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Abstract In this note we propose an explicit proof that there is a unique supersingular elliptic curve up to
isomorphism over F5, and its j -invariant is equal to zero.
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1 Introduction

Let K be a perfect field of characteristic p > 0. An elliptic curve E/K is called supersingular if its endomorphism
ring is an order in a quaternion algebra [2]. The determination of supersingular elliptic curves in a given finite
characteristic p is considered by many mathematicians. The case p = 2 was treated by Washington [5], the case
p = 3 was treated by Silverman [2] and for the the general case p ≥ 5 we have various demontrations [3,4,7].
In this note we propose an explicit proof for the particular case p = 5, that is stated in the following theorem

Theorem 1 There is a unique supersingular elliptic curve up to isomorphism over F5, and its j -invariant is
equal to zero.

Our proof is based on some explicit rational functions coming up from the explicit group law of elliptic
curves, called division polynomials.

1.1 Statements

Let E/K be an elliptic curve defined by its Weierstrass equation

y2 + a1xy + a3 y = x3 + a2x2 + a4x + a6,

with its point at infinity O = [0, 1, 0].
For ease of notations we define the following quantities

b2 = a2
1 + 4a2

2 ,

b4 = a1a3 + 2a4,

b6 = a2
3 + 4a2

6 ,
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b8 = 1

4
(b2b6 − b2

4).

Let n ≥ 0 be an integer. The multiplication by n-isogeny can be defined explicitly by rational functionsφn , ψn, ωn ,
called the nth division polynomials

[n] : E → E

P �→ [n]P =
(
φn(P)

ψ2
n (P)

,
ωn(P)

ψ3
n (P)

)

The division polynomials ψn are defined recursively via [1]:

ψ0 = 0,

ψ1 = 1,

ψ2 = 2y + a1x + a3, (1)

ψ3 = 3x4 + b2x3 + 3b4x2 + 3b6x + b8, (2)

ψ4 = ψ2

(
2x6 + b2x5 + 5b4x4 + 10b6x3 + 10b8x2 + (b2b8 − b4b6)x + (b4b8 − b2

6)
)
, (3)

and for m ≥ 2, we have

ψ2m+1 = ψm+2ψ
3
m − ψm−1ψ

3
m+1, m ≥ 2, (4)

ψ2m = ψm

(
ψm+2ψ

2
m−1 − ψm−2ψ

2
m+2

)
/ψ2, m > 2, (5)

and the polynomials φn are defined by [1]

φ0 = 1,

φ1 = x,

φn = xψ2
n − ψn+1ψn−1, n ≥ 1.

These polynomials satisfy the following relation [1]:

φrψ
2
m − φmψ

2
r = ψm−rψm+r , 1 ≤ r ≤ m, (6)

and for p > 2 the polynomial ωn can be written as [1]

ωn = [(ψn+2ψ
2
n−1 − ψn−2ψ

2
n+1)/ψ2 − (a1φn + a3ψ

2
n )ψn]/2 (7)

The kernel of [n], denoted by E[n], is called the n-torsion subgroup of E . Every point in E[n] is called a
n-torsion point on E . We have the following theorem

Theorem 2 [2] Let E/K be an elliptic curve. Then the p-torsion subgroup is either reduced to {O}, or isomorphic
to Z

pZ
.

There are many characterizations of supersingular elliptic curves. We give the following

Theorem 3 [6] Let E/K be an elliptic curve. E is supersingular over K if and only if E[p] is reduced to {O}.
The following proposition represents the key tool for our proof.

Proposition 4 [2]

(a) Two elliptic curves E1/K , E2/K are isomorphic if and only if j (E1) = j (E2).
(b) Let j ∈ K . There exists an elliptic curve defined over K (j) whose j -invariant is equal to j , denoted by Ej

and defined as follows:

Ej : y2 + xy = x3 + 36

1728 − j
x + 1

1728 − j
if j �= 0 and j �= 1728,

E0 : y2 + y = x3,

E1728 : y2 = x3 + x .
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2 Proof of theorem 1

From Proposition 4 we have for all j ∈ F5, an elliptic curve Ej of j -invariant equal to j is defined over F5 as
follows:

Ej : y2 + xy = x3 + 1

3 − j
x + 1

3 − j
if j �= 0 and j �= 3, (8)

E0 : y2 + y = x3, (9)

E3 : y2 = x3 + x . (10)

The following change of variables

(x, y) �→ (x + 2, y + 2x − 1)

transforms the equation (8) into the following

y2 = x3 + 2j

3 − j
x + j

3 − j
, (11)

and the following change of variables

(x, y) �→ (x, y + 2)

transforms the equation (9) into the following

y2 = x3 − 1. (12)

Now we require the following proposition

Proposition 5 Let j ∈ F5. Let P be a point on Ej . Then

[5]P = O ⇔ ψ5(P) = 0.

Proof From (11), (10) and (12) we have for all j ∈ F5, the elliptic curve Ej is defined by an equation of the
form

y2 = x3 + Aj x + Bj .

Let P be a point on Ej . Then

[5]P = O ⇔ [3]P = −[2]P ⇔ φ3(P)

ψ3(P)2
= φ2(P)

ψ2(P)2
and

ω3(P)

ψ3(P)3
= − ω2(P)

ψ2(P)3
. (13)

From (6) we have

φ3(P)

ψ3(P)2
= φ2(P)

ψ2(P)2
⇔ φ3(P)ψ2(P)

2 − φ2(P)ψ3(P)
2 = 0 ⇔ ψ5(P) = 0,

and from (4) we have

ψ5(P) = 0 ⇔ ψ4(P)ψ2(P)
3 − ψ3(P)

3 = 0 ⇔ 1

ψ3
2 (P)

= ψ4(P)

ψ3(P)3
.

Therefore, from (7) we obtain

ω3(P)

ψ3(P)3
= ψ5(P)ψ2(P)2 − ψ4(P)2

2ψ2(P)ψ3(P)3
= −ψ4(P)2

2ψ2(P)ψ3(P)3
= −ω2(P)

ψ2(P)3
.

Then the system given by (13) holds for ψ5(P) = 0, which completes the proof. 	

In the following theorem we prove that every non zero j -invariant defines a non supersingular elliptic curve

over F5.
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Theorem 6 Every elliptic curve over F5 of non zero j -invariant is not supersingular.

Proof In view of Proposition 4 all the F5 -isomorphic elliptic curves have the same j -invariant. Then it suffices
to study the supersingularity of the elliptic curve Ej defined by the equation (11) if j ∈ F

∗
5\{3}, and by the

equation (10) if j = 3 .
Let P = (x, y) be a point in A

2
F5

. We have P ∈ Ej [5] if and only if P ∈ Ej and [5]P = O. From Proposition

5, we have ψ5(x, y) = 0, i.e.

ψ5(x, y) = 0 ⇔ ψ3
2 (x, y)ψ4(x, y)− ψ3

3 (x, y) = 0.

Therefore, we obtain

P ∈ Ej [5] ⇔
{

y2 = x3 + 2j
3−j x + j

3−j ,
ψ3

2 (x, y)ψ4(x, y)− ψ3
3 (x, y) = 0.

if j ∈ F
∗
5\{3}, (14)

P ∈ E3[5] ⇔
{

y2 = x3 + x,

ψ3
2 (x, y)ψ4(x, y)− ψ3

3 (x, y) = 0.
(15)

From (1), (2) and (3) we get

(14) ⇔
{

j
3−j x10 + j

3−j x9 + 4j3

(3−j)3 x5 + j4

(3−j)4 x2 +
(

j6

(3−j)6 − 2j4

(3−j)5
)

= 0,

y2 = x3 + 2j
3−j x + j

3−j .

(15) ⇔
{

3x10 + 4 = 0,
y2 = x3 + x .

Since F5 is algebraically closed, then the two systems given by (14) and (15) have solutions over F5. Therefore,
for all j ∈ F

∗
5, Ej [5] is larger than O, which implies, by Theorem 3 that Ej is not supersingular over F5. Thus

we get the result. 	

In the following theorem we prove that the zero j -invariant defines a supersingular elliptic curve over F5.

Theorem 7 Let E0 be the elliptic curve defined by the equation (12). Then E0 is supersingular over F5.

Proof Assume that E0 is not supersingular over F5. Then by Theorem 3 and Theorem 2, there exists a 5-torsion
point P = (x, y) on E0. This implies that (x, y) satisfies the equation (12) and by Proposition 5 (x, y) satisfies
also the following equation

ψ5(x, y) = ψ3
2 (x, y)ψ4(x, y)− ψ3(x, y)3 = 0.

From (1), (2), (3) and (12) we find that

ψ3
2 (x, y)ψ4(x, y)− ψ3(x, y)3 = 0 ⇔ −1 = 0,

which is impossible, and then the group E0[5] must be reduced to {O}. Thus E0 is supersingular over F5. 	

In view of Theorem 6 every F5-isomorphism class defined by a nonzero j -invariant is not supersingular, and

by Theorem 6 the zero j -invariant defines a supersingular F5-isomorphism class of elliptic curves. Thus, there
exists a unique supersinular elliptic curve up to isomorphism over F5 and its j -invariant is equal to zero. Thus
We get the proof.

References

1. D. R. Kohel. Endomorphism rings of elliptic curves over finite fields. PhD thesis, University of California, Berkeley, 1996.
2. J. H. Silverman. The arithmetic of elliptic curves, volume 106. Springer Science and Business Media, 2009.
3. J. I. Igusa. Class number of a definite quaternion with prime discriminant. Proc. Nat. Acad. Sci. U.S.A., 44, 312-314, 1958.
4. J. B. Birch, W. Kuyk, Modular functions of one variable. IV, Lecture Notes in Mathematics, 476, Berlin, New York: Springer-

Verlag, pp. 142-144, 1975.
5. L. C. Washington. Elliptic Curves: Number Theory and Cryptography, Second Edition. New York, 2003.
6. M. Deuring. Die Typen der Multiplikatorenringe elliptischer Funktionenkörper, Abh. Math. Sem. Univ. Hamburg, 14, 197-272,

1941.
7. N. D. Elkies, The existence of infinitely many supersingular primes for every elliptic curve over Q, Inventiones Mathematicae,

89 (3), 561-567, 1987.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2022-10-26T19:10:42+0530
	Preflight Ticket Signature




