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Abstract This research investigates the uniqueness of meromorphic function f(z) and its n'” order difference
operator with two shared values counting multiplicities. It generalizes the results of Yeyang Jiang and Zongxuan
Chen [5] and for the case n > 2, it admits a very special generalization. Moreover, we give an example to
illustrate the validity of our main result.
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1 Introduction, definitions and results

For a meromorphic function fin the complex plane C, we shall use the standard notations, definitions and basic
results of Nevanlinna theory of meromorphic functions (see [10,11]). A meromorphic function a(z) is said to
be small function of f(z),if T(r,a) = S(r, f), as r — o0, without restriction if f(z) is of finite order and
otherwise except possibly for a set of values of r of finite linear measure.

Two meromorphic functions f and g share a CM (counting multiplicity) or IM (ignoring multiplicity), if
f — a and g — a have the same set of zeros counting multiplicities or ignoring multiplicities, respectively.

In 1926, Nevanlinna [14] investigated the following two theorems for shared values.

Theorem A If two meromorphic functions f and g share five distinct values IM, then f = g.

Theorem B [f two meromorphic functions f and g share four distinct values CM, then f = gor f =T - g,
where T is a mobious transformation.

In 1977, Rubel and Yang [15], investigated uniqueness of entire function f sharing values with its derivatives
/. Mues and Steinmetz [9,12] and Gunder Sen [2] improved their results.
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Recently Nevanlinna theory has been established for difference operators [3,4,13,16]. Many authors [7,8,13]
have considered shared values of meromorphic function with their difference operators or shifts.

The following two theorems, due to Heittokangas et al. [8, 13] give the idea of shared values of meromorphic
function with their shifts.

Theorem C Let f be a meromorphic function of finite order and let ¢ € C. If f(z) and f(z + ¢) share three
distinct periodic functions ay, az, az € S(f) = S(f)Uoo with period c CM, then f(z) = f(z+c) forall z € C.

Theorem D Let f be a meromorphic function of finite order and let c € C and let ay, a>, a3 € S‘(f) be three
distinct periodic functions with period c. If f(z) and f(z+ c) share ay, ay CM and a3 IM, then f(z) = f(z+c¢)
forall z € C.

In 2013, Jiang and Chen [5], proved the following theorem for two distinct shared CM with some conditions.

Theorem E Let f be a non constant meromorphic function of finite order such that N(r, f) = S(r, f), let n
be a constant such that f(z +n) — f(z) # 0 and let a, b be two non zero distinct finite complex constants. If
Af(2) = f(z+n) — f(2) and f(z) share a,b CM then f(z+n) = 2f(2).

For a meromophic function f(z) and a nonzero complex constant ¢, for n € N we define its Shift by f(z+c¢)
and its n'" order difference operator by

Al =) (’J’) (=1" £+ jo),

J=0

where

<n) B n!
i) il =)

In this article we generalize Theorem E to the case of higher order difference operators defined above.

Theorem 1.1 Letr f be a non constant meromorphic function of finite order such that N (r, f) = S(r, f), let
¢ € C be a constant such that AL f(z) # 0 and let a, b be two non zero distinct finite complex constants. If
AL f(2) and f(2) share a, b CM then AL f(z) = f(2).

Corollary 1.1 Let f be a non constant meromorphic function of finite order such that N(r, f) = S(r, f), let
¢ € C be a constant such that AL f(z) # 0 and let a, b be two non zero distinct finite complex constants. If
A% f(z) and f(z) share a,b CM then f(z + nc) =2" f(2).

Remark 1.1 The corollary 1.1 generalizes Theorem E.

Example 1.1 Let Q(z) be a periodic function of period 1 such that o(Q) = 2 and f(z) = M Then

sin 2wz
Al f(z) = Z'];O”Cj (—=1)"J f(z+ jc) and f(z) share 1,2 CM and N(r, ) = S(r, f), using corollary 1.1,
we get A”? f(2) = f(2). Also f(z+nc) =2" f(2).

2 Some lemmas

We need the following lemmas to prove our main result.

Lemma 2.1 ([11]). Let f(z) be a non constant meromorphic function, a;(j =0, 1, ..., q) be q distinct complex
numbers. Then we have

1 il 1
m r,Zf_a/ =Zm(r,f_a'>+0(l) .1)

j=1 j=1 /

In 2013, Chen and Feng [3] and in 2006, Halburd and Korhonen [5] studied Value distribution theory of
meromorphic function for difference operators. Analogous result of the Lemma on logarithemic derivatives is
as follows
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Lemma 2.2 ([7]). Let f(z) be a meromorphic function of finite order and let ¢ be a non-zero complex constant.

Then
fz+o f@ \
m(r, —f(z) )+m< e+ )) = S(r, f).

These lemmas help us in establishing the following

Lemma 2.3 Let f(2) be a non constant meromorphic function in C. Let aj(j = 0,1,...

complex numbers. Then we have

il 1
() = (g ) + e
=1

il 1 1
2" (r’ f—a./> =" (” A’éf(z)) 50D

j=1

q q 1
Zm(r _a]):m r’zf—aj +0()

f
5m<r,i>+m r,q L +0(1)
i3 = f -
=m<r, %)Hm, 12

Hence

il 1
S () =m (v g ) + s

Now by Lemmas 2.1 and 2.2, we have

im<r —aJ> :m(nzf—]aj How

j=1

1 oAy
§m<r,Agf)+m r’;f—aj + 0(1)
! S Arf
5m<r, Algf)—i-;m(r,f_aJ)—i-O(l)

1

(2.2)

,q) be q distinct

(2.3)

2.4)
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Hence

Yon(r ) =n (agz) o

J
0

Lemma 2.4 ([3]) Let f(z) be a meromorphic function with order o (f) = o0 < 00, and ¢ be a fixed non-zero
complex number; then for each € > 0, we have

T(r, f(z4+¢) =T, f)+ 00" ) + 8@, ).

Lemma 2.5 ([7]) Let c € C,n € N, and let f(z) be a meromorphic function of finite order. Then for any small
periodic function a(z) with period c, with respect to f (z),

(r ATF(2)
Cf(@)

where the exceptional set associated with S(r, f) is of at most finite logarithmic measure.

) =o(T(r, f)) =S, f),

3 Proof of the Theorem 1.1

Proof The assumption that A f(z) and f(z) share a, b» CM and by Nevanlinna’s second fundamental theorem,
we have

T(r’f)EN(rvf)—i_N(raﬁ)"i_N(r >+S(r7f)

1
,f_b
=N : N : S
G = BRI =) B

1 1
V(o) ) 5o

1
<¥(ngp=7) + 500,

that is |
T(r, f)<N <r, —) + S(r, ). (3.1)
Arf—f
Since N(r, f) = S(r, f) and using first fundamental theorem, we have

1 _ /
I P

1
:N(r, T + 50, f)

S
—m(r A?f>+N< Ac )+S(rf)
B T f T f ’
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Hence by using the Lemma 2.4, we have

N <r, ﬁ) +80 f) =N (r, %) +2"N (r, )+ S, f)

N (r, %) + S, f)

<T (r, %) + S, f)

that is
N<rvﬁ)"i_s(r’f)ST(r’f)'i_S(rvf) (32)
From (3.1) and (3.2), we obtain
T(r,f)=N <r, %) + S, f)=N (r, 7 1_ a) + N <r, ﬁ) + S(r, f). 3.3)
Let ® = iA,,;}f_) ; - ff_/ —. Using the logarithmic derivative theorem, we have
m(r,®) <m (r, %) +m (r, ff_ a) +0().
m(r, ®) < S(r, ALf) + S(r, f) (3.4)

Since

TG, ALf) = mr, ALF) + NG ALf)
AZf) Yy (”.)N(r, )+ 56 )
f PRy,

ALY g
7 )+2 N(r, f)+ S8, [)

§m<r,f

Sm(r,f)er(r,

=m(r, f)+ S, f)
<T@ f)+S f)

T(r, A f) <T(r, )+ S, f). (3.5)
Since S(r, AL f) = S(r, f), from (3.4), we have m(r, @) = S(r, f). Since @ is the logarithmic derivative of
A f — A" f —
%, the poles of @ derive from the zeros and poles of M. Since f, A” f share the value a CM,
—a _

then A;{ ;a has no zeros and has atmost N (r, f) poles. Thus N(r, @) = N(r, f) = S(r, f). Combining this

and (3.4), we have T (r, @) = S(r, f).
Suppose that @ = 0, then from

o ap Avf f
f=b  Aif—a'f—b (f—a)f—b)

’

)

we obtain
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+
3

f/
- J 1
(r, (f—a)(f—b)>+0()

(:3) e (-5 (= 7))
m\r,—|+ml|r, —
1e) a Alf—a Alf

/

+m(r—AZf)+m r f < Lo ) +O0(1)
“f—b “la=b)\(f-a) f-b

ST @)+ S AL + S, f)
= S@r, f).

IA

Hence

By the first fundamental theorem we get

T(r,f)=N (r, ) + S, f). (3.6)

1
f—=b
Thus, by (3.3) and (3.6), we have

N (r, 7 1—a> = S(r, f).

By the assumption that A? f(z) and f(z) share a CM, we have that

1 1
¥ ggp=a) =¥ () = s

Hence

1
N (r, o7 _a> = S( ).

Since Al f(z) and f(z) share b CM, by equation (3.5)and (3.6) and first fundamental theorem, we have

1 1 "
m(r, W)'FN(V, m) ZT(}’, Acf)-l-S(r, f)
=T f)+S8r f)
1
=N<r,f—b>+S(r’f)

1
=N <r, m) +S(r, f)

Thus,
m (r, ﬁ) = S(r, Agf) = S(r, f)

By lemma (2.3), we have that

1 1 1 1
& ( A':f) o ( anf —a) o ( arf - b) =" ( (Az’f)’> 500 G-D

1 1 1
m(r,f_a)—i—m(r,f_b) §m<r, Agf)—l—S(r,f) 3.8)
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By using (3.3) and the previous inequalities for counting functions, we have
N( ! >+N< ! )<N< ! )+S( )
r, ——/—— r———, = ry ——F—— r,
Alf —a Alf —b Arf —b

N(r ! )+N<r !
f-a f-

Using equations (3.7) - (3.10), we get

1 1 1 1
TOW%f—a)+T<“Aw>¢>+T<“f—a>+T<“f—b)
S

b)ST(F,f)-IrS(r,f).

Since N(r, f) = S(r, f), we get

T (n ﬁ) =m (r, (AZf)') +N (r, (A’;f)’) +o)

arf
AL f

=m(r,A2’f

(Arf)
AL f

IA

m(r, A?f) +m (r,

<T(r,ALf)+ S /).

)+S(r,f)

Hence

T (r, (A;f),> < T (r, ALf) + S(r, f).

Considering (3.5),(3.11),(3.12) and first fundamental theorem, we get
T(r, f)= S8, f),

which is a contradiction.
Therefore @ = 0, that is

/

arpf
Arf—a  f—a

By integrating (3.13), we obtain
A f —
Acf—a _ o
f—a

where C is some non-zero constant.

Using the same procedure as above, by the assumption, A% f and f(z) share b CM, we get
A f —
Acf—a _ C,.
f—a

where C» is some non-zero constant.
If C; = 1 or (C; = 1), then by (3.14) (or(3.15)), we obtain

AL f(2) = f(2).

Hence conclusion holds.

1
¥ (r =) # T D6

1 (n gy ) # TN+ 50

)+N(r, AYF)+ N (r, A7 f) + O(1)

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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If C; # 1 and Cy # 1, then by (3.14) and (3.15), we get

(AL f —a)— (AL f —b) = (C1f — Cra) — (Cof — Cab)
b—a=(C;—C)f+Cab—Cia

C1—C))f=b—a+Cb—Cia (3.16)
If C; # C», then f is a constant.
which is contradiction.
Hence Cy = C», thus by (3.16), we have
a—b=Ci(a—>b)

Therefore C1 = 1 = C». Which is contradiction.
This completes the proof.

0
Proof of the corollary 1.1. Using Theorem 1.1 , we have
AL f (@) = f(2).

This implies that,

n—1 n o

fetno =" ( .)(—n"fzf +1| f@)
—\J
j_
=2"f(2)

Hence the proof. O
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