Indian J Pure Appl Math (2022) 53:989-992
https://doi.org/10.1007/s13226-021-00204-7

ORIGINAL RESEARCH

Supersingular elliptic curves over Fs

Nabila Belhamra

Received: 28 March 2021 / Accepted: 12 November 2021 / Published online: 29 November 2021
© The Indian National Science Academy 2021, corrected publication 2022

Abstract In this note we propose an explicit proof that there is a unique supersingular elliptic curve up to
isomorphism over Fs, and its j-invariant is equal to zero.
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1 Introduction

Let K be a perfect field of characteristic p > 0. Anelliptic curve E/K is called supersingular if its endomorphism
ring is an order in a quaternion algebra [2]. The determination of supersingular elliptic curves in a given finite
characteristic p is considered by many mathematicians. The case p = 2 was treated by Washington [5], the case
p = 3 was treated by Silverman [2] and for the the general case p > 5 we have various demontrations [3,4,7].
In this note we propose an explicit proof for the particular case p = 5, that is stated in the following theorem

Theorem 1 There is a unique supersingular elliptic curve up to isomorphism over Fs, and its j-invariant is
equal to zero.

Our proof is based on some explicit rational functions coming up from the explicit group law of elliptic
curves, called division polynomials.

1.1 Statements

Let E£/K be an elliptic curve defined by its Weierstrass equation
Y2+ aixy +azy = x° + apx? + asx + ae,

with its point at infinity O = [0, 1, 0].
For ease of notations we define the following quantities
by = a} + 4a3,
by = araz + 2ay,
bg a% + 4a§,
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1 2
bg = Z(bzbs — by).

Letn > Obe aninteger. The multiplication by n-isogeny can be defined explicitly by rational functions ¢, , ¥y, Wy,
called the n™™ division polynomials

[n]: E—> E
P P
P> [n]P = (¢’;( ). ‘”’;( ))
Vi (P) ¥, (P)
The division polynomials v, are defined recursively via [1]:
Yo =0,
Y =1,
Vo =2y +aix + as, ey
Y3 = 3x* + box® + 3byx? + 3bgx + by, 2)
W = U2 (200 + box® + Sbax® 4 10box" + 10bgx + (baby — babo)x + (babs — b)) 3)
and for m > 2, we have
Vot = Y2V = Vi1 Vpgrs m =2, @)
Van = ¥ (Vis2Vioy = Yn-2Vin) [ m =2, 5)
and the polynomials ¢,, are defined by [1]
¢o =1,
¢ = x,

On = st —VYns1¥Yu—1, n>1.

These polynomials satisfy the following relation [1]:

¢r1ﬂ,%, - ¢mwr2 = Il/m—rwm—ﬁ—ra 1 <r<m, (6)
and for p > 2 the polynomial w, can be written as [1]
on = [(Yns2¥p | = Yn2Vn )/ V2 — (@1¢n + a39,)¥nl/2 (7

The kernel of [n], denoted by E[n], is called the n-torsion subgroup of E. Every point in E[n] is called a
n-torsion point on E. We have the following theorem

Theorem 2 [2] Let E /K be an elliptic curve. Then the p-torsion subgroup is either reduced to {O}, or isomorphic

o 2.

There are many characterizations of supersingular elliptic curves. We give the following

Theorem 3 [6] Let E/K be an elliptic curve. E is supersingular over K if and only if E[p] is reduced to {O}.
The following proposition represents the key tool for our proof.

Proposition 4 [2]

(@) Two elliptic curves E| /K, E»/K are isomorphic if and only if j(E1) = j(E2).
(b) Let j € K. There exists an elliptic curve defined over K(j) whose j-invariant is equal to j, denoted by E
and defined as follows:

36 1 o
+ if j#0andj # 1728,

E,:y? =x3
YRy =X e Y s

Ey: Y’ +y=x,
Ei728 : y2 :x3+x.
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2 Proof of theorem 1

From Proposition 4 we have for all ; € Fs, an elliptic curve E ; of j-invariant equal to j is defined over Fs as
follows:

1 1
E 2 +xy=x’4+—x+—— if j#£0and ) #3, )
3—j 3—j
Eo:y2+y=x3, )]
E3:y? =x +x. (10)

The following change of variables
X,y )= x+2,y+2x—1)
transforms the equation (8) into the following

Y=xi4

2y J
S 11
3_]x+3_] (11)

and the following change of variables
(x,y) = (x,y +2)
transforms the equation (9) into the following
yr=x3—1. (12)
Now we require the following proposition
Proposition 5 Let j € Fs. Let P be a point on E ;- Then
[5]P =0 & ys(P) =0.

Proof From (11), (10) and (12) we have for all j € Fs, the elliptic curve E, is defined by an equation of the
form

y2:x3+A]x+B].

Let P be a point on E,. Then

¢3(P) $2(P) w3(P) @2 (P)
51P =0 31P = —[2]P = = — . 13
PIP=0eBIF=—BIF ey e = e ™ ey = ey ()
From (6) we have
@3(P) $2(P) 2 2
= P)Ya(P)? — ¢ (P)Y3(P)* =0 P) =0,
P = vy € PP = (PP =0 & ys(P)
and from (4) we have
1 Va4 (P)
P)=0 P)Y2(P)® — y3(P)* =0 = :
Vs(P) =0 < Ya(P)ya(P)” — ¥3(P) < V3P (P
Therefore, from (7) we obtain
w3(P) _ Ys(P)Y2(P)? — ya(P)? _ —Y4(P)? _ —o(P)
V3 (P)3 29 (P)Y3(P)? 2y (P)Y3(P)?  ya(P)*
Then the system given by (13) holds for yr5(P) = 0, which completes the proof. O

In the following theorem we prove that every non zero j-invariant defines a non supersingular elliptic curve
over Fs.
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Theorem 6 Every elliptic curve over Fs of non zero j-invariant is not supersingular.

Proof In view of Proposition 4 all the Fs5 -isomorphic elliptic curves have the same j-invariant. Then it suffices
to study the supersingularity of the elliptic curve E, defined by the equation (11) if ; € F?\B}, and by the
equation (10)if j = 3.

Let P = (x, y) be a point in A%S. We have P € E,[5]if and only if P € E; and [5]P = O. From Proposition

5, we have ¥s5(x, y) =0, i.e.
Ys(x,y) =0 & ¥3 (x, V)Ya(x, y) — ¥3(x, y) = 0.

Therefore, we obtain

2 434 2 v _
PeEsle P = Tty it ;eFo\3), (14)
Y5 (x, Y)Yalx, y) — ¥3(x,y) =0.
2 3
Ve =x"+x,
P € E3[5] & (15)
{wé(x, NValx, y) = Y3, y) =0.
From (1), (2) and (3) we get
/ 10 5 7 PR YA
*'%Jx +(%Jﬂ RCE +<a ng <&1P>“Q

(14)@{
y x+3_1x+3j

10
15 o {3x +4_0
y X3+ x.

Since F5 is algebraically closed, then the two systems given by (14) and (15) have solutions over Fs. Therefore,

forall ; € Fz, E,[5] is larger than O, which implies, by Theorem 3 that E is not supersingular over Fs. Thus
we get the result. O

In the following theorem we prove that the zero j-invariant defines a supersingular elliptic curve over Fs.
Theorem 7 Let Eg be the elliptic curve defined by the equation (12). Then Eq is supersingular over Fs.

Proof Assume that E is not supersingular over Fs. Then by Theorem 3 and Theorem 2, there exists a 5-torsion
point P = (x, y) on Eg. This implies that (x, y) satisfies the equation (12) and by Proposition 5 (x, y) satisfies
also the following equation

Ys(x,y) = V3 (x, )Yax, y) — P3(x, y)° =
From (1), (2), (3) and (12) we find that

Y3 (x, Y (x, ) = ¥3(x, 3)’ =0 & —1 =0,
which is impossible, and then the group Eg[5] must be reduced to {O}. Thus Ej is supersingular over Fs. |

In view of Theorem 6 every Fs-isomorphism class defined by a nonzero j-invariant is not supersingular, and
by Theorem 6 the zero j-invariant defines a supersingular Fs-isomorphism class of elliptic curves. Thus, there
exists a unique supersinular elliptic curve up to isomorphism over Fs and its J-invariant is equal to zero. Thus
We get the proof.
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