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Abstract Let S be a set of vertices of a connected graph G. The Steiner distance of S is the minimum size
among all connected subgraphs whose vertex sets contain S. The sum of all Steiner distances on sets of size & is
called the Steiner k-Wiener index. We study inequalities on Steiner Wiener index of line graphs. Also we study
relations among Steiner Wiener index of line graphs, Steiner edge Wiener index and Steiner Gutman index.
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1 Introduction

All graphs in this paper are simple, finite and undirected. If G is a connected graph and u, v € V(G), then the
distance d(u, v) between u and v is the number of edges on a shortest path connecting u and v. The Wiener
index W (G) of a connected graph G is defined by

W(G) = Z d(u,v).

{u,v}eV(G)

The first investigation of this distance-based graph invariant was done by Wiener in 1947, who realized in [15] that
there exist correlations between the boiling points of paraffins and their molecular structure. The Steiner distance

of a graph was introduced in [2] by Chartrand et.al., as a natural generalization of the usual graph distance. For
a connected graph G and S = {x1,...,xx} € V(G), the Steiner distance of S, d(S) = d(xy, ..., xx) is the
minimum size among all connected subgraphs whose vertex sets contain S. Note that any such subgraph H is a
tree, called a Steiner tree connecting the vertices of S. The vertices of S are called the terminal vertices of tree
H, while the other vertices are called the inner vertices. If S = {u, v}, then d(S) = d(u, v) coincides with the
usual distance between u and v. In [4] Dankelmann et.al. studied the average k-Steiner distance uy (G). In [11],
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Li et.al. introduced a generalization of the Wiener index by using the Steiner distance. The Steiner k-Wiener
index SWi(G) of a connected graph G is defined as

SWi(G) = Z d(s).

SCV(G)
IS|=k

For k = 2, the Steiner k-Wiener index coincides with the Wiener index. The average k-Steiner distance i (G)
is related to the Steiner k-Wiener index, via the equality ux (G) = SWi(G)/ (7).
The edge Wiener index of a graph is defined [8] as follows, W, (G) = > D(f,g) where D(f, g) =
{f.8}€E(G)
min {d(u, x),d(u, y),d(v, x),d(v, y)} for f =uv, g = xy.
The line graph L(G) of G, has its vertex set V(L(G)) = E(G). Two vertices of L(G) are adjacent if and
only if the corresponding edges are adjacent in G. The iterated line graphs are defined as follows:

LG =Sori=0
L(L'7'(G)), fori >0

For any nontrivial tree 7 on n vertices we have W (L(T)) = W(T) — (;) [1].

In this paper, we first study the Steiner Wiener index of line graphs of unicyclic graphs. We study relations
among Steiner Wiener index of line graphs, Steiner edge Wiener index and Steiner Gutman index. We conclude
the paper with some bounds on 3-Steiner Wiener index of line graphs.

2 Inequalities for Steiner Wiener index of line graphs

In [7], Gutman et.al. proved the following result.

Theorem 21 If G is a connected unicyclic graph of order n, then W (L(G)) < W(G) with equality only if G is
the cycle-graph C,,.

Now, we generalise the theorem as follows.

Theorem 22 For a unicyclic graph G of order n,
SWi(L(G)) = SWi(G)
and the equality holds if and only if G is a cycle C,,.

Proof If G = Cy,, then L(G) is isomorphic to G. Therefore, assume that G differs from C,,.

A connected unicyclic graph of order n has equal number of vertices and edges. Therefore we can construct
bijective mappings between the vertex and edge sets of G. We choose the following mapping f of the vertices
onto the edges:

Let the vertices belonging to the (unique)cycle C of G be vy, ..., v, , such that v; is adjacent to v; 1 for
i=1,2,...,pand vpy; = v1.Lete; = vjvjyg fori =1,2,..., p. Define f(v;) =¢; fori =1,2,..., p.To
define f for vertices not belonging to C, we start from a pendant vertex u. Since G is a unicyclic graph and differs
from C,, there exist at least one pendant vertex. If uv is the pendant edge incident to u, then f(u) = uv. Now
consider V(G) \ {u}. Map a pendant vertex u1 in V(G) \ {u} to its pendant edge. Then, consider V (G) \ {u, u1}.
Repeat the process until all the vertices in the graph, except the vertices in the cycle C are mapped. Alternatively,
this map can be defined as follows. For a vertex v’ not in the unique cycle C, let f(v') = ¢’ if ¢’ is incident to v’
and ¢’ is in the unique path to the cycle C. This map is well defined since G is connected and contains exactly
one cycle.

The bijection f has the following property: If the vertices x and y are adjacent, then the edges f(x) and f(y)
are incident. In other words, if the vertices x and y of G are adjacent, then the vertices f(x) and f(y) of L(G)
are adjacent. This implies that G is isomorphic to a spanning subgraph of L(G) . Theorem now follows from
the fact that the Steiner Wiener index of a (connected) spanning subgraph of a graph does not exceed the Steiner
Wiener index of the graph itself. If G differs from C, then L(G) has more edges than G and the inequality in
the theorem must be strict. O
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3 Steiner edge Wiener index and Steiner Gutman index

Definition 31 For a connected graph G, the Steiner edge Wiener index
SWie(G) = > Dg(S)
SCE(G),IS|=k
where D¢ (S) is the minimum size among all connected subgraphs whose edge sets contain S.

Khalifeh et.al. [8] gave the relation between Wiener index of a line graph and edge Wiener index. Using the
definition 31, the relation can be rephrased as

Lemma 32 Let G be a connected graph. Then, forn > 2,

E(G V(L(G
W.(G) — W(L(G)) = (' (2 ”) _ (l <2< )>|) N
and
Wo(L""'G) — W(L"(G)) = (lV(L’;(Gm)
We generalise the Lemma 32 as follows.
Lemma 33 For a connected graph G,
E(G V(L(G
SWie(G) — SW(L(G)) = (' (k ”) _ (l @ ))|> N
and
V(L™ (G
SWio(L""1(G)) — SW(L"(G)) = <| ( k( ))I)

Proof Suppose S € V(L(G)), then § € E(G), and dp,(G)s) = D (S) — 1

SWL(G) = Y dic)(S)

SCV(L(G))
= Y Da(s) -1
SCE(G)
k
In general
V Ln G
SWee(L"™1(G) = SWi(L"(G)) = (' (e >>I)

Now we prove the following proposition.

Proposition 1 Let G be a connected graph of order n. Then, SWy.(G) > k(”;l) with equality if and only if G
is a star.

Proof A connected graph G of order n has at least n — 1 edges and the Steiner distance between any k edges is
at least k. Hence,

E(G n—1
SWie(G) = Z d(el,...,ek)zk<| (k)|>zk< L )
{e1,....ex}]SE(G)

We have the equality above for a graph G if and only if G has exactly n — 1 edges and the distance between any
k edges is k. Then, G is a tree and L(G) is a complete graph. Thus G is a star and the result follows. O
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This proposition generalises the following in [3]. Let G be a connected graph of order n. Then, W,(G) > ("51)
with equality if and only if G is a star.

The Gutman index is a well studied graph invariant introduced by Gutman [6]. Mao et.al. [13] generalised the
concept using Steiner distance as follows.

Definition 34 [13] The Steiner Gutman index of a graph G,
Guty(G) = > dy, .. dgd(xy, ..., xz).
{x1,.., 5k JEV(G)

Definition 35 [3] Let G = (V, E) be a connected graph and ¢ be a real valued weight function on the vertices
of G. Then the Steiner Wiener index of G with respect to c is

SWi(G, o)=Y cla)...com)dg(x, ..., i)
(X1, xk SV (G)
We note that for c=1 this yields the usual Wiener index, while for c(x) = d, we obtain the Gutman index.

Lemma 36 Let G be a graph and H be the graph obtained from G by subdividing each edge once. For an edge
e € E(G), v, represents the vertex of degree 2 in V(H) — V(G). Then, for any k edges, ey, ..., er € E(G),

dH(Uelw-',Uek) =2dG(elv"'aek)_p7
where p denotes the number of pendant vertices.

Proof We prove the statement by induction on number of pendant vertices. Suppose, the graph has 1 pen-

dant vertex, then the pendant edge € {eq, ..., er}. Let it be ey = wuv such that u is pendant vertex. Finding
dy (Vey, ..., Vg ), we can omit the edge uv,, in considering the Steiner tree for v, ..., vy . All the other
edges remain the same. Then, dy (ve, ..., ve) = 2dg(ey, ..., ex) — 1. Now, assume the case for m pen-

dant vertices. We prove for m + 1. Let G be a graph with m + 1 pendant vertices. Let e; be a pendant
edge. We delete e; and its incident edges until we get a graph G’ with m pendant vertices. Applying the

induction assumption, we get, dg'(Ve,, ..., Vg,) = 2dgr(ea, ..., ex) —m. If e; = uv such that u is the pen-
dant edge, then adding all the deleted edges of G except uv,,, we get a Steiner tree for v, ..., v. Then,
dy ey, ..., Ve) =2dg(eq, ..., ex) — (m + 1). Thus, the result follows. O

Dankelmann et.al. [3] studied the relation between Wiener index of line graphs and Gutman index.

Theorem 37 [3] For a graph G of order n,

Gutr(G 4
WGy - HED

Now, we can generalise the Theorem 37 as follows.
Theorem 38 Let G be a connected graph of order n. Then,
Guty(G) < nk
2k T QY= 1)

Proof Consider the graph H obtained from G by subdividing each edge once. Consider the following functions
a and b on V (H) defined as follows.

ISWi(L(G)) —

d, ifveV(G), 0ifv e V(G),
a(v) = . b(v)=1,.
0 ifveV(H)—-V(G). 2ifve V(H) — V(G).
Since for any k vertices x1, ..., xx € V(G), we have dg (x1, ..., xx) = 2dg(xq, ..., xk), it follows that
SWr(H,a) = Z Ayy - Qg dyg (X1, ..., Xg)

X1 X SV (H)

= Y 24y .. .dydg(xi. ... x0)
{x1,..x}SV(G)

= 2Guty(G)
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Denote by v, the vertex of degree 2 in V(H) — V(G) that subdivides the edge ¢ € E(G). Then b(x) # 0 only
if x = v, for some edge e of G. By the Lemma 36, we have dy (ve,, ..., ve,) = 2dg(eq, ..., ex) — p, for any
k edges ey, ..., ex € E(G). Here, p denotes the number of pendant vertices of the Steiner tree in G containing
the edges ey, ..., er. Let m be the number of edges in the graph G. Also, p > 2. Then,

SWi(H,b) = > Bays ooy bydp (X1, .., xg)
(1} SV (H) =V (G)
= > 2(2dger. ... e) — p)
(X1, xi ) EV(H)=V(G)
= 21 S Wi (G) — 2K > p

X1,en Xk SV H)=V(G)

< 2k+1SWke(G) o 2k+] (’:)

We now compare SWy(H, a) and SWy(H, b). Clearly, the weight function of a is obtained from the weight
function of b by moving one weight unit of a vertex vy, to vertex u and the other weight unit to a vertex w for
alluw € E(G). Hence no weight has been moved over a distance of more than one, so no distance between two
weights has moved a distance more than 2. Since we have 2| E(G)| weight units in total, the sum of the distances
between the weight units has changed by at most k(zlzn). Now,

2
|SWi(H, b) — SWi(H, a)| < 2T SW (G) — 25 F! (’Z) —2Gut (G)| < k( ,’:’ )

Dividing both sides by 2K*1 we get,

Guty(G) m k (2m
[SWike(G) — ok (k)' =< F( X )

Then from Lemma 33, we get,

|SWi(L(G)) —

Gutk(G)| _ k(2 _ n2k
2k = 2k+1\ [k - (2k+1)(k -1

4 Bounds on 3-Steiner Wiener index of line graphs

For any three edges e; = (a1, a2), e2 = (b1, by) and e3 = (c1, ¢2) of a connected graph G, let s(ey, e, €3) =

Y d(ai, bj,cp).
i,jkeql,2,3)

Lemma 41 Let G be a connected graph. Then for any three edges ey = (a1, a2), e2 = (b1, ba) and ez = (cq, ¢2),

1 1
D(ey, ez, e3) > 55(61,62,63) + 3

Proof Without loss of generality, we assume that d(ay, by, ¢1) = min{d(a;, bj, c;)} for i, j, k € {1, 2, 3}. The
term s(ej, ez, e3) contains eight summands and clearly, s(eq, ez, e3) < 8d(ay, by, c1) + 12. D(ey, ez, €3) is
obtained by adding the number of pendant edges (two or three) to d(ay, b1, c1). In any case,

s(e1, ez, e3) <8(D(ey,ez,e3) —2)+ 12
=8D(ey,e3,e3) — 4

which proves the result. O
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Lemma 42 [13] For a connected graph G with minimum degree §(G),

;Gutk(G) > SWi(G).

8(G)*
Lemma 43 For a graph G,
1
SW3.(G) > 2—3{Gut3(G) - Z (dc)d(a, b, c)
abeE(G):{bc,ac)¢E(G)
1/m
- > 2de+d)— Y 2<da+dh+dc>}+§(3>
{ab,bc}eE(G);ac¢E(G) {ab,bc,ac}eE(G)
Proof We have,
SWie(G)= > Dler, ez, e3).
{e1.e2,e3}CE(G)
By definition,
s(er, ez, e3) = Z d(a;i, bj, cy)
i,j.ke{1,2,3)
To find > s(e1, e2, e3), we count the contribution of each triplet of vertices to the sum.
{e1.e2,e3}€E(G)
Y steered)= Y dadpded(a,b,c)
{e1,e2,e3}€E(G) {ab,bc,ac}¢E(G)
+ > (dadpde — dc)d(a. b, c)
abeE(G);{bc,ac}¢E(G)
+ > (dadpd. — d. — dy)d(a, b, c)

{ab,bc}eE(G);ac¢E(G)

+ Y (dadpde —dy — dyp — d)d(a, b, c)
{ab,bc,ac}eE(G)

=Guz(G) — > (de)d(a, b, ¢)
abeE(G);{bc,ac}¢E(G)
-2 > de+d) =2 ) (datdp+do)
{ab,bc}eE(G);ac¢E(G) {ab,bc,ac}eE(G)

Using lemma 41, we have,

1 1
SW3.(G) > Z {fs(el,ez,%)-i‘z}
{e1,e2,e3}€E(G)

1
= 53{Guns(G) - > (de)d(a. b, c)
abeE(G);{bc,ac}¢E(G)
1/m
- > 2e+da) = YL 2datdptdbt S|
{ab,bc}eE(G);ac¢E(G) {ab,bc,ac}eE(G)
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938 V. A. Rasila, A. Vijayakumar

Theorem 44 For a graph G with 5(G) > 2,

1
SW3(L(G)) =SW3(G) — 2—3{ Z (dc)d(a, b, c)
abeE(G);{bc,ac}¢E(G)

+ > 2de +da)+ Y 2(da+db+dc>}—%(’;“>

{ab,bc}eE(G);ac¢ E(G) {ab,bc,ac}eE(G)

Proof Using Lemma 42 for 6 (G) > 2 and Lemma 43, the result follows. O
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