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Abstract In this paper, two general theorems on absolute matrix summability of infinite series and Fourier series
are obtained. Also, two known theorems dealing with |N, p, |y summability of infinite series and Fourier series
are deduced.
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1 Introduction

Let > ay be a given infinite series with partial sums (s,,). Let (p,) be a sequence of positive numbers such that

n
P,,:va—>oo as n—>o00, (Pyr=p_x=0, k>1).
v=0

The sequence-to-sequence transformation

|
wy = EUZ_(:)[?USU

defines the sequence (w,) of the (N, p,) means of the sequence (s,), generated by the sequence of coefficients

(pn) (see [8]). B
The series Y _ aj, is said to be summable | N, p, |, k > 1, if (see [1])

00 k—1
P, X
Z | wp — wy—1 |" < 00.

n=1 pn

Let A = (a,y) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then A defines
the sequence-to-sequence transformation, mapping the sequence s = (s,) to As = (A, (s)), where

n
An(s) = ) anusu, n=0,1,...
v=0
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1084 H. S. Ozarslan

The series Y a, is said to be summable | A, p,, B; 3 |, k > 1,8 > 0 and 8 is a real number, if (see [24])
> (&
Pn

n=1

B(Sk+k—1)
) | Ap(s) — Ap_1(s) [F< oo

Ifwetake 8 = 1,6 =0and a,, = %Z, then | A, py, B; § |, summability reduces to | N, pn |x summability.

For any sequence (1,), it should be noted that Ax, = A, — Ay+1, Aokn = A, and Ak)»n = AAk_lkn for
k=1,2,.. (see[8]).

2 Known Result

Bor [2] has proved the following theorem on |1\_f , Pn ‘ « summability by using a positive non-decreasing sequence.

Theorem 1 Let (X,) be a positive non-decreasing sequence and suppose that there exist sequences (y,) and
(An) such that

| Adp |< Vn, (H
Yo —> 0 as n— oo, 2)

o0
Zn|Ayn|X,,<oo, 3

n=1
| An | X = O(1). 4)

If

L s

Y S =0(X,) as n— o, )
v

v=1

where (t,) is the n-th (C, 1) mean of the sequence (nay), i.e., t, = ﬁ ZZ:] vay, and (py) is a sequence such
that

Py, = O(npy), (6)
PyApy = O(pupnti1), @)
then the series Zg‘;l a, i"pﬁ" is summable | N, Pl k> 1.

3 Main Result

Some works on absolute summability and absolute matrix summability of infinite series and Fourier series have
been done (see [3,5,6,9-12,14-23,25-27]). The aim of this paper is to generalize Theorem 1 by using the
| A, pn, B; 8 |, summability method.

Given a normal matrix A = (ay,), we associate two lower semimatrices A = (&) and A= (Gny) as
follows:

n
5lnv=2ani, nv=0,1,.. )
I=v
ago = aop = ao0, Any = lpy — 1,0, n=1,2,... 9)
and
n n
Ay(s) = Zanvsv = Zanvau (10)
v=0 v=0
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n
A_An (s) = Z QnyQy.

Now, we shall prove the following theorem.
Theorem 2 Let A = (ayy) be a positive normal matrix such that

=1 n=0,1,

apn—1,v = Ay, forn>v—|—1

app = 0 <I;n)’
n

| dnv41 1= O | Ay(@ny) D).

Let (X,) be a positive non-decreasing sequence. If the conditions (1)—(4), (6), (7) and

n P B(Sk+k—1)—k+1 |t |k
( U) - = 0(X,) as n— o0,

Pv Xﬁ_l

v=1
00

n=v+1
00

n=v+1

are satisfied, then the series Y - | an ‘: p)‘

We need the following lemmas to prove Theorem 2.

P, B(Sk+k—1)—k+1 . P, B(Sk+k—1)—k+1
> o1l =0 | = :
_ Pn Pv

P\ BOkHk=)—k+1 R P\ BOk+k—1)—k
> (—) 1Ay (@) = O (—)

Pn Pv

1)

12)
13)

(14)

s)

(16)

a7

(18)

issummable | A, py, B; 8 |,k > 1,8 > 0and —B(6k+k—1)+k > 0.

Lemma 1 [13] If (X,,) is a positive non-decreasing sequence, then under the conditions (2) and (3), we have

nXpyp, = 0O() as n — oo,
o0

Zy,,X,, < 00.

n=1

Lemma 2 [2] If the conditions (6) and (7) are satisfied, then we have

3(ar) =0 ()

4 Proof of Theorem 2

Let (/) denotes A-transform of the series Zﬁo a”}i;’“ Then, we have

Al =1,—1 =
n n—1 = Zanv - Pv

by (10) and (11), and we get

Aln—ZA <a,,,,PA >Zrar a,mPA Zra,

n—1 n—1

(v—i—l)PA an v+1 P (w+1)
= Z A (anv) t + Z MA)"UIU 3
Pv Pv v

v=1 v=1

ay PyAy zn: vay, Pyhy
= nv—

19)

(20)

21
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n—1

P,
+Zan vl Ay A ( p )tv(v +1)+

v=1

P\
ﬂ:_;ln(n + l)tn = In,l + In,2 + In,3 + In,4

n

by applying Abel’s transformation.
To complete the proof of Theorem 2, we will prove

0 p N\ B@k+k—1)

n k

Z<—) | I, "< oo, for r=1,2,34.
Pn

First, applying Holder’s inequality with indices k and k', where k > 1 and % + % = 1, we have

m+1 P, B(Sk+k—1) m+1 B(8k+k—1)
Z(—) | Loy |F = 0(1)2( ) ( ( ) Av<a,w>||xv||rv|>
n—o \Pn UPy
- m+1 B(Sk+k—1) P, . A
0<1>Z o |Av<anv>!|xv| 4|

x (Z |Au<&nu)|>
v=1

By using (8) and (9), we get A, (dny) = dpy — An—1 -
Also using (8), (12) and (13), we get

n—1 n—1
Z |Av(&nv)| = Z(an—l,v — Qpy) < Gpy.
v=1 v=1

Then, by using (14), (18), (6) and (4), we have

k

1 +1

:

mil s p N\ POkHh=D p,\ POk+k— 1) n—1 o
Z(—) | Ly K= 0(1) (—) Z( ) | Ay ()| 120l |1,
Pn n=2 Pn v=1
m B(Sk+k—1)—k+1 /n—1 P .
n v A
=0() (—) Z( ) | Ay (@) 12ol* |1, |
n=2 Pn v=1 UPv
m s p Nk m+1 P\ BOk+k—1)—k+1
v n A
=0y’ %l Il Y (—) | Ay (@)

1

<
Il

|lv|

<

PV

<Pv> n=v+1
(P ) B(Sk+k—1)—k+1

<

0(1)

iMs 0 Ms

S 1 1
P, B(Sk+k—1)—k+ |tv|k
- |)\v| k—1°
Pv vXy

Now, by applying Abel’s transformation and using the conditions (16), (1), (20) and (4), we get

mAl , p o\ B@k+k—1) m—1 U/ P\ POKFR=DZREL )k
n r r

> (—) | Lg F=0) > Al Y <—) -

n=2 v=1 r=1 Pr rXr

Pn
m P, B(Sk+k—1)—k+1 |tv|k
+O0(1)|Aml <—)
" ; Pv UXS_1
m—1
= 0(1) Y |A%|Xy + O Al X
v=1
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m—1

=0 Y voXu+ OW)hn|Xn

v=1
=0(l) as m— oo.

Now, using (15), (1), (14), (18), (6), (19) and applying Holder’s inequality, we have

mtl  p N\ B@k+k—1) mtl ,p o\ BGk+k—1) (n=l ,p k
n n v A
> (—) | Lol =0M)) (—) Z( ) |an, 4111 Ay |10
2 Pn vp

n=2 Pn v=1 v

m+1 P\ BOk+k=1) n—1 P k
= 0(1 2 - Av Anv vty
oS () (S () i)
mtl ,p N\ BGk+thk=1) (=L, p \k ; ;
=0 — - v Ay Anv by
()é(pn) (;(UP) Wy |4y (@m)] | |>
n—1 k=1
X <Z |Av(&nv)|>
v=1

v
mtl ,p o\ BGk+tk—D—k+1 /n=l . p Nk
v A
=0<1>Z< ) (Z (5) (vyv)k\Av<anv)!|tv|k>
n=2 v

n
Pn -

m Pv k
=0y (;) @y () It
v=1 v

mlp N Bk+k—1)—k+1
n A
X (_> [Ay (@)l
n=v+1 Pn
m Sk+k—1)—k+1 k
P\ It
= 0(1) <—> vy .
U; Pv ! UXﬁ_l

Then, applying Abel’s transformation and using the conditions (16), (3), (20) and (19), we get

B(Sk+k—1)—k+1 k
|2

m—+1 P B(Sk+k—1) m—1 v P
n r
> (—) L2 F=0M)) Awp) Y (—) —
v=1 r=1 Pr rX’

o \Pn

Sk+k—1)—k+1
P >ﬁ( + )—k+ |tv|k

+O(Wmyn Y (—”
v=1

Pv UX§71
m—1
= 0(1) Y [A@y)IXy + O(D)myu X,
v=1
m—1 m—1
= 0(1) Y vlAp|Xy + 0(1) Y Xy + O(Dmyn X,
v=I v=1

=0(l) as m— oo.

Now, using the fact that A( By ) = 0(#) by (21) and using (15), (14), (17), (4), we have

v2p
mtl [ p \ Bk . mil ,p N\ Bktk=1) (1=l | k
> <—) Lk =01)) (—) (Z |an,u+1||xv+1|—)
n=2 Pn n=2 Pn v=I1 v
m+1 Pn B(Sk+k—1) [/n—1 X |tu|k
=0y, (p—) <Z|an,v+1||xv+1|" - )
n=2 ~" v=1
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k—1

n—1
x (Z |Av(a,w)|)
m+1 B(Sk+k—1)—k+1 It |k
=0() Z ( ) <Z |an, o1 Ao41 ¥ )

v=1

. Itvlk m+1 P, B(Sk+k—1)—k+1
—0(1>Z|Au+1| ot == > (—) |, v1]

v=1 n=v+1 Pn

m g p N Bk k41 [
=0(1) <—> Ayl —=-
; Pv ot X !

v

Then, as in I, 1, we have

mtl p o\ Bk+k—1)
n k
<—) |I,3]" = O() as m — oo.
n=2 Pn

Finally, as in 1,, 1, we have

" p B(Sk+k—1) m
> (—) | Lna [F = 0(1) (
n=1 Pn n=1

B(Sk+k—1) P, k . . .
ay | Anl™ |1,
) (npn) nn| I’l| | nl

)ﬁ(8k+k1)k+l

3=

= 0(1)2

3

Ifnl

o |

N
3|

Bk+k—1)—k+1 k
|2

—0(1>Z( i Pl

=0() as m— oo.

“U

This completes the proof of Theorem 2.

5 An application

Let f be a periodic function with period 27 and Lebesgue integrable over (—, 7). The trigonometric Fourier
series of f is defined as

1 o . o
fx) ~ an + Zl(an cosnx + b, sinnx) = Z Cn(x)
n=
where
1 [" 1 (7 1 [T
apg = — fx)dx, a, =— f(x)cos(nx)dx and b, = — f(x)sin(nx)dx.
T ) . T T

—7T —TT

Write
1 1 [t
¢(t)=§{f(x4rt)+f(x—t)} and ¢1(t)=;/0 o (u)du.

If ¢1(¢) € BV(0, ), then t,,(x) = O(1), where 1, (x) is the n-th (C, 1) mean of the sequence (nC,,(x)) (see [7]).
By using this fact, the following theorem on absolute matrix summability of the trigonometric Fourier series is
obtained.

Theorem 3 If ¢;(t) € BV(0, ), and the sequences (py), (An), (vn) and (X,) satisfy the conditions of Theorem
2, then the series Y oo, M is summable | A, pp, B;8 |, k>1,8 >0and —BSk+k—1)+k > 0.
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6 Conclusion

If wetake = 1,6 = 0 and a,,y = P in Theorem 2 and Theorem 3, then we get two known theorems on
absolute Riesz summablhty of infinite series and Fourier series (see [4]).
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