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Abstract In this paper, we establish some relationships between the main intrinsic invariants, scalar and Ricci
curvatures, and the main extrinsic invariant, the mean curvature vector, for slant submanifolds of S-space-forms.
In addition to that, we study those slant submanifolds satisfying the equality case between the above invariants,
due to the great importance that these submanifolds have had in both complex and contact geometry. Moreover,
we present some examples on these conditions.
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1 Introduction

The main intrinsic and extrinsic invariants of submanifolds have been studied in both complex and contact
geometry in the last years. In complex geometry, A. Ros and F. Urbano established the following inequality for
a Lagrangian submanifold of C™ in [16].
2 2

I? > (m—dl_)f'

m2(m — 1)
Moreover, it was proved that the submanifold satisfies the equality case at every point, if and only if its second
fundamental form o is given by
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994 P. Alegre et al.

o(X,Y) = mLH{g(X, Y)H+g(JX,H)JY +g(JY, H)JX]},

for any tangent vector fields X, Y.
On the same line, in contact geometry, D. E. Blair and A. Carriazo established an analogue inequality, for
anti-invariant submanifolds in R?"*! with its standard Sasakian structure in [3]:

s 2t

2"z ————7,
(m4+Dxm—1)

and they gave the following characterization for the equality case, using the second fundamental form:

m+1
o(X,Y) = m——l—Z{(g(X’ Y)—n(X)n(Y)H + (g(¢X, H)
m+2 NGY Y H m+2 YNGX
_m——i—ln( NPY + (g(¢Y, )_m——i-ln( NP X},

for all X, Y tangent to the submanifold.

On the other hand, slant submanifolds were defined by B.-Y. Chen in [7] as a generalization of both complex
and totally real submanifolds of almost Hermitian manifolds, while A. Lotta defined them on the almost contact
metric setting in [15]. Later, M. B. Hans Uber in [12] introduced them on the S-manifolds.

For slant submanifolds, A. Song and X. Liu obtained in [17] two inequalities concerning the Ricci curvature,
the scalar curvature and the squared mean curvature of slant submanifolds in generalized complex space forms.

Recently, in contact geometry, P. Alegre, J. Barrera and A. Carriazo have established the following inequality
for slant submanifolds of generalized Sasakian space forms:

2 2(m +2)

1P >
(m+1)=(m —1)

1 3
|:r — 5m(m+ Df— 5mcosze)fz+mf3+oﬂm sinze}, (1)
and they obtained the following characterization for the equality case:

1
o (x.¥) =22 (X v) ~ nCOn) H

+< L eox, H)— o2 (X))NY
L H) —«
sin29g m—l—ln

1 2
+< g, H) —a ™ i 1”(Y)> NX} .

sin? 6 m

Generalizing complex and contact manifolds, K. Yano in [18] introduced the notion of f-structure of an
(2m + s)-dimensional manifold as a tensor field f of type (1, 1) and rank 2m satisfying £ 4+ f = 0. In this
context, D. E. Blair in [2] defined K -manifolds (and particular cases of S-manifolds and C-manifolds).

About the main intrinsic and extrinsic invariants of the submanifolds, it is worth noting that L. M. Ferndndez
and A. Prieto-Martin established in [11] the following inequality for anti-invariant submanifolds of R>"++:

|H|? > M,
T m+s)?>m-—1)"

and they characterized the equality case by the following expression of the second fundamental form:

t
o(X.Y) = ,’Z—I; {(g(x, -y na<X>na<Y>> H

a=1

m+2 !
+ g(fX,H)—m—_HZna(X) fY
a=1

m+2 o
U H) === () | X
a=1
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Nevertheless, little has been studied about invariants of slant submanifolds in S-manifolds. In this sense,
L. M. Ferndndez and A. M. Fuentes in [8] established some inequalities of Chen’s type between intrinsic and
extrinsic invariants of submanifolds of a generalized S-space-forms. On the other hand, L. M. Fernandez and
M. B. Hans Uber in [9] presented new relationships between the Ricci curvature and the squared mean curvature
for slant submanifolds in S-space-forms. Moreover, they studied the shape operator associated with the mean
curvature vector.

Continuing this line, we establish some relationships between intrinsic and extrinsic invariants, characterizing
the equality case through a specific expression of the second fundamental form of the submanifold. Specifically,
in the third section we establish an inequality between the scalar curvature and the mean curvature vector,
characterizing the equality case and giving some examples. In the last section, for slant submanifolds that satisfy
the above equality case, we establish the relationship between the Ricci curvature and the mean curvature vector,
and give lower and upper bounds for the Ricci curvature.

2 Preliminaries.

A Riemannian manifold (1\7 , 8) of dimension 2m + s, endowed with a f-structure f, thatis, a tensor f of type
(1, 1) and rank 2m satisfying the equality f 3+ f = 0(see [18]), it is said to be a_f-metric manifold if the fields
&1, ..., & of M exist, and in that case they are called structure fields, such that if ny, ..., n, are the dual 1-forms
of &1, ..., &, then

Na(€a) = 1; fE=0; naof=0; f2=—I4) Ny @& )
a=1
gX, V) =g(fX, fY)+ ) na(X)ma(Y), 3)
a=1

forall X, Y of M. By definition, the metric g satisfies that

g(fX,Y)=—gX, fY), “)

forall X, Y of M. Let F be the 2-form of M defined as F(X,Y) = g(X, fY). We know that f has rank 2m,
then ny A -+ - Ang A F™ # 0 and, in particular, M is orientable. The f-structure f is normal if

[, f142) & ®dne =0,

a=1

where [ f, f] denotes the Nijenhuis tensor of f.

A f-metric manifold it is said to be a f-contact metric manilfold if F = dng, foralla = 1,...,s. On
the other hand, a f-contact metric manifold it is said to be a f-K -contact metric manifold if all the structure
fields are Killing fields. A f-metric manifold it is said to be a K -manifold (see [2]) if it is normal and d F = 0.
Moreover, a K-manifold it is said to be a S-manifold if F = dn,, for all « = 1;,‘ ..,5. When s > 2, we can
find non-trivial examples in [2] and [13]. Moreover, the Riemannian connection V of a S-variedad satisfies for
all X, Y tangent fieldsandanyow =1, ..., s:

Vxéy =—fX, (5)

Vx Y =) @UX, [V +na(Y)[>X). 6)

a=I

A flat section IT of a f-metric manifold M itis said to be a f-section if it is generated by a unitary vector X,
orthogonal to the structure fields, and by fX. The sectional curvature of I1 is called f-sectional curvature. A
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S-manifold is a S-space-form if its f-sectional curvature is constant ¢ and, in that case, it is denoted by M (c).
The curvature tensor R de M (c) satisfies (see [14]):

ROCY, W) = 3 QUK. FW)ne(Vmg(Z) — g(f X, £ 21 (VInp(W)
o,f=1
+8(fY, fDna(X)ng(W) — g(fY, fW)na(X)ng(Z))

(M
3s
C+ QU X, fW)g(fY. f2) —g(fX, f2)e(fY, fW))

+T(F(X, WYF(Y,Z) - F(X,2)F(Y, W) =2F(X,Y)F(Z, W)),

for all X, Y,Z,Winlrd. ~ B
Then, denoting by R and R the curvature tensors of M and M, respectively, we have the Gauss equation:
RIX,Y:Z, W) = RX,Y; Z,W) +g(c(X, Z), 0 (Y, W)) — g(c(X, W), o (Y, Z)). ®)
On the other hand, for any tangent field X of M, we denote

fX=TX+NX, ©)

where T X and N X are the tangent and normal components of f X, respectively. M is invariant if N is identically
null, and M is anti—invariant if T is identically null.
For any normal field V of M, we denote

fV =tV +nv, (10)

where ¢tV (resp. nV) denotes the tangent component (resp. normal) of fV.
From (4), (9) and (10), we have

8(IX.Y)=—g(X,TY),
gINX, V) =—g(X,1V),

for all X, Y tangent and all V normal to M. Moreover, if M is a S-manifold and the structure fields are tangent
to M, from (5), (9) and taking into account the Gauss formula, VXY VxY 4+ o (X, Y) itis easy to obtain

VX&O[ = _TX,
o(X,8y) = —NX, (11)
for all X tangentto M and any @ = 1, ..., s and, in particular, as we know that f&, = 0, for any «:
G(Ea,éﬂ)zo, a,ﬁ=1,...,s. (12)

As the structure fields are tangent to M, we can denote as M to the distribution of M generated by the
structure fields and as £ its complementary orthogonal distribution. Thus, if X € L, then ny(X) = 0, for all
a=1,...,sandif X € M, then fX = 0. Now, we define the main intrinsic and extrinsic invariants of M. The
scalar curvature of M is defined as

t= ) Kiep (13)

I<i<j<m+s

where K (e;, e;) denotes the sectional curvature of M associated with the flat section generated by e; y e;, for
all ¢;, e of alocal orthonormal reference of M.
The Ricci curvature of M is defined as

Ric(X) = Z K(X,e). (14)

1<i<m+s
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Moreover, we know that the Ricci curvature and the scalar curvature are related by the following equality:
;X ricte)
T== ic(ej).
2 “ !
1<j<m-+s
On the other hand, the mean curvature vector of M is defined as
1 m+s

H = t = — i €i), 15
s raza o e o(ei,e;) (15)

i=1

where m + s is the dimension of M.

Finally, we remember the notion of slant submanifolds in S-manifolds. These submanifolds were introduced
by M. B. Hans Uber in [12] as those that satisfy that, for all x € M and X € T, M linearly independent
of &1, ..., &, the angle between fX and 7T, M is a constant 6 € [0, /2], called slant angle of M in M.
Moreover, invariant and anti-invariant submanifolds are slant submanifolds with slant angle # = 0 and 6 = /2,
respectively. A slant immersion that is neither invariant nor anti-invariant is said to be a proper slant immersion,
and the submanidold is said to be a proper slant submanifold. It should be noted that, if the submanifold is proper
slant, all the structure fields &1, . .., & should be tangent fields, because from [12], if it would exist a normal
structure field &,, fora = 1, ..., s, then the submanifold M would be anti-invariant. Thus, the dimension of the
submanifold M should be m + s. Moreover, it is established that

72X =cos” 0(—X + Y na(X)&), (16)
a=1

INX =sin*0(—X + Z Na (X)), (7)
a=1

NTX +nNX =0, (18)

for any X tangent vector field.
On the other hand, if M is a non-anti-invariant submanifold (that is, if & € [0, 7 /2)), it was proved in [10]
that

(7,51,-~w$s,771,~~-7’73,8)

is a f-metric structure in M, where ? = (secH)T, then if dim(M) = m + s, m is even. Moreover, in a 6-slant
submanifold of a f-metric manifold, we have:

G(TX.TY) = cos?0(g(X. V) = 3 na(X)na(¥)), (19)
a=1

gINX.NY) =sin?0(g(X, ¥) — 3 1 (X)na(V)), (20)
a=1

for all X, Y tangent to the submanifold (see [5]). Moreover, from (19) y (20) we can deduce that
IT|1> =mcos®6, |N|> = msen?6. (1)

It is said that a proper slant submanifold of a S-manifold is a S-slant submanifold if

(VxT)Y =cos’ 0 Y (2(f X, [V)Ex + na(Y) f2X),

a=1

forall X, Y tangent to M, where 0 is the slant angle. It is easy to see that,if X, Y € £, then (VxT)Y = (VyT)X.
Moreover, it has been proved in [5] that any (2 +s) — dimensional proper slant submanifold of a S-manifold is a
S-slant submanifold. We can observe that 2 4 s is the smallest possible dimension for a proper slant submanifold
of a S-manifold, tangent to the structure fields.
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998 P. Alegre et al.

3 The Scalar Curvature

In this section, we establish an inequality between one of the main intrinsic invariants, the scalar curvature,
7, and the main extrinsic invariant, the mean curvature vector H, of a slant submanifold in a S-space-form.
This inequality generalizes the one obtained by L. M. Ferndndez and A. Prieto-Martin in [11] for anti-invariant
submanifolds of R*"**. Moreover, we characterize the equality case based on the second fundamental form of
the inequality.

At the beginning of the main theorem, we choose an adapted slant frame

{ela"-7en’I7éla"‘9§S’el*’"'7em*}7

. N . . 1
using the same procedure detailed in [4], that is, for any unitary tangent vector field ej, we selectey = ——Tey,
and then we choose e3 a unitary vector field orthogonal to e; and e and repeat the procedure. Finally e, +1 =
&1, ... emys =& and e = ——Ne;, fori = 1, ..., m. Moreover, we prove in the following lemma that we
i

can make the base choosing e+ in the same direction of H.

Lemma 1 Let M™% be a slant submanifold of a f-metric manifold M?"+5 It can be chosen

= ——H, e} = —cscHterx,
IH]

in such a case, it holds e+ = cscONej.

Proof For am + s dimensional slant submanifold of a 2m + s dimensional f-metric manifold, it is deduced from
(16-18) that NtV = — sin? 9V for any V normal vector field. Therefore, taking such e+, one has e;+ = cscONej.
]

Now, we introduce another lemma about the symmetries of the second fundamental form, which can be easily
proved by denoting 0} « = 8glo(ej,er), eix), i, j, ic = 1, ..., m for any three vector fields of an adapted slant
frame and taking into account the f-structure of M.

Lemma 2 Let M be a slant submanifold of a f-metric manifold MP"+5_ Then, with respect to an adapted
slant frame,

J k
O = O =
GES;; 0, a,B=1,...,s,
Elaj EJ = —sin08;, a=1,...,s,
withi, j,k=1,...,m
Theorem 1 Let M M+ e a slant submanifold (m > 2) tangent to the structure fields &1, . . ., & of a S-space-

form M V[ 2mts (¢c). Then, its squared mean curvature || H||* and its scalar curvature t satlsfy at each point the
following inequality:

2 2 1 3 3 —
P> —2m+2 L ) 3 o205 — smcos?a | (22)
(m+5)2(m —1) 2 4 2 4
Proof Let M™™ be a slant submanifold of a S-space-form M2mts (c).Letbe {er,...,em, &1, ..., &, e1x, ...,
e+ } an adapted slant frame. From (15), we know that
1 m+s m+s
IHI =g(H. H) = o — )2g<Z olei ), Y olej,e)) =
j=1
s s (23)
= o Z g(o(ei ). oler ) + ; g(o(ei e).olej e)) | .

where, from (12), 0 (§4,£8) =0, foralla, B =1,...,5
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On the other hand, from (3), (4), (7), (8) and (13), we can write the scalar curvature in the following way:

m-+s m-+ts
21 = ZK(ei,ej) = ZR(e,-,ej,ej,ei)

i#] i#]
m-+s

=Y (Reiejiej,en) — glo(ei,e)), oleire))) + g(alei e), alej, ¢;)))
i#]
m-+s

= Z(C+3 {g(ej.ej)gleiei) — glei,ej)glej. e}
i#]

+ = {eter peg ey, e — glej. pej)g(er. o) + 23 er. de)g (e en)

s

+ Y {e(fei. fedmalemple)) — g(feir fejnale;mpe:)
o,f=1

+g(fej. fepmaleng(er) — g(fej, feina(engle;)}

- g(a(e,-, ej)s U(@j, ej)) + g(o(e,-, ei)s U(ej» e])))s

from where, by a direct computation and taking into account (21), we easily obtain

3 3(c —
2t = ¢t Sm(m—l)—i— G S)mcos29+2sm—
m+s m+s (24)
— Y 8ol e, oleie)) + Y glolei, e),a(e), e)).
i#] i#]

Now, from (11), (12) and (20), we can easily obtain the terms corresponding to the structure fields &,, for
eacha=1,...,s:

m m
2 g0 (e ) olei 6)) +2 Y 80 (Ea Ea), 0 (e €)) =
i=1 j=1
m (25)
-2 Zg(Nei, Ne;) = —2m sen 0.
i=1
Thus, from (23), (24) and (25), we can check that

2 2
(m+ ) H|? %r -

-1
m+2|:
— — |m(m
m—

1

6(m +2) l. 3 o
TS Y @ D Y — o)

i<j<k i#j.k j<k (26)

2(m+2) Sl - — — 2 (@) + (@)

j<k z;ﬁj k j<k
6 . .
S (a;ja,gk + (O'J]-‘k)2> Y 0l + Z(o )2,
J#k i#]
Now, if we group (26) using the Lemma 2 and taking into account that

m— Z(o” —30/)% = —((m -1 Z(o 'j)2 +9> (0P —6> a;'ja,jk), 27
j#k J#k J#k
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1000 P. Alegre et al.

we obtain:
2(m+2
(m+ )| H|* — %l)f =
2 3 —
- m—+1 |: (m — l)c+ u +3mcos29¥ +2sm00529:|
m—
o 2 @ D ) (o) = o)
i<j<k i#j,k j<k
1 . .
J J3\2
+—— D (o} =30,
J#k
so we have
2 2 2 3 —
(m +s)2||H||2 — (m—+)1 > _mte m(m — 1)C+ u + 3m cos29u +2smcos’ 0 |,
-1 m—1 4 4
and we can get the desired inequality. O

Note I We can observe that, for s = 1 the inequality (22) coincides with (1), taking into account in this case
that f] = %, = fi= %anda =1.

Now, we analyze the equality case of (22). From (28), we can establish the following conditions to verify the
equality case:

ol =0, i<j<k
ol —op =0, i#jk Jj<k, (29)
ol =30, =0. j#k
Moreover, considering an adapted slant frame of M2,

fer,....em, &1,... . &, e1r, ..., emr],

using the procedure detailed in the Lemma 1, we have:
1
H=— okew = | H ey,
mH;”k 1H le1
L

and then
Yok=m+9lHl Y of=0,
i i

for k > 1. Now, from (29), we can write

1 1 1 1 1 1
§ :Uii2011+§ 0;; =0y + (m— 1oy, = 3
i=1 i=2

SO

m-+s
H, o)y =0} = HJ,
IH] 2 = 0jj erz|| I

1 3(m +s)
611——m+2

fori > 2. Moreover, if k > 1, we have
k __ k k _ _k
Ok = 3011, 011 = O

fori > 1,i # k. Thus, again taking into account (29), we can write
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so, if k > 1, we have

As aresult of this, we can establish the following corollary:

Corollary 1 Let M MmES be a slant submanifold (m > 2) tangent to the structure fields &1, . . ., & of a S-space-
form M*"+5(c). Then, M satisfies the equality case of (22) at each point if and only if it exists a real function A
defined on M such that the second fundamental form of M verifies

o(er,er) =3rerx, o(e;,e;) = Aeyr, i =2,...,m,
o(er,e)) = rex, o(ej,ej) =0, 2<i#j<m, (30)
0(a,88) =0, o, e) = —sinfex, i =2,....m, a,f=1,...,s,
respect to certain adapted slant frame ey, ..., en, &1, ..., &, where ej+ = cscONe;, where N is the normal
component of f for tangent fields and A = Zié |H]|.

In addition, as a final result, we can prove the following theorem in which we establish another condition to
satisfy the equality case of (22), in this case giving an expression for the second fundamental form of M.

Theorem 2 Let M M+ be a slant submanifold (m > 2) tangent to the structure fields &1, . . ., & of a S-space-form
M?"+3(¢). Then, M satisfies the equality case of (22) at each point if and only if

t
o(X.Y) = ,’Z—I; {(g(x, -y na(X)na(Y)> H

a=1

1 m42 <
+< g(fX,H)—m—HO;na(X)) NY (31)

sin? 6

(e "2y ) N
sin29g ' m+s = e '

Proof Let’s start again considering an adapted slant frame of M2,

fer,....em, &1, ..., &, €14, ..., em*},
as described in Lemma 1. Then, we know that H = || H ||e;+, that together with A = ”ZB |H]||, gives us
H= mii’\e”' (32)
Moreover, from (11), (30) and (32), we can obtain
m+1 m+1 m+1
o(X,Y) =0 ZXiei, Z Yjej = Z Xina(ei,ej)
i=1 j=1 i,j=1

m m m
=X'Y'3rer + ) X'Yher-+ ) X'Vikejr+ ) X'V'her
i=2 j=2 i=2
s

+ Y 10X G V) + D na(No (X, &) — Y 1a(X)np(Y)0 (Ea, £p) (33)
a=1

a=1 a,f=1

N

=|gXx,v)— Z e Xnp(Y) | rers +2X1Y her
o,f=1

m m N N
+ Z X'Yine + Z XY e — Z ne(X)NY — Z na(Y)NX,
j=2 i=2 a=1 a=I
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1002 P. Alegre et al.

for any two tangent fields X, Y of M. Moreover, using

1

eix = ——Ne;,
sin 6
we can write
m+1 _ m—+1 -
NY =) Y'Nej=sin0 »_ Yiep. (34)
i=1 i=1

Moreover, we have

m—+1 m+1 m+1
g(@X, H) =g (Z X! pe;, H) =g (Z X'Ne;, H) =g (Z X' sinOe;x, H) =
i=1 i=I i=1

m+1
. . m+2 m+2 .
:sm@g(g X’ei*,m+lkel*>=X1m+1A51n9.

i=1

(35)

Thus, the expression (31) can be immediately obtained from (33), (34) and (35). Conversely, from (31) it is easy
to see that (30) is satisfied and then also the equality case of (22). |

Note 2 We can observe that if s = 1, the expression (31) is the same as the one established in [1]:

+1
0(X.¥) = o | G(X. 1) = (X)) H
1 m+2
+ (Sin268(¢X, H) — m—-i—ln(X)) NY

+< L ey my—"12 (Y)) NX}

sin2 6 seh m—+ 1 L ’

for the Sasakian case. Moreover, submanifolds whose second fundamental form is given by (31), that is, those
submanifolds that satisfy de equality case of (22), were called x-slant submanifolds in [1].

Note 3 We can extend the Theorem 1 to the anti-invariant case, because if we consider an adapted anti-invariant
frame

{el’"'7en’hél7""§$"el*’"'7em*}7

that is, a local orthonormal base of M , with e;«+ = fe;, fori =1, ..., m, and following the same steps as in the
Theorem 1, we can obtain the inequality:

2 2 1 3
e Y PSS e sl (36)
(m+s)2(m —1) 2
Now, if we consider R?"5 as ambient space endowed with its standard f-structure, so ¢ = —3s, we can
establish directly from (36) that
2(m +2)
IH|* > 37)

—_— —T7
(m +s5)*(m — 1)
which corresponds to the inequality obtained by L. M. Fernandez and A. Prieto-Martin in [11].

On the other hand, from Theorem 1, we can directly obtain the following corollary whose proof is immediate.

Corollary 2 Let M5 be a slant submanifold (m > 2) of R*"S endowed with its standard f -structure. Then,
its squared mean curvature |H||* and its scalar curvature t satisfy at each point the following inequality:

2(m +2) |:

2 —_—
IH1" = (m+5)2(m —1)

1
T+ Ssm cos’ 9} . (38)

Now, we can present some examples of submanifolds that satisfy de equality case of (22) on R?"+5:
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Curvature invariants of slant submanifolds . .. 1003

Example 1 We follow the construction carried outin [11]. We consider the Riemannian submersion 7t : R2nts
C™ given by

1
n(xl»~--7Xmaylm--s)’male--aZs):E()’lm--aymsxlm--,xm)’

and a Lagrangian submanifold M of C™, such that the following diagram is commutative

M RZm +s

Lo
M — C™,

where M is the fiber bundle on M. Then, the anti-invariant submanifold M locally isometric to the Riemannian
product of a portion of a Whitney sphere and R® is a slant submanifold which satisfies the equality case of (37),
according to [11, Theorem 5.4].

Finally, we present two examples of slant submanifolds, verifying the equality case of the Corollary 2.

Example 2 1In [12], the following slant submanifold is considered:
x(u,v, ty,...,t) = 2(ucosf, usinf, v,0,ty,...,1t).

This submanifold defines a minimal (2 + s)-dimensional slant submanifold with slant angle 6 in R*ts endowed
with its standard Sasakian structure.

Example 3 On the other hand, in [12], is considered this other slant submanifold:
x(u,v,w,rty, ..., tg) =2(u,0, w, 0, vcosOd, vsinb, rcosd, rsinb, ti, ..., ).

It is a minimal (4 +s)-dimensional slant submanifold with slant angle # in R3S with its usual Sasakian structure.

4 The Ricci Curvature

Now, we study the relationship between another of the main intrinsic invariants, the Ricci curvature, Ric, and
the main extrinsic invariant, H. In this case, we focus our study on slant submanifolds that satisfy the equality
case of (22) in a S-space-form.

First, we give the expression of Ric based on H, for those submanifolds that satisfy de equality case of (22)
and in the successive corollaries we establish lower and upper bounds for the Ricci curvature.

Theorem 3 Let M M+ be a slant submanifold (m > 2) tangent to the structure fields &1, . . ., & of a S-space-form
M5 (¢) that satisfies de equality case of (22). Then, its squared mean curvature, | H ||%, and its Ricci curvature,
Ric, for any unit tangent vector field, X, orthogonal to &1, . .., &, are related in the following expression:

Ric(x) = (115 ’ mlHI2+ =2 2N X, H)
“\m sin29g ’

3 (39)
+mc+ i +300529¥ + 5 cos? 6.
Proof Let an adapted slant frame {ey, ..., ey, &1, ..., &, €1+, ..., en+}, and X a unit tangent vector field, X,
orthogonal to &1, ..., &. Then, from (8) and (14), we can write de Ricci curvature in the following way:
m+s m+s
Ric(X) =Y R(X.eizei, X) = Y g(0(X,e), (X, e)) + g(o (X, X), (m + s)H). (40)
- ,

l
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Now, from (7), we can establish that

m+s
> R(X.eizei, X)
i=1
m+s

c+3s
= Z( 7 {fglei, feg(fX, fX)—g(fX, fe)g(fei, fX)}

i=1

+ S 8(X. fX0g(er. fer) — g(X. fengler. FX) = 28(X. fegler. £X))

+ D (X, FX)nalen)npler) — g(f X, fena(enns(X) )
a,B=1
+g(fei, fena(X)ng(X) — g(fei, fX)a(X)ng(ei})

¢+ 3s m+s m+s 5 C_Sm+s 5 s m+s 5
= DD LX) |43 = 3 (X e+ Y Y myleng(X, X)

4
i=l i=l i=1 o.p=1 i=I

c+3s

=m +300529% + 5.

On the other hand, as M satisfies de equality case of (22), using (31) and taking into account that X is a unit
vector field, we can obtain:

- m+s\’ 2 m_ 5 2
Y 80X e). (X, ) = IHI? + —5—¢*(NX, H) + | H||
P m—+2 sin“ 0
2 2 2 42)
+ NX, H)+ NX, H) + NX, H (
sinzeg ( ) sin2o9g ( ) sin29g ( )}
m+s\? s mA+6 ,
= ——- 2Q1H||* 4+ ——g"(NX,H);,
(m+2> { IHIP + g )}
for any tangent vector field e; # &1, ..., & in the adapted slant frame.
Now, for the terms in whiche; = &,, o =1,...,s, taking into account (11), we have:
N
Y 8O (X, &), 0(X, &) = g(~NX, =N X) = s sin’ . (43)

a=I

Moreover, using again (31), we have:

(m + 5)? 2
g0 (X, X), m+s)H) = — (| HI* + —5-¢*(NX, H) ). (44)
m—+2 sin” 6
Then, using (41), (42), (43) and (44) in (40), we obtain the desired expression. O

Finally, in the following corollaries, we establish lower and upper bounds for the Ricci curvature, which are
obtained directly from Theorem 3.

Corollary 3 Let M M+ be a slant submanifold (m > 2) tangent to the structure fields &1, . .., & of a S-space-
form M*"t5(¢) that satisfies de equality case of (22). Then, its squared mean curvature, ||H |2, and its Ricci
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curvature, Ric, for any unit tangent vector field, X, orthogonal to &, . . ., &, verify the following inequalities:

m-+s 2 2 c+3s 7, C—S 2
( ) m| Hl|| +mT~|—3cos OT +s5cos”0 < Ric(X) <

m+2
2
m+s 5 c+3s 5, C—S 2
<|——= 2m —2)|H — +3cos” 0 —— cos” 6.
_(m+2>(m MHI™ +m T TS
Corollary 4 Let M be a slant submanifold (m > 2) tangent to the structure fields &y, ..., & of R¥"*s
endowed with its standard f -structure that satisfies de equality case of (22). Then, its squared mean curvature,
| H||?, and its Ricci curvature, Ric, for any unit tangent vector field, X, orthogonal to &1, . .., &, verify the

following inequalities:

2
(m—“> m|H|? = 25 cos?6 < Ric(X) <
m—+2

m-+s 2
< (m +2> (2m —2)|H||*> — 25 cos> 6.

We can observe that, from Corollary 4, we easily obtain the Ricci curvature of those submanifolds introduced
in Examples 2 and 3. Thus, for any tangent vector field X, Ric(X) = —2s cos2 6.
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