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Abstract In this paper, we introduce the hyperbolic k—Jacobsthal and k—Jacobsthal-Lucas quaternions. We
present generating functions, Binet formula, Catalan’s identity, Vajda’s identity etc. for the hyperbolic k-
Jacobsthal and k—Jacobsthal-Lucas quaternions.

Keywords Hyperbolic k—Jacobsthal quaternions - Hyperbolic k—Jacobsthal-Lucas quaternions - Binet
formula - Cassini identity - Catalan identity

1 Introduction

The Fibonacci sequence is a renowned integer sequence. This sequence has excited mathematicians for a long
time. The Fibonacci sequence has been applied in diverse fields such as Architecture, Engineering, Nature and Art,
Physics, Computer science and so on. The generalized Fibonacci sequence is a generalization of the Fibonacci
sequence which is obtained from the Fibonacci sequence by changing recurrence relation, initial condition or both
of them. Many authors have studied generalized Fibonacci sequences of second order. The well-known examples
of such sequences are the Lucas sequence, k-Fibonacci sequence, k-Lucas sequence, Jacobsthal sequence, Pell
sequence, Pell-Lucas sequence, etc. Many authors also studied Fibonacci sequences of a higher order such as
Tribonacci sequence, Tetranacci sequence, Pentanacci sequence, etc.

The Jacobsthal numbers J, are defined by the recurrence relation

Jnv2 = Jpp1 + 2J,, forn >0

with the initial conditions Jo = 0 and J; = 1.
Binet Formula for Jacobsthal numbers J,, is given by
a® —b"

j:
" a—>b
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where a = 2 and b = 1 are the roots of the characteristic equation x> — x — 2 = 0.
Similarly, the Jacobsthal-Lucas numbers j, are given by the recurrence relation

Jn+2 = Jnt+1 +2jn, forn >0

with the initial conditions jo = 2 and j; = 1.
Binet formula of Jacobsthal-Lucas numbers j,

Jn=a+b

with ¢ = 2 and b = 1 are the roots of the characteristic equation x> — x — 2 = 0.
Uygun and Eldogan [2] defined the k— Jacobsthal numbers by the recurrence relation

Jins1 = kdgy +2Jg -1, forn >2

with the initial conditions J; 0 = 0 and Ji,1 = 1.
Binet Formula of k—Jacobsthal numbers J, is given by

o' — B
Sz P
a—p

where
k+vVk?+8
0= —

2
and

k—+k>+8

p= 2

are the roots of the characteristic equation x> — kx — 2 = 0.
Uygun and Eldogan [2] defined k— Jacobsthal-Lucas numbers by the recurrence relation

Jkn+1 = kjkn + 2jkn—1, forn >2

with the initial conditions ji 0 = 2 and ji 1 = k.
Binet Formula of k— Jacobsthal-Lucas numbers ji , is given by

Jkn ="+ p"
where
Lo kv 8
2
and

k—~k>+8

p= 2

are the roots of the characteristic equation x> — kx — 2 = 0.
The negative k— Jacobsthal-Lucas numbers are defined by the relation in [5,6]

Jeomn = (=127 Ji .

In the recent years, these types of sequences have become an interesting topic of research in Mathematics, see
for example [13,14], and the references cited therein.

The quaternion is an algebraic structure, first originated in the year 1843 by Irish mathematician William
Rowan Hamilton [3]. He proved that the set of quaternions form a 4-dimensional real vector space with a
multiplicative operation.

In the year 1963, Horodam [12] defined the n” Fibonacci and n'” Lucas quaternions and studied various
properties of these quaternions.
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958 E. Ozkan et al.

Table 1 Multiplication rule for hyperbolic quaternion units

i1 i i3 ig
i1 1 i i3 i4
i) in 1 iq —i3
i3 i3 —iq 1 i
i4 iq i3 —in 1

Table 2 Some initial terms of the hyperbolic k—Jacobsthal quaternions

n j:CJk,n

0 in + kiz + (k* +2)iy

1 i1+ kiz + (K* 4+ 2)i3 + (k* + 4k)ia

2 kip 4+ (k2 +2)ip + (k3 + 4k)iz + (k* + 6k% + 4)i4

3 (k* +2)iy + (& + 4k)ip + (k* + 6k* +4) i3 + (K> + 8k> + 12)i4

4 (k> +4k)iy + (k* + 6k> +4) in + (K> + 8k> + 12) i3 + (k® + 10k* + 24k? + 8)i4
In the year 2016, Szynal-Liana and Wtoch [4] defined the n'? Jacobsthal and n"”* Jacobsthal-Lucas quaternions

as

JQn =Jy+ Jn+1il + Jn+2i2 + Jn+3i3
JLQy = jn + jnt1il + jnt2i2 + jut3i3

In the year 2017, Tasc1[7] defined n'" k— Jacobsthal and n'"  k— Jacobsthal-Lucas quaternions by

OJin = Jen + Jkn+1it + Jknt2i2 + Jeny303
OQJkn = Jkn + Jkn+1i1 + Jin2i2 + Jen+303

where Ji p is the n'" k—Jacobsthal sequence and j j is the n'" k—Jacobsthal-Lucas sequence.
In the year 1900, Macfarlane [8] discovered the hyperbolic quaternions and investigated their properties.
A hyperbolic quaternion / is an expression of the form

h = hyiy + haiy + h3iz + haig = (hy, ho, h3, hg)

with real components hy, hy, h3, hy and iy, is, i3, i4 are hyperbolic quaternion units which satisfy the non-
commutative multiplication rules as in Table 1.

Godase [9-11] established the hyperbolic k—Fibonacci and hyperbolic k—Lucas quaternions and studied
various properties of these quaternions.

We are influenced from the idea of Fibonacci quaternion and Lucas quaternion and motivated to establish
the hyperbolic k—Jacobsthal and k— Jacobsthal-Lucas Quaternions.

2 Hyperbolic k— Jacobsthal and k— Jacobsthal-Lucas Quaternions

Definition 1.1 The hyperbolic k— Jacobsthal and k— Jacobsthal -Lucas quaternions FH.J k.nand Hj k. for
n > 0 are defined by

HTkn = Jinit + Jkns1i2 + Jent2i3 + Jenszia = ens Jentts Tentz Jents) 2.1)
and
g_fjk,n = Jinlt + Jent1i2 + Jin2i3 + Jeona3isa = Gkons Jent1s Jeont2s Jkont3) (2.2)

respectively, where Ji, is n'" k—Jacobsthal sequence and ji , is n'" k—Jacobsthal-Lucas sequence. Here,
i1, 12, 13, ia are hyperbolic quaternion units which satisfy the multiplication rule as in Table 1.
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Table 3 Some initial terms of the hyperbolic k —Jacobsthal-Lucas quaternions

n gf(:‘] k,n

20y + kiz + (k2 4+ 4)i3 + (k3 4 6k)is

kit + (k> + 4)ip + (k> + 6k)iz + (k* + 8k2 + 8)i4

(k> +4)iy + (k3 + 6k)iz + (k* + 8k% + 8)i3 + (K> + 10k + 20k)i4

(k3 + 6k)iy + (k* + 8k2 + 8)iz + (k> + 10k® + 20k) i5 + (k® + 12k* + 36k> + 16)i4

(k* + 8k% + 8)iy + (k% + 10> 4 20k) ip + (KO + 12k* + 36k> + 16) i3 + (K + 14k> + 56k> + 56k)is

AW = O

3 Properties of Hyperbolic k —Jacobsthal and k—Jacobsthal- Lucas Quaternions

In this section, we investigate some identities of the hyperbolic kK —Jacobsthal and k —Jacobsthal-Lucas quater-
nions.

Theorem 3.1 Forn > 0, the k — Jacobsthal and k — Jacobsthal-Lucas quaternions satisfy the following recur-
rence relations

() HJknya = kHJ k1 +2H ko,
(1) Hjg 2 =kIHjgpe1 +2H g p
(i ) Hjg, = HJ g1 +2H g n-1.
Proof i) From equation (2.1) and recurrence relation of k—Jacobsthal numbers, we can write
kH T g1 + 2H-Ten = k (Jenstit + Jins2iz + Jiont3iz + Jenrais)
+2(Jknit + Jenr1iz + Jkni2i3 + Jins3ia)
= (kJkns1 4+ 2Jkn) it + (kJknsz + 2Jknt1) i2 + (kJknt3 + 2Jkn42) i3
+ (ki nta + 220k n42) ia
= Jin+2i1 + Jknt3i2 + Tk nvais + Jpntsia
= HJkns2
The proofs of (ii) and (iii) are similar to (i), using equations (2.1) and (2.2). O
Theorem 3.2 (Binet Formula) For n > 0, prove that
N aa" — Bp"
OHIgn = ———7—, 3.1
a—p
(ii) Hj, = aa” + Bp". (3.2)
where
& =i +air+aliz+adiy=(l,aa’ o),
B =i+ Bir+ Bz + pia = (1, B, B~ B)
and i1, i, i3, i4 are hyperbolic quaternion units which satisfy the multiplication rule as in Table 1.

Proof (i) We prove Binet formula of the hyperbolic k —Jacobsthal quaternions. B
For this, the characteristic equation of recurrence relation HJ y42 = kHJ g py1 + 2H g p 15,

r?—kr—2=0.
The roots of the characteristic equation are
k+Vk*>+38 k—~k*+38
=T b=y

whereoo + B =k, af = —2anda — B = Vk2 + 8.
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The Binet formula of the hyperbolic k— Jacobsthal quaternions is
HJxn = Ad" + BB".
By using the recurrence relations and initial conditions, we have
Fro = (iz + kiz + <k2 + 2) i4> — (0, 1,k <k2 + 2))
and
T = (i1 + kis + (k2 + 2) iy + (53 + 4k)i4> — (1., <k2 + 2) (K3 + 4k)).

Next, to find the coefficients A and B, we can write forn = 0, G:CJk,o = A+Bandforn =1, J:C]k,l = Aa+ BgB.
Thus, we obtain

_ f}_kaJ — ,Bj_f.]k,o _ i1+ air +052i3 +(x3i4

A - 9
a—p a—p

B— j:CJk,l —otijJk,o 1 +ﬂi2~|—ﬂ2i3+,33i4

- B—a - B—a ’

where (i) + ai> + o?i3 +ois) = (1,0, 02, 0) = @ and (i| + Bir + B%is + Bis) = (1, B. B2, B°) = B.
Hence, the Binet formula of the hyperbolic k— Jacobsthal quaternions is

oo BB

a—B a—-B

(ii) Now, we prove Binet formula of the hyperbolic k—Jacobsthal-Lucas quaternions.
The characteristic equation of recurrence relation Hjy 1o = kHjy 11 + 23y, is

jf.]k’n =

t* —kt —2=0.
The roots of the characteristic equation are
k+k*+8 k— k> +8

wherew + 8 =k, af = —2anda — B = Vk?> +8 = /p.

The Binet formula of the hyperbolic k— Jacobsthal quaternions is
Hjy, = Ca" + DB".
Now, using the recurrence relation and initial conditions, we get
Tro = (201 +kiz+ (K2 +4) i3 + 6 +6k)ig) = 2.k, (K2 +4) , (& +6K))
and
Hjrr = (kil + (k2 + 4) i> + (k3 + 6k) i3 + (k“ + 8k + 8) i4) = (k, (k2 + 4) , (k3 + 6k) :
(k* + 8k> + 8)).
Next, we find the coefficients C and D, for n = 0,
Tjro=A+B = (21 +kiz+ (8 +4) iz + (6 + 6k)ia)

and
forn =1,

FJe1 = Aa + Bf = (ki1 + (k2 +4) i + (k3 + 6k) i3 + (k* + 8k> + 8)i4> .
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Thus, we obtain

H1 — BHI
A= M = (i1 +aip +a2i3 +Oé3i4),
a—p
Hiey —aHIro : : .
B=—""—— " = (i;+ Biz +,6213 +/33l4)-
B—a
where
(i1 + aiy + ?i3 +a3i4) = (1, a, o, 0l3> =a
and

iy + Biz + 23 + BYig) = (1., 8% B7) = B.
Therefore, the Binet formula of the hyperbolic k —Jacobsthal quaternions is
Hjgn = aa" + Bp".
O
Lemma 33 Fora =iy +ai+a’iz+adis = (1o, 0, 0’) and f = iy + pio + B2iz + Boia = (1. B. 2, B°),
we have
(i) @ =B =/pHJro.
(ii) a + B =Hjo
(iii)
@ =5+ 6p—30i+ (362 —a?) s+ (& + B — 26 +20) iy
= (=5, (5B —30), (347 — a?), (o + A7 — 28+ 20)),

(iv)
Ba = —5+ (5a —3B) ir + <3a2—,32>i3+ (a3+,33 —20:—}—2,3)i4

= (=5, (5 —3p), (3> = B7) . (o + B* — 20 +28)),

(v) @>=2a — 1 +a>+a*+ab,
(vi) B2 =2B—1+ B>+ p* + B°,
(vii) aB + P& = 2(=7 + Hjy ),
(viii) @ — Ba = —4./p 2ir + ki3 +is) = —4./p(0, 2, k, 1),
(viiii) &> — B> = JPQH I k0 + Jk2 + Jea + ko),
(ix) @* — B> = @(29:5Jk,0 + Jk2+ Jia + Jie),
(x) & + B? =2Hjy 0 — jro+ jk2 + jka + ke

Proof (iii) Consider
&f = (i1 +aiz + o2z + i) (i1 + Bia + B3 + Bia)

= 14 Bir + B%iz + Blis + aiziy + af + aBizi3
+apizig + a¥iz + a*Bizin + o> % + o* Bizis
+adiy + & Bigin + o BPisis + o’ B3

= —5+ Bir + Bi3 + Bis + aiz + ap’is — apf’iz + &Piz — o*Bis
+a?Blis + oPiy + &> Bi3
—a’ B0y

=-5+ (,3 +a+a?p - a3,32) ir + (/32 —af’ 4B +a2) i3
+(B? + ap® — o’ + ad)is.
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962 E. Ozkan et al.

Thus, we get
@B =5+ —3wir+ (32— )iz + (o + 57— 28+ 20) iy
= (=5, (58 — 3a), (3,32 - ot2> : (a3 v B -2+ 2a)).
The proof of (i), (ii), (iv), (x) are similar to (ii7). So, we omit them. O

Theorem 3.4 Forall t € ZV andn € N, the generating functions for the hyperbolic k— Jacobsthal quaternions
and the hyperbolic k— Jacobsthal -Lucas quaternions are given by

HJro (L —kt) +HIgat  Hgo+ 11 + 2is + 2kis)
1 —kt —2¢2 - 1 —kt —2¢2 ’

(i) GI ()= HJpnt" =
n=0

Hjro (1 —kt) +Hjy t
1 —kt — 212

o0
(i) Gj () =) Hijp,t" =
n=0
T + 1 (—kiy + 4iy + ki3 + 2k%is)
N 1 — kt —2¢2 :

Proof (i) The power series representation of the generating function of H.J ko 18
GJ (1) =HJpo+HIat +HIgat> + -4+ HIput" + - (3.3)
Now, multiplying the equation (3.3) by /, kr and 27 respectively, we get

GJ (1) = HJpo+FHJpat +HJgat®> + -+ HIput" + - -
ktGJ (1) = HJ .okt + HJ g 1kt> + FHJ g2kt + - -
202G T (1) = HJ 02> + HJp 1263 + HIp 026" + - -

After necessary calculations and using the recurrence relation, we obtain

GJ (1) (1 — ki — 2t2) — o+ FIpit — okt = FIro (1 — kt) + HJ 11,

FT ko + iy + 2i3 + 2kiy)

GJ ) = 1 — ki — 212

The proof of (ii) is similar to (). So, we omit it. ]

Theorem 3.5 Let SHJ k. (x) and SH Jik.n (X) be sum of the hyperbolic k—Jacobsthal quaternions and the
hyperbolic k—Jacobsthal-Lucas, respectively. Then we have

(i) SHIkw = Y00 H ks =g [FTkms1 +2HTn — H o — it — 2i3 — 2],

_ no _ _ _
(i) SHjyn =2 Hijry =p7 [ Hirnra — Hiro + kit — 2i3 — 2k%is].
s=0

Proof (i) From the definition of hyperbolic k—Jacobsthal quaternions, we have

n n n n n
SHIkw=Y Hlrs=i1 Y Jes+i2 Y Jesp1+i3 Y Jespa+is Y Jigis
s=0 s=0 =0 s=0 =0
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Since 37y Jii = klﬁ(Jk,nJrl +2Jkn — 1), we get
- 1 . |
SHIkn = 1 [(Jkng1 + 20k — 1) + 2 (Jeng2 + 2Jkns1 — 1) i1
+ (i3 (Jinss + 20kns2 — 1) = 1) +ia (Jonsa + 20k sz — 1) — (k+ )]
1 ) . . .
=i [Jkns1it + Jens2iz + Jent3iz + Jentaia
+2 (Jk,nil + Jn+1i2 + Jen2i3 + Jk,n+3i4) i —iy— iy —ig— (k+ 1)i4]
1

= 7 [Pk + 250 — i1 =2 = (k+2) 5 — (& + 2%+ 2ia

_1 T T 'y . . .
= P [J-CJk,nH +2H Tk — HI g0 — iy — 2i3 — 214]

This completes the proof of (7).
The proof of (ii) is analogous to (i). So, we omit the proof.
Theorem 3.6 (Cassini Identity) For all n > 1, show that
(i) HI kw1 H T jns1 — ffff;%,n = (2" (5Jc1. =5Jk2. 2313, —Jra),
(ii) Hjgn1Fgnsr — U:Cji,n = (2" p(=3 k.0, Sty 3jk2 — 8 Jk3 — 2jk.1)-
Proof (i) Using the Binet formula, we can write
Ga—! — B'Bn—lj| [&an-‘rl _ Bﬂn+1i| |:&an _ Bﬂnr
a—p a—p a—p
B —GBa" 1 g — Bapr—lam ! & afa" g + Bapa”
B [ (@ — B)* ]

- - - 2
HIkn-1HI k1 —HI g, = |:

apa”p" [1 - g] + Baa" " [1 - %]

(@—p)?
af(-2" (4) + Ba-2" (452)
B (@—p)*
(=DM —=p) (ap B\ (=" o o
TR R (F ) 7) = a_p Pep—aba).

Since, we have
(@B —afa) =5 —p)+ (5,32 —3af — 50 + 3aﬂ) iy + (=383 — 2B — 30 + 2a)i3
n (a3,3 B 282 2B — o* — Bla + 2% — 2a,B> is
= @=PGE=5@+p i+ (2-3@ +ap+ )iz + (—(@+ B + )iy
— (@ — B)(5 — 5kis + (2 32 + 2)) i3 + (—k® — 4k)ig.
Thus, we obtain
g_{-]k,n+lgt(~]k,n—l - g_{-]i’n
_ =t
 (@—p)
— (=2)""! (5 + 3kis + (k2 - 4) is + (—k3 - Sk) is)
= (2" (5Jk1, —5Jk2. 2 = 3Jk3, —Jia) -

(@ = B) (5 — Skiz + (2 - 3(k* + 2)) i3+ (—k> — 4k)iy)

This concludes the proof of (7). O

@ Springer



964 E. Ozkan et al.

The proof of (ii) is similar to (7). So, we omit the proof.

Theorem 3.7 (Catalan Identity) For all n > 1, prove that

@ HJ s e nr — FCI7,
= (=2)"" Jir (5Tkr + (=5Tkr41 — 6Jk 1) i2 + (=3 Tk r12 + 4Jkr—2) i3
+ (=43 + 20k 41 + 41 + 8Jk r—3) ia)
= (""" Ty Sdkrs =5Jkr+1 — 6Jkr—1, =3Jkrt2 + Jkr-2,
—Jkr+3 + 20k 1 + 4T r—1 + 8Tk r3)
(i1)

= - = 2
:}C]k,n—rj{]k,n+r - g{]k,n
= (=" Jerp(=5jrait + (5Jkrs1 + 6Jkr—1) i
+ (Jkrs2 — 4Jkr—2) i3 4+ (Jkr43 — 2Jkr41 — 8Jkr—3 + 4Jkr—1)ia

Proof (i) Using the Binet formula, we have

aa" — Bﬁn—r} |:&an+r _ gﬂnw} ~ [&an _ B,Bn]Z
oa—p a—pf a—B

B —&Ba" T B — Bapr o + g B + Bapa”

B [ (o — B)? }

a1 (2) ] s [~ ()]
(@ —B)?
a2y (L) + pac-2y (25
(@—p)?
_ ()" (@ =) <&_B B B_&)
- (Ol _ 18)2 IBr ar

T (o — BT B B
= )(a _(aﬁ)z & (B"ap — o' Ba).

- - = 2
}CJk,n—erJk,n—&-r - (H;Jk,n = [

Now, we can write
(Bap — o fa) =5(a" — ) + (5,3’*1 —3ap’ — 5o’ + 3/30/) iy
+BBH — 2B 3+ pRa)is + (B + BT =2 208 — 07 — plo”
12a7 1 - 2,30/) is
=5(" — )+ (_5 (ar+1 _ ﬁr+l)) i+ (=3 (ar+2 _ ﬂr+2> +a2p? (ar—Z _ ﬂr+2) is
+(—a?p (ar73 _ ﬁr73) _ (ar+3 _ ﬁr+3) 12 (ar+1 _ ﬁr+1) — 2B =B i,
Thus, we obtain

HI ks H ponr — 5:5113,,, = (2" Jir 5Ikr + (=5 r41 — 6k r—1) iz + (=3Jk,r42 + 4Tk r—2) i3
+ (8Jk,r—=3 — Jir43 + 20 r1 + 4Jkr—1) ia)
= (=" Ty SIirs =5Tkr1 = 6Jkr—1, =3k r2 + Jir—2, =Tk r 43 + 20k 11
+4Jkr—1 + 8Jk r—3).

This completes the proof of (i). O
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The proof of (ii) is analogous to (7). So, we omit it.
In particular, if we put r = 1 in Theorem 3.7 then it reduces to Cassini’s identity

- - ) _ . .
HIkn—1H T k1 — HI, = (=2)" Y (5Jk1 + (=5Jk2 — 6Jk0) in + (=3Jk3 + 4T k1) i3
+ (—Jk,4 +2Jk2 +4Jko + 8]1(,_2) i4)
= (=" (5Jc1, =5Jk2,2 = 3T k3, —Jka) -
where Ji _, = (=1)""127"J;,, forall n > 0.
Theorem 3.8 (Vajda’s Identity) If i, j are any two natural numbers then
D FI i F kg = HTenF T kontinj = Jei (2" (=505 j + (5T j1 + 60 j—1) iz + (3Jkj+2 — 4 j—2) i3
+(=8Jk,j—3 + Jrj+3 — 20k j1 — 4k j—1)i4)
(”) ji(jk,nwtt'}_cjk,nf/' - gt(jk,nj_{jk,nw%f/ = (_2)" Jk‘ip(sjk’j n SJk’j+li2
+ (=3Jkj2 — 4 j—2) i3 + (—=8Jkj=3 — T j+3 + 2k jr1 + 4Tk j—1) ia).
Proof (i) Using the Binet formula, we obtain
HI ki H I kot j — HIknH T konrie
I:&an+i _ Bﬂn+ii| |:5[an+j _ Bﬂn+ji| |:5{Ol” _ Bﬂni| |:&an+i+j _ Bﬂn++i+ji|

oa—p oa—p o—p a—pB
[ —aBartiprti — paprtionti + aBa Brriti 4 Baprantiti
(@ —p)?
_ _&BanﬂrH-j (O{i _ 131) +’3_&an+jﬂn (Oli . ‘31)
(@ —p)?
—&Banﬂ"+j Bo‘ta””ﬂ”
= Jj i J] i
@—p M a—p
ngn I o .
[ (s i)

Thus, it gives that
HI ki HTkntj — HIkenH I pnpivej = Jei(=2)" (=5Jk,j + (5Jk j+1 + 6Jk j—1) in
+ (BJkjr2 — 4k j2) i3
+ (—8Jk,j=3 + i, j+3 — 2Jk j+1 — 4Tk j—1) ia) .
The proof of (ii) is similar to (i). So, we omit the proof.

Theorem 3.9 (D’ocagne identity) Let n be any non-negative integer and t be any natural number. If t > n + 1,
then we have

@ FI s F T jont — Fd g1 Fd o
= (5 (=2 Jin1-ts (52" Jimamt +3 (20 Jenmi)
(32" Jismnoz + =D Jinmi2) (2 Jenrs + (20 S
+ (=" Tt + (D P ),
@) HjraHknrr = Hiern1Hkn
= —p(5 (=2 k-1t (52" Tyt 43D S ).
(32" 2+ (D2 Jia),

(23 Jinmis + (=2 Jmns (<22 St + (<2 )
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Proof The proof is analogous to Theorem 3.9.

Theorem 3.10 For any integer r, s > t, prove that
I ks Fkra = H ke s = (<2 275 o (=7 4+ F 0)-
Proof Using the Binet formula, we can write

jc-]k,r-&-sjt(jk,rw - i]t(-]k,r+tjt(jk,r+s
_ (o_t(xr+s _ ,Bﬂr+s) (&ar—H N BIBH'[) 3 <o_tozr+t _ ﬂﬂr—l-t) (&ar—H . lg_ﬂr-ﬂ)
o

a—p —B
&Bﬂr—i-tar‘H _ Bo-wlr+t'3”+5 _ &Bﬂrﬁ—sar+t + B&OlH_S ﬁr—H
= o
ar+s[3r+t (,3_5‘ + &B) _ ar+tﬁr+s (&ﬁ_ + ,3_6‘)
= o
(&ﬂ_ + 13_&) ar+tﬁr+t (asft _ ﬁsft)
= g

= (=22 e (T A+ o)
This completes the proof.
Theorem 3.11 Ifr,t < s then

() H ks + (=2 H prss = H ks i
iD) HT s = (=2)Hsmr = s I,
(i) H jpspr + (=2 Mooy = Hjgs s

Proof (i) By making the use of the Binet formula, we can write

H ks s = (M) (o' + B')

a—p
aoest + aas Bl — Bﬂsat _ Bﬁs-w
= o
&as+t _ Igﬂs+t atﬁt(&as—t _ Bﬁs—t)
T a-p o«—p

= Hi s + (=2 HJ ki
Thus, the proof is completed.
The proof of (ii) and (iii) are similar to (7). So, we omit the proofs.

Theorem 3.12 For s < t, prove that

() HIksHI ks — HI e H ks = (=2)° Jeis — 4(0,2,k, 1),
(i) Hju I ke = Hjp Hijrs = (=2)° Jri—s40(0,2,k, 1),
@ity H g Hjp s — HdesHjg, = Jri—s (=D* 2”1(—7 +Hjro)-

Proof The proofs are similar to Theorem 3.11. Hence, we omit the proofs.
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