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Abstract Our goal in this paper is to prove an asymptotic estimate for sums of Fourier coefficients of holomorphic
cusp forms over integers without large prime factors by using a Chebyshev-type functional equation.
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1 Introduction and main results

Integers whose prime factors are small have attracted a lot of mathematicians to study in many areas of number
theory. Let P (n) denote the largest prime divisor of n > 1, with P(1) = 1. Positive integers n with P(n) < y
for a fixed number y are particularly interesting. The well known counting function of integers not exceeding x
with prime factors at most y is

W(x,y) = Z 1.

n<x
P(nm)<y

The distribution of W (x, y) has been extensively studied, see, e.g. papers of Norton [16], Moree [15], Hildebrand
and Tenenbaum [8]. All these works originate from the following asymptotic distribution result due to Dickman
[5]. He proved that

log x

W(x,y) ~xo(u),x = oo, u := ,
logy

where o(u) satisfies
ug'(u) = —o(u — D, u > 1,
and subjects to the initial conditions

ou) =0,u <0,
ou)y=1,0<u<1.
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Sums of Fourier coefficients of holomorphic cusp forms 1091

The function o () is now known as Dickman’s function.
De Bruijn [3] obtained that, for any fixed € > 0,

log(u + 1
\Il(x,y):xg(u){l—i-O(M) } (1.1
log y
uniformly for
1
1<u:= OfX < (logx)3/8_€, as x — oo.

~ logy

Later, Hildebrand [7] improved the range of u by using a Chebyshev-type functional equation for W (x, y).
He showed that (1.1) holds uniformly for

x23,1<u::10gx

< logx/(loglog x)*/3%€.
log y

Alladi [1], Hildebrand and Tenenbaum [9] respectively studied an interesting distribution which is that

> w.

n<x
P(n)<Ky

Ivi¢ [10,11] studied the squarefree numbers with restricted prime factors, i.e,

> 1.

n<x
Pm<y

Xuan [22,23] studied the average order of divisor functions over integers without large prime factors, i.e,

> .
n<x
Pm)<y
Based on the above research results, we are interested in the sums of Fourier coefficients of holomorphic
cusp forms over integers without large prime factors, and want to know the distribution law of Fourier coeffi-
cients of holomorphic cusp forms in sparse sequences. Studying the oscillatory of the Fourier coefficients of
holomorphic cusp forms or Hecke Maass forms in number theory is an important problem. It has attracted a lot
of mathematicians to study, such as, Walfisz, Rankin, Hafner, Ivi¢. We firstly introduce some information about
the holomorphic cusp forms.
Let Hy denote the set of normalized primitive holomorphic cusp forms of even integral weight k for the full
modular group I' = SL(2, Z). For f(z) € Hy, it has a Fourier expansion at the cusp oo given by

@ =) rpmn® " e(nz),

n=1
where A y(n) isreal, A (1) = 1, and A y(n) satisfies the multiplicative property
mn
rpmipm = Y ar (5.

d|(m,n)

where m > 1 and n > 1 are integers, obviously )sz( p)=1+Ais( p?). For the holomorphic cusp forms, Deligne
[4] proved the Ramanujan-Petersson conjecture

[Ar ()| < d(n).

Our goal of this paper is to prove an asymptotic estimate about sums of Fourier coefficients of holomorphic
cusp forms, which the sums are over integers without large prime factors. i.e,

> M.

n<x
P(m)<y
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1092 D. Wang

Before we give the asymptotic estimate for sums of Fourier coefficients of holomorphic cusp forms over
integers without large prime factors, we need to prove the asymptotic estimate for the sums, i.e,

2
> L
n
n<x
Pm<y

Our main results are the following.

Theorem 1 Suppose f(z) are the normalized primitive holomorphic forms for the full modular group SL(2, Z),
and let Ly (n) be the Fourier coefficients of f(z). Let P(n) denote the largest prime divisor of n > 1, with
P (1) = 1, then for all sufficiently large y, we have

A5 (m) 1 1
Z f =V(y){j(u)+0f (M)}
n logy

n<x
P(n)<y

uniformly for

1 1
1<u:= 0B < exp (—logy),
logy a

where a is a suitable constant, uj'(u) = jw) — ju — 1),u > 1; j(u) = e "u,0<u < 1; j(u) =0,u <0,
and

00 )»2» k
V(y):H(l—l—Z f(p)>.
k=1

k
Py P

Theorem 2 Suppose f(z) are the normalized primitive holomorphic forms for the full modular group SL(2, Z),
and let )y (n) be the Fourier coefficients of f(z). Let P(n) denote the largest prime divisor of n > 1, with
P (1) = 1, then for all sufficiently large y, we have

2o X log(u + 1)
> xf(n>—long<y>{g<u)+0f (—ulogy )}

n<x
P(n)<y

uniformly for

where a is a suitable constant, o is Dickman’s function, and

oo)»Z' k
V<y>=1‘[<1+2 f(p)>.
k=1

k
Py P

2 The lemmas

Lemma 2.1 Suppose f(z) are the normalized primitive holomorphic forms for the full modular group SL(2, 7)),
and let A ¢ (n) be the Fourier coefficients of f(z), then

ZA}(n) =Crx+ 0;(x*3). 2.1)
n<x

By partial summation, we have

)

2

n<x

=Cylogx + 0(1), 2.2)
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Sums of Fourier coefficients of holomorphic cusp forms 1093

where Cy is a positive constant depending on f, ie,

> 2Z(ph 1
C;= lim 1+ > <1——>.
’ s— 140 » P prs ps

Proof The result (2.1) obtained independently by Rankin [19] and Selberg [20]. Next we mainly compute C.
By the multiplicative property of A 7 (n) and partial summation, for fs > 1, we have

0o 12 0o 12 00
H(HZK‘;@ ) ZAf() 1)/ h(x)
k=1

p
®Crl o(l
=(s—1)f fongr ()dx (2.3)
xé
Cy
= —+0(1)
1
hence,
o0
Cr= 1 -1
T 1 (B9 e E
On the other hand,
li -1 =1
leflo(s )(s) =1,
where
X1 1\7!
c<s>=2};=]‘[(1—5) s = 1.
n=1 p
Hence

> 25 (ph) 1
Cy=lim_ ] (HZW <1—?>.

k=1
O

Lemma 2.2 (de la Vallée Poussin) Let A(n) denote the Mangoldt function, as x — 00, there exists an absolute
positive constant ¢ > 0 such that

Y = D0 Am) = x + O (xe™VPEY),
n<x
Proof See Ivi¢ [13]. O

Lemma 2.3 Suppose L(s, F) is the L-function associated with a Hecke holomorphic form F for SL(3, Z), and
let Ap(n, 1) be the n-th coefficient of the Dirichlet series for it. For N > 2 and any o € R, there exists an
effective constant ¢ > 0 such that

> AMAF(n. De(na) < xe™ VBT,
n<x

where A(n) is the von Mangoldt function, and the implied constant depends only on F.

Proof Theorem 1.1 of [6] has given the detailed proof for the Hecke Maass form. The Hecke holomorphic form
also has the same result, we shall not give a duplicate proof. O
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1094 D. Wang

Lemma 2.4 Let A y(n) be the n-th Fourier coefficients of the normalized primitive holomorphic forms f for the
Sull modular group SL(2, 7Z.), A(n) is the Mangoldt function, then we have

D AFMA @) =x + O(xe VoY),
n<x
Proof See Perelli [17]. O

Lemma 2.5 Suppose f(z) are the normalized primitive holomorphic forms for the full modular group SL(2, Z),
and let ).y (n) be the Fourier coefficients of f(z), then

Z (1 o < 1 ) . 2.4)
- — = —_— |, Z s .
r’ r’ ecvlogy /log'y Y

y<p<z
uniformly in Rs > 1

Proof Let

A(p)— 1
Rt)= Y fT log p,

y<p<t
then R(r) = 0 when ¢ < y. By partial summation and Lemma 2.3, we have

25 (p)—1 Jlogy
RO =Y leogp=0<eM(‘%).

Using partial summation, we have

Z f(P) 1

y<p<z

* dR(t R * R(t 1
:/ H() R RO (),
y 7 logt log z y 1*logt logt 2.5)
JIogy / Jlogy(s — 1) dt +/ «/log dt
75— leu/log logz ecVlogy logt t tseu/log (10gt)2

<

1
Zsflec«/logy /log y ysflec«/logy /log y eca/logy /log y < ecvioey  flog y ’

uniformly for fs > 1. O

Lemma 2.6 Forx > 1, we have

and

where y = 0.57721566... is the Euler-Mascheroni constant.
Proof The result was proved by Rosser and Schoenfeld [18]. O

In order to state our results, we introduce a function j (u).
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Sums of Fourier coefficients of holomorphic cusp forms 1095

Lemma 2.7 Let j(u) be strictly increasing and positive for all u > 0. j(u) converges to 1 as u — 0o, and also
satisfies the following properties:

uji'w) =jw)—ju—D,u>1;jw)=e?u,0<u<1;ju)=0,u <0.
(wj @)y =2jw) — ju—1),j @) = o), u > 1.

. L. L[ [ L[ 1
](u):—/ ](t)dl+—/ J(t)dt:—/ ](t)dl+—/ jdt + —,u>1
u Ju_q u Jo u Ju_q u Jq 2eVu

Proof See Ankeny and Onishi [2]. m]

3 Proof of Theorem 1 for small «

Define
A% (n)
Wy = Y
n<x
Py

using the Chebyshev-type functional equation of 4 (x, y), we have

A% (m) A%(pb)
L tog pt, (3.1)
p

h(x,y)logx =G,y +

mpk<x
P(mp)<y
ptm

where

2
Y h(t,y) A (n) X
G(x,y) :=/1 —di = 3 fn 10g(;>.
<
P’(ln)iy

Firstly, we give an asymptotic formula for 4 (x, y) log x.

Proposition 1 Suppose f(z) are the normalized primitive holomorphic forms for the full modular group
SL(2,Z), and let Ay (n) be the Fourier coefficients of f(z). Let P(n) denote the largest prime divisor of n > 1,
with P(1) = 1, then we have

% (m) 2% (p)
h(x,y)logx = G(x,y) + Z fmm Z Al logp+ O(h(x,y)),1 <y <x.

MX p<min(x/m.y)
Pm)<y

Proof We firstly consider the contribution of terms corresponding to k = 1 from the sum on the right of (3.1),

A%(m) A%(p)
f A log p

2w

mp<x
P(mp)<y
pim
A%(m) A5(p) A% (m) 25(p)
D I
mp<x P mp<x P (3.2)
P(mp)<y P(mp)<y
plm
A2 (m) Z2(p) W) A3 (PR A2 (p)
_ Z f Z f log p — Z f fk f log p,
. l P P
m<x p<min(x/m,y) Ip* I <x
P(m)<y P(p)<y

k=1
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the double sum on the right of (3.2) is at most

5 25 25 (M) A (p)
k
lpk+]<x l P

P(p)<y
pilk>1

By [Ar(n)| < d(n) < n€, we can easily get

X
ogp< Y h(pk+1’y

AP A% (p)

2

pk'ng
Py

pk

A2(ph) A% (p)
) 1P g p

pk+1<x p
py.k=1
(p )X (p)
< h(xy) Y ——— log p.
pk+l<x
Py
ogpr K Z (k+1)(1 g <L

k+1<x

Therefore, the terms corresponding to k = 1 from the sum on the right of (3.1) contribute

A% (m) 25 (p)

(m) 2 (P)
D~ log p =
mp<x p m<x
P(mp)<y P(m)<y
ptm

For the remaining terms k > 2, using |A s (n)| <

2

p<smin(x/m,y)

d(n) < n€, we can get the contribution

X a5 25 (p")
> P <) h( ) log p* < h(x, y).
mpk<x P p.k=2 P P
P(mp)<y
ptm.k>2
Combining (3.4) and (3.5), we obtain
A% (m) 25 (p)
h(x,y)logx = G(x,y) + Z ! Z / log p + O(h(x, y)).
mex p<minge/my) P
P(m)<y

Remark if 1 < x <

v, we take y = x in the above lemma to obtain

* (e A% (m) A% (p)
h(x)logx—/ h®) 4y — Zf— Z L log p < h(x),
1 m<x mn p<x/m
where
2% (n)
heoy =y L
n<x n
Define
00 )\2 (pk)
V<y>=H(1 S ).
Py k=1 P
Obviously, we have
2% (n)
;
h(x, : =V
N )

@ Springer

logp + O (h(x,y)).

(3.3)

(3.4)

3.5)




Sums of Fourier coefficients of holomorphic cusp forms 1097

Let
(p )
Hp(s) =Y L= f  H, = Hy(1),
k=2
then
25 (p)
vy =[] < ! L)
Py
Secondly, we give an asymptotic formula for V (y).
Proposition 2 For V (y), we have the following result.
1
V(y):CfeVlogy{1+Of( 5 )} (3.6)
’ " \log”y

for all sufficiently large y, y = 0.57721566... is the Euler-Mascheroni constant.

Proof We firstly consider the product

AZ(p) 1
I1 <1+ fsp +Hp(s))(1——s>
p P

y<p<z
3.7
1
= exp 2; 10g( )—i—log(l—;)
y<p<z
By Taylor expansion of log(1 + x), we have
25 (p) _Mp A§<p> s
log | 14+ ———+ Hp(s) + Hp(s)+ 0 + H(s)
P p’ p¥ 39)
W5 (p) K (p) '
= o 0<f2p Hy|.s>1
p p
By x — jx < log(1 4 x) < x, we obtain that for s > 1,
1 1 1 |y | 1 1
0>log|ll—— ) +—=-— > —— — = > (3.9)
¢ ( ps) P’ ,; kpks =2 ,; pk 2p(p—-1 " p?
Combining (3.7), (3.8) and (3.9), we obtain
A%(p) 1
y<r<z P
(3.10)
A3 (p) — (p) 1
- on ¥ LR o (X (mr L
Y<PSzZ r P>y p

For the first O sums on the right of (3.10), by |1 ¢ (n)| < d(n) < n¢, we have

(p 1
ZH :ZZ f ZZ k(l a9 S (3.1

p>y P>y k=2 P>y k= 2
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1098 D. Wang

For the second O sums on the right of (3.10), by |1 ¢ (n)| < d(n) < n¢, and s > 1, we have
W (p)

1 1
> — <Y S <L (3.12)
2s 2
p=y P p=y P Y

Combining (3.10), (3.11), (3.12) and Lemma 2.5, we obtain

]‘[ 1+)L2f(p)+H(s) <1—i>—ex {0<;>}
P’ r p) P ecvogy flogy

y<psz (3.13)
1
= 140 — ).
+ <gc\/logy ’log y>
By the definition of V(y), C; and Lemma 2.6, we get
25(p) 1 1
/
Cr= 1+ + H 1—-— )14+ 0| ———
' pl:[y( p ! ( P) { (ewl"gy«/logy>}
1 1
= V(y) (1——){1—1—0(—)} (3.14)
g }:[} p Vo8 JTog y
=0 o ) o (o e )|
~ " logy log? y evoes Jogy ) |
Therefore, we deduce that
1
V(y)=CfeV10gy{1+0f< 5 )} (3.15)
log”y
for all sufficiently large y. O
Now we are ready to prove Theorem 1. For different ranges of u := }gg, we use different methods to study.

3.1. By Lemma 2.1 and Proposition 2, it follows that for u < 1,

h(x,y) = h(x) =Cf10gx{1+0(L>} =Cfulogy{1+0< ! )}
log x

log x
1 | (3.16)
-vorreo (o ()b
log”y log x
Hence,
h(x,y)=V(y){e_Vu+0( )},0<u <1 (3.17)
logy

3.2. Assume u > 1, by Lemma 2.5 and partial summation, the double sums on the right of Proposition 2 is
equal to

A2(m) A% (p)
> LR Y Ly
m<x p<min(x/m,y)
Pm)<y
W2 (m) A3 (p) 3% (m) 35 (p) (3.18)

-y 3 logp+ . > log p :

m<x/y Py p x/y<m<x p<x/m P

P(m)<y Pim<y

Jl1ogx

= G(x,y)—G(X/Y»Y)‘FO(h(x,}’)ecm .
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By Proposition 1, we obtain

. J/log x
h(x,y)logx =2G(x,y) — G(x/y,y)+ O (V(y) + V(y)eC@) . (3.19)
By the definition of G(x, y), we have
i (G(X, }’)) _h(x’ }’)IOgX - ZG()C, }’)
ax \(logx)?) x(log x)3
3.20
—G/y.n) | (VD) V() (5:20)
~ x(logx)? x(logx)3  x(logx)5/2ecvioex ) -

Next we integrate this relation with respect to x from 7 to x, we obtain the approximate integral equation

Gk,y)  G,y) “ G(X/y,y)d V(y) V(y)
7= s | i 3dxt+ 0 5 , (3.21)
(logx) (logw) y  Xx(logx) (logn) (log n)3/2ecvlogn
where y < n < k.
By the definition of G (x, y) and (3.17), it is reasonable to estimate G («, y) as follow:
« logt\ dt }2%
f V(y)J ( ) — =V logyf - j()dv. (3.22)
1 logy/ 1t 0
Define
u
J(u) :/ j()dv,
0
by Lemma 2.7, we have
w2
J(u) = 2—y,0 Su<l; ujw)=uJ'(w)=2Jw)—Jw—1),u>1.
e
Particularly,
J J TJw—-1
JO _J@) _/ EAC (3.23)
72 w? » v3
Suppose
log
Gk,y)=J@)V(y)logy+ E(k,y), T = 1 . (3.24)
ogy
Combining (3.21), (3.24) and (3.25), we obtain
E(k, E(n, “E(x/y, \% \%4
( yl _E@ yz _/ (x/y y3)dx 0 (y)2 ) ’ (3.25)
(logk) (log n) y Xx(logx) (logn) (log 17)3/2ecv/1ogn

where y < n < «.
Next, by means of an inductive argument, we mainly study the remainders E(., y). Suppose k < y, i.e.

7 = [E€ < 1, then by (3.17), we have

1
Gk, y) =V(y)logy {J(f) +0 (1—)} ,
ogy

which agree with (3.24) for T < 1, where
|E(k, Y)I < AiV(y), T <1, (3.26)

the constant A is at least as large as the constant in (3.17).

@ Springer



1100 D. Wang

Suppose y < k < y?,i.e. 1 < T < 2, in the integral we have x/y < «/y < y. Let B; denote the O-constant
in (3.21) and apply (3.21) with n = y, by (3.22), we have

2

|E(K,y)|<AV( ) x 1 +/y dx +Bl 1 n 1
(ogy? =1 7 1 ogy)? TSy xtogxd T AT \(og »)? T (log y)2ecvioey
ALV (y) 3 B (log y)!/? 241V (y) )
1=+ 211 < , <yo,
(log y)? ( MY ( N Qogy? ¥ =Y
provided that A > 2B;.
By recursive method, suppose v = 1, 2, - - -, there exists a constant C* independent of v such that

E(k, y)
(logx)?

(3.27)

V) v

v+1
(ogy)?

< C*no(v) <k <Y, no(w) =vlogv + 1). (3.28)

We can prove that, for all v > 1,
|E(k, y)| < c*t? log(tr + HV(y), T > 1.
By (3.24), we then obtain
73 log(r + 1)
—_— )}, T >
logy

Combining with (3.19), once with k = x and once with k = x/y, we deduce

Gk, y) =V(y)logy {J(f) +0 <

h(x,y)logx

wlog(u + 1) + 1 1 )} (3.29)
u > 1.

= V(y)logy{2J(u)—J(u—1))+0( log y +@ec@

Dividing by logx = ulogy, we get

u®log(u + 1) n 1 n Jl0ogy
logy log x ecvlogy log x

uzlog(u—i—l))}
_ cu > 1.
logy

h(x,y) =V(y) {j(u) +0 (
(3.30)

=V®) {j(u) + 0 (

4 Proof of Theorem 1 for large u

By Proposition 1, we have

x d 2% (p)
h(x, y)logx = f h(t, y)Tt + Z h <% y) fpp log p + O(h(x, y)). 4.1
! Py

By Lemma 2.1, there exists a constant K and x( such that
|h(x) — Crlogx| < K, x > xo. 4.2)
For large u, we need two Propositions.

Proposition 3 Let A s (n) be the n-th Fourier coefficients of the normalized primitive holomorphic forms f for
the full modular group SL(2, 7Z), then we have

/yh(t 3 vtogy 1o (2
) — = o )
1 Y t 2eY Y)Y logy

fory = y1, y1 is the least value of y satisfying

logy > log® xo,

where xq satisfies (4.2).
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Proof For 1 <t < x9 <y, wehaveh(t,y) = h(t) < V(xg). By Lemma 2.1,
Y dt 10 dt Y dt C
/ h(t)— = f h(t)— +/ (h(t) — Cylogt)— + L (log? y — log? xo),
1 t 1 t X0 t 2
hence,

Y dt  Cy N/ S OF
h(t)T -5 log” y| < V(xp)logxg + K " + TIOg X0 4.3)
1

X0

By Proposition 2 and log y > log? xq, we have

V (x0) log xq <logx0)2< 1
V(y)logy logy ) ~logy’

The integral on the right of (4.3) is obviously O (log y), and the third expression on the right of (4.3) is the same
order by log y > log? xo. Finally by Proposition 2, we get

Cr 1 1
=1 =_—Vyl 1+0 .
5 logty =—-V©) Ogy{ + (10gy)}

This proves the Proposition 3. O
Proposition 4 Let 6 be a fixed number such that 1/2 < 0 < 1, then

log p\ A5(p) 0
> j<u—lﬂ) f logpzlogy/ G — v)dv + O(1).
= ogy) p 0

25 (p)

Proof Let g(x) denote the sum ) p<x

log p. By Lemma 2.4 and partial summation, we have
g(x) —logx =r(x), [r(x)| < Az, x 2 2,
for a suitable constant A>. By j(u) < 1 and |r(x)| < Aj, we get

52
Y (u B logp> +(p) log p

o logy p

! log 1 ! logr\ dt
=/ j(u——g>d{g(t)—logt}~l—/ j<u— g )—
1 logy 1 logy/ 1t
» logt \ dt ! log ¢
=/ j(u— og>_+/ j(u—£>dr(t)
1 logy/ 1t 1 logy

% y?
. . 0 1 y logz '\ dt
= logy/ J(u—v)dv+1(u—9)r(y)+—/ r(t)j <u— )—
0 logy Ji logy/ ¢

0
= logy/ ju—v)dv+ 0Q).
0

O
We have studied # in some bounded range, suppose y > yp and 1 < u < 3, then
h(x,y) =V {jw) + Ny, u)}, 4.4
where
u?log(u + 1) 1
N(y,u) = lg .
ogy log y
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If u > 3, then we assume

N(y,u)
Jju)

h(x,y) = V(y)ju) {1

where O (y, u) < 2N(y, u).
Let

} = V)i {1+ O, 0}, (4.5)

O*(y,u) < sup |O(y,u)l,
1<u'<u

then we have
1
O*(y,u) €« —,1 <u <3.
logy

For u > 3 and all sufficiently large y, we will prove that

lo
O (y.u) « —2& (4.6)
logy’
We first consider the integral in (4.1),
* dt Y dt * dt
ho(t,y)— = [ h(t)—+ | h(@, y)—. 4.7)
1 t 1 t y t
By Proposition 3, we have
Y 1
[ 0 = s voreesfi+o )
1 2ev logy
By (4.4), the portion of the second 1ntegral of (4.7) that corresponds to y < 7 < y> contributes,
logt y3/y
V(y>/ <1g>, (V() % )
08y (4.9)
— V() logy /1 j@Wdv + 0V ().
By (4.5), the remaining portion of (4.7) contributes,
ogt logt dt
v [ e Gl
gy (4.10)
= V(y)logy/3 J) {1+ 0(y,v)}dv.
Combining (4.8), (4.9) and (4.10), we have
X dt 1 u u
ht,y)— =—V(y)1 V(y)l i (v)d i (v)O(y, v)d
/1 ( y)t o7 () logy + V(y) Ogy{/] J) v+/3 J@O(y,v) v} @11)

+ OWV(®©»), ¥y =y, uz=3.

Next we turn to the second expression on the right of (4.1). By (4.5) and Proposition 4, for u > 3, we have
25 (p)
S (%) L 0
p p

Py
A (p)
V(y)Zj(u—lng> Al 10gp{1+®<y,u—10gp)}

logy P logy
p<y (4.12)

1
Vy) logy/O Ju—0dt+ 0V (y))

25(p)
+ V(y)Zj(u—loﬂ) Tl 1ogp®(y,u—1°gp>.

1 1
<y ogy p ogy
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Combining (4.1), (4.11) and (4.12), we get

1
1+00,u) = 2eYuj(u) uJ(u)

1 1 ( ) 1
Zj(u—ﬂ> fp log p® (y,u—ﬂ> (4.13)

uj(u)logy <y log y P log y

1 1
/]() vt —— ) j(u—v)dv

/ JWO(,v)dv+ O <
3

- .—),M>3
uj(u) uj(u)logy

By Lemma 2.7, we have

1 lo A2 7(p) lo
Oy, u) =.—Zj<u gp) log p® (y,u— gp)

uj(u)logy S= logy

1 u 1
i @) /z J@)0G, vdv+ 0 (uj(u)logy) =3

By Proposition 4, the terms in the sum on the right of (4.14) that correspond to p < y!/? contribute at most

(4.14)

I 2(p) 1/2
O (ou) Y. (u—ﬂ) S ogp = @(y,u)(logy/() j(u—v)dv+0<1)>, @.15)

p<y!/? logy

and the remaining terms contribute at most

1 2% (p)
O Gu—1/2 3 j<u_£>f_10g,,
logy/) p

y12<p<y (4.16)
1
= O*(y,u—1/2) <logy/ Jju —v)dv + 0(1)) .
1/2
The integral on the right of (4.14) is at most

u—1 u
O*(y,u — 1)/ j(v)dv—}—@*(y,u)/ j)dv. 4.17)
1 u—1

Combining (4.14), (4.15), (4.16) and (4.17),

Oy, 1) <O*(y, u) {a<u> P J(v)dv}
)
1 u-l 1+ O*(y,u) (4.18)
+ O (yu— 1/2){ﬂ(u)+— j(v)dv}+0 <—)
() uj(u)logy
where
1/2 1
o) = — / = vdv, ) = — j (= v)dv,
uj(u) Jo uj(u) Ji2

By Lemma 2.7, we have

a(u), B(m) < 1/2u, u>1.

Define

u

1
oy (u) = au) + A J(v)dv,
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by Lemma 2.7, we have

1 u=l 1
Bu) + ) Jj)dv o () T o (u)
hence,
14+ O*(y, u)
10y, 1) < O (y, wey () + O (y.u — 1/2)(1 — a1 () + O (—y 3.
uj(u)logy
Next we prove that
1 1+ 0%(y,u)
1Oy, u)] < (®*(y, u) +0*(y,u—1/2)) + 0 <— (4.19)
uj(u)logy
uniformly for u > 3 and if y is sufficiently large.
For the monotonicity of ®*, and
1 u 1 1
O61(14)—06(u)~l—— J(v)dv<—+—<1/2, u >3,
j(u) 2u  u

we deduce

1
5 (070, w) + 0" (v, u = 1/2)) = (O (v, war () + O (v, u = 1/2)(1 = o1 w))
1
- (5 - ocl(u)> (O (y,u) = O (y,u —1/2)) > 0

In order to prove that (4.6) holds for u > 3, Suppose u — 1/2 < u’ < u. Let A3 denote the O-constant in (4.19),
by the monotonicity of ®*,

1 1 @* , /
100, )] <5 (0% (v, u) + O (y, 4’ = 1/2)) + A3 (ﬁ)
u'j(u)logy

243 (140 (. u)
3 \ujwlogy )°

1 * (4.20)
< 5(® (y,u) + O*(y,u — 1/2)) +

For3 <u <u—1/2,

1©(, u)] <O (y,u—1/2) < (®*(y,u)+®*(y,u—1/2))-

By the definition of ®*(y, u), and taking the supremum on the right of (4.19), we have uniformly for u > 3,

24 [(14+O*(y,u
0701 < 5 (0703w + O (o~ 1/2) 4 2 (LT, @21
3 uj(u)logy
After rearranging terms, we get the inequality
4A3 [ 14+ O*(y,
O (1) < O (y,u — 1/2) 4 222 (1L 10) (4.22)
3 uj(u)logy
By the iterative method, we obtain
4A3 ((1 4+ O*(y,u))logu
O*(y. 1) < O*(y. up) + —> ( n L08R, (4.23)
3 logy
where % <ug < 3.
1
By ©%(y,u) < f5g5. 1 <u <3, we have
* Ay
O (y,up) < ——, (4.24)
logy
where A4 is an appropriate constant, and thus
" " " logu
O (y,u) <A | (1+06 (y,u))log , u =3, (4.25)
y

where A* = max(4A3/3, Ayg).

@ Springer



Sums of Fourier coefficients of holomorphic cusp forms 1105

5 Proof of Theorem 2
Define

H(x,y):= Y  23(n).
nLx
Pm)<y
Next we mainly study the relation between H (x, y) and h(x, y).

Proposition 5 Let A r(n) be the Fourier coefficients of f (z). Let P(n) denote the largest prime divisor of n > 1,
with P(1) = 1, then we have

h )
Y A < Bt sy,
’ logex
n<x
P(m)<y
where By is a suitable constant.
Proof We have the equation
X
H = 2 —_ 2~ = . .
(r,plogx =3 Az(mlog-+ Y Aj(mlogn=T+S (5.1)
n<x n<x
P(m)<y Pm)<y

By logx < x — 1 forall x > 0, we have
0T < xh(x,y)— H(x,y).

By the multiplicative property of A y(n), the obvious inequality M (x, y) < xm(x, y), Merten’s prime number
estimate, and

2% (p") log p*
Z S NS

k ~X ’
p.k=>2 p
Py
we have
S= Y 2G5 phlog pF
mpk<x
pim
P(mp)<y
<D AMmag(plogp+ Y AFmAG(ph)log p*
mps<x mpk<x
P(mp)<y k>2
P(mp)<y 5.2)
X
< D Am) Y M(p)logp+ Y H(?’y) 2% (p*) log p*
m<x p<x/m p.k>2
P(m)<y Py
X X
< axh(,y)+ Y h (—k, y) 15 (p*)log p* < axh(x, y) + bxh(x, y).
p.k=>2 p
Py
Therefore,
h I
Hey) < Bor ) S By = 1 +a+tb.
logex
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1106 D. Wang

Proposition 6 Let A r(n) be the Fourier coefficients of f (z). Let P(n) denote the largest prime divisor of n > 1,
with P(1) = 1, then we have

H@.ylogx= Y 20m) Y Ap(plogp+ Oxh(x.y)log™ x), x.y>2.

m<x p<min(x/m.y)
P(m)<y

In particular, when 'y > x > 2, we have

H(x)logx = > 25(m) »_ 23(p)logp+ O(xh(x,y)log ' x), x.y>2.
m<x p<x/m

Proof We begin from the identity (5.1), suppose 2 < y < x, we have

S= Y Amlogn= Y Amni(p")logp",

n<x mpk<x
P(m)<y plm
P(mp)<y

the main contribution to the sums S comes from the terms corresponding to k = 1,

Yo Amnrg(plogp= Y Apm) Y Ap(p)logp

mp<x m<x p<min(x/m,y)
ptm Pm)<y ptm
P(mp)<y (5.3)
= Y gm) Y AG(plegp— Y aGm)ag(p)logp.
m<x p<min(x/m,y) mp<x
P(m)<y plm
P(mp)<y
This gives
[H(e,y)logx = Y7 230m) Y A5(p)logpl
m<x p<min(x/m,y)
P(m)<y
< T+ Y Amai(plogp+ Y A3m)ai(ph)log p*
mp<x mpk<x
plm pk=2
P(mp)<y P(mp)<y
(5.4)
= T+ Y 250N plogp+ Y 2FmrG(p") log p
IpF<x mpk<x
p’(l p.k=>2
Pp)<y P(mp)<y
X
< T+ ) ( — y) AP () logp + > H(—k,y> 15 (p") log p*.
pk+1<x P~k>2 p
Py Py
Next we estimate 7', by Proposition 5, then
X x dt * h(t,y)
T = AVmlog== | H@, y)—
¥ o [ HenT < [ e
P(N<y (5.5)

S R
h ) log(er) logx
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For the first sum of (5.4), we consider the cases k = 1 and k > 2. When k = 1, by Proposition 5, and
A r(n)| < d(n),

h 22 (p))\ (p)logp
3 H(If ) L L) logp <xBy 3 MELPD) K

e 2 flog(ex/pz) p
Py
xh(x,y) 5 /\?(p)k}(p)logp e Y (p)kf(p)logp (5.6)
log(ex!/3) p<xl/3 p? poxl/3
xh(x,y)
logx

When k > 2, by Proposition 5,

3 H(#y) 2(p")32(p) log p

pk+1<)6
pk=2
Py
h(x, A5 (P25(p) log p 25 (PN25(p) log p
i 1)/2 Z k+1 +xh(x,y) Z k+1 K+ G-
log(ex )pkﬂgx P iepiicy P log(ex/p
pk=2 p.k>2
xh(x,
« ThE )
log x

For the second sum of (5.4), using the same method, we also have

X xh(x,y)
> ()b ogpt < i,
2 p ogx (5.8)
Py
O

Now we begin to deduce Theorem 2, firstly, suppose u > 2. By Proposition 6, we have

Hx.y)logx =) 15(m) Y 15(p)logp

m<x/y p<y
Pm)<
o 1 (5.9
DD Mpm) YD 25(p)log p+ Oh(x, y)log ! ).
x/y<m<x/2 p<x/m
P(m)<y
Consider the first sum on the right of (5.9). By Lemma 2.1, we have
Yo km) Y A(plogp= Y Am)ly+ O(ye Ve
m<x/y p<y m<x/y
Pim<y P(m)<y 5.10)

= yH ( ,y) {14+ 0(eVioen)y,
y
By Proposition 5, and A(x, y) < V(y), we have

hix/y, 1%
yH( ,y><<x /. ) < x (y), u>2.
y log y log y
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1108 D. Wang

Consider the second sum on the right of (5.9). By Lemma 2.1, we have

Yo Mm) Y M(p)logp

x/y<m<x/2 p<x/m
Pm)<y
= X sm|ro(evE)
m m
<m<x/2
x/;)(<”rlr;<);/ (5.11)

(/2,0 —hx/y b+ 0| Y W SeViEn
m
x/y<m<x/2
Pm)<y

To estimate the error term of (5.11), by Proposition 5, we have

x/m dt
PRIEILY

- Jlogt
x/y<m<x/2 32 € 08!
P(m)<y
Y dt Y t, dt 5.12
< / i (%) <x [ ma/ny) 12
2 t ecvlogt 2 tlog(x/t) ecvlogt
V(y) Yoot V(y)

X .
Yo/ Jo recvier < Mogy

The main term on the right side of (5.11), by Theorem 1, we have

V(y)x (j (u logz) - 1)) +0 (wmw)

B logy logy
. . . . log?2 log(u + 1)
— VOxG) — ju— 1)+ 0 (Vi () —j(u— 82) 4 28 (5.13)
logy logy
. . log(u + 1)
= VO)x(j@) — j—1)+0 (vmxg—) ,
logy
here we use the bound
log2 u 1
) —j (u _ % ) =/ J(0dt < ——.
logy u— 122 logy
Thus,
. . log(u + 1)
H(x,y)logx =V(y)x(ju) — ju—1)+ 0 (V(y)xgloT) ,ou =2,
after division log x, by Lemma 2.7, we have
v 1 1
H(x,y):L)x J'w)+ 0 M w2,
logy ulogy
H(x,y)logx= Y 250m) Y 35(plogp+ Y A3m) D 25(p)logp
m<x/y p<y x/y<m<x/2 p<a/m
Pm)<y
+ O(xh(x,y)log™"x)
= yH (%) {1+ 0@ V)| 4 x(hte/2,9) = hex/y, ) (5.14)

h(x, x
+ 0 <x x ”) +o|l 3 Rmie Ve
log x : m

x/y<m<x/2
P(m)<y
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By Lemma 2.1 and Proposition 2, suppose 1 < u < 2,i.e 1l < x/y < y, we have

X X X . 1
h<—,y) =h <—) = cflog(—> +0() =V(®») {](u— H+o0 (—)}
y y y logy

here, weuse 0 < u — 1 < land j(u) = e Yu,u < 1. Similarly, we have

1 n o1
H(x,y)logx = xV () {uj’(u) + Ogl(:g: ) | logy} +yH G) {1 n O(e—wbg»")} . (5.15)

X
yH (—) < x.
y

log(u + 1) 1
log y logy ]’

By lemma 2.1, we obtain

Thus, (5.15) reduces to

H(x,y)logx =xV(y) {uj/(u) +

After division by logx and 1 < u < 2, we get

{j’(u) n log(u + 1) } '

logy ulogy
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