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Abstract Let n = pα1
1 pα2

2 ...pαr
r , where pi ’s are distinct odd primes, be a positive integer and Fl be a finite field

of prime order l where gcd(l, n) = 1. Here, we compute the weight distributions of all irreducible cyclic codes
of length n over Fl for the case when multiplicative order of l modulo pαi

i ; Op
αi
i

(l) := 2pαi −1
i for each αi ≥ 1.

It is also shown that computation of weight distributions of irreducible cyclic codes of length p1 p2...pr over Fl
is sufficient to compute the weight distributions of all irreducible cyclic codes of length n.

Keywords Irreducible cyclic codes · cyclotomic cosets · weight distribution

Mathematics Subject Classification 94B15

1 Introduction

Let n be a positive integer and let Fl be a finite field of order l; gcd(n, l) = 1. Then Rn = Fl [x]
<xn−1>

is a semisimple
ring. Every cyclic code over Fl is an ideal of Rn and, in particular, an irreducible cyclic code C is a minimal
ideal in Rn (Chapter 7 [5]). If elements of C are such that for g(x) ∈ C , the xi g(x) (modulo xn − 1) is also in
C , then C is called a cyclic code. Since elements of Rn are polynomials over Fl of degree at most n − 1, the
mapping b0 + b1x + b2x2 + · · · + bn−1xn−1 → (b0, b1, b2, · · · , bn−1) is an isomorphism from Rn → Fn

l ,
where Fn

l is a vector space of all n-tuples over Fl , therefore, we can identify b0 + b1x + b2x2 + · · · + bn−1xn−1

by (b0, b1, b2, · · · , bn−1) in Fn
l . The weight of an n-tuple τ := (b0, b1, b2, · · · , bn−1) is number of non-zero

coordinates in it. Let At (C) denotes the number of codewords of weight t in a cyclic code C , then the collection
{A0(C), A1(C), ..., An(C)} is weight distribution of C .

Since the error detecting and error correcting capacity of a code is directly related to its weight distribution,
many authors have studied the weight distributions of cyclic codes. Authors in [1,4,7,8,10–12] have computed
the weight distributions of some irreducible cyclic codes of prime power length. In [9], Vega computed weight
distribution for any irreducible cyclic code of length pm . He used MacWilliams identity to compute these weight
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1074 Riddhi et al.

distributions. In [2], Fang studied some specific codes of composite length 22r − 1 having two zeros whose
dual codes have three weights. In [3] and [6], the authors computed the weight distributions of some cyclic
codes of composite length pn and 2pn , and 2n pm respectively over Fq , where q is a primitive root modulo pn

and O2n (q) = 1. Here, in this paper, we compute the weight distributions of some irreducible cyclic codes of
composite length n = pα1

1 pα2
2 ...pαr

r , where p′
i s are distinct odd primes.

Throughout the paper, p1, p2, ..., pr , l are distinct odd primes and n = pα1
1 pα2

2 ...pαr
r . Further, for each

αi ≥ 1, the multiplicative order of l modulo pαi
i i.e. Op

αi
i

(l) = 2pαi −1
i . In Section 2, we have discussed some

results on the cyclotomic cosets modulo n. In [9], Vega used MacWilliams identity to compute weight enumerator
polynomial A(Z)′ of a code C which is a direct sum of pd equivalent codes each having same weight enumerator
polynomial A(Z). In Theorem 1 [9], he showed that A(Z)′ = (A(Z))pd

. Since, for cases discussed in Theorem
1 [9], the A(Z) is at most a trinomial, therefore, it becomes easy to compute (A(Z))pd

. If A(Z) has k + 1 terms,
then A(Z)′ has C(pd + k, k) terms, where C(pd + k, k) stands for number of combinations of k things out of
pd + k distinct things . Therefore, a Weight set corresponding to codewords of weight t is defined to compute
the weight distributions of cyclic codes of length n = pα1

1 pα2
2 ...pαr

r over Fl with the help of weight distributions
of cyclic codes of length p1 p2...pr over Fl easily. In Section 3, we have computed the weight distributions of
all irreducible cyclic codes of length m = p1 p2...pr . In Section 4, it is shown that for computation of weight
distributions of all cyclic codes of length n = pα1

1 pα2
2 ...pαr

r , the weight distributions computed in Section 3 are
sufficient. In the end, weight distributions of all irreducible cyclic codes of length 15 and 225 are computed over
F29.

2 Preliminaries and some notations

Throughout the paper n = pα1
1 pα2

2 ...pαr
r , where p′

i s are distinct odd primes, l is an odd prime with gcd(l, n) = 1,

Fl is a finite field of order l. For each αi ≥ 1, the multiplicative order of l modulo pαi
i ; Op

αi
i

(l) = 2pαi −1
i ,

1 ≤ i ≤ r . The l-cyclotomic coset modulo n containing s is denoted by Cn(l)
s and, the irreducible cyclic code

corresponding to Cn(l)
s by Mn

s . For a code C , At (C) denotes the number of codewords of weight t in C and, in
particular At (Mn

s ) is number of codewords of weight t in Mn
s . Throughout the paper, δ is a fixed primitive nth

root of unity in some extension of Fl . Since every code has a minimal and a generating polynomial, therefore,

Definition 2.1 Minimal polynomial and generating polynomial: The polynomial hn
s (x) denotes the minimal

polynomial of Mn
s . It is given by hn

s (x) = ∏
s∈Cn(l)

s
(x − δs). The generating polynomial of Mn

s is denoted by

gn
s (x). It is given by gn

s (x) = xn−1
hn

s (x)
.

In [9], Vega used MacWilliams identity to compute weight distribution of a code C which is a direct sum
of pd equivalent codes each having same weight enumerator polynomial A(Z). In this case weight enumerator
polynomial A(Z)′ of C is A(Z)′ = (A(Z))pd

. Since, for cases discussed in Theorem 1 [9], A(Z) is at most a
trinomial, therefore, it becomes easy to compute (A(Z))pd

. If A(Z) has k +1 terms, then A(Z)′ has C(pd +k, k)

terms. Therefore, we define a set and call it the Weight Set. With the help of this set it is easy to compute the
weight distribution of a code which is a direct sum of equivalent codes (see Example 4.6).

Definition 2.2 Weight Set corresponding to weight t: Let D̄ be a cyclic code such that D̄ = D1 ⊕ D2 ⊕ ...⊕ Dr
i.e., D̄ is a direct sum of r equivalent cyclic codes. For 1 ≤ i ≤ r , by [7], each Di has same weight distribution.
Let {A j1, A j2 , ...A jk } be the weight distribution of each Di . Further let c ∈ D̄ has weight t . Define

Xt = {(i1, i2, ..., ik)| j1i1 + j2i2 + ... + jk ik = t, where i1, i2..., ik are non-negative integers}. Then, we
call Xt the weight set for D̄ corresponding to weight t , since the number of codewords of weight t in D̄ i.e.,
At (D̄) =

∑
C(r, i1 + ... + ik)C(i1 + ... + ik, i1)C(i2 + ... + ik, i2)....C(ik−1 + ik, ik−1)Ai1

j1
Ai2

j2
...Aik

jk

=
∑ r !

(r − (i1 + i2 + ... + ik))!(i1)!(i2)!...(ik)! Ai1
j1

Ai2
j2
...Aik

jk

where the sum runs over each element of Xt , C(r, i) denotes the number of combinations of r distinct things
taking i at a time and (i)! stands for i factorial.

By our choice on multiplicative order of l modulo pα; p prime, the Op(l) = 2, Op2(l) = 2p, Op3(l) = 2p2,
..., therefore, we have following result:
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Weight distributions of some irreducible 1075

Lemma 2.3 Let p1, p2, ..., pr be distinct primes. If 0 ≤ γi < αi for each i, 1 ≤ i ≤ r and O
p

αi −γi
i

(l) =
2pαi −γi −1

i , then

O
p

α1−γ1
1 p

α2−γ2
2 ...pαr −γr

r
(l) = 2pα1−γ1−1

1 pα2−γ2−1
2 ...pαr −γr −1

r .

Proof Since O
p

αi −γi
i

(l) = 2pαi −γi −1
i , therefore,

l2p
αi −γi −1
i ∼= 1(mod pαi −γi

i ); 1 ≤ i ≤ r

Simultaneously,

llcm(2p
α1−γ1−1
1 ,2p

α2−γ2−1
2 ,...,2pαr −γr −1

r ) ∼= 1(mod pα1−γ1
1 pα2−γ2

2 ...pαr −γr
r ).

Equivalently, l2p
α1−γ1−1
1 p

α2−γ2−1
2 ...pαr −γr −1

r ∼= 1(mod pα1−γ1
1 pα2−γ2

2 ...pαr −γr
r )

since lcm(2pα1−γ1−1
1 , 2pα2−γ2−1

2 , ..., 2pαr −γr −1
r ) = 2pα1−γ1−1

1 pα2−γ2−1
2 ...pαr −γr −1

r . This proves the Lemma.
	

The set Cn(l)
s = {s, sl, sl2, ..., slu−1}, where u is smallest positive integer such that slu ∼= s(mod n) is called

l-cyclotomic coset modulo n. As a consequence of Lemma 2.3, we have following two theorems:

Theorem 2.4 For each i , let 0 ≤ γi < αi . If gcd(s, n) = pγ1
1 pγ2

2 ...pγr
r , where n = pα1

1 pα2
2 ...pαr

r , then order of

Cn(l)
s i.e., O(Cn(l)

s ) = 2pα1−γ1−1
1 ...pαr −γr −1

r .

Theorem 2.5 Let {1, 2, ...r} = {i1, i2, ..., ir }. If

gcd(s, n) = p
αi1
i1

p
αi2
i2

...p
αik
ik

p
γik+1
ik+1

p
γik+2
ik+2

...p
γir
ir

,

where, n = pα1
1 pα2

2 ...pαr
r and 0 ≤ γiu < αiu , then

O(Cn(l)
s ) = 2p

αik+1−γik+1−1
ik+1

p
αik+2 −γik+2 −1
ik+2

...p
αir −γir −1
ir

.

3 Weight distributions of irreducible cyclic codes of length p1 p2... pr over Fl

In this section we compute the weight distributions of all two dimensional irreducible cyclic codes of length
p1 p2...pr , where p′

i s are distinct primes.

Lemma 3.1 Let m = p1 p2...pr and l be a prime with gcd(l, m) = 1. If λ is a primitive mth root of unity and, for
each i, 1 ≤ i ≤ r , the Opi (l) = 2, then, for every positive integer s; s < m and gcd(s, m) = 1, the polynomial

xm−1
(x−λs )(x−λsl )

:= xm−2 + β1xm−3 + β2xm−4 + ... + βm−2 is a complete polynomial and

∣
∣
∣
∣
βi βi+1
β j β j+1

∣
∣
∣
∣ 
= 0.

Proof By Synthetic Devision, let

xm − 1

(x − λs)(x − λls)
= xm−2 + β1xm−3 + β2xm−4 + ... + βm−2.

Then βi = λsi (λ(l−1)s(i+1)−1)

λs(l−1)−1
. We will now show that each βi is nonzero. As λ is a primitive mth root of unity,

therefore, βi is zero only when m|(l − 1)s(i + 1). The Opi (l) = 2 ensures that gcd(m, l − 1) = 1. Moreover,
gcd(s, m) = 1 and (i + 1) < m, therefore, m � (l − 1)s(i + 1). Consequently, each βi is nonzero. As

βi = λsi (λ(l−1)s(i+1)−1)

λs(l−1)−1
, therefore, it is easy to see that

∣
∣
∣
∣
βi βi+1
β j β j+1

∣
∣
∣
∣ 
= 0. 	

If gcd(s, , m) = 1, then by Theorem 1 [7], Mm
s and Mm

1 are equivalent codes, there in the following theorem we
compute weight distribution of Mm

1 .
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1076 Riddhi et al.

Theorem 3.2 Let m = p1 p2...pr , l be a prime with gcd(l, m) = 1 and, for each i, 1 ≤ i ≤ r , Opi (l) = 2. Then
A0(Mm

1 ) = 1, Am−1(Mm
1 ) = m(l − 1), Am(Mm

1 ) = (l − 1)(l − m + 1) and Ak(Mm
1 ) = 0 otherwise.

Proof As Opi (l) = 2, therefore, Om(l) = 2. Then Mm
1 :=< xm−2 + β1xm−3 + β2xm−4 + ... + βm−2 > is a

two dimensional cyclic code of length m over Fl , where βi ’s are same as defined in Lemma 3.1. Clearly, the
generating matrix G(say) of Mm

1 is

G =
[
βm−2 βm−3 βm−4 ... β1 1 0

0 βm−2 βm−3 ... β2 β1 1

]

By Lemma 3.1,
∣
∣
∣
∣
βi βi+1
β j β j+1

∣
∣
∣
∣ 
= 0,

therefore, all columns of G are linearly independent. Since Mm
1 is a two dimensional code, every codeword in

Mm
1 is of the form

[
a b

]
G, where a, b ∈ Fl . We consider

[
a b

]
G as an m-tuple over Fl and denote it by σ . The

equation βi x +βi+1 y = 0 always has l − 1 solutions over Fl ( if x = a, y = b is a solution of βi x +βi+1 y = 0,
then x = ηa, y = ηb; η ∈ Fl is also a solution of βi x +βi+1 y = 0). Consequently, there are l − 1 choices of the
form (a, b) over Fl which makes exactly one coordinate of σ zero. Equivalently, we get a codeword of weight
m −1 in Mm

1 . The G has m columns, therefore, there are m(l −1) codewords of weight m −1 in Mm
1 . The number

of choices of nonzero tuples of the form (a, b); a, b ∈ Fl is l2 − 1 out of which only m(l − 1) tuples produce a
single zero in σ , therefore, l2 − 1 − m(l − 1) = (l − 1)(l + 1 − m) codewords in Mm

1 have weight m. Moreover,
there is exactly one codeword of weight zero. Hence we have A0(Mm

1 ) = 1, Am(Mm
1 ) = (l − 1)(l + 1 − m),

Am−1(Mm
1 ) = m(l − 1) and Ak(Mm

1 ) = 0 otherwise. 	
If gcd(s, m) = P , then by Theorem 1 [7], Mm

s and Mm
P are equivalent codes, therefore, in the following theorem

we compute weight distribution of Mm
P .

Theorem 3.3 Let m = p1 p2...pr and P is divisor of m. If Opi (l) = 2; 1 ≤ i ≤ r , then Am−P (Mm
P ) = m

P (l −1),
Am(Mm

P ) = (l − 1)(l + 1 − m
P ), A0(Mm

P ) = 1 and Ak(Mm
P ) = 0 otherwise.

Proof As gcd(s, m) = P < m, Opi (l) = 2, therefore, the minimal polynomial hm
P (x) corresponding to the

cyclotomic coset Cm(l)
P is (x −λP )(x −λl P ), where λ is a fixed primitive mth root of unity. Then, the generating

polynomial of the code Mm
P is

gm
P (x) = xm − 1

hm
P (x)

= (x
m
P − 1)(1 + x

m
P + ... + x

m(P−1)
P )

(x − λP )(x − λl P )
.

Let C be a code of length m
P generated by (x

m
P −1)

(x−λP )(x−λl P )
. Then, by Theorem 3.2, A m

P −1(C) = m
P (l − 1),

A m
P
(C) = (l − 1)(l + 1 − m

P ), A0(C) = 1 and Ak(C) = 0 otherwise. Clearly Mm
P is a repetition code of C

repeated P times, the result follows. 	
Since hm

0 (x) = (x − 1), therefore, the gm
0 (x) = (1 + x + x2 + ...xm−1). Then we have following simple

corollary:

Corollary 3.4 The A0(Mm
0 ) = 1, Am(Mm

0 ) = l − 1, Ak(Mm
0 ) = 0 otherwise.

4 Weight distributions of irreducible cyclic codes of length n = pα1
1 pα2

2 ... pαr
r , where p′

i s are distinct odd
primes

In this section, we observe that the weight distributions of two dimensional irreducible cyclic codes of length
p1 p2...pr over Fl are sufficient to compute the weight distributions of all irreducible cyclic codes of length
n = pα1

1 pα2
2 ...pαr

r . First we prove a lemma.
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Weight distributions of some irreducible 1077

Lemma 4.1 Let C be an irreducible cyclic code of dimension d ≥ 1 over Fl having length m. Further, let g(x)

be the generating polynomial of C. If C∗ =< g(xt ), xt g(xt ), x2t g(xt ), ..., xt (d−1)g(xt ) > is a cyclic code of
length mt over Fl , then C and C∗ have same weight distribution.

Proof Since C is a d dimensional irreducible cyclic code of length m, it is a d dimensional vector space over Fl
with basis {g(x), xg(x), ..., xd−1g(x)}. Then, for c(x) ∈ C ,

c(x) = α0g(x) + α1xg(x) + ... + αd−1xd−1g(x);αi ∈ Fl

Equivalently,

c(xt ) = α0g(xt ) + α1xt g(xt ) + ... + αd−1xt (d−1)g(xt );αi ∈ Fl .

From above equation, we get that c(xt ) is a linear combination of

g(xt ), xt g(xt ), x2t g(xt ), ..., xt (d−1)g(xt )

over Fl . Therefore, c(xt ) ∈ C∗. As C and C∗ both have same dimension and there is a one to one correspondence
between codewords of C and C∗, C and C∗ have same weight distribution. 	

As a result of above lemma we have following observations:

Observations 4.2 (i) Clearly C∗ =< g(xt ), xt g(xt ), x2t g(xt ), ..., xt (d−1)g(xt ) > is a d dimensional code
over Fl .

(ii) For each positive integer i , the code

Ci =< xi−1g(xt ), xt+i−1g(xt ), x2t+i−1g(xt ), ..., xt (d−1)+i−1g(xt ) >

and

C∗ =< g(xt ), xt g(xt ), x2t g(xt ), ..., xt (d−1)g(xt ) >

have same weight distribution.
(iii) Codes C1, C2, ..., Ct , where

Ci =< xi−1g(xt ), xt+i−1g(xt ), ..., xt (d−1)+i−1g(xt ) >

are linearly independent also.

By Lemma 4.1 and Observations 4.2, we have following theorem:

Theorem 4.3 Let C be a cyclic code of dimension d ≥ 1 over Fl having length m. Further, let g(x) = β0 +
β1x + β2x2 + ... + βm−d xm−d be the generating polynomial of C. If C∗∗ is a td dimensional code of length
mt generated by f (x) = β0 + β1xt + β2x2t + ... + βm−d x (m−d)t , then C∗∗ = C1 ⊕ C2 ⊕ ... ⊕ Ct , where
C1, C2, ..., Ct are same as defined in Observations 4.2(ii).

Proof Clearly f (x) = g(xt ). Therefore,

{g(xt ), xg(xt ), x2g(xt ), ..., xt−1g(xt ),

xt g(xt ), xt+1g(xt ), xt+2g(xt ), ..., x2t−1g(xt ),

x2t g(xt ), x2t+1g(xt ), x2t+2g(xt ), ..., x3t−1g(xt ),

.......................,

x (d−1)t g(xt ), x (d−1)t+1g(xt ), x (d−1)t+2g(xt ), ..., xdt−1g(xt )}
is a basis of C∗∗ over Fl . We regroup above basis of C∗∗ as:

{g(xt ), xt g(xt ), x2t g(xt ), ..., x (d−1)t g(xt ),

xg(xt ), xt+1g(xt ), x2t+1g(xt ), ..., x (d−1)t+1g(xt ),

x2g(xt ), xt+2g(xt ), x2t+2g(xt ), ..., x (d−1)t+2g(xt ),

........................................................

xt−1g(xt ), x2t−1g(xt ), x3t−1g(xt ), ..., xdt−1g(xt )}.
Then, by Observation 4.2(iii), C∗∗ = C1 ⊕ C2 ⊕ ... ⊕ Ct . 	
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1078 Riddhi et al.

Next we compute weight distributions of all irreducible cyclic codes of length n = pα1
1 pα2

2 ...pαr
r over Fl .

Theorem 4.4 Let s be a positive integer with gcd(s, n) = d = pγ1
1 pγ2

2 ...pγr
r , where, 0 ≤ γi < αi . For a nonzero

positive integer v, if Xv = {(a, b)|ap1 p2...pr + b(p1 p2...pr − 1) = v} is nonempty, then A
vp

γ1
1 p

γ2
2 ...pγr

r
(Mn

s ) =
∑

C(pα1−γ1−1
1 ...pαr −γr −1

r , (a +b))C(a +b, a)(l −1)a+b(l +1− p1 p2...pr )
a(p1 p2...pr )

b, where the sum runs
over each element of Xv .

Proof Since gcd(s, n) = d = pγ1
1 pγ2

2 ...pγr
r , by Theorem 2.4,

O(Cn(l)
s ) = O(Cn(l)

d ) = 2pα1−γ1−1
1 pα2−γ2−1

2 ...pαr −γr −1
r ,

therefore, Mn
s and Mn

d are equivalent codes. Hence we compute the weight distribution of Mn
d . Clearly Mn

d is a

2pα1−γ1−1
1 pα2−γ2−1

2 ...pαr −γr −1
r dimensional code having

(x p
α1−γ1−1
1 ...pαr −γr −1

r − δ p
α1−1
1 ...pαr −1

r )(x p
α1−γ1−1
1 ...pαr −γr −1

r − δlp
α1−1
1 ...pαr −1

r ),

where δ is a primitive nth root of unity, as its minimal polynomial.
Then, generating polynomial gn

d (x) of Mn
d is

gn
d (x) = xn − 1

hn
d(x)

= (x p
α1−γ1
1 ...pαr −γr

r − 1)(1 + x p
α1−γ1
1 ...pαr −γr

r + ... + x (p
α1−γ1
1 ....pαr −γr

r )(p
γ1
1 ...pγr

r −1))

(x p
α1−γ1−1
1 ...pαr −γr −1

r − δ p
α1−1
1 ...pαr −1

r )(x p
α1−γ1−1
1 ...pαr −γr −1

r − δlp
α1−1
1 ...pαr −1

r )

.

Let C be a cyclic code generated by

g(x) = (x p
α1−γ1
1 p

α2−γ2
2 ...pαr −γr

r − 1)

(x p
α1−γ1−1
1 ...pαr −γr −1

r − δ p
α1−1
1 ...pαr −1

r )(x p
α1−γ1−1
1 ...pαr −γr −1

r − δlp
α1−1
1 ...pαr −1

r )

.

Putting

x p
α1−γ1−1
1 p

α2−γ2−1
2 ...pαr −γr −1

r = y

and

δ p
α1−1
1 ...pαr −1

r = λ

in g(x), we get a polynomial f (y) = y p1 p2 ...pr −1
(y−λ)(y−λl )

. By Lemma 3.1, f (y) = β0+β1 y+...+βp1 p2...pr −2 y p1 p2...pr −2.
Then

g(x) = f (x p
α1−γ1−1
1 ...pαr −γr −1

r )

= β0 + β1x p
α1−γ1−1
1 ...pαr −γr −1

r + ... + βp1 p2...pr −2x (p
α1−γ1−1
1 ...pαr −γr −1

r )(p1 p2...pr −2)).

Therefore, by Theorem 4.3,

C = C1 ⊕ C2 ⊕ ... ⊕ C
p

α1−γ1−1
1 ...pαr −γr −1

r
. (1)

By Lemma 4.1, for each i , Ci is equivalent to a two dimensional code of length p1 p2...pr . Therefore, by Theorem
3.2, Ap1 p2...pr (Ci ) = (l − 1)(l − p1 p2...pr + 1) and Ap1 p2...pr −1(Ci ) = (l − 1)p1 p2...pr . Consequently, each
block of (1) contributes p1 p2...pr or p1 p2...pr − 1 to the weight of a codeword in C . For a nonzero positive
integer v, if Xv = {(a, b)|ap1 p2...pr + b(p1 p2...pr − 1) = v} is nonempty, then C has codewords of weight v

and, by Definition 2.2,
Av(C) = ∑

C(pα1−γ1−1
1 pα2−γ2−1

2 ...pαr −γr −1
r , (a +b))C(a +b, a)(l −1)a+b(l +1− p1 p2...pr )

a(p1 p2...pr )
b,

where the sum runs over each element of Xv . Since Mn
d is a repetition code of C repeated pγ1

1 pγ2
2 ...pγr

r

times, for each codeword of weight v in C , there is a codeword of weight vpγ1
1 pγ2

2 ...pγr
r in Mn

s . Therefore,
A

vp
γ1
1 p

γ2
2 ...pγr

r
(Mn

s ) = Av(C). 	
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In the following theorem we have {1, 2, 3, ..., r} = {i1, i2, i3, ..., ir } i.e., {i1, i2, i3, ..., ir } is an index set of
{1, 2, 3, ..., r}.
Theorem 4.5 Let s be a positive integer with

gcd(s, n) = d = p
αi1
i1

p
αi2
i2

...p
αik
ik

p
γik+1
ik+1

p
γik+2
ik+2

...p
γir
ir

where, 0 ≤ γiu < αiu ; k+1 ≤ u ≤ r . For a nonzerov, if Xv = {(a, b)|apik+1 pik+2 ...pir +b(pik+1 pik+2 ...pir −1) =
v} is nonempty, then

A
vp

αi1
i1

p
αi2
i2

...p
αik
ik

p
γik+1
ik+1

p
γik+2
ik+2

...p
γir
ir

(Mn
s )

= ∑
C(p

αik+1−γik+1−1
ik+1

p
αik+2 −γik+2 −1
ik+2

p
αir −γir −1
ir

, (a + b))C(a + b, a)(l − 1)a+b(l + 1 − pik+1 pik+2

...pir )
a(pik+1 pik+2 ...pir )

b, where the sum runs over each element of Xv .

Proof Since gcd(s, n) = d = p
αi1
i1

p
αi2
i2

...p
αik
ik

p
γik+1
ik+1

p
γik+2
ik+2

...p
γir
ir

, where, 0 ≤ γiu < αiu , by Theorem 2.5,

O(Cn(l)
s ) = O(Cn(l)

d ) = 2p
αik+1−γik+1−1
ik+1

p
αik+2 −γik+2 −1
ik+2

...p
αir −γir −1
ir

,

therefore, Mn
s and Mn

d are equivalent codes. Hence we will compute the weight distribution of Mn
d . As O(Cn(l)

d ) =
2p

αik+1−γik+1−1
ik+1

p
αik+2 −γik+2 −1
ik+2

...p
αir −γir −1
ir

, therefore, Mn
d is a 2p

αik+1−γik+1−1
ik+1

p
αik+2 −γik+2 −1
ik+2

...p
αir −γir −1
ir

dimen-
sional code having

hn
d(x) = (x

p
αik+1

−γik+1
−1

ik+1
p

αik+2
−γik+2

−1

ik+2
...p

αir −γir −1
ir − δ

p
αi1
i1

p
αi2
i2

...p
αik
ik

p
αik+1

−1

ik+1
p

αik+2
−1

ik+2
...p

αir −1
ir )

(x
p

αik+1
−γik+1

−1

ik+1
p

αik+2
−γik+2

−1

ik+2
...p

αir −γir −1
ir − δ

lp
αi1
i1

p
αi2
i2

...p
αik
ik

p
αik+1

−1

ik+1
p

αik+2
−1

ik+2
...p

αir −1
ir )

as its minimal polynomial. Then, generating polynomial gn
d (x) of Mn

d is

gn
d (x) = xn − 1

hn
d(x)

= (
x

p
αik+1

−γik+1
ik+1

...p
αir −γir
ir − 1

hn
d(x)

)

(1 + x
p

αik+1
−γik+1

ik+1
...p

αir −γir
ir + ... + x

p
αik+1

−γik+1
ik+1

...p
αir −γir
ir

(p
αi1
i1

p
αi2
i2

...p
αik
ik

p
γik+1
ik+1

p
γik+2
ik+2

...p
γir
ir

−1)
.

Let C be the cyclic code generated by

⎛

⎜
⎝

x
p

αik+1
−γik+1

ik+1
...p

αir −γir
ir − 1

hn
d(x)

⎞

⎟
⎠ .

Then, By Lemma 3.1 and Theorem 4.3,

C = C1 ⊕ C2 ⊕ ... ⊕ C
p

αik+1
−γik+1

−1

ik+1
p

αik+2
−γik+2

−1

ik+2
...p

αir −γir −1
ir

. (2)
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By Lemma 4.1, for each i , Ci is equivalent to a two dimensional code of length pik+1 pik+2 ...pir . Therefore, by
Theorem 3.3,

Apik+1 pik+2 ...pir
(Ci ) = (l − 1)(l + 1 − pik+1 pik+2 ...pir )

and

Apik+1 pik+2 ...pir −1(Ci ) = (l − 1)pik+1 pik+2 ...pir .

Consequently, each block of (2) contributes pik+1 pik+2 ...pir or pik+1 pik+2 ...pir − 1 to the weight of a codeword
in C . For a nonzero v, if Xv = {(a, b)|apik+1 pik+2 ...pir + b(pik+1 pik+2 ...pir − 1) = v} is nonempty, then C has
codewords of weight v, and by Definition 2.2

Av(C) = ∑
C(p

αik+1−γik+1−1
ik+1

p
αik+2 −γik+2 −1
ik+2

p
αir −γir −1
ir

, (a + b))C(a + b, a)(l − 1)a+b(l + 1 − pik+1

pik+2 ...pir )
a(pik+1 pik+2 ...pir )

b, where the sum runs over each element of Xv . Since Mn
d is a repetition code

of C repeated

p
αi1
i1

p
αi2
i2

...p
αik
ik

p
γik+1
ik+1

p
γik+2
ik+2

...p
γir
ir

times, for each codeword of weight v in C , there is a codeword of weight

vp
αi1
i1

p
αi2
i2

...p
αik
ik

p
γik+1
ik+1

p
γik+2
ik+2

...p
γir
ir

in (Mn
s ). Therefore, A

vp
αi1
i1

p
αi2
i2

...p
αik
ik

p
γik+1
ik+1

p
γik+2
ik+2

...p
γir
ir

(Mn
s ) = Av(C) 	

Example 4.6 Here we compute the weight distributions of all irreducible cyclic codes of length 225 over F29.
By Lemma 3.1 and Theorem 3.2, we have following table for weight distributions of all irreducible cyclic codes
of length 15 over F29.

Table 1 .

t At (M15
s ); gcd(s, 15) = 1

0 1
1 ≤ t ≤ 13 0
14 420
15 420

By Theorem 3.3, we have

Table 2 .

t At (M15
s ); gcd(s, 15) = 3

0 1
1 ≤ t ≤ 11 0
12 140
13 ≤ t ≤ 14 0
15 700

Table 3 .

t At (M15
s ); gcd(s, 15) = 5

0 1
1 ≤ t ≤ 9 0
10 84
11 ≤ t ≤ 14 0
15 756
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We now have following tables for weight distributions of all irreducible cyclic codes of length 225 over F29.
Table 4, Table 5, Table 6 and Table 7 are consequences of Theorem 4.4 while Table 8 to Table 11 are due to
Theorem 4.5

Table 4 .

t At (M225
s ); gcd(s, 225) = 1

0 1
14 ≤ t ≤ 15 C(15,1)(420)
28 ≤ t ≤ 30 C(15, 2)C(2, t − 28)(420)2

42 ≤ t ≤ 45 C(15, 3)C(3, t − 42)(420)3

56 ≤ t ≤ 60 C(15, 4)C(4, t − 56)(420)4

70 ≤ t ≤ 75 C(15, 5)C(5, t − 70)(420)5

84 ≤ t ≤ 90 C(15, 6)C(6, t − 84)(420)6

98 ≤ t ≤ 105 C(15, 7)C(7, t − 98)(420)7

112 ≤ t ≤ 120 C(15, 8)C(8, t − 112)(420)8

126 ≤ t ≤ 135 C(15, 9)C(9, t − 126)(420)9

140 ≤ t ≤ 150 C(15, 10)C(10, t − 140)(420)10

154 ≤ t ≤ 165 C(15, 11)C(11, t − 154)(420)11

168 ≤ t ≤ 180 C(15, 12)C(12, t − 168)(420)12

182 ≤ t ≤ 195 C(15, 13)C(13, t − 172)(420)13

196 ≤ t ≤ 209 C(15, 14)C(14, t − 196)(420)14

210 C(15, 14)C(14, 14)(420)14 + C(15, 15)C(15, 15)(420)15

211 ≤ t ≤ 225 C(15, 15)C(15, t − 210)(420)15

Table 5 .

t A3t (M225
s ); gcd(s, 225) = 3

0 1
14 ≤ t ≤ 15 C(5,1)(420)
28 ≤ t ≤ 30 C(5, 2)C(2, t − 28)(420)2

42 ≤ t ≤ 45 C(5, 3)C(3, t − 42)(420)3

56 ≤ t ≤ 60 C(5, 4)C(4, t − 56)(420)4

70 ≤ t ≤ 75 C(5, 5)C(5, t − 70)(420)5

Table 6 .

t A5t (M225
s ); gcd(s, 225) = 5

0 1
14 ≤ t ≤ 15 C(3,1)(420)
28 ≤ t ≤ 30 C(3, 2)C(2, t − 28)(420)2

42 ≤ t ≤ 45 C(3, 3)C(3, t − 42)(420)3

Table 7 .

t A15t (M225
s ); gcd(s, 225) = 15

0 1
14 420
15 420
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Table 8 .

t A9t (M225
s ); gcd(s, 225) = 9

0 1
4 ≤ t ≤ 5 C(5, 1)C(1, t − 4)(140)1−t+4(700)t−4

8 ≤ t ≤ 10 C(5, 2)C(2, t − 8)(140)2−t+8(700)t−8

12 ≤ t ≤ 15 C(5, 3)C(3, t − 12)(140)3−t+12(700)t−12

16 ≤ t ≤ 19 C(5, 4)C(4, t − 16)(140)4−t+16(700)t−16

20 C(5, 4)C(4, 4)(700)4 + C(5, 5)C(5, 5)(140)5

21 ≤ t ≤ 25 C(5, 5)C(5, t − 20)(140)5−t+20(700)t−20

Table 9 .

t A45t (M225
s ); gcd(s, 225) = 45

0 1
4 140
5 700

Table 10 .

t A25t (M225
s ); gcd(s, 225) = 25

0 1
2 ≤ t ≤ 3 C(3, 1)C(1, t − 2)(84)1−t+2(756)t−2

4 ≤ t ≤ 5 C(3, 2)C(2, t − 4)(84)2−t+4(756)t−4

6 C(3, 2)C(2, 0)(756)2 + C(3, 3)C(3, 3)(84)3

7 ≤ t ≤ 9 C(3, 3)C(3, t − 6)(84)3−t+6(756)t−6

Table 11 .

t A75t (M225
s ); gcd(s, 225) = 75

0 1
2 84
3 756
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