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Abstract We study the optimal solutions of optimization problems and well-posedness for locally convex cone-
valued functions. Using the non-linear scalarization functions, we prove some existence results and obtain
characterizations of the optimal solutions. Then, we consider the well-posedness in Tykhonov sense and discuss
the scalar optimization problems.
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1 Introduction

The theory of locally convex cones was developed by K. Keimel and W. Roth in [5]. The basic idea is to extend
the notion of a locally convex space to a more general underlying algebraic structure. Afterwards, many topics
on locally convex cones have been studied; for example, see [6–14]. The original optimization problems and
pointwise well-posedness for locally convex cone-valued functions have been defined and studied in [1]. Our aim
in the present work is the study of optimal solutions and well-posedness for the original and weak local (global)
optimization problems for locally convex cone-valued functions. In Section 2, considering the original and local
(global) preorders, we define three kind of optimization problems for locally convex cone-valued functions and
study the optimal solutions. In Section 3, we consider the non-linear scalarization functions for locally convex
cones and prove some existence theorems. Then we derive the characterization of optimal solutions and the
pointwise well-posed optimization problems by means of Tykhonov well-posed problems.

A cone is a set P endowed with two operations; addition and scalar multiplication for non-negative real
numbers λ ≥ 0. The addition is associative and commutative, and there is a neutral element 0 ∈ P . For the
scalar multiplication the usual associative and distributive properties hold, 1.a = a and 0.a = 0 for every
a ∈ P . The cone P is an ordered cone if it carries a preorder, i.e., a reflexive transitive relation ≤ such that
a ≤ b implies a + c ≤ b + c and λa ≤ λb for all a, b, c ∈ P and λ ≥ 0. With usual addition, multiplication
and order the extended scalar field R = R ∪ {+∞} of real numbers is a natural example of an ordered cone. In
particular a + ∞ = +∞ for all a ∈ R, λ.(+∞) = +∞ for all λ > 0 and 0.(+∞) = 0. A full locally convex

Communicated by K. Sandeep.

A. Azizi Mayvan · M. R. Motallebi (B)
Department of Mathematics, University of Mohaghegh Ardabili, Ardabil, Iran
E-mail: motallebi@uma.ac.ir

A. Azizi Mayvan
E-mail: azizimayvan@uma.ac.ir

123



866 A. Azizi Mayvan, M. R. Motallebi

cone is an ordered cone P that contains an abstract neighborhood system V , i.e., a subset of P with the following
properties:

(v1) 0 ≤ v for all v ∈ V ,
(v2) for all u, v ∈ V there is w ∈ V with w ≤ u and w ≤ v,
(v3) u + v ∈ V and λv ∈ V for all u, v ∈ V and λ > 0.

For every a ∈ P and v ∈ V we define

v(a) = {b ∈ P | b ≤ a + v}, respectively (a)v = {b ∈ P | a ≤ b + v},
to be a neighborhood of a in the upper, respectively lower topology on P . Their common refinement is called
symmetric topology. We assume all elements of P to be bounded below, i.e., for every a ∈ P and v ∈ V we
have 0 ≤ a + ρv for some ρ > 0. The cone R with abstract neighborhood system V = {ε ∈ R | ε > 0}
forms a full locally convex cone. Finally, a locally convex cone (P,V) is a subcone of a full locally convex cone
not necessarily containing the abstract neighborhood system V. Every locally convex ordered vector space is a
locally convex cone in this sense, as it can be embedded into a full locally convex cone (see Example I.2.7 in
[5]).

If (P,V) and (Q,W) are locally convex cones, a linear mapping T : P → Q is called uniformly continuous
(u-continuous) if for every w ∈ W there is v ∈ V such that T (a) ≤ T (b) + w whenever a ≤ b + v for
a, b ∈ P . It is immediate from the definition that, u-continuity implies continuity with respect to the upper, lower
and symmetric topologies on P and Q. The set of all u-continuous linear mapping μ : P → R forms a cone
which is called the dual cone of P and denoted by P∗. The polar v◦

P of a neighborhood v ∈ V is defined by
v◦
P = {μ ∈ P∗ : a ≤ b + v implies that μ(a) ≤ μ(b) + 1}.

2 Optimization problems and optimal solutions

In this section, we extend the general classical optimization problems for locally convex cone-valued functions
and study the optimal solutions. Also, we define the well-posedness for optimization problems and identify three
classes of pointwise well-posed problems.

Let (P,V) be a locally convex cone and v ∈ V. According to [5, Ch I, 3.2], the v-local preorder 
v on P is
defined by a 
v b for a, b ∈ P if and only if a ≤ b +ρv for all ρ > 0 and the global preorder 
 on P is defined
as the intersection of all local preorders 
v, v ∈ V , i.e., a 
 b for a, b ∈ P if and only if a ≤ b +v for all v ∈ V .
The cone P is called separated if a = b for a, b ∈ P implies that a = b, where a is the closure of {a} with
respect to the lover topology. According to [5, Ch I, Proposition 3.9], (P,V) is separated if and only if the global
preorder 
 is an order, i.e., 
 is antisymmetric. Note that in R with abstract neighborhood V = {ε : ε > 0},
the local preorders 
v and the global preorder 
 coincide with the original order ≤ . Considering the original
preorder ≤ and the local preorders 
v v ∈ V , we define the following relations on P :

a ∼ b for a, b ∈ P if a ≤ b and b ≤ a.

a < b for a, b ∈ P if a ≤ b and a � b.

a ≈v b for a, b ∈ P if a 
v b and b 
v a.

Let G ⊆ P . We say that a ∈ G is a minimal element, if b ≤ a for some b ∈ G then b ∼ a and v-local minimal
element, if b 
v a for some b ∈ G then b ≈v a. Also, a ∈ G is a global minimal element if, a is a v-local
minimal element for all v ∈ V . We will denote by Min(G,≤), Min(G,
v) and Min(G,
) the set of all original
minimal, v-local minimal and global minimal elements of G, respectively.

Remark 2.1 If G ⊆ P and for a ∈ G, ↓ (G,≤, a) = {b ∈ G : b ≤ a}, then

(i) Min(G,
) = ⋂
v∈V Min(G,
v),

(ii) ↓ (G,≤, a) ⊆ Min(G,≤) for all a ∈ Min(G,≤),

(iii) ↓ (G,
v, a) ⊆ Min(G,
v) for all a ∈ Min(G,
v),

(iv) ↓ (G,
, a) ⊆ Min(G,
) for all a ∈ Min(G,
),

(v) If P is separated then Min(G,
) ⊆ Min(G,≤), for; let a ∈ Min(G,
). If b ≤ a for some b ∈ G then
b 
 a which implies b 
v a for all v ∈ V . Thus, a 
v b for all v ∈ V , i.e., a 
 b. Since P is separated we
have a = b, so a ∈ Min(G,≤).
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Let X be a non-empty Hausdorff topological space and f : X → (P,V) be a mapping. The original, v-local
and global, general optimization problem for f is formalized by (X, f,≤) Min( f (X),≤),

(X, f,
v) Min( f (X),
v) and (X, f,
) Min( f (X),
);
respectively, where f (X) = { f (x) : x ∈ X}. An element x̂ ∈ X is called a minimal solution of problem (X, f,≤)

(respectively, (X, f,
v) and (X, f,
)) if f (x̂) is an original (respectively, v-local and global) minimal element
of f (X). In general, we say that x̂ is an optimal solution of (X, f,≤) (respectively, (X, f,
v) and (X, f,
))
and denote by Eff(X, f,≤) (respectively, Eff(X, f,
v) and Eff(X, f,
)) the set of all minimal solutions of
(X, f,≤) (respectively, (X, f,
v) and (X, f,
)).

Remark 2.2 If for x ∈ X, S( f,≤, f (x)) = f −1(↓ ( f (X),≤, f (x)), then

(i) S( f,≤, f (x̂)) ⊆ Eff(X, f,≤) for all x̂ ∈ Eff(X, f,≤),

(ii) S( f,
v, f (x̂)) ⊆ Eff(X, f,
v) for all x̂ ∈ Eff(X, f,
v),

(iii) S( f,
, f (x̂)) ⊆ Eff(X, f,
) for all x̂ ∈ Eff(X, f,
).

For a full locally convex cone (P,V), we denote by Conv(P) the set of all non-empty convex subsets of P
which is a cone with its usual addition and multiplication by non-negative scalars. If we identify the elements
of V with singleton sets v = {v}, then V = {v : v ∈ V} is a subset of Conv(P), which can be ordered using the
order of P . For A, B ∈ Conv(P), we define

A ≤ B if for each a ∈ A there is some b ∈ B such that a ≤ b,

then (Conv(P),V) becomes a full locally convex cone. If E is a locally convex space with 0-neighborhood base
V, then (Conv(E),V) is a full locally convex cone and by the embedding x → {x} : E → Conv(E), (E,V) is
a locally convex cone. For details see [5].

Example 2.1 (i) If for X = [0, 1], the mapping f : X → (Conv(R),V), V = {ε : ε > 0}, is defined by

f (x) =
{

(−∞, 0) if x = 0,

[0, 1 − x] if 0 < x ≤ 1,

for all x ∈ X , then Eff(X, f,≤) = {0} and Eff(X, f,
ε) = Eff(X, f,
) = {0, 1} for all ε ∈ V.

(ii) We consider Conv(R) with set inclusion and abstract neighborhood system V = {(−ε, ε) : ε > 0}. If
for X = [0, 1], the mapping f : X → (Conv(R),V) is defined by

f (x) =
⎧
⎨

⎩

(0, 3
2 ) if x = 0,

[0, 3
2 − x) if 0 < x ≤ 1

2 ,

[0, 2 − x] if 1
2 < x ≤ 1,

for all x ∈ X , then Eff(X, f,≤) = {0, 1
2 } and Eff(X, f,
ε) = Eff(X, f,
) = { 1

2 , 1} for all ε > 0.

(iii) For the subcone R+ = {a ∈ R : a ≥ 0} of R we may also consider the the singleton neighborhood
system V = {0}. The elements of R+ are obviously bounded below with respect to the neighborhood v = 0,

hence R+ is a full locally convex cone [13, Example 2.1]. Evidently, the local preorder 
0 coincides with the
orginal one on R+. If for X = [0, 1], the mapping g : X → R+ is defined by

g(x) =
⎧
⎨

⎩

+∞ if x = 0,

x2 if 0 < x ≤ 1
2 ,

1 − x if 1
2 < x ≤ 1,

then Eff(X, g,≤) = Eff(X, g,
0) = {1}.
According to [5], with the v-local (global) preorder 
v (
) the neighborhood system V forms a locally

convex cone topology on P which is coarser than the original one. Suppose {ai }i∈I is a net in P and let a ∈ P .
We write ai ↑ a (ai ↓ a) in the ≤ (respectively, 
v and 
)-topology if {ai }i∈I converges to a with respect to
the upper (respectively, lower) topology on P induced by ≤ (respectively, 
v and 
) (cf. [6,9]). For v ∈ V , an
element a ∈ P is called v-bounded if a ≤ λv for some λ > 0, and a is called bounded if it is v-bounded for all
v ∈ V.
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Definition 2.1 If x̂ is a minimal solution of (X, f,≤) ((X, f,
v) and (X, f,
)), then a net {xi }i∈I ⊆ X is
said to be minimizing net for (X, f,≤) (respectively, (X, f,
v) and (X, f,
)) at x̂ if f (xi ) ↑ f (x̂) in ≤
(respectively, 
v and 
)-topology. We say that (X, f,≤) ((X, f,
v) and (X, f,
)) is well-posed at x̂ , if every
minimizing net for (X, f,≤) ((X, f,
v) and (X, f,
)) at x̂ converges to x̂ . Also, (X, f,≤) ((X, f,
v) and
(X, f,
)) is generalized well-posed at x̂ if every corresponding minimizing net {xi }i∈I at x̂ has a cluster point
in S( f,≤, f (x̂)) (respectively, S( f,
v, f (x̂)) and S( f,
, f (x̂))).

Remark 2.3 Obviously, nets (generalized) well-posedness is formally stronger than (generalized) well-posedness
in sequential sense. Note that, if the abstract neighborhood system V has a bounded element, then nets well-
posedness is equivalent to well-posedness in sequential sense. Indeed, nets well-posedness entails well-posedness
in the sequential sense. For the converse, let (X, f,≤) ( respectively, (X, f,
) and (X, f,
v) be sequential
well-posed at x̂ and it fails to be nets well-posed. Then, there exists some net {xi }i∈I ⊆ X such that f (xi ) ↑ f (x̂)

in the ≤ (respectively, 
 and 
v)-topology and xi �→ x̂ . Thus we can find some neighborhood U of x̂ such that
for every i ∈ I there exists j ≥ i with x j /∈ U . Consider a bounded element v ∈ V . One can take i1 ∈ I such
that f (x j ) ∈ v( f (x̂)) for all j ≥ i1 and take j1 ≥ i1 such that x j1 /∈ U. By proceeding in this way, one can
find a sequence {x jn }n∈N such that f (x jn ) ∈ 1

n v( f (x̂)) and x jn /∈ U for all n ∈ N. Since v is bounded, we have
f (x jn ) ↑ f (x̂) in ≤ (respectively, 
 and 
v)-topology, when n → ∞. So x jn → x̂ which contradicts x jn /∈ U .

Proposition 2.1 If x̂ is a minimal solution of (X, f,≤) (respectively, (X, f,
v) and (X, f,
)), then

(a) if (X, f,≤) ((X, f,
v) and (X, f,
)) is well posed at x̂, then S( f,≤, f (x̂)) (respectively, S( f,
v

, f (x̂)), and S( f,
, f (x̂))) is a singleton,
(b) if (X, f,≤) (respectively, (X, f,
v) and (X, f,
)) is generalized well-posed at x̂ then S( f,≤, f (x̂))

(respectively, S( f,
v, f (x̂)) and S( f,
, f (x̂))) is compact.

Proof We assume that x̂ ∈ Eff(X, f,≤). In other cases the proofs are almost the same. For (a), if x ′ ∈ S( f,≤
, f (x̂)), we have f (x ′) ≤ f (x̂) + v for all v ∈ V . This means that, for the constant net xi := x ′, f (xi ) ↑ f (x̂)

in the ≤-topology and so xi → x̂ , i.e., x ′ = x̂ . Thus S( f,≤, f (x̂)) = {x̂}. For (b), consider a net {xi }i∈I ⊆
S( f,≤, f (x̂)). We have f (xi ) ≤ f (x̂) + v for all i ∈ I and v ∈ V, i.e., f (xi ) ↑ f (x̂) in the ≤-topology and so
{xi }i∈I has a cluster point in S( f,≤, f (x̂)). ��

In the sequel, we identify three classes of pointwise well-posed optimization problems. Consider the set-
valued map F : G ⊂ P → 2X . We recall that F is said to be upper semicontinuous at y ∈ G if for every open
set U containing F(y), there exists v ∈ V such that F(x) ⊆ U for all x ∈ v(y) ∩ G.

Theorem 2.1 Let x̂ be a minimal solution of (X, f,≤). If the set-valued map f −1 : f (X) → 2X is upper
semicontinuous at f (x̂) and f −1( f (x̂)) = {x̂}, then (X, f,≤) is well-posed at x̂ .

Proof Let {xi }i∈I ⊂ X be a minimizing net for (X, f,≤) at x̂ . If xi �→ x̂ , then we can find some neighborhood
U of x̂ such that for every i0 ∈ I there exists i ≥ i0 with xi /∈ U . By the upper semicontinuity of f −1 at f (x̂),
there exists v ∈ V such that f −1(v( f (x̂)) ∩ f (X)) ⊂ U . As f (xi ) ↑ f (x̂) in the ≤-topology, there is i0 ∈ I
such that f (xi ) ∈ v( f (x̂)) for all i ≥ i0 which implies xi ∈ f −1(v( f (x̂)) ∩ f (X)) ⊂ U for all i ≥ i0 which is
a contradiction. ��
Remark 2.4 From the proof of Theorems 2.1, we see that the same assertions hold in the case that x̂ is a minimal
solution of (X, f,
v) and (X, f,
).

Theorem 2.2 If X is compact and f is continuous with respect to the original lower topology of P , then (X, f,
)

(respectively, (X, f,
v)) is generalized well-posed at each x̂ ∈ Eff(X, f,
) (respectively, x̂ ∈ Eff(X, f,
v)).

Proof Let x̂ ∈ Eff(X, f,
) and v ∈ V . If {xi }i∈I ⊆ X such that f (xi ) ↑ f (x̂) in the 
-topology, then there
exists i0 ∈ I such that f (xi ) 
 f (x̂) + v

4 for all i ≥ i0, so f (xi ) ≤ f (x̂) + v
4 + v

4 = f (x̂) + v
2 for all i ≥ i0.

By compactness of X, there exist a subnet {x j } j∈J of {xi }i∈I and an element u ∈ X such that x j → u. Since
f is continuous in the original lower topology of P , f (x j ) ↓ f (u) in the ≤-topology, so there exists j0 ∈ J
such that f (u) ≤ f (x j ) + v

2 for all j ≥ j0. If we choose j1 ∈ J with j1 ≥ i0, j0, then for all j ≥ j1 we have
f (u) ≤ f (x j )+ v

2 and f (x j ) ≤ f (x̂)+ v
2 which imply that f (u) ≤ f (x̂)+v. Since v is arbitrary, f (u) 
 f (x̂)

which means that u ∈ S( f,
, f (x̂)), i.e., {xi }i∈I has a cluster point in S( f,
, f (x̂)). Now let x̂ ∈ Eff(X, f,
v)

for a fixed v ∈ V , and consider a net {xi }i∈I ⊆ X such that f (xi ) ↑ f (x̂) in the 
v-topology. For every ρ > 0,
there exists i0 ∈ I such that f (xi ) 
v f (x̂)+ ρv

4 for all i ≥ i0 which yields f (xi ) ≤ f (x̂)+ ρv
4 + ρv

4 = f (x̂)+ ρv
2

for all i ≥ i0. Similar to the first part, there exist a subnet {x j } j∈J of {xi }i∈I and u ∈ X, j0 ∈ J such that
x j → u, f (u) ≤ f (x j ) + ρv

2 and f (x j ) ≤ f (x̂) + ρv
2 for all j ≥ j0. Thus, f (u) ≤ f (x̂) + ρv. Since ρ is

arbitrary, f (u) 
v f (x̂) which means that u ∈ S( f,
v, f (x̂)) and the proof is complete. ��
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The function f : X → P is called convex on a non-empty convex set S ⊆ X if f (λx1 + (1 − λ)x2) ≤
λ f (x1) + (1 − λ) f (x2) for all x1, x2 ∈ S and λ ∈ [0, 1].
Theorem 2.3 Let X ⊆ R

n be a closed convex set and f is convex and continuous with respect to the original lower
topology of P. For a minimal solution x̂ of (X, f,
) ((X, f,
v)) if S( f,
, f (x̂)) (respectively, S( f,
v, f (x̂)))

is a singleton then (X, f,
) (respectively, (X, f,
v)) is both the well-posed and the generalized well-posed at
x̂ .

Proof Let x̂ ∈ Eff(X, f,
) and S( f,
, f (x̂)) = {x̂}. Denote by B the closed unit ball of R
n . Consider a net

{xi }i∈I ⊆ X such that f (xi ) ↑ f (x̂) in the 
-topology. By contradiction suppose that x̂ is not a cluster point of
{xi }i∈I . There exist ε > 0 and i0 ∈ I such that xi /∈ (x̂ + εB) ∩ X for all i ≥ i0. Since X is convex, we can find
λi ∈ (0, 1) for all i ≥ i0 such that λi x̂ + (1 −λi )xi ∈ (x̂ + εB)∩ (x̂ + ε

2 B)c ∩ X . Since x̂ + εB is compact, there
exists a subnet {λ j x̂ +(1−λ j )x j } j∈J of the {λi x̂ +(1−λi )xi }i∈I,i≥i0 converging to an element u ∈ x̂ +εB. We
have u ∈ X , since X is closed. Since f is continuous with respect to the original lower topology of P , for v ∈ V
there exists j0 ∈ J such that f (u) ≤ f (λ j x̂ + (1 − λ j )x j ) + v

2 for all j ≥ j0. Moreover, since f (x j ) ↑ f (x̂)

in the 
-topology there exists j1 ∈ J such that f (x j ) ≤ f (x̂) + v
2 and so (1 − λ j ) f (x j ) ≤ (1 − λ j ) f (x̂) + v

2
for all j ≥ j1. On the other hand, by convexity of f , we have

f (λ j x̂ + (1 − λ j )x j ) ≤ λ j f (x̂) + (1 − λ j ) f (x j )

for all j with j ≥ j0 and j ≥ j1, which yields

f (u) ≤ f (λ j x̂ + (1 − λ j )x j ) + v

2

≤ λ j f (x̂) + (1 − λ j ) f (x j ) + v

2

≤ λ j f (x̂) + (1 − λ j ) f (x̂) + v

2
+ v

2
= f (x̂) + v.

i.e., f (u) 
 f (x̂), since v is arbitrary. By the assumption, S( f,
, f (x̂)) = {x̂} so u = x̂ which contradicts
λ j x̂ + (1 − λ j )x j ∈ (x̂ + ε

2 B)c, j ∈ J . In the similar way, for a fixed v ∈ V , we prove the assertion, if
x̂ ∈ Eff(X, f,
v) and S( f,
v, f (x̂)) is a singleton. ��

3 Scalarization functions and well-posedness

For the subcone R+ = {a ∈ R : a ≥ 0} of R we may also consider R+, with abstract neighborhood system of R,
as a locally convex cone. According to [1], for every v ∈ V and b ∈ P, the scalarization function ϕv,b : P → R+
for all a ∈ P is defined by

ϕv,b(a) = inf{t > 0 : a ≤ b + tv}.
In this section, we give more results about the scalarization functions and prove some existence theorems for

optimal solutions. We obtain some minimality conditions and characterize the solutions of optimization problems
for locally convex cone-valued functions. Finally, we define the Tykhonov well-posed problems for R+-valued
functions and characterize the pointwise well-posed optimization problems.

Remark 3.1

(i) If a ∈ P is v-bounded then ϕv,b(a) < +∞. Indeed, there is λ > 0 such that a ≤ λv. Since every
element of P is bounded below, there is γ > 0 such that 0 ≤ b + γ v. Thus a ≤ b + (λ + γ )v, hence
{t > 0 : a ≤ b + tv} �= ∅, i.e., ϕv,b(a) < +∞.

(ii) If b is v-bounded and ϕv,b(a) < +∞, then a is v-bounded.

Theorem 3.1 For every v ∈ V and b ∈ P , the following hold:

(a) For every ε > 0 and x, y ∈ P , if x ≤ y + εv then ϕv,b(x) ≤ ϕv,b(y) + ε, i.e., ϕv,b is u-continuous.
(b) ϕv,b is monotone even with respect to the local preorder 
v of P .
(c) ϕv,b(b) = 0.
(d) x 
v b if and only if ϕv,b(x) = 0.
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(e) For every α > 0, ϕv,αb(αx) = αϕv,b(x).
(f) ϕv,b is convex.
(g) If P is a full locally convex cone, then ϕv,b(x + rv) ≤ ϕv,b(x) + r for all r ≥ 0.

(h) ϕv,b(a) is monotonically decreasing with respect to v, i.e., if u ≤ v then ϕv,b(a) ≤ ϕu,b(a) for all a ∈ P.

Proof For (a)-(d), see [1, Theorem 3.2]. For (e), obviously, ϕv,b(x) = +∞ if and only if ϕv,αb(αx) = +∞.
Now, let t > 0 such that αx ≤ αb + tv, then x ≤ b + t

α
v, so ϕv,b(x) ≤ 1

α
ϕv,αb(αx) which implies that

αϕv,b(x) ≤ ϕv,αb(αx). Similarly, we can see that ϕv,αb(αx) ≤ αϕv,b(x). Thus, ϕv,αb(αx) = αϕv,b(x). For (f),
let x, y ∈ P and λ ∈ [0, 1]. If ϕv,b(x) = +∞ or ϕv,b(y) = +∞ then

ϕv,b(λx + (1 − λ)y) ≤ λϕv,b(x) + (1 − λ)ϕv,b(y).

Suppose ϕv,b(x) < +∞ and ϕv,b(y) < +∞. For each ε > 0 we have x ≤ b + (ϕv,b(x) + ε)v and
y ≤ b + (ϕv,b(y) + ε)v, hence

λx + (1 − λ)y ≤ b + (λϕv,b(x) + (1 − λ)ϕv,b(y) + ε)v,

thus

ϕv,b(λx + (1 − λ)y) ≤ λϕv,b(x) + (1 − λ)ϕv,b(y).

For (g), if ϕv,b(x) < +∞ and r > 0 then, for each ε > 0 we have x ≤ b + (ϕv,b(x) + ε)v which implies
that x + rv ≤ b + (ϕv,b(x) + ε + r)v, hence ϕv,b(x + rv) ≤ ϕv,b(x) + r. If ϕv,b(x) = +∞, the inequality
is obvious. For (h), if ϕu,b(a) = +∞, the assertion is obvious. If ϕu,b(a) < +∞ then, for everyε > 0,

a ≤ (ϕu,b(a) + ε)u + b ≤ (ϕu,b(a) + ε)v + b, so ϕu,b(a) ≤ ϕv,b(a) + ε. Thus ϕu,b(a) ≤ ϕv,b(a). ��
For a non-empty set A ⊆ P , A denotes the closure of A with respect to the original lower topology of P . In

particular, a is closure of the singleton set {a} and a = ⋂
v∈V v(a) =↓ (P,
, a) [5, Ch I, 3.3].

Remark 3.2 For every b ∈ P and v ∈ V , the set ↓ (P,
v, b) is closed with respect to the original lower
topology of P . Indeed, the singleton {0} is closed respect to the lower topology of (R+,V), V = {ε : ε > 0}
and ↓ (P,
v, b) = ϕv,b

−1(0). By Theorem 3.1 (a), ϕv,b : P → R+ is u-continuous, so ↓ (P,
v, b) is closed
in original lower topology. Moreover, we have b =↓ (P,
, b) = ⋂

v∈V ↓ (P,
v, b).

Corollary 3.1 If X is compact and f is continuous with respect to the original lower topology of P , then
Eff(X, f,
v) �= ∅ for all v ∈ V .

Proof From Remark 3.2, for every a ∈ P and v ∈ V , ↓ (P,
v, a) is closed with respect to original lower
topology of P, so continuity of f implies that the set S( f,
v, f (x)) = f −1(↓ (P,
v, f (x))) is closed for all
x ∈ X . Now, the assertion holds by [4, Theorem 5.1]. ��

For v ∈ V, if ξv : P → R+ is defined by ξv(x) = inf{t > 0 : x ≤ tv}, then ξv = ϕv,0 and we have:

Proposition 3.1 For every v ∈ V and x ∈ P, ξv(x) = max{μ(x) : μ ∈ v◦
P }.

Proof If ξv(x) < +∞ then, for each ε > 0, we have x ≤ (ξv(x) + ε)v so μ(x) ≤ ξv(x) + ε for all μ ∈ v◦
P and

ε > 0. Thus

ξv(x) ≥ sup{μ(x) : μ ∈ v◦
P }.

Obviously, the above inequality satisfies in the case that ξv(x) = +∞. By Theorem 3.1 (e), ξv(αx) = αξv(x)

for all α > 0. For x, y ∈ P , if A = {t > 0 : x ≤ tv} and B = {t > 0 : y ≤ tv}, then for t1 ∈ A and t2 ∈ B
we have x + y ≤ (t1 + t2)v, so ξv(x + y) ≤ inf(A + B) = infA + infB = ξv(x) + ξv(y), i.e., ξv is a sublinear
functional on P . Thus, by Theorem 3.1 (a) and [12, Corollary 3.3], the assertion holds. ��

Note that if (E,V) is indeed locally convex space with set inclusion as order, then for V ∈ V , ξV is the well
known Minkowski functional, i.e., ξV (x) = inf{t > 0 : x ∈ tV }.
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Definition 3.1 A net {xi }i∈I ⊂ P is called lower (upper) Cauchy if for every v ∈ V there is iv ∈ I such that
xi ≤ x j +v (respectively, x j ≤ xi +v) for all i, j ∈ I with i ≥ j ≥ iv. Also {xi }i∈I is called symmetric Cauchy
if it is lower and upper Cauchy, i.e., for each v ∈ V there is iv ∈ I such that xi ≤ x j + v and x j ≤ xi + v for all
i, j ∈ I with i, j ≥ iv. The locally convex cone (P,V) is called lower (upper and symmetric) complete if every
lower (respectively, upper and symmetric) Cauchy net converges in lower (respectively, upper and symmetric)
topology. In general, a set A ⊂ P is called lower (upper and symmetric) complete if every lower (respectively,
upper and symmetric) Cauchy net is convergent to an element of A in corresponding topology. For details see
[6,9].

Remark 3.3 A net {xi }i∈I ⊂ P is lower (upper) Cauchy if and only if for every v ∈ V there is some iv ∈ I such
that ϕv,xi (x j ) ≤ 1 (respectively, ϕv,x j (xi ) ≤ 1) for all i, j with j ≥ i ≥ iv. Also {xi }i∈I is symmetric Cauchy
if and only if for every v ∈ V there is some iv ∈ I such that ϕs

v(xi , x j ) = max{ϕv,xi (x j ), ϕv,x j (xi )} ≤ 1 for all
i, j with i, j ≥ iv.

A subset U of V is called a base of V if for every v ∈ V there is u ∈ U and λ > 0 such that λu ≤ v. Clearly,
for a, b ∈ P , if a 
u b for all u ∈ U then a 
 b.

Remark 3.4 If (P,V) is a locally convex cone and U is a base for V, then {xi }i∈I ⊂ P is lower (upper and
symmetric) Cauchy if for every u ∈ U and ε > 0 there is some iu,ε ∈ I such that ϕu,xi (x j ) ≤ ε (respectively,
ϕu,x j (xi ) ≤ ε and ϕu(xi , x j ) ≤ ε) for all i, j with j ≥ i ≥ iu,ε; indeed, for v ∈ V there is u ∈ U and λ > 0 such

that λu ≤ v. By the assumption we can choose iu, 1
λ

∈ I such that ϕu,xi (x j ) ≤ 1
λ

for all i, j with i, j ≥ iu, 1
λ
. By

Theorem 3.1 (h), we have ϕv,xi (x j ) ≤ ϕλu,xi (x j ) = λϕu,xi (x j ), so ϕv,xi (x j ) ≤ 1. Thus {xi }i∈I is lower Cauchy
by Remark 3.3.

Theorem 3.2 Let (Q,W) be separated with a countable base U = {un : n ∈ N} for W and X ⊂ Q be symmetric
complete. Let f : X → (P,V) such that f (x0) is bounded for some x0 ∈ X and let for every n ∈ N there exists
vn ∈ V such that

ϕs
un

(x, y) ≤ ξvn ( f (y)) − ξvn ( f (x))

for all x, y ∈ S( f,≤, f (x0)) with f (x) ≤ f (y). If for every x ∈ S( f,≤, f (x0)) the set S( f,≤, f (x)) is closed
with respect to the original lower topology of Q, then (X, f,≤) has at least a minimal solution in S( f,≤, f (x0)).

Proof According to the property (v2) of V, we may assume that vn+1 ≤ vn for all n ∈ N. Since f (x0) is
bounded, we have 0 ≤ ξvn ( f (x0)) < ∞ for all n ∈ N. We construct a sequence {xn}n∈N ⊆ S( f,≤, f (x0)) with
initial point x0 in the following way: Choose xn ∈ S( f,≤, f (xn−1)) for all n ∈ N such that

ξvn ( f (xn)) ≤ inf{ξvn ( f (x)) : x ∈ S( f,≤, f (xn−1))} + 1

2n
.

We note that f (xn) ≤ f (xn−1), so by the transitive property of ≤, we have S( f,≤, f (xn)) ⊆ S( f,≤
, f (xn−1)) for all n ∈ N. Thus for a fixed n0 ∈ N, {ξvn0

( f (xn))}n∈N is a positive decreasing sequence by
Theorem 3.1 (b), so it has a limit. On the other hand, ϕs

un0
(xn, xm) ≤ ξvn0

( f (xm)) − ξvn0
( f (xn)) for all n, m

with n ≥ m ≥ n0, whence ϕs
un0

(xn, xm) → 0 when n > m → ∞, so {xn}n∈N is symmetric Cauchy by Remark

3.4 hence, by the symmetric completeness of X, there exists an element x̂ ∈ X such that xn → x̂ and so xn ↓ x̂,

since the symmetric topology is finer than the lower topology. By the assumption, S( f,≤, f (xn)) is closed in the
lower topology, so f (x̂) ∈ S( f,≤, f (xn)) for all n ∈ N ∪ {0}. Thus, for every x ∈ S( f,≤, f (x̂)) and n0 ∈ N,

we have

ξvn0
( f (x̂)) − ξvn0

( f (x))

≤ ξvn0
( f (xn)) − ξvn0

( f (x))

≤ ξvn0
( f (xn)) − inf{ξvn0

( f (x)) : x ∈ S( f,≤, f (xn−1))}
≤ 1

2n
→ 0,

when n → ∞, which implies that ξvn0
( f (x)) = ξvn0

( f (x̂)), hence ϕs
un0

(x, x̂) = 0. Thus Theorem 3.1 (d) yields

x 
 x̂ and x̂ 
 x . Since Q is separated, we have x = x̂ . Thus x̂ is a minimal solution of (X, f,≤). ��
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Theorem 3.3 Suppose (Q,W) is a locally convex cone with the countable base U = {un : n ∈ N} for W,

X ⊂ Q is symmetric complete and let (P,V) be separated and f : X → (P,V) be a continuous map with
respect to the lower topologies. Let f (x0) be bounded for some x0 ∈ X and let for every n ∈ N there exists
vn ∈ V such that

ϕs
un

(x, y) ≤ ξvn ( f (y)) − ξvn ( f (x))

for all x, y ∈ S( f,
, f (x0)) with f (x) 
 f (y). Then (X, f,≤) has at least a minimal solution in S( f,
, f (x0)).

Proof Since f is continuous, S( f,
, f (x)) is closed with respect to the lower topology for all x ∈ S( f,

, f (x0)). Thus the global preorder 
 satisfies in all assumptions of Theorem 3.2, hence we can find an element
x̂ ∈ S( f,
, f (x0)) such that x 
 x̂ and x̂ 
 x for all x ∈ S( f,
, f (x̂)). On the other hand, continuity of
f implies the monotonicity of f [5, Ch I, 3.11]. If x ∈ S( f,≤, f (x̂)) then x ∈ S( f,
, f (x̂)) which implies
x̂ 
 x . Thus, we have f (x̂) 
 f (x). Since (P,V) is separated, f (x̂) = f (x) which means that x̂ is a minimal
solution of (X, f,≤). ��

We say that b ∈ G is lower closed on G if the set ↓ (G,≤, b) is closed in G with respect to the original
lower topology of P . In this case, for a ∈ G, if a 
 b then for the constant net xi := b we have xi ↓ a,
so a ∈↓ (G,≤, b), i.e., a ≤ b. This means ↓ (G,
, b) =↓ (G,≤, b). Here, we provide some minimality
conditions for G ⊆ P via the scalarization function ϕv,b.

Theorem 3.4 For b ∈ G the following hold:

(a) b ∈ Min(G,≤) is lower closed on G if and only if for every a ∈ G with a � b there is v ∈ V such that
ϕv,b(a) > 0.

(b) b ∈ Min(G,
v) if and only if for every a ∈ G with a �≈v b, ϕv,b(a) > 0.
(c) b ∈ Min(G,
) if and only if for every a ∈ G and v ∈ V , a �≈v b implies ϕv,b(a) > 0.

Proof (a) Suppose b ∈ Min(G,≤) is lower closed on G and for a ∈ G let a � b. If ϕv,b(a) = 0 for all v ∈ V ,
by Theorem 3.1 (d), we deduce that a � b which implies a ≤ b. Since b ∈ Min(G,≤), we have a ∼ b which
is a contradiction. Conversely, suppose that for every a ∈ G with a � b there is v ∈ V such that ϕv,b(a) > 0.
If a ∈ G such that a 
 b and a � b, then there is v ∈ V such that ϕv,b(a) > 0. By Theorem 3.1 (d), we have
ϕv,b(a) = 0 which is a contradiction. Thus a ∼ b, so b ∈ Min(G,≤) and b is lower closed on G. For (b), let
b ∈ Min(G,
v) and a ∈ G such that a �≈v b. If ϕv,b(a) = 0, by Theorem 3.1 (d), we deduce that a 
v b which
implies that b 
v a, so a ≈v b which is a contradiction. Conversely, for each a ∈ G with a �≈v b, suppose
ϕv,b(a) > 0 and let b /∈ Min(G 
v). There exists a ∈ G such that a 
v b and a �≈v b, so by Theorem 3.1 (d),
we have ϕv,b(a) = 0, which is a contradiction. Part (c) holds by Remark 2.1 and (b). ��
Theorem 3.5 An element x̂ ∈ X is a minimal solution of (X, f,≤) and f (x̂) is lower closed on f (X) if and
only if for every x ∈ X with f (x) � f (x̂) there exists a 
-monotone function T : f (X) → R+ such that

f (x̂) ∈ Eff( f (X), T,≤) and f (x) /∈ Eff( f (X), T,≤).

Proof Suppose x̂ ∈ Eff(X, f,≤), f (x̂) is lower closed on f (X) and let f (x) � f (x̂) for some x ∈ X. By
Theorem 3.4 (a), there is v ∈ V such that ϕv, f (x̂)( f (x)) > 0. If for every x ∈ X, we set T ( f (x)) = ϕv, f (x̂)( f (x))

then, by Theorem 3.1 (b) and (c), T is 
-monotone and ϕv, f (x̂)( f (x̂)) = 0. Then f (x̂) is a minimal solution
of ( f (X), T,≤) and f (x) /∈ Eff( f (X), T,≤), since ϕv, f (x̂)( f (x)) > 0. Conversely, let x ∈ X such that
f (x) 
 f (x̂). If f (x) � f (x̂), then there is a monotone function T : f (X) → R+ with f (x̂) ∈ Eff( f (X), T,≤)

and f (x) /∈ Eff( f (X), T,≤). But T ( f (x)) ≤ T ( f (x̂)) which contradicts f (x) /∈ Eff( f (X), T,≤). Thus
f (x) ∼ f (x̂), so x̂ is a minimal solution of (X, f,≤) and f (x̂) is lower closed on f (X). ��
Theorem 3.6 An element x̂ ∈ X is a minimal solution of (X, f,
v) if and only if there exists 
v-monotone
function T : f (X) → R+ such that

Eff( f (X), T,≤) = { f (x) : x ∈ X, f (x) ≈v f (x̂)}.
Proof Suppose x̂ ∈ Eff(X, f,
v) and set T (x) = ϕv, f (x̂)( f (x)) for all x ∈ X . By Theorem 3.1 (b) and
(c), T is 
v-monotone and ϕv, f (x̂)( f (x̂)) = 0. Thus, by Theorem 3.4 (b), Eff( f (X), T,≤) = { f (x) : x ∈
X, f (x) ≈v f (x̂)}. For the converse, if x ∈ X such that f (x) 
v f (x̂), then T ( f (x)) ≤ T ( f (x̂)). Since
f (x̂) ∈ Eff( f (X), T,≤), we have f (x) ∈ Eff( f (X), T,≤) which implies f (x) ≈v f (x̂). Therefore, x̂ is a
minimal solution of (X, f,
v). ��
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Corollary 3.2 An element x̂ ∈ X is a minimal solution of (X, f,
) if and only if for every x ∈ X that f (x) �≈v

f (x̂) for some v ∈ V , there exists a 
v-monotone function T : f (X) → R+ such that f (x̂) ∈ Eff( f (X), T,≤)

and f (x) /∈ Eff( f (X), T,≤).

Definition 3.2 Let h : X → (R+,V) be a function, where V = {ε ∈ R : ε > 0}. Since the local and global
preorders coinside to the original order on R+, the general Tykhonov optimization problem for h is formalized
by (X, h) Min h(X), where h(X) = {h(x) : x ∈ X}. We note that, if inf X h denotes the infimum of h on X
and Eff(X, h) �= ∅, then Min(X, h) = {inf X h}. We say that the minimization problem (X, h) is Tykhonov well-
posed if Eff(X, h) is a singleton and every minimizing sequence (i.e., {xn}n∈N ⊆ X, h(xn) → inf X h) converges
to Eff(X, h). Also, it is called generalized Tykhonov well-posed if Eff(X, h) �= ∅ and for every minimizing
sequence in X there exists a subsequence that converges to an element Eff(X, h) (cf. [3]).

Remark 3.5 If the Tykhonove optimization problems (X, h) is well-posed at x̄, then Eff(X, h) = {x̂} by Proposi-
tion 2.1 (a). Thus f (xn) → inf X f in R+, since f (xn) ↑ inf X f in R+. Similarly, the generalized well-posedness
at x̂ ∈ Eff(X, h) reduces to the generalized Tykhonov well-posedness.

In the following we consider the sequential (generalized) well-posedness for problems (X, f, .) and by the
Tykhonov well-posedness, we characterize the pointwise well-posedness of the optimization problems.

Lemma 3.1 If x0 ∈ X and v ∈ V, then

Eff(X, ϕv, f (x0) ◦ f ) = S( f,
v, f (x0)).

Proof Since ϕv, f (x0)( f (x0)) = 0, we have inf X ϕv, f (x0) ◦ f = 0 so Theorem 3.1 (d) implies Eff(X, ϕv, f (x0) ◦
f ) = S( f,
v, f (x0)). ��
Theorem 3.7 If x̂ is an optimal solution of (X, f,≤) (respectively, (X, f,
v) and (X, f,
)) and (X, ϕv, f (x̂)of )

is Tykhonov well-posed for some v ∈ V, then (X, f,≤) (respectively, (X, f,
v) and (X, f,
)) is well-posed at
x̂ .

Proof Since (X, ϕv, f (x̂)of ) is Tykhonov well-posed, by Remark 3.3, we have Eff(X, ϕv, f (x̂)of ) = {x̂}. Suppose
{xn}n∈N ⊆ X is a minimizing sequence for (X, f,≤) at x̂ , i.e., f (xn) ↑ f (x̂) in the ≤-topology. By Theorem 3.1,
ϕv, f (x̂) is u-continuous and thus ϕv, f (x̂)( f (xn)) ↑ 0 in R+ which implies that ϕv, f (x̂)( f (xn)) → 0 in R+. Since
(X, ϕv, f (x̂)of ) is Tykhonov well-posed, {xn}n∈N converges to x̂ . This means that (X, f,≤) is well-posed at x̂ . ��
Theorem 3.8 For x̂ ∈ Eff(X, f,
), if the scalar problems (X, ϕv, f (x̂)of ) are generalized Tykhonov well-posed
for all v ∈ V, then (X, f,
) is generalized well-posed at x̂ .

Proof Suppose {xn}n∈N ⊆ X such that f (xn) ↑ f (x̂) in the 
-topology and let v ∈ V. Since ϕv, f (x̂)( f (x̂)) = 0
and ϕv, f (x̂) is u-continuous then ϕv, f (x̂)( f (xn)) → 0. By the assumption there exists a subsequence {xnk }k∈N of
{xn}n∈N converging to an element u ∈ S( f,
v, f (x̂)). Since f (xnk ) ↑ f (x̂) and (X, ϕv, f (x̂)of ) is generalized
Tykhonov well-posed for all v ∈ V, by the same argument used above, u ∈ S( f,
v, f (x̂)) for all v ∈ V and so
u ∈ S( f,
, f (x̂)). This means that (X, f,
) is generalized well-posed at x̂ . ��
Theorem 3.9 For x̂ ∈ Eff(X, f,
v), if the scalar problem (X, ϕv, f (x̂) ◦ f ) is generalized Tykhonov well-posed,
then (X, f,
v) is generalized well-posed at x̂ .

Proof The proof is similar to that of previous theorem. ��
The function f : X → P is called quasi-convex on a non-empty convex set S ⊆ X , if for every a ∈ P and

v ∈ V ∪ {0}, the set {x ∈ S : f (x) ≤ a + v} is convex.

Proposition 3.2 If f is quasi-convex on the convex set X, then ϕv,b ◦ f is quasi-convex for all b ∈ P.

Proof Let b ∈ P . We show that S(ϕv,b ◦ f,≤, α) is convex for all α ≥ 0. Since f is quasi-convex, for every
ε > 0, S( f,≤, b + (α + ε)v) is convex, so S( f,
v, b + αv) = ⋂

ε>0 S( f,≤, b + (α + ε)v) is convex. On
the other hand, by Theorem 3.1 (d), we have S(ϕv,b ◦ f,≤, α) = S(ϕv,b+αv ◦ f,≤, 0) = S( f,
v, b + αv).
Therefore S(ϕv,b ◦ f,≤, α) is convex and the proof is complete. ��
Theorem 3.10 Suppose (Y, d) is a locally compact metric space and let X ⊆ Y be closed and convex. Assume
that f is quasi-convex on X and is continuous with respect to the original lower topology of P. Then (X, f,�v)

and (X, f,
) are generalized well-posed at each of their local and global solutions.
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Proof Suppose x̂ ∈ Eff(X, f,
) and let v ∈ V. The function ϕv, f (x̂)of is continuous with respect to the original
lower topology of P, so S(ϕv, f (x̂)of,≤, α) is closed for all α ≥ 0. Thus ϕv, f (x̂)of is lower semicontinuous
in usual sense. Also, by Proposition 3.2, ϕv, f (x̂)of is quasi-convex for all v ∈ V; so, by [2, Theorem 2.1],
(X, ϕv, f (x̂)of ) is generalized Tykhonov well-posed for all v ∈ V . Now, applying Theorem 3.8 we obtain the
result. In the case x̂ ∈ Eff(X, f,
v), we go on in a similar way and apply Theorem 3.9. ��

References

1. A. Azizi Mayvan., M.R. Motallebi, Pointwise well-posedness and scalarization of optimization problems for locally convex
cone-valued functions, Filomat, 1571-1579 (2020)

2. G. Beer., R. Lucchetti, Minima of quasi-convex functions, Optimization 20, 581-596 (1989)
3. A.L. Dontchev., T. Zolezzi, Well-posed optimization problems, Lecture Notes in Math., vol. 1543, Springer-Verlag, Berlin

(1993)
4. F. Flores-Bazán., E., Hernández., V. Novo, Characterizing efficiency without linear structure: a unified approach, J. Global

Optim. 41(1), 43-60 (2008)
5. K. Keimel., W. Roth, Ordered cones and approximation, Lecture notes in math, vol. 1517, Springer-Verlag, Heidelberg, Berlin,

New York (1992)
6. M.R. Motallebi, Completeness on locally convex cones, C.R. Math. Acad. Sci. Paris 352 785-789 (2014).
7. M.R. Motallebi, Locally convex product and direct sum cones, Mediterr. J. Math. 11, 913-927 (2014).
8. M.R. Motallebi., H. Saiflu, Duality on locally convex cones, J. Math. Anal. Appl. 337, 888-905 (2008).
9. M.R. Motallebi., H. Saiflu, Products and direct sums in locally convex cones, Can. Math. Bull. 55(4), 783-798 (2012).

10. W. Roth, A uniform boundedness theorem for locally convex cones, Proc. Amer. Math. Soc. 126(7), 1973–1982 (1998).
11. W. Roth, Boundedness and connectedness components for locally convex cones, N. Z. J. Math. 34, 143-158 (2005)
12. W. Roth, Hahn-Banach type theorems for locally convex cones, J. Aust. Math. Soc. (Series A). 68, 104-125 (2000)
13. W. Roth, Operator-valued measures and integrals for cone-valued functions, Lecture Notes in Mathematics, vol. 1964, Springer,

Heidelberg, Berlin, New York (2009)
14. W. Roth, Separation properties for locally convex cones, j. Convex Anal. 9, 301-307 (2002).
15. A.N. Tykhonov, On the stability of the functional optimization problems, USSR Comput. Math. Phys. 6, 28-33 (1966).

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2022-10-26T19:07:42+0530
	Preflight Ticket Signature




