (G, <,a) ={b € G : b < a}, then

(i) Min(G, 2) = ey Min(G, =,),
(i) | (G, <,a) € Min(G, <) forall a € Min(G, <),
(i) | (G, =y, a) € Min(G, <,) for all a € Min(G, <,),
@v) | (G, =%,a) € Min(G, <) forall a € Min(G, <),
(v) If P is separated then Min(G, <) € Min(G, <), for; let a € Min(G, <). If b < a for some b € G then
b < a which implies b <, a forall v € V. Thus, a <, b forall v € V, i.e.,a < b. Since P is separated we
have a = b, so a € Min(G, <).
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Let X be a non-empty Hausdorff topological space and f : X — (P, ))) be a mapping. The original, v-local
and global, general optimization problem for f is formalized by (X, f, <) Min(f(X), <),

(X, f, Zv) Min(f(X), <y) and (X, f, =) Min(f(X), 2);

respectively, where f(X) = {f(x) : x € X}. Anelementx € X is called a minimal solution of problem (X, f, <)
(respectively, (X, f, <y) and (X, f, <)) if f(x) is an original (respectively, v-local and global) minimal element
of f(X). In general, we say that X is an optimal solution of (X, f, <) (respectively, (X, f, <y) and (X, f, X))
and denote by Eff (X, f, <) (respectively, Eff (X, f, <,) and Eff(X, f, X)) the set of all minimal solutions of
(X, f, <) (respectively, (X, f, <) and (X, f, <)).

Remark 2.2 Ifforx € X, S(f, <, f(x)) = f~ 1 (f(X), <, f(x)), then

(i) S(f, <., f(}) CEff(X, f, <) forall £ € Eff(X, f, <),
(i) S(f, =0, f(X)) S Eff(X, f, <,) forall £ € Eff(X, f, <),
(i) S(f, =, f(£)) S Eff(X, f, =) forall £ € Eff(X, f, <).

For a full locally convex cone (P, V), we denote by Conv(P) the set of all non-empty convex subsets of P
which is a cone with its usual addition and multiplication by non-negative scalars. If we identify the elements
of V with singleton sets T = {v}, then V = {v : v € V} is a subset of Conv(P), which can be ordered using the
order of P. For A, B € Conv(P), we define

A < B if for each a € A thereis some b € B such thata < b,

then (Conv(P), V) becomes a full locally convex cone. If E is a locally convex space with 0-neighborhood base
V), then (Conv(E), V) is a full locally convex cone and by the embedding x — {x}: E — Conv(E), (E,V)is
a locally convex cone. For details see [5].

Example 2.1 (i) If for X = [0, 1], the mapping f : X — (Conv(R), V), V = {¢ : ¢ > 0}, is defined by

[ (=00,0) ifx =0,
f(x)_{[O,l—x]if0<x§1,

for all x € X, then Eff(X, f, <) = {0} and Eff(X, f, <z) = Eff(X, f, <) = {0, 1} foralle € V.
(i) We consider Conv(IR) with set inclusion and abstract neighborhood system V = {(—¢, ¢) : ¢ > 0}. If
for X = [0, 1], the mapping f : X — (Conv(R), V) is defined by

0,3) ifx=0,
f)=110,5 -0 if0<x <3,
[0,2—x]if§ <x <1,

forall x € X, then Eff(X, f, <) = {0, 3} and Eff(X, f, <,) = Eff(X, f, <) = {}, 1} forall e > 0.

(iii) For the subcone Ry = {a € R : a > 0} of R we may also consider the the singleton neighborhood
system V = {0}. The elements of R, are obviously bounded below with respect to the neighborhood v = 0,
hence R is a full locally convex cone [13, Example 2.1]. Evidently, the local preorder < coincides with the
orginal one on R . If for X = [0, 1], the mapping g : X — R is defined by

+oo ifx =0,
gx) = x2 if0<x§l,

1-xif§ <x <1,
then Eff(X, g, <) = Eff(X, g, <o) = {1}.

According to [5], with the v-local (global) preorder <, (X) the neighborhood system )V forms a locally
convex cone topology on P which is coarser than the original one. Suppose {a;};c7 isanetin P and leta € P.
We write a; 1 a (a; | a) in the < (respectively, <, and <)-topology if {a;};c7 converges to a with respect to
the upper (respectively, lower) topology on P induced by < (respectively, <, and <) (cf. [6,9]). For v € V, an
element a € P is called v-bounded if a < Av for some A > 0, and a is called bounded if it is v-bounded for all
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Definition 2.1 If X is a minimal solution of (X, f, <) ((X, f, <y) and (X, f, <)), then a net {x;};e7 € X is
said to be minimizing net for (X, f, <) (respectively, (X, f, <) and (X, f, X)) at x if f(x;) + f(X)in <
(respectively, <, and <)-topology. We say that (X, f, <) (X, f, <y) and (X, f, X)) is well-posed at %, if every
minimizing net for (X, f, <) ((X, f, <y) and (X, f, <)) at X converges to x. Also, (X, f, <) (X, f, <,) and
(X, f, X)) is generalized well-posed at X if every corresponding minimizing net {x;};c7 at X has a cluster point
in S(f, <, f(X)) (respectively, S(f, <y, (X)) and S(f, =, f(¥))).

Remark 2.3 Obviously, nets (generalized) well-posedness is formally stronger than (generalized) well-posedness
in sequential sense. Note that, if the abstract neighborhood system )V has a bounded element, then nets well-
posedness is equivalent to well-posedness in sequential sense. Indeed, nets well-posedness entails well-posedness
in the sequential sense. For the converse, let (X, f, <) ( respectively, (X, f, <) and (X, f, <,) be sequential
well-posed at x and it fails to be nets well-posed. Then, there exists some net {x; };c7 € X such that f(x;) 1 f(x)
in the < (respectively, < and <,)-topology and x; # x. Thus we can find some neighborhood U of x such that
for every i € 7 there exists j > i with x; ¢ U. Consider a bounded element v € V. One can take i; € Z such
that f(x;) € v(f (%)) for all j > i; and take j; > i; such that x;, ¢ U. By proceeding in this way, one can
find a sequence {x;, },en such that f(x;,) € %v(f(;?)) and x;, ¢ U forall n € N. Since v is bounded, we have
f(xj,) 1 f(*)in < (respectively, < and <, )-topology, when n — o0. So x;, — X which contradicts x;, ¢ U.

Proposition 2.1 If x is a minimal solution of (X, f, <) (respectively, (X, f, <) and (X, f, X)), then

@) if (X, f, <) (X, f, =) and (X, f, X)) is well posed at x, then S(f, <, f(x)) (respectively, S(f, <y
, (X)), and S(f, <, f(X))) is a singleton,

(b) if (X, f, <) (respectively, (X, f, <,) and (X, f, X)) is generalized well-posed at X then S(f, <, f(x))
(respectively, S(f, <y, f(X)) and S(f, <X, f(X))) is compact.

Proof We assume that x € Eff(X, f, <). In other cases the proofs are almost the same. For (a), if x" € S(f, <
, (X)), we have f(x’) < f(X) + v for all v € V. This means that, for the constant net x; := x’, f(x;) 1 f(X)
in the <-topology and so x; — £, i.e., x’ = Xx. Thus S(f, <, f(x)) = {x}. For (b), consider a net {x;};cz C
S(f, <, f(x)). Wehave f(x;) < f(x)+vforalli e Zandv € V, i.e., f(x;) 1 f(X) in the <-topology and so
{xi}ie7 has a cluster point in S(f, <, f(X)). O

In the sequel, we identify three classes of pointwise well-posed optimization problems. Consider the set-
valued map F : G C P — 2X. We recall that F is said to be upper semicontinuous at y € G if for every open
set U containing F'(y), there exists v € V such that F(x) € U forallx € v(y) N G.

Theorem 2.1 Let & be a minimal solution of (X, f, <). If the set-valued map f~' : f(X) — 2% is upper
semicontinuous at f(X) and = (f (%)) = (X}, then (X, f, <) is well-posed at %.

Proof Let {x;};e7 C X be a minimizing net for (X, f, <) at X. If x; /4 X, then we can find some neighborhood
U of % such that for every ig € 7 there exists i > ip with x; ¢ U. By the upper semicontinuity of f~! at f (%),
there exists v € ) such that f‘l(v(f(f)) N f(X)) Cc U.As f(x;) t f(%) in the <-topology, there is iy € T
such that f(x;) € v(f (X)) foralli > ig which implies x; € f_l(v(f()E)) N f(X)) c U for all i > ip which is
a contradiction. O

Remark 2.4 From the proof of Theorems 2.1, we see that the same assertions hold in the case that X is a minimal
solution of (X, f, <y) and (X, f, <).

Theorem 2.2 If X is compact and f is continuous with respect to the original lower topology of P, then (X, f, X)
(respectively, (X, f, <y)) is generalized well-posed at each X € Eff(X, f, X) (respectively, X € Eff(X, f, <y)).

Proof Let x € Eff(X, f, <) and v € V. If {x;};e7 € X such that f(x;) 1 f(x) in the <-topology, then there
exists i € Z such that f(x;) < f(X) + § foralli > ig, so f(x;) < f(X)+ §+ 5 = f(X)+ 5 foralli > i.
By compactness of X, there exist a subnet {x;};c 7 of {x;};c7 and an element u € X such that x; — u. Since
f is continuous in the original lower topology of P, f(x;) | f(u) in the <-topology, so there exists jo € J
such that f(u) < f(x;)+ 5 forall j > jo. If we choose ji € J with j; > ig, jo, then for all j > j; we have
f) < f(x;)+5and f(x;) < f(X)+ 5 whichimply that f(u) < f(X)+v. Since v is arbitrary, f(u) < f (%)
which means thatu € S(f, <, f(X)),i.e., {x;}ic7 has acluster pointin S(f, <, f(x)). Now let x € Eff(X, f, <y)
for a fixed v € V, and consider a net {x;};c7 € X such that f(x;) 1 f (%) in the <,-topology. For every p > 0,
there exists ig € Z suchthat f (x;) <, f(£)+5" foralli > ig whichyields f(x;) < f(®)+5 +5 = f(D)+5
for all i > iop. Similar to the first part, there exist a subnet {x;};c; of {x;};cz and u € X, jo € J such that
xj = u, fu) < fxj) + % and f(x;) < f(X) + % for all j > jo. Thus, f(u) < f(x)+ pv. Since p is
arbitrary, f(u) <, f(X) which means that u € S(f, <,, f(x)) and the proof is complete. m|
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The function f : X — ‘P is called convex on a non-empty convex set § € X if f(Ax; + (1 — A)xp) <
Af(x1) + (1 —X) f(xp) for all x;,xo € Sand A € [0, 1].

Theorem 2.3 Let X C R”" beaclosed convex setand f is convex and continuous with respect to the original lower
topology of P. For a minimal solution x of (X, f, <) (X, f, Zu)) if S(f, <X, f(X)) (respectively, S(f, <y, f(X)))
is a singleton then (X, f, X) (respectively, (X, f, <y)) is both the well-posed and the generalized well-posed at
X.

Proof Let x € Eff(X, f, <) and S(f, <, f(x)) = {x}. Denote by B the closed unit ball of R”. Consider a net
{xi}iez € X suchthat f(x;) + f (%) in the <-topology. By contradiction suppose that X is not a cluster point of
{xi}iez. There exist € > 0 and iy € Z such that x; ¢ (X + €B) N X forall i > i(. Since X is convex, we can find
Ai € (0, 1) foralli > ig such that ;X 4 (1 — A;)x; € (X +€B) N (X 4 §B)° N X. Since & + €B is compact, there
exists a subnet {4 ;X + (1 —1;)x;} je7 of the {A; X + (1 —X;)x;};e7,i>i, converging to an element u € X +€B. We
have u € X, since X is closed. Since f is continuous with respect to the original lower topology of P, for v € V
there exists jo € J such that f(u) < f(A;X + (1 — A;)x;) + 5 forall j > jo. Moreover, since f(x;) 1 f(X)
in the <-topology there exists j; € J such that f(x;) < f(*) + % andso (1 —A)) f(x;) = =x1)f(X)+ %
for all j > ji. On the other hand, by convexity of f, we have

FOGE4+ A =2)xj) <A f(X)+ A —x))f(x))

for all j with j > jp and j > jj, which yields
N v
f < fOgx+ 1 —2rp)xj)+ >

<A fE+ A=) fe) + 5
< MFE+A=2F@ +5+3
= f(x) +v.

ie., f(u) < f(x), since v is arbitrary. By the assumption, S(f, <, f(x)) = {x} so u = X which contradicts
rix + (1 =2rpxj € (& + %IB%)C, Jj € J. In the similar way, for a fixed v € V, we prove the assertion, if
X € Eff(X, f, <y) and S(f, <y, f (X)) is a singleton. O

3 Scalarization functions and well-posedness

For the subcone R, = {a € R : a > 0} of R we may also consider R, , with abstract neighborhood system of [ R,
as a locally convex cone. According to [1], forevery v € V and b € P, the scalarization function ¢, , : P — R
for all a € P is defined by

wpp(a)=1inf{t >0 : a < b+ tv}.

In this section, we give more results about the scalarization functions and prove some existence theorems for
optimal solutions. We obtain some minimality conditions and characterize the solutions of optimization problems
for locally convex cone-valued functions. Finally, we define the Tykhonov well-posed problems for R -valued
functions and characterize the pointwise well-posed optimization problems.

Remark 3.1

(1) If a € P is v-bounded then ¢, ,(a) < 4oo. Indeed, there is A > 0 such that @ < Av. Since every
element of P is bounded below, there is y > 0 such that 0 < b + yv. Thusa < b + (A + y)v, hence
{t>0:a <b+1tv}#0,ie., gypla) < +oo.

(i1) If b is v-bounded and ¢, »(a) < 400, then a is v-bounded.

Theorem 3.1 For everyv € V and b € P, the following hold:

(a) Foreverye >0andx,y € P, ifx <y €vthen ¢, p(x) < @, p(y) + €, i.e., @y p is u-continuous.
(b) @y b is monotone even with respect to the local preorder <, of P.

©) ¢up(b) =0.

(d) x <y bifand only if ¢, p(x) = 0.
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(e) Foreverya > 0, @y op(ax) = agy p(x).

(f) @u.p is convex.

(g) If P is a full locally convex cone, then ¢, ,(x +rv) < ¢, p(x) +r forallr > 0.

(h) ¢y.p(a) is monotonically decreasing with respect to v, i.e., ifu < v then ¢, p(a) < ¢, p(a) foralla € P.

Proof For (a)-(d), see [1, Theorem 3.2]. For (e), obviously, ¢, »(x) = o0 if and only if ¢, 4»(ax) = +o00.
Now, let + > 0 such that ax < ab + tv, then x < b + év, SO @y p(x) < égov,ab(ax) which implies that
a@y bp(x) < @y ap(ax). Similarly, we can see that @, op(x) < oy p(x). Thus, @y op(@x) = gy p(x). For (f),
letx,y € Pand A € [0, 1]. If ¢y 5 (x) = 400 or ¢, (y) = +00 then

Pup(Ax + (1 = A2)y) < Agyp(xX) + (1 = 1)@y 5(y).

Suppose @, 5(x) < +o0 and ¢, ;(y) < 4o00. For each € > 0 we have x < b + (¢ 5(x) + €)v and
Y = b+ (@up(y) +€)v, hence

Ax+ (1 =1y =b+ Qeyp(x) + 1 =Dy p(y) + €,

thus

Pup(Ax + (1 =A2)y) < Agyp(x) + (1 = 1)@y 5(y).

For (g), if ¢ »(x) < 400 and r > 0 then, for each € > 0 we have x < b + (¢, »(x) + €)v which implies
that x +rv < b + (¢y.p(x) + € + r)v, hence @y p(x + 1rv) < @, p(x) + 1. If @ p(x) = 400, the inequality
is obvious. For (h), if ¢, (a) = +o00, the assertion is obvious. If ¢, ,(a) < +oo then, for everye > 0,
a < (pup(a) +€)u+b < (pup(a) + €)v+ b, so gy p(a) < @y p(a) + €. Thus @, p(a) < @y p(a). m

For a non-empty set A C P, A denotes the closure of A with respect to the original lower topology of P. In
particular, @ is closure of the singleton set {a} and @ = (), v(a) =| (P, <, a) [5,Ch1, 3.3].

Remark 3.2 For every b € P and v € V, the set | (P, <y, b) is closed with respect to the original lower
topology of P. Indeed, the singleton {0} is closed respect to the lower topology of (R4, V), V = {¢ : ¢ > 0}
and | (P, <y,b) = (pv,b_l(O). By Theorem 3.1 (a), ¢y : P — RJr is u-continuous, so |, (P, <Xy, b) is closed
in original lower topology. Moreover, we have b =l (P,x,b) = ﬂvev $ (P, Xy, b).

Corollary 3.1 If X is compact and f is continuous with respect to the original lower topology of P, then
Eff(Xv f’ fv) # @forall ve.

Proof From Remark 3.2, for every a € P and v € V, | (P, <y, a) is closed with respect to original lower
topology of P, so continuity of f implies that the set S(f, <y, f(x)) = £ (P, v, f(x))) is closed for all
x € X. Now, the assertion holds by [4, Theorem 5.1]. O

ForveV, if& : P — K+ is defined by &,(x) = inf{r > 0 : x < tv}, then &, = ¢, 0 and we have:
Proposition 3.1 Foreveryv € Vand x € P, &,(x) = max{u(x) : u € v%}.

Proof 1f §,(x) < 400 then, for each € > 0, we have x < (§,(x) +€)v so u(x) < & (x) + € forall u € vy, and
€ > 0. Thus

£o(0) = sup(p(x) : p € V).

Obviously, the above inequality satisfies in the case that &, (x) = 4+00. By Theorem 3.1 (e), &, (ox) = a&y(x)
forallo > 0. Forx,y e P,if A={t >0:x <tvland B={t >0:y <tv},thenfort; € Aandt, € B
we have x +y < (t1 + ©)v, s0 &,(x + y) < inf(A + B) = infA + infB = &,(x) + &,(y), i.e., &, is a sublinear
functional on P. Thus, by Theorem 3.1 (a) and [12, Corollary 3.3], the assertion holds. O

Note that if (E, V) is indeed locally convex space with set inclusion as order, then for V € V, &y is the well
known Minkowski functional, i.e., &y (x) = inf{r > 0:x € tV}.
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Definition 3.1 A net {x;};c7 C P is called lower (upper) Cauchy if for every v € V there is i, € Z such that
x; < xj+v (respectively, x; < x; +v)foralli, j € T withi > j > iy. Also {x;};¢7 is called symmetric Cauchy
if it is lower and upper Cauchy, i.e., for each v € V there is i, € 7 such that x; < x; +vand x; < x; + v for all
i, j € ITwithi,j > i,.Thelocally convex cone (P, V) is called lower (upper and symmetric) complete if every
lower (respectively, upper and symmetric) Cauchy net converges in lower (respectively, upper and symmetric)
topology. In general, a set A C P is called lower (upper and symmetric) complete if every lower (respectively,
upper and symmetric) Cauchy net is convergent to an element of A in corresponding topology. For details see
[6,9].

Remark 3.3 A net {x;};cz C P is lower (upper) Cauchy if and only if for every v € V there is some i, € Z such
that @y x, (x;) < 1 (respectively, gy x;(x;) < 1) forall i, j with j > i > iy. Also {x;};c7 is symmetric Cauchy
if and only if for every v € V there is some i, € 7 such that ¢ (x;, x;) = max{gy x, (x;), Pv.x; (x;)} < 1 forall
i, jwithi, j >1i,.

A subset U/ of V is called a base of V if for every v € V there is u € U/ and A > 0 such that Au < v. Clearly,
fora,b e P,ifa <, bforallu € U thena < b.

Remark 3.4 1If (P, V) is a locally convex cone and U/ is a base for V, then {x;};c7 C P is lower (upper and

symmetric) Cauchy if for every u € U and € > 0 there is some i, . € Z such that ¢, ,, (x;) < € (respectively,

Pu,x; (x;) < eand ¢, (x;, xj) < e)foralli, j with j >i >1i,.; indeed, forv € Vthereisu € U and A > 0 such

that Au < v. By the assumption we can choose i, 1€ 7 such that ¢ x, (x;) < % foralli, j withi, j > i, 1-By
s S

Theorem 3.1 (h), we have @ », (X;) < Qau,x; (Xj) = A@y x; (X}), S0 @y x; (x;) < 1. Thus {x;};c7 is lower Cauchy
by Remark 3.3.

Theorem 3.2 Let (Q, W) be separated with a countable baseUd = {u,, : n € N} for Wand X C Q be symmetric
complete. Let f : X — (P, V) such that f(xo) is bounded for some xo € X and let for every n € N there exists
v, € V such that

P, (0 ¥) =0, (f () = &, (f (X))

forallx,y € S(f, <, f(x0)) with f(x) < f(y). Ifforevery x € S(f, <, f(x0)) the set S(f, <, f(x)) is closed
with respect to the original lower topology of Q, then (X, f, <) has at least a minimal solutionin S(f, <, f (xp)).

Proof According to the property (v2) of V, we may assume that v,+; < v, for all n € N. Since f(xp) is
bounded, we have 0 < &, (f(xp)) < oo forall n € N. We construct a sequence {x,},eny € S(f, <, f(xp)) with
initial point x¢ in the following way: Choose x, € S(f, <, f(x,—1)) for all n € N such that

1
§u, (f () = infi{y, (f(0)) 2 x € S(f, =, f )} + 77

We note that f(x,;) < f(x,—1), so by the transitive property of <, we have S(f, <, f(x,)) C S(f, <
, f(xy—1)) for all n € N. Thus for a fixed ng € N, {Svn(, (f (xn))}nen is a positive decreasing sequence by
Theorem 3.1 (b), so it has a limit. On the other hand, <pfln0 (Xn, X)) < Svno (f(xm)) — Svno (f(xp)) for all n, m

with n > m > ng, whence <p;n0 (Xn, Xm) = Owhenn > m — 00, so {x,},en is symmetric Cauchy by Remark

3.4 hence, by the symmetric completeness of X, there exists an element x € X such that x,, — x and so x,, | X,
since the symmetric topology is finer than the lower topology. By the assumption, S(f, <, f(x,)) is closed in the
lower topology, so f(x) € S(f, <, f(xp)) for all n € NU {0}. Thus, for every x € S(f, <, f(x)) and ng € N,
we have

Svno (f()e)) - gv,,o (f(x))
=< &u,, (f (xn)) — &y, (f (X))
=< &y, (f (xp)) —inf{&,, (f(x)) 1 x € S(f, =, f(xn-1))}
S i % 07
2’1
when n — oo, which implies that ‘;“Uno (f(x) = évno (f(x)), hence (p;no (x, X) = 0. Thus Theorem 3.1 (d) yields
x < xand x < x. Since Q is separated, we have x = X. Thus * is a minimal solution of (X, f, <). O
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Theorem 3.3 Suppose (Q, W) is a locally convex cone with the countable base U = {u, : n € N} for W,
X C Q is symmetric complete and let (P,V) be separated and f : X — (P,V) be a continuous map with
respect to the lower topologies. Let f(xg) be bounded for some xo € X and let for every n € N there exists
v, €V such that

@, (5, ¥) < &, (F (1) = &, (f (X))
forallx,y € S(f, X, f(x0))with f(x) <X f(y).Then (X, f, <) has atleast aminimal solutionin S( f, <, f(x0)).

Proof Since f is continuous, S(f, <X, f(x)) is closed with respect to the lower topology for all x € S(f, <
, f(x0)). Thus the global preorder < satisfies in all assumptions of Theorem 3.2, hence we can find an element
X € S(f, <, f(xg)) such that x < X and x < x for all x € S(f, <, f(x)). On the other hand, continuity of
f implies the monotonicity of f [5, Ch I, 3.11]. If x € S(f, <, f(x)) then x € S(f, <, f(x)) which implies
X < x. Thus, we have f(X) < f(x). Since (P, V) is separated, f(x) = f(x) which means that % is a minimal
solution of (X, f, <). O

We say that b € G is lower closed on G if the set | (G, <, D) is closed in G with respect to the original
lower topology of P. In this case, for a € G, if a < b then for the constant net x; := b we have x; | a,
soa €| (G,<,b),ie.,a < b. This means | (G, <X,b) =| (G, <, b). Here, we provide some minimality
conditions for G C P via the scalarization function ¢ p.

Theorem 3.4 For b € G the following hold:

(a) b € Min(G, <) is lower closed on G if and only if for every a € G with a ~ b there is v € V such that
Pv,p(a) > 0.

(b) b € Min(G, <,) if and only if for every a € G witha %, b, ¢, p(a) > 0.

(¢) b e Min(G, <) ifand only if for everya € G and v € V, a %, b implies ¢, p(a) > 0.

Proof (a) Suppose b € Min(G, <) is lower closed on G and fora € G leta ~ b.If ¢, ,(a) = 0forallv € V,
by Theorem 3.1 (d), we deduce that @ < b which implies a < b. Since b € Min(G, <), we have a ~ b which
is a contradiction. Conversely, suppose that for every a € G with a ~ b there is v € V such that ¢, ;(a) > 0.
If a € G suchthata < b and a ~ b, then there is v € V such that ¢, (@) > 0. By Theorem 3.1 (d), we have
¢v.p(a) = 0 which is a contradiction. Thus @ ~ b, so b € Min(G, <) and b is lower closed on G. For (b), let
b € Min(G, <y) anda € G such thata %, b. If ¢, »(a) = 0, by Theorem 3.1 (d), we deduce that a <, b which
implies that b <,, a, so a ~, b which is a contradiction. Conversely, for each a € G with a %, b, suppose
¢@p.p(a) > 0andletb ¢ Min(G <,). There exists a € G such that a <, b and a %, b, so by Theorem 3.1 (d),
we have ¢, ,(a) = 0, which is a contradiction. Part (c) holds by Remark 2.1 and (b). |

Theorem 3.5 An element X € X is a minimal solution of (X, f, <) and f (%) is lower closed on f(X) if and
only if for every x € X with f(x) = f(X) there exists a <-monotone function T : f(X) — Ry such that

JX) € Ef(f(X), T, =) and f(x) ¢ Eff(f(X), T, ).

Proof Suppose X € Eff(X, f, <), f(x) is lower closed on f(X) and let f(x) =~ f(x) for some x € X. By
Theorem 3.4 (a), thereis v € Vsuchthatg, ¢ (f(x)) > O0.Ifforeveryx € X, weset T (f(x)) = ¢, ) (f(x))
then, by Theorem 3.1 (b) and (c), T is <-monotone and (pv,f();)(f()?)) = 0. Then f(X) is a minimal solution
of (f(X), T, <) and f(x) ¢ Eff(f(X), T, <), since ¢, r3)(f(x)) > 0. Conversely, let x € X such that
f(x) < f(&).If f(x) » f(&),then there is a monotone function T : f(X) — R, with f () € Eff(f(X), T, <)
and f(x) ¢ Eff(£(X),T,<). But T(f(x)) < T(f(£)) which contradicts f(x) ¢ Eff(f(X), T, <). Thus
f(x) ~ f(x), so x is a minimal solution of (X, f, <) and f (%) is lower closed on f(X). O

Theorem 3.6 An element X € X is a minimal solution of (X, f, <y) if and only if there exists <,-monotone
SJunction T : f(X) — Ry such that

Ef(f(X), T, ) ={f(x):x € X, f(x) =y f(X)}.

Proof Suppose x € Eff(X, f, <y) and set T'(x) = ®v, (&) (f(x)) for all x € X. By Theorem 3.1 (b) and
(c), T is <,-monotone and ¢, ¢ (f(*)) = 0. Thus, by Theorem 3.4 (b), Eff(f(X),T,<) = {f(x) : x €
X, f(x) ~, f(x)}. For the converse, if x € X such that f(x) =<, f(X), then T(f(x)) < T(f(x)). Since
f(x) € Eff(f(X), T, <), we have f(x) € Eff(f(X), T, <) which implies f(x) ~, f(x). Therefore, x is a
minimal solution of (X, f, <y). O
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Corollary 3.2 An element X € X is a minimal solution of (X, f, <) if and only if for every x € X that f(x) %,
f(X) for some v € V, there exists a <y,-monotone function T : f(X) — Ry such that f(x) € Ef(f(X), T, <)
and f(x) & Eff(f(X), T, <).

Definition 3.2 Leth : X — (E.h V) be a function, where V = {¢ € R : ¢ > 0}. Since the local and global
preorders coinside to the original order on R, the general Tykhonov optimization problem for h is formalized
by (X, h) Min h(X), where h(X) = {h(x) : x € X}. We note that, if infx 4 denotes the infimum of 4 on X
and Eff(X, h) # @, then Min(X, h) = {inf x h}. We say that the minimization problem (X, &) is Tykhonov well-
posed if Eff(X, h) is a singleton and every minimizing sequence (i.e., {x, },en € X, h(x,) — infx h) converges
to Eff(X, h). Also, it is called generalized Tykhonov well-posed if Eff(X, h) # () and for every minimizing
sequence in X there exists a subsequence that converges to an element Eff(X, &) (cf. [3]).

Remark 3.5 1f the Tykhonove optimization problems (X, /) is well-posed at ¥, then Eff(X, 1) = {X} by Proposi-
tion 2.1 (a). Thus f(x,) — infy finR,, since f(x,) 1 infy f inR . Similarly, the generalized well-posedness
at X € Eff(X, h) reduces to the generalized Tykhonov well-posedness.

In the following we consider the sequential (generalized) well-posedness for problems (X, f, .) and by the
Tykhonov well-posedness, we characterize the pointwise well-posedness of the optimization problems.

Lemma 3.1 [fxo € X andv €V, then

Eﬁ(Xv Pu, f(xo) © f) = S(fv =vs f(xo))

Proof Since @y, f(xy)(f (x0)) = 0, we have infx ¢y (xy) © f = 0 so Theorem 3.1 (d) implies Eff(X, @y, f(xq) ©
) =8(f, 2v, f(x0)). o

Theorem 3.7 IfX is an optimal solution of (X, f, <) (respectively, (X, f, <y) and (X, f, X)) and (X, ¢, ¢)0f)
is Tykhonov well-posed for some v € V, then (X, f, <) (respectively, (X, f, <) and (X, f, <)) is well-posed at
X.

Proof Since (X, ¢, rz)of) is Tykhonov well-posed, by Remark 3.3, we have Eff(X, ¢, 3 0f) = {X}. Suppose
{xn}nen C X is a minimizing sequence for (X, f, <) atx,i.e., f(x,) 1 f(X) inthe <-topology. By Theorem 3.1,
®v, £ (%) 1s u-continuous and thus @, ) (f (x,)) 1 0in R which implies that @u, 1) (f (xp)) = Oin R... Since
(X, @y, f#)0f) is Tykhonov well-posed, {x, },cry converges to X. This means that (X, f, <) is well-posed at X. O

Theorem 3.8 For X € Eff(X, f, <), if the scalar problems (X, ¢, r)0f) are generalized Tykhonov well-posed
forallv €V, then (X, f, X) is generalized well-posed at X.

Proof Suppose {x,}nen € X such that f(x,) 1 f(X) in the <-topology and let v € V. Since cpv,f(;c)(f(i)) =0
and @, (s is u-continuous then ¢, r)(f (x,)) — 0. By the assumption there exists a subsequence {x,, }ren Of
{xn}nen converging to an element u € S(f, <y, f(%)). Since f(x,,) 1 f(X) and (X, ®u, Fy0f) is generalized
Tykhonov well-posed for all v € V, by the same argument used above, u € S(f, <,, f(x)) forall v € V and so
u € S(f, <X, f(x)). This means that (X, f, <) is generalized well-posed at X. O

Theorem 3.9 For x € Eff(X, f, <v), if the scalar problem (X, ¢, ¢z o ) is generalized Tykhonov well-posed,
then (X, f, <,) is generalized well-posed at X .

Proof The proof is similar to that of previous theorem. O

The function f : X — P is called quasi-convex on a non-empty convex set § C X, if for every a € P and
v eV U({0}, theset {x € S: f(x) <a+ v} isconvex.

Proposition 3.2 If f is quasi-convex on the convex set X, then ¢, p o f is quasi-convex for all b € P.

Proof Let b € P. We show that S(¢, o f, <, «) is convex for all @ > 0. Since f is quasi-convex, for every
€ >0, S(f, <.b+ (¢ + €)v) is convex, 80 S(f, <y, b+ av) = (oo S(f. <, b + (¢ + €)v) is convex. On
the other hand, by Theorem 3.1 (d), we have S(¢y 5 o f, <, &) = S(@y.btev © f, <,0) = S(f, <y, b + av).
Therefore S(¢y b o f, <, ) is convex and the proof is complete. O

Theorem 3.10 Suppose (Y, d) is a locally compact metric space and let X C Y be closed and convex. Assume
that f is quasi-convex on X and is continuous with respect to the original lower topology of P. Then (X, f, <v)
and (X, f, X) are generalized well-posed at each of their local and global solutions.
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Proof Suppose % € Eff(X, f, <) andletv € V. The function ¢, ¢;)of is continuous with respect to the original
lower topology of P, so S(¢, rz)ofs <, ) is closed for all « > 0. Thus ¢, rz)of is lower semicontinuous
in usual sense. Also, by Proposition 3.2, <pvhf@)of is quasi-convex for all v € V; so, by [2, Theorem 2.1],
(X, ¢y, py0f) is generalized Tykhonov well-posed for all v € V. Now, applying Theorem 3.8 we obtain the
result. In the case x € Eff(X, f, <,), we go on in a similar way and apply Theorem 3.9. O
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