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Abstract Permanents of random matrices with independent and identically distributed (i.i.d.) entries have exten-
sively studied in literature and convergence and concentration properties are known under varying assumptions
on the distributions. In this paper we consider constrained n x n random matrices where each row has a determin-
istic number r = r(n) zero entries and the rest of the entries are independent random variables that are positive
almost surely. The positions of the zeros within each row are also random and we establish sufficient conditions
for the existence of a weak law of large numbers for the permanent, appropriately scaled and centred. As a special
case, we see that if » grows faster than 4/n, then the permanent of a randomly chosen constrained 0 — 1 matrix
is concentrated around the van der Waerden bound with high probability, i.e. with probability converging to one
asn — oo.

Keywords Weak Law of Large Numbers - Row Constrained Random Matrices - van der Waerden bound -
Second moment method
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1 Introduction

Estimating the permanents of random matrices is of great interest from both theoretical and application perspec-
tives and for matrices with independent and identically distributed (i.i.d.) entries, many convergence properties
are known under varying assumptions on the distributions. For example, Rempala and Gupta [4] have studied
random matrices with independent entries and have obtained central limit theorems for the permanent as an
extension of Girko’s theorem for determinants. Later Tao and Vu [5] used concentration techniques and showed
that the permanent of a random n X n matrix with entries in {—1, 1} is non-zero with high probability, i.e. with
probability converging to one as n — oo and also estimated the typical value of the permanent. Recently, Kwan
and Sauermann [3] have obtained an analogue of the Tao-Vu result for the permanents of random symmetric
matrices and for a recent survey of combinatorial properties of random matrices, we refer to Vu [6].

In this paper we study permanents of n x n random matrices where each row has a deterministic number zero
entries and the rest of the entries are i.i.d. random variables that are positive almost surely. The positions of the
zeros within each row are also random and we use the second moment method to establish sufficient conditions
on the mean and second moment that guarantee the existence of a weak law of large numbers for the permanent,
appropriately scaled and centred. In particular, for 0 — 1 matrices, this also provides conditions under which the
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permanent of a randomly chosen constrained 0 — 1 matrix is concentrated around the van der Waerden bound
with high probability. (For completeness, we recall that the van der Waerden bound (Egorychev [1], Falikman
[2]) asserts that the permanent of a deterministic n X n matrix containing exactly r ones in each row and column
must be at least " :Z—,'l .

The paper is organized as follows. In the rest of the section, we state our main result Theorem 1 regarding
the L?—convergence of the permanent of constrained random matrices. Next in Section 2, we collect preliminary
estimates regarding the mean and the second moment of the permanent of X and finally, in Section 3, we prove
Theorem 1.

Constrained random matrices

For integer n > 1 let Z := [Z; j]1<i,j<n be a random matrix whose entries Z; ;, 1 < i, j < n are independent
and identically distributed (i.i.d.) random variables that are positive a.s. with mean[EZ ; and second moment § =
é(n)=EZ % |- The permanent of Z is defined as

per(2) ==Y [ Ziow. (1.1)

o =1

where the summation is over all permutations o of {1, 2, ..., n}.

We introduce constraints in the number of non-zero entries of Z as follows. Let 1 < r{,...,r, < n be
deterministic integers and let M be the set of all n x n matrices that contain exactly r; ones in the i’ row and
zeros in the rest of the positions, for each 1 < i < n. Let X = [X; jli< j<x be uniformly randomly chosen
from M, independent of Z and form the termwise product matrix ¥ = [X; ; - Z; jl1<i j<u. For 1 < i < n,
the matrix Y has exactly r; non-zero entries in row i and we define the random matrix ¥ on the probability
space (2, F, P).

The following result determines sufficient conditions for the L? —convergence of the permanent 7;, = per(Y)
of the matrix Y, appropriately scaled and centred. For two sequences {a, },>1 and {b, },>1, we say that b, = o(an)
if Z—: —> 0asn — oo and b, = O(ay,) if there exists a constant C > 0 such that b,, < Ca,. Throughout
constants do not depend on 7.

Theorem 1 Setting i, = H?:l ri- %, we have that BT, = ,. Moreover, if 1oy = min<j<, i and ryp =
maxi<j<p i are such that

1) < 1 ) J 1) 1 ( 1 ) (1.2)
=0\ —F—= an — — =0\ — .
V270w \/ﬁ V270w Tup n

then

2

T,

]E(——l) —> Oasn — oo. (1.3)
Mn

For illustration, we consider the example of 0 — 1 matrices and set Z; ; = 1 for all i, j. In this case § = V=1
and the conditions in (1.2) then hold if the matrices in M are reasonably homogenous in terms of the number of
ones in each row and is satisfied if for example

(W/n—1)logn <r; < (/n+1)logn,

for each 1 < i < n. In the case of complete homogeneity, i.e. if ; = r = r(n) foreach 1 < i < n,
then , = r" - % is the van der Waerden bound and condition (1.2) is equivalent to \/Lﬁ —> ooasn — o0.

To prove Theorem 1, we use the second moment method: We first obtain first and second moment bounds
for the permanent of ¥ and then show that if (1.2) holds, then the permanent variance, appropriately scaled,
converges to zero as n — o0. This obtains the desired convergence (1.3).
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902 G. Ganesan

2 Preliminaries

In the following main result of this section we obtain bounds for the first and second moment of the permanent 7,
of the matrix Y defined prior to Theorem 1. All constants throughout do not depend on n.

prop 1 Let ryp, riow and i, be as in Theorem 1 and recall that § = IEZIZV1 andv = EZ; 1. Defining

Qup = <w> and Byp = M 2.1

rup(n -1 Vzrlow(rup -1
and
n(Frow — D\ Sriow(n — 1)
Wow = (—””’ ) and Blow = ————, (2.2)
Fiow(n — 1) v rup(rlow_l)

we have that ET,, = . Moreover, if 1oy > g—‘zs, then we also have that

2e ET? 2e
ow—1 up—1
o - P! (1 — n—2> < u%” < oy - Pl (1 + n_2> (2.3)

for all n large.

To illustrate, we again consider the example of O — 1 matrices and set Z; ; = 1 forall 7, j. If r;, = r = r(n) for
all i so that the matrix is homogenous, then

nr—1)\" 1\"
Uyp = QAow = (m> =e <1 — ;) (1 +0(1))

and Byp = Biow = % Plugging these into (2.3) and setting 6 = (l - %) . eﬁ, we then get that

-
ET?
12

— e 710" (14 0(1)).

We remark that for constant r, the term 6 > 1 strictly and therefore the second moment increases exponentially
in 6. However, we show in the next Section that if » = r(n) grows faster than /n, then the scaled variance of T},
in fact converges to zero as n — 00.

Proof of Proposition 1

The rows of X are mutually independent and so for any 1 < i, j < n we have that

() I
P(Xij=1) = ~5 = — =i pi 24)

() "

and for any 1 < j; # jo» < n we also have that

('3 nei—1

PX;;,=1,X;, =1 = = . 2.5

( L, J1 L, ]2 ) (;1) l’l(l’l _ 1) ( )

For a permutation o of {1,2,...,n}, we define R, := ]_[;‘=1 Xio)Yioa) and get from (1.1) that 7, =

per(Y) =Y R, where the summation is over all permutations of {1, 2, ..., n}. For any o we get from (2.4)
that

ERy =[[/_, vpi = vnl:[l# and so ET,, = v”n!% = Un.
Proof of the upper bound in (2.3): Expanding 7,7 = (}_,, Rg)2 we get that

n
ET? = Z ERy, Ry, = ZZ Z Z ERy, Ro,

01,02 01 k=0 S:#S=k 02:01No2=8S
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where o0y Nop := {1 <i < n:o1(i) = o2(i)} is the set of indices where o1 and oy agree. If oy N0y = S
and #S = k, then from (2.5) and the definition of u,, we see that

1
ERs Ro, = ]_[819;' H(vpi)2~<<1 _r_i> : nil>

jeS ieS¢

2 (8N 1 1
= () <¥) =D Tlesr 1;[ (1—;)- 27

Using 1oy < 1; < ryp in the last two terms of (2.7) we then get that

2
ER,, R

- gk (2.8)

"2—<'>2

where o = ), and B = By, are as defined in (2.1).
Substituting (2.8) into (2.6) we get

n—(,)ZZZZ 2. 2.9)

01 k=0 S:#S=k 0r:01NcL=S

Given o1 and § with #§ = k, the number of permutations o, satisfying

o3 N oy = S is equal to the number of derangements of {1, 2, ..., n — k}, which in turn equals (n — k)! - b, ¢,
i !

where bj =Y 1_, % From (2.9) we therefore get that

ET 2

n = ( !)QZZ Z (n—k)! by - :3

o1 k=0 S:#S=k

(n!)z ZZ( )(n — k) by_g .ﬁk

o1 k=0

2 n
=y (Z)(n — 0 by

k=0

= 1la 1; bk (2.10)

To estimate the final term in (2.10) we split the corresponding summation into two terms depending on
whether 1 <k <n —lognorn—logn <k < n. Using |b,_; — e_1| < an k1 , we have for 0 < k <
n — logn that

_ 1 1
o —e < Y <= @.11)
j>logn J: n
for all n large and so
n—logn i n—logn i
1
B by — e < & b (2.12)
k! n? k!
k=0 k=0

For the other range n — logn < k < n, we use |b,_¢| < e to get that

n IBk n IBk
> F'|bn—k_€_l|§(e+€_l) 3 o 2.13)

k=n—logn k=n—logn
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Using k! > kke™* and g < rzi we get that the final term in (2.13) is at most

low v?

n

k n k
e+e ) Y <2ne) <e+e) Y <—2ne8 )

kr n —1og n)ripwv?
k=n—logn low k=n—logn ( gmiow

2nes < ¢~ %€ for all n large and some positive

Since rypy > 3 (see statement of Proposition 1) we have G hogmym? =

constant C. Thus

n

2nes k 2Ck c
_mee ) o ~2Ck  ,~Cn 2.14
Z ((n — log n)rlawvz) - Z ¢ =¢ (2.14)

k=n—logn k>n—logn

for all n large.
From (2.12), (2.13), (2.14) and the above discussion we then get that

Z" B* 1 = Bk
—1 2 : -1\ ,—C
F.bnk<<e +ﬁ)koﬁ+(6+e )g ’

k=0

1
< (e_l + —2> P+ (e+eHe O
n

—1 2 B
=le +5)e (2.15)
n
for all n large. Substituting (2.15) into (2.10) and using (2.6), we obtain the upper bound in (2.3). O

Proof of the lower bound in (2.3): Using (2.7) and arguing as in the paragraph preceding (2.10) we have that

k
ﬁlow
k!

n

2 2
ETn > [y, Uow Z
k=0

“by_i (216)

k
and using (2.11) we get that the term ) ;_ £ &~ bn—y is bounded below by

1 n—logn ,Bk
-1 [
<g _ ﬁ) 3 o (2.17)

k=0

for all n large. Using r,p > 7jow > 3—2 and arguing as in (2.13) and (2.14), we get that

k
> Biow < e Dn (2.18)
k!

k>n—logn

for some constant D > 0 and all n large. From (2.16), (2.17) and (2.18), we then get that

! 1
ETHZ > /./Lgl(x[ow ((e_l _ ﬁ) eﬂlow _ <e—1 _ ﬁ) e—Dn)

_ 2e
> - ou - ePlov ™! (1 — —2>

for all n large. Substituting this into (2.6), we get the lower bound in (2.3). O
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3 Proof of Theorem 1
As before 7, is the permanent of the constrained random matrix Y. We first find an upper bound for the variance

of T, using Proposition 1. Let r,, = r and let o, and B, be as in (2.1). Using (1 — }l)_n = e(1 4+ o(1))
where o(1) — 0 as n — 00, we then have that

e_1~otup:e_1~<l—l) .<1—1> =<1—1) 1+ o(1))
n r r

_ dr(n—1) Srn
and ﬂup - Vzrlnw(rfl) = Vzrlow(rfl) ’ Thus
Sr 1 n
ayp - Pt = ey, - P < <ev2rzow<r1> . <1 - -)) (1 +o(1)). (3.1)
r
For r > 2 we have that -5 < 2 and moreover, from (1.2) we know that vzfz < % for all n large. This
implies that 7 Sr(r_l) < Vﬁf < % for all n large and so using standard O notations we have that
T sr 5\’
2
eV rowr= =] + = 4+0 <—>
Vzrlow(r -1 V2rlow
=1+ ) + ) + 0 5 ’
B Vzrlow Vzrlow(r -1 V2rlow
8 5 \?
=1+ + 0 (3.2)
1)2"'low Vzrlow

since r = ryp > rjow and 6 = EZ? > (EZ)? = v2. Thus

S 1 8 5\’ 1
e’ owr=h | 1T — — ) =1+ + O 41— —
r V270w V2T 0w Tup
8 1 8 5 \?
=1+ 2 ___2—+0 2
VT ow Tup VT low up V=T low

B 1 5 \?
=1+ 3 -——4+0 3
Vil low Tup Ve low

i (l> (33)
n

where as before, the third expression in (3.3) follows from the fact that
Tup = Tjow and § > v2 and the final expression in (3.3) follows from the conditions in (1.2).
Plugging (3.3) into (3.1) we get that

ayp - P! < (1 +o (%)) “(1+o0(1)=1+o0(1).

ET?
1
var(T,) < O(M%). This obtains (1.3) and therefore completes the proof of Theorem 1. |

From (2.3) we therefore get that < 1 4 o(1) or equivalently that

Acknowledgements I thank Professors Rahul Roy, C. R. Subramanian and the referee for crucial comments that led to an improve-
ment of the paper. I also thank IMSc for my fellowships.

@ Springer



906 G. Ganesan

References

1. G.P.Egorychev. (1981). The Solution of van der Waerden’s Problem for Permanents. Advances in Mathematics, 42, pp. 299-305.
. D. 1. Falikman. (1981). Proof of the van der Waerden’s Conjecture on the Permanent of a Doubly Stochastic Matrix. Mathematical
notes of the Academy of Sciences of the USSR, 29, pp. 475-479.

M. Kwan and L. Sauermann. (2020). On the Permanent of a Random Symmetric Matrix. arXiv preprint, Link: arXiv:2010.08922
G. Rempala and A. Gupta. (1999). Some Extensions of Girko’s Limit Theorems for Permanents of Random Matrices. Random
Operators and Stochastic Equations, 8, pp. 305-318.

. T. Tao and V. Vu. (2009). On the Permanent of Random Bernoulli Matrices. Advances in Mathematics, 220, pp. 657-669.

V. Vu. (2020). Recent Progress in Combinatorial Random Matrix Theory. arXiv preprint, arXiv:2005.02797.pdf.

RIS

[

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2022-10-26T19:41:34+0530
	Preflight Ticket Signature




