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Abstract Let [ - ] be the floor function. In this paper we show that whenever 7 is real, the constants A; satisfy
some necessary conditions, then for any fixed | < ¢ < 38/37 there exist infinitely many prime triples p1, p2, p3
satisfying the inequality

37¢—38
|k1p1 + Aap2 + A3ps + 1| < (max p;) 2% (logmax p;)'°

and such that p; = [nf],i =1, 2, 3.
Keywords Diophantine approximation - Piatetski-Shapiro primes

Mathematics Subject Classification 11D75 - 11P32

1 Introduction and statement of the result

Let P denotes the set of all prime numbers. In 1953 Piatetski-Shapiro [6] showed that for any fixed y € (11/12, 1)
the set

P, ={peP | p=[n'""] forsomen e N}

is infinite. The prime numbers of the form p = [n!/7] are called Piatetski-Shapiro primes of type y . Subsequently
the interval for y was sharpened many times and the best result up to now belongs to Rivat and Wu [7] for
y € (205/243, 1).

Twenty years later Vaughan [9] proved that whenever § > 0, 1 is real and constants A; satisfy some conditions,
there are infinitely many prime triples pi, p2, p3 such that

Ik1p1+ dapa + A3ps + 0l < (max pj) 5T (1

for £ = 1/10. Latter the upper bound for & was improved several times and the best result up to now is due to
K. Matomaki [5] with & = 2/9. In relation to solvability of inequality (1) with prime numbers of a special form
we find papers by the author and Todorova [3] and the author [1]. In order to establish our result we solve the
inequality (1) with Piatetski-Shapiro primes. Thus we prove the following theorem.

Communicated by B. Sury.

S. Dimitrov ()
Faculty of Applied Mathematics and Informatics, Technical University of Sofia, 8, St. Kliment Ohridski Blvd., 1756 Sofia, Bulgaria
E-mail: sdimitrov@tu-sofia.bg

@ Springer



876 S. I. Dimitrov

Theorem 1 Suppose that A1, Ay, A3 are non-zero real numbers, not all of the same sign, n is real, L1/ 2 is
irrational and y be fixed with 37/38 < y < 1. Then there exist infinitely many ordered triples of Piatetski-
Shapiro primes p1, pa2, p3 of type y such that

37-38y

Pt +dapa + A3ps + 1l < (max p;) ° (logmax p)'°.

2 Notations

The letter p will always denote prime number. As usual [#] and {¢} denote the integer part of ¢ and the fractional
partofz. Moreover ¥ () = {t}—1/2. We write e(¢)=exp(2rit). Let y be areal constant such that37/38 < y < 1.
Since A1/X; is irrational, there are infinitely many different convergents ag/qo to its continued fraction, with

Al ao 1
| <73 (a.g0) =1, ao#0 @
2490 Ul
and ¢ is arbitrary large. Denote
X = g5, (3)
A:X_%logX; “4)
&= X37E§8y log10 X; &)
log? X
H="2". ©)
e
S@.X)= 3 p'Telp)logp. 0<io<l: @)
A0X<]7§X
PePy
S@X)=y Y elap)logp: (8)
rX<p<X
Qa.X)= Y pTW(p+ 1) = Y(=p)e@p)logp; ©)
MX<p<X
X
I, X)=y f e(ay)dy . (10)
roX

3 Preliminary lemmas

Lemma 1 Let ¢ > 0 and k € N. There exists a function 6(y) which is k times continuously differentiable and
such that

0) =1 for |yl <3e/4;
0<6(y) <1 for 3¢/4 <]yl <e¢;
6y) =0 for |ylze.

and its Fourier transform

oo

O(x) = / 6(y)e(—xy)dy

—00

7e 11 ko\F
O] < min =, ——, :
4 x| m|x| \27|x|e/8

satisfies the inequality
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Proof See (Lemma 1, [8]). |
Lemma 2 Let || < A. Then for the sum denoted by (8) and the integral denoted by (10) the asymptotic formula

X
E(Ol, X) = I(Ol, X) + O (W)
holds.

Proof This lemma is very similar to result of Tolev [8]. Inspecting the arguments presented in ([8], Lemma 14),
the reader will easily see that the proof of Lemma 2 can be obtained by the same way. O

Lemma 3 For the sum denoted by (9) the upper bound

37-12y

Qa, X) K X 26 logSX.
holds.
Proof 1Tt follows by the same argument used in ([2], (36)). m|

Lemma 4 Suppose thata € R, a € Z, g € N, }a — ‘q—‘| < q%, (a,q) =1.
Let

W(X)= ) elap)logp.
p<X

Then
W0 < (X124 X4 X121 2) log* X .

Proof See ([4], Theorem 13.6). O

4 Outline of the proof

Consider the sum

1- 1- 1—
PX)= > 00api+rapa+raps+np, 'py 'p3 " logpilogpalog ps. (11)

roX<p1,p2,p3=X
piePy . i=1,23

Using the inverse Fourier transform for the function 6 (x) we get

1- 1— 1—
FrX)y= Y p, "py "py "logpilogp;log ps

rX<p1.p2.p3=X

piePy.i=123

o0
x / OWe(Gu p1 + Aaps + Aaps + )t) dr

—00

o0

= / O)S(At, X)S(Aat, X)S(Aat, X)e(nt) dt .

—0o0

We decompose I'(X) as follows

LX) =T1(X) +Ta(X) + I'3(X),, (12)
where
)= / O)S(At, X)S(Aat, X)S(Aat, X)e(nt) dt , (13)
|t]<A
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NHh(X) = / O()S(At, X)S(Aat, X)S(Aat, X)e(nt) dt, (14)
A<|t|<H

I';(X) = / O@)S(At, X)S(hat, X)S(hat, X)e(nt) dt . (15)
|t|>H

We shall estimate I'1(X), I'2(X) and I'3(X), respectively, in the sections 5, 6 and 7 . In section 8 we shall
complete the proof of Theorem 1.

5 Lower bound of I'; (X)

In order to find the lower bound of I'1 (X) we need to prove the following two lemmas.

Lemma 5 For the sum denoted by (7) and the integral denoted by (10) the asymptotic formula

S(Ol, X) = I(Ol, X)+O<W) (16)
holds.
Proof From (7)—(9) we have
S@X)= Y p'77([=p"1-[=(p + D7 1)e(@p)log p
MX<p<X
= > p((p+ 1Y = p¥elap)logp
MX<p<X
+ Y P+ 1) = y(=p))e(ap) log p
rX<p<X
= (o, X) + Q(e, X) + O(log X) . (17)
Bearing in mind (17), Lemmas 2 and 3 we obtain the asymptotic formula (16). O

Lemma 6 Let A # 0. Then for the sum denoted by (7) and the integral denoted by (10) we have
A
@) / IS(har, X)? da < Xlog® X ,
—A

A

(ii) / 11 (a)|* da < Xlog X ,
—A
1

(iii) / 1S(e, X)|? da < X>77 log? X .
0

Proof We only prove (i). The inequalities (ii) and (iii) can be proved likewise.
Using (4), (7) and Lagrange’s mean value theorem we obtain

A A
/ 1SGa. X)Pda = > (pip2)' 77 log pilog p / e(M(p1 — pr)a)da
A A0X<p1,.p2§X A
pi€Py i=12

1
< X*7% (log X)? Z min <A —)

b
AOX<nl,n2§X |n1 _n2|
1

nj=m;

Vi1

@ Springer



Diophantine approximation by Piatetski-Shapiro primes 879

1
< AX>771og® X + X*7% (log X)? Z
ny —nij
)\0X<n],n2§X
nl=m.l/y,z—12
nll<Vl2
1
2—y 2 22y 2
K AX*77log® X + X*7% (log X) > T
(LX) <my.my<XY m2 ml
m1<m2
1
L AX* 7 1og? X 4+ X' 77 (log X)? > -
moy — mj
oX)Y <my.my<XY
l‘l‘ll<m2
2—y 1.2 3
LK AX“V]og” X + Xlog” X .
< Xlog3 X.
The lemma is proved. O
Put
Si =St X),
I; = 1 (Ait, X).
We use the identity
$1983 =L+ (St — QI3+ S1(S2 — D)3+ 5152853 — I3) . (18)
Replace
J(X) = / Q) (At, X)I (Mat, X)I (A3t, X)e(nt) dt . (19)
[t]<A

Now from (13), (18), (19), Lemmas 1, 5 and 6 it follows

IX) —J(X) = / ®(t)(S(A1t,X)—I(Alt,X))I(kzt,X)I(A3t, X)e(nt) dt

lt]<A

+ / @(z)S(/\lt,X)(S(Azt,X)—I(AZz,X))I(m,X)e(m)dt
tl<A

T / @(t)S(Mt,X)S(Azt,X)(S(Agt,X)—I(Agt,X))e(nt)dt
[t|<A

X

LK e& —e(log O

</ [I(Aot, X)I(X3t, X)|dt

[t|<A

+ / [S(hit, X)I (A3t, X)|dt + / |S(A1t,X)S()th,X)|dt>
[t|<A [t|<A

X 2 2
</|I(k2t,X)| dr + / |1 (Ast, X)|2dt

8—
SE tog 15
[t|<A |t|<A

+ / ISOut, X)2dt + f |S(/\2t,X)|2dt)
[t|<A [t|<A

X2

< 8—8(10g X% -

(20)
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880 S. I. Dimitrov

On the other hand for the integral defined by (19) we write

J(X)=B(X)+ ?, (21)
where
X X X
B(X)=y’ / / / O(hiy1 + Aayz + A3yz + ) dy1 dyr dys
rX AX AoX
and
o
P K / O[T (Xit, X)I (Aat, X)I (A3t, X)|dt . (22)
A
According to ([3], Lemma 4) we have
B(X) > eX?. (23)
By (10) we get
1
I, X) € —. (24)
lot]
Using (22), (24) and Lemma 1 we deduce
&
P e (25)

Bearing in mind (4), (20), (21), (23) and (25) we obtain

T1(X) > eX?. (26)
6 Upper bound of I';(X)
Suppose that
a 1
a-% <t @o=1 )
q
with
1 12
g e [Xﬁ,Xﬁ] . (28)
Then (8), (27), (28) and Lemma 4 yield
5.4
(o, X) K X2 log™ X . (29)
Now (17), (29) and Lemma 3 give us
37-12y 5
Sla, X) € X % log’ X. (30)
Let
S, X) = min {|S(A 17, X)[, [S(2t, X} . (31

We shall prove the following lemma.
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Lemma 7 Lett, X, A1, A2 € R,
A<|t|<H, (32)

where A and H are denoted by (4) and (6), L1/ 2 € R\Q and &(t, X) is defined by (31). Then there exists a
sequence of real numbers X1, X3, ... — 00 such that

37-12y
S, X)) <X, ™ log® X;, j=12,....

Proof Our aim is to prove that there exists a sequence X1, X2, ... — 00 such that foreach j = 1,2,... at
least one of the numbers A7 and Ap¢ with t, subject to (32) can be approximated by rational numbers with
denominators, satisfying (28). Then the proof follows from (30) and (31).

Since A1, A2, A3 are not all of the same sign one can assume that A > 0, Ap > 0 and A3 < 0. Let us notice
that there exist a;, g1 € Z, such that

a

At — il

1
ol < @=L 1<qi<q}. a #0. 33)

q14

From Dirichlet’s approximation theorem it follows the existence of integers a; and ¢, satisfying the first three
conditions. If a; = 0 then

1
i) < —
q19g
and (32) gives us
AMA < At ! z !
1 < Aq < —, qdo < —— -
a2 0 A
The last inequality, (3) and (4) yield
12
2 X1
XB < —,
A log X

which is impossible for large X. Therefore a; # 0. By analogy there exist az, g2 € Z, such that

1
—. (@m.q)=1 1=@=<q}. a#0. (34)
929

1 12

Ifg; € [Xﬁ, X 13] fori = 1 or i = 2, then the proof is completed. By (3), (33) and (34) we deduce

C]iSX}

18]

)

=q2, i=1,2.
It remains to show that the case g; < X i ,i = 1,2 is impossible. Assume that

g < XT, i=12. (35)
From (5), (6), (32)—(35) it follows

1 1
I <lail < = +qiriltl < = +qiriH,

90 90
1 38y 35 8 .
lflai|<—2+AiX % (logX)™°, i=1,2. (36)
40
We have
ap Mt — 4
Xl_kll_ql+< 1 q‘)_alth 14+ X 37)
A Mt o, w) aq 1+%
= + | A2t — -
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where
xl:ﬁ@t_ﬂ), =12 (38)
ai qi
Bearing in mind (33), (34), (37) and (38) we get
i 1 1 1
%< 1 = <. i=12,

lail qiq?  lailad T 4t

4
Thus
ayqz — O
aqi
and
A 1
Mo_aa (9(—2) . (39)
A axqi q)

A
Therefore, both fractions 90 and a9z approximate )\—1 Using (3), (33), (35) and inequality (36) withi = 2 we
2

. q0 axq1
obtain
38y—-33
laslgr < 142X % (log X)™8 < 1 (40)
log X
Consequently |a2]g1 # qo and % #= w. Now (40) implies
q0  aqi
— 1 log X
a_() B arqz _ lapazq1 — a1g2qo| > . ng ) 41)
q0  axqi lazlg1490 lazlg190 a5
On the other hand, from (2) and (39) we deduce
ap  aiqy ap A Mooaiq i
q0 axqi| [q0 A2 Ay axq a
which contradicts (41). This rejects the assumption (35). Let qél), q(()z), ... be an infinite sequence of values of
qo, satisfying (2). Then using (3) one gets an infinite sequence X1, X, ... of values of X, such that at least one
of the numbers A7 and A»t can be approximated by rational numbers with denominators, satisfying (28). Hence,
the proof is completed. O

Taking into account (14), (31), Lemmas 1 and 7 we deduce

MH(X;) < ¢ / &, Xj)<|S(k1t, X))S0at, X)| + |SCat, X)S (st X,»)|) dr

A<|t|<H

< / &t X)(|S0r X+ [SGat, X[ + |SGar, X )| dr

A<|t|<H
37-12y

< sz 26 (long)STk,
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where
H
n =/|S(Akt,Xj)|2dt.
A

Using Lemma 6 (iii) and working as in ([3], pp. 17-18) we obtain
Ti < HX; " log? X; . (43)
From (5), (6), (42), (43) we get

37-12y 89—38y gXZ.

2% y2-V 9 9
DX) < X; ™ X, Tlog’ X; «X; ™ log' X < log X,

(44)

7 Upper bound of I';(X)

By (7), (15) and Lemma 1 it follows

0.¢]
ssy (1) kO X33y 14k \F
3(X X~ | —) dt=—— . 45
30 <« fl<27l’l8/8) k <7I’SH> (45)
H

Choosing k = [log X] from (6) and (45) we obtain

LX) «1. (46)

8 Proof of the Theorem

Summarizing (5), (12), (26), (44) and (46) we deduce

5 sy
— 26
F(Xj)>>8Xj—Xj log" X; .

The last estimation implies
[(X;)—> o0 a X;— o0. @7

Bearing in mind (11) and (47) we establish Theorem 1.
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