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Abstract Our goal in this paper is to prove an asymptotic estimate for sums of Fourier coefficients of holomorphic
cusp forms over integers without large prime factors by using a Chebyshev-type functional equation.
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1 Introduction and main results

Integers whose prime factors are small have attracted a lot of mathematicians to study in many areas of number
theory. Let P(n) denote the largest prime divisor of n > 1, with P(1) = 1. Positive integers n with P(n) � y
for a fixed number y are particularly interesting. The well known counting function of integers not exceeding x
with prime factors at most y is

�(x, y) :=
∑

n�x
P(n)�y

1.

The distribution of�(x, y) has been extensively studied, see, e.g. papers of Norton [16], Moree [15], Hildebrand
and Tenenbaum [8]. All these works originate from the following asymptotic distribution result due to Dickman
[5]. He proved that

�(x, y) ∼ x�(u), x → ∞, u := log x

log y
,

where �(u) satisfies

u�′(u) = −�(u − 1), u > 1,

and subjects to the initial conditions

�(u) = 0, u < 0,

�(u) = 1, 0 � u � 1.
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Sums of Fourier coefficients of holomorphic cusp forms 1091

The function �(u) is now known as Dickman’s function.
De Bruijn [3] obtained that, for any fixed ε > 0,

�(x, y) = x�(u)

{
1 + O

(
log(u + 1)

log y

)}
, (1.1)

uniformly for

1 � u := log x

log y
� (log x)3/8−ε, as x → ∞.

Later, Hildebrand [7] improved the range of u by using a Chebyshev-type functional equation for �(x, y).
He showed that (1.1) holds uniformly for

x � 3, 1 � u := log x

log y
� log x/(log log x)5/3+ε .

Alladi [1], Hildebrand and Tenenbaum [9] respectively studied an interesting distribution which is that
∑

n�x
P(n)�y

μ(n).

Ivić [10,11] studied the squarefree numbers with restricted prime factors, i.e,
∑

n�x
P(n)�y

μ2(n).

Xuan [22,23] studied the average order of divisor functions over integers without large prime factors, i.e,
∑

n�x
P(n)�y

τ k(n).

Based on the above research results, we are interested in the sums of Fourier coefficients of holomorphic
cusp forms over integers without large prime factors, and want to know the distribution law of Fourier coeffi-
cients of holomorphic cusp forms in sparse sequences. Studying the oscillatory of the Fourier coefficients of
holomorphic cusp forms or Hecke Maass forms in number theory is an important problem. It has attracted a lot
of mathematicians to study, such as, Walfisz, Rankin, Hafner, Ivić. We firstly introduce some information about
the holomorphic cusp forms.

Let Hk denote the set of normalized primitive holomorphic cusp forms of even integral weight k for the full
modular group � = SL(2,Z). For f (z) ∈ Hk , it has a Fourier expansion at the cusp ∞ given by

f (z) =
∞∑

n=1

λ f (n)n
(k−1)/2e(nz),

where λ f (n) is real, λ f (1) = 1, and λ f (n) satisfies the multiplicative property

λ f (m)λ f (n) =
∑

d|(m,n)
λ f

(mn

d2

)
,

where m � 1 and n � 1 are integers, obviously λ2
f (p) = 1 + λ f (p2). For the holomorphic cusp forms, Deligne

[4] proved the Ramanujan-Petersson conjecture

|λ f (n)| � d(n).

Our goal of this paper is to prove an asymptotic estimate about sums of Fourier coefficients of holomorphic
cusp forms, which the sums are over integers without large prime factors. i.e,

∑

n�x
P(n)�y

λ2
f (n).
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1092 D. Wang

Before we give the asymptotic estimate for sums of Fourier coefficients of holomorphic cusp forms over
integers without large prime factors, we need to prove the asymptotic estimate for the sums, i.e,

∑

n�x
P(n)�y

λ2
f (n)

n
.

Our main results are the following.

Theorem 1 Suppose f (z) are the normalized primitive holomorphic forms for the full modular group SL(2,Z),
and let λ f (n) be the Fourier coefficients of f (z). Let P(n) denote the largest prime divisor of n > 1, with
P(1) = 1, then for all sufficiently large y, we have

∑

n�x
P(n)�y

λ2
f (n)

n
= V (y)

{
j (u)+ O f

(
log(u + 1)

log y

)}
,

uniformly for

1 � u := log x

log y
� exp

(
1

a
log y

)
,

where a is a suitable constant, u j ′(u) = j (u)− j (u − 1), u > 1; j (u) = e−γ u, 0 � u < 1; j (u) = 0, u < 0,
and

V (y) =
∏

p�y

(
1 +

∞∑

k=1

λ2
f (p

k)

pk

)
.

Theorem 2 Suppose f (z) are the normalized primitive holomorphic forms for the full modular group SL(2,Z),
and let λ f (n) be the Fourier coefficients of f (z). Let P(n) denote the largest prime divisor of n > 1, with
P(1) = 1, then for all sufficiently large y, we have

∑

n�x
P(n)�y

λ2
f (n) = x

log x
V (y)

{
�(u)+ O f

(
log(u + 1)

u log y

)}
,

uniformly for

1 � u := log x

log y
� exp

(
1

a
log y

)
,

where a is a suitable constant, � is Dickman’s function, and

V (y) =
∏

p�y

(
1 +

∞∑

k=1

λ2
f (p

k)

pk

)
.

2 The lemmas

Lemma 2.1 Suppose f (z) are the normalized primitive holomorphic forms for the full modular group SL(2,Z),
and let λ f (n) be the Fourier coefficients of f (z), then

∑

n�x

λ2
f (n) = C f x + O f (x

3/5). (2.1)

By partial summation, we have

∑

n�x

λ2
f (n)

n
= C f log x + O(1), (2.2)
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Sums of Fourier coefficients of holomorphic cusp forms 1093

where C f is a positive constant depending on f , i.e,

C f = lim
s→1+0

∏

p

(
1 +

∞∑

k=1

λ2
f (p

k)

pks

)(
1 − 1

ps

)
.

Proof The result (2.1) obtained independently by Rankin [19] and Selberg [20]. Next we mainly compute C f .
By the multiplicative property of λ f (n) and partial summation, for �s > 1, we have

∏

p

(
1 +

∞∑

k=1

λ2
f (p

k)

pks

)
=

∞∑

n=1

λ2
f (n)

ns
= (s − 1)

∫ ∞

1

h(x)

xs
dx

= (s − 1)
∫ ∞

1

C f log x + O(1)

xs
dx

= C f

s − 1
+ O(1),

(2.3)

hence,

C f = lim
s→1+0

∏

p

(
1 +

∞∑

k=1

λ2
f (p

k)

pks

)
(s − 1).

On the other hand,

lim
s→1+0

(s − 1)ζ(s) = 1,

where

ζ(s) =
∞∑

n=1

1

ns
=
∏

p

(
1 − 1

ps

)−1

,�s > 1.

Hence

C f = lim
s→1+0

∏

p

(
1 +

∞∑

k=1

λ2
f (p

k)

pks

)(
1 − 1

ps

)
.

�	
Lemma 2.2 (de la Vallée Poussin) Let
(n) denote the Mangoldt function, as x → ∞, there exists an absolute
positive constant c > 0 such that

ψ(x) =
∑

n�x


(n) = x + O(xe−c
√

log x ).

Proof See Ivić [13]. �	
Lemma 2.3 Suppose L(s, F) is the L-function associated with a Hecke holomorphic form F for SL(3,Z), and
let AF (n, 1) be the n-th coefficient of the Dirichlet series for it. For N � 2 and any α ∈ R, there exists an
effective constant c > 0 such that

∑

n�x


(n)AF (n, 1)e(nα) � xe−c
√

log x ,

where 
(n) is the von Mangoldt function, and the implied constant depends only on F.

Proof Theorem 1.1 of [6] has given the detailed proof for the Hecke Maass form. The Hecke holomorphic form
also has the same result, we shall not give a duplicate proof. �	
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1094 D. Wang

Lemma 2.4 Let λ f (n) be the n-th Fourier coefficients of the normalized primitive holomorphic forms f for the
full modular group SL(2,Z), 
(n) is the Mangoldt function, then we have

∑

n�x

λ2
f (n)
(n) = x + O(xe−c

√
log x ).

Proof See Perelli [17]. �	
Lemma 2.5 Suppose f (z) are the normalized primitive holomorphic forms for the full modular group SL(2,Z),
and let λ f (n) be the Fourier coefficients of f (z), then

∑

y<p�z

λ2
f (p)

ps
− 1

ps
= O

(
1

ec
√

log y
√

log y

)
, z > y, (2.4)

uniformly in �s � 1.

Proof Let

R(t) :=
∑

y<p�t

λ2
f (p)− 1

p
log p,

then R(t) = 0 when t � y. By partial summation and Lemma 2.3, we have

R(t) :=
∑

y<p�t

λ2
f (p)− 1

p
log p = O

(√
log y

ec
√

log y

)
.

Using partial summation, we have

∑

y<p�z

λ2
f (p)

ps
− 1

ps

=
∫ z

y

d R(t)

t s−1 log t
= R(z)

zs−1 log z
+
∫ z

y

R(t)

t s log t

(
s − 1 + 1

log t

)
dt

�
√

log y

zs−1ec
√

log y log z
+
∫ z

y

√
log y(s − 1)

ec
√

log y log t

dt

t s
+
∫ z

y

√
log ydt

tsec
√

log y(log t)2

� 1

zs−1ec
√

log y
√

log y
+ 1

ys−1ec
√

log y
√

log y
+ 2

ec
√

log y
√

log y
� 1

ec
√

log y
√

log y
,

(2.5)

uniformly for �s � 1. �	
Lemma 2.6 For x > 1, we have

∏

p�x

(
1 − 1

p

)
� e−γ

log x

(
1 + 1

log2 x

)

and

∏

p�x

p

p − 1
� eγ log x

(
1 + 1

log2 x

)
.

where γ = 0.57721566... is the Euler-Mascheroni constant.

Proof The result was proved by Rosser and Schoenfeld [18]. �	
In order to state our results, we introduce a function j (u).

123



Sums of Fourier coefficients of holomorphic cusp forms 1095

Lemma 2.7 Let j (u) be strictly increasing and positive for all u > 0. j (u) converges to 1 as u → ∞, and also
satisfies the following properties:

u j ′(u) = j (u)− j (u − 1), u > 1; j (u) = e−γ u, 0 � u < 1; j (u) = 0, u < 0.

(u j (u))′ = 2 j (u)− j (u − 1), j ′(u) = �(u), u > 1.

j (u) = 1

u

∫ u

u−1
j (t)dt + 1

u

∫ u

0
j (t)dt = 1

u

∫ u

u−1
j (t)dt + 1

u

∫ u

1
j (t)dt + 1

2eγ u
, u � 1.

Proof See Ankeny and Onishi [2]. �	

3 Proof of Theorem 1 for small u

Define

h(x, y) :=
∑

n�x
P(n)�y

λ2
f (n)

n
,

using the Chebyshev-type functional equation of h(x, y), we have

h(x, y) log x = G(x, y)+
∑

mpk�x
P(mp)�y

p�m

λ2
f (m)

m

λ2
f (p

k)

pk
log pk, (3.1)

where

G(x, y) :=
∫ x

1

h(t, y)

t
dt =

∑

n�x
P(n)�y

λ2
f (n)

n
log
( x

n

)
.

Firstly, we give an asymptotic formula for h(x, y) log x .

Proposition 1 Suppose f (z) are the normalized primitive holomorphic forms for the full modular group
SL(2,Z), and let λ f (n) be the Fourier coefficients of f (z). Let P(n) denote the largest prime divisor of n > 1,
with P(1) = 1, then we have

h(x, y) log x = G(x, y)+
∑

m�x
P(m)�y

λ2
f (m)

m

∑

p�min(x/m,y)

λ2
f (p)

p
log p + O(h(x, y)), 1 < y � x .

Proof We firstly consider the contribution of terms corresponding to k = 1 from the sum on the right of (3.1),

∑

mp�x
P(mp)�y

p�m

λ2
f (m)

m

λ2
f (p)

p
log p

=
∑

mp�x
P(mp)�y

λ2
f (m)

m

λ2
f (p)

p
log p −

∑

mp�x
P(mp)�y

p|m

λ2
f (m)

m

λ2
f (p)

p
log p

=
∑

m�x
P(m)�y

λ2
f (m)

m

∑

p�min(x/m,y)

λ2
f (p)

p
log p −

∑

lpk+1�x
P(lp)�y
p�l,k�1

λ2
f (l)

l

λ2
f (p

k)

pk

λ2
f (p)

p
log p,

(3.2)
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1096 D. Wang

the double sum on the right of (3.2) is at most

∑

lpk+1�x
P(lp)�y
p�l,k�1

λ2
f (l)

l

λ2
f (p

k)

pk

λ2
f (p)

p
log p �

∑

pk+1�x
p�y,k�1

h

(
x

pk+1 , y

)
λ2

f (p
k)

pk

λ2
f (p)

p
log p

� h(x, y)
∑

pk+1�x
p�y

λ2
f (p

k)

pk

λ2
f (p)

p
log p.

(3.3)

By |λ f (n)| � d(n) � nε , we can easily get

∑

pk+1�x
p�y

λ2
f (p

k)

pk

λ2
f (p)

p
log p �

∑

pk+1�x

1

p(k+1)(1−ε) � 1.

Therefore, the terms corresponding to k = 1 from the sum on the right of (3.1) contribute

∑

mp�x
P(mp)�y

p�m

λ2
f (m)

m

λ2
f (p)

p
log p =

∑

m�x
P(m)�y

λ2
f (m)

m

∑

p�min(x/m,y)

λ2
f (p)

p
log p + O (h(x, y)) . (3.4)

For the remaining terms k � 2, using |λ f (n)| � d(n) � nε , we can get the contribution

∑

mpk�x
P(mp)�y
p�m,k�2

λ2
f (m)

m

λ2
f (p

k)

pk
log pk �

∑

p,k�2

h

(
x

pk
, y

)
λ2

f (p
k)

pk
log pk � h(x, y).

(3.5)

Combining (3.4) and (3.5), we obtain

h(x, y) log x = G(x, y)+
∑

m�x
P(m)�y

λ2
f (m)

m

∑

p�min(x/m,y)

λ2
f (p)

p
log p + O(h(x, y)).

�	
Remark if 1 � x � y, we take y = x in the above lemma to obtain

h(x) log x −
∫ x

1

h(t)

t
dt −

∑

m�x

λ2
f (m)

m

∑

p�x/m

λ2
f (p)

p
log p � h(x),

where

h(x) :=
∑

n�x

λ2
f (n)

n
.

Define

V (y) :=
∏

p�y

(
1 +

∞∑

k=1

λ2
f (p

k)

pk

)
,

Obviously, we have

h(x, y) �
∑

P(n)�y

λ2
f (n)

n
= V (y).
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Sums of Fourier coefficients of holomorphic cusp forms 1097

Let

Hp(s) :=
∑

k=2

λ2
f (p

k)

pks
, Hp := Hp(1),

then

V (y) =
∏

p�y

(
1 + λ2

f (p)

p
+ Hp

)
.

Secondly, we give an asymptotic formula for V (y).

Proposition 2 For V (y), we have the following result.

V (y) = C f eγ log y

{
1 + O f

(
1

log2 y

)}
, (3.6)

for all sufficiently large y, γ = 0.57721566... is the Euler-Mascheroni constant.

Proof We firstly consider the product

∏

y<p�z

(
1 + λ2

f (p)

ps
+ Hp(s)

)(
1 − 1

ps

)

= exp

⎧
⎨

⎩
∑

y<p�z

log

(
1 + λ2

f (p)

ps
+ Hp(s)

)
+ log

(
1 − 1

ps

)⎫⎬

⎭ .

(3.7)

By Taylor expansion of log(1 + x), we have

log

(
1 + λ2

f (p)

ps
+ Hp(s)

)
=λ

2
f (p)

ps
+ Hp(s)+ O

(
λ4

f (p)

p2s
+ H2

p(s)

)

= λ2
f (p)

ps
+ O

(
λ4

f (p)

p2s
+ Hp

)
, s � 1.

(3.8)

By x − 1
2 x2 � log(1 + x) � x, we obtain that for s � 1,

0 � log

(
1 − 1

ps

)
+ 1

ps
= −

∞∑

k=2

1

kpks
� −1

2

∞∑

k=2

1

pk
= − 1

2p(p − 1)
� − 1

p2 . (3.9)

Combining (3.7), (3.8) and (3.9), we obtain

∏

y<p�z

(
1 + λ2

f (p)

ps
+ Hp(s)

)(
1 − 1

ps

)

= exp

⎧
⎨

⎩
∑

y<p�z

λ2
f (p)− 1

ps
+ O

(
∑

p>y

(
Hp + λ4

f (p)

p2s
+ 1

p2

))⎫⎬

⎭ .

(3.10)

For the first O sums on the right of (3.10), by |λ f (n)| � d(n) � nε , we have

∑

p>y

Hp =
∑

p>y

∑

k=2

λ2
f (p

k)

pk
�
∑

p>y

∑

k=2

1

pk(1−ε) � 1

y1−ε . (3.11)
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For the second O sums on the right of (3.10), by |λ f (n)| � d(n) � nε , and s � 1, we have

∑

p>y

λ4
f (p)

p2s
�
∑

p>y

1

p2 � 1

y
. (3.12)

Combining (3.10), (3.11), (3.12) and Lemma 2.5, we obtain

∏

y<p�z

(
1 + λ2

f (p)

ps
+ Hp(s)

)(
1 − 1

ps

)
= exp

{
O

(
1

ec
√

log y
√

log y

)}

= 1 + O

(
1

ec
√

log y
√

log y

)
.

(3.13)

By the definition of V (y), C f and Lemma 2.6, we get

C f =
∏

p�y

(
1 + λ2

f (p)

p
+ Hp

)(
1 − 1

p

){
1 + O

(
1

ec
√

log y
√

log y

)}

= V (y)
∏

p�y

(
1 − 1

p

){
1 + O

(
1

ec
√

log y
√

log y

)}

= V (y)
e−γ

log y

{
1 + O

(
1

log2 y

)}{
1 + O

(
1

ec
√

log y
√

log y

)}
.

(3.14)

Therefore, we deduce that

V (y) = C f eγ log y

{
1 + O f

(
1

log2 y

)}
, (3.15)

for all sufficiently large y. �	
Now we are ready to prove Theorem 1. For different ranges of u := log x

log y , we use different methods to study.
3.1. By Lemma 2.1 and Proposition 2, it follows that for u � 1,

h(x, y) = h(x) =C f log x

{
1 + O

(
1

log x

)}
= C f u log y

{
1 + O

(
1

log x

)}

= V (y)e−γ u

{
1 + O

(
1

log2 y

)}{
1 + O

(
1

log x

)}
,

(3.16)

Hence,

h(x, y) = V (y)

{
e−γ u + O

(
1

log y

)}
, 0 < u � 1. (3.17)

3.2. Assume u > 1, by Lemma 2.5 and partial summation, the double sums on the right of Proposition 2 is
equal to

∑

m�x
P(m)�y

λ2
f (m)

m

∑

p�min(x/m,y)

λ2
f (p)

p
log p

=
∑

m�x/y
P(m)�y

λ2
f (m)

m

∑

p�y

λ2
f (p)

p
log p +

∑

x/y<m�x
P(m)�y

λ2
f (m)

m

∑

p�x/m

λ2
f (p)

p
log p

= G(x, y)− G(x/y, y)+ O

(
h(x, y)

√
log x

ec
√

log x

)
.

(3.18)
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By Proposition 1, we obtain

h(x, y) log x = 2G(x, y)− G(x/y, y)+ O

(
V (y)+ V (y)

√
log x

ec
√

log x

)
. (3.19)

By the definition of G(x, y), we have

∂

∂x

(
G(x, y)

(log x)2

)
=h(x, y) log x − 2G(x, y)

x(log x)3

= −G(x/y, y)

x(log x)3
+ O

(
V (y)

x(log x)3
+ V (y)

x(log x)5/2ec
√

log x

)
.

(3.20)

Next we integrate this relation with respect to x from η to κ , we obtain the approximate integral equation

G(κ, y)

(log κ)2
= G(η, y)

(logω)2
−
∫ κ

η

G(x/y, y)

x(log x)3
dx + O

(
V (y)

(log η)2
+ V (y)

(log η)3/2ec
√

log η

)
, (3.21)

where y � η � κ .
By the definition of G(x, y) and (3.17), it is reasonable to estimate G(κ, y) as follow:

∫ κ

1
V (y) j

(
log t

log y

)
dt

t
= V (y) log y

∫ log κ
log y

0
j (v)dv. (3.22)

Define

J (u) =
∫ u

0
j (v)dv,

by Lemma 2.7, we have

J (u) = u2

2eγ
, 0 � u < 1; u j (u) = u J ′(u) = 2J (u)− J (u − 1), u > 1.

Particularly,

J (τ )

τ 2 = J (ω)

ω2 −
∫ τ

ω

J (v − 1)

v3 dv. (3.23)

Suppose

G(κ, y) = J (τ )V (y) log y + E(κ, y), τ = log κ

log y
. (3.24)

Combining (3.21), (3.24) and (3.25), we obtain

E(κ, y)

(log κ)2
= E(η, y)

(log η)2
−
∫ κ

η

E(x/y, y)

x(log x)3
dx + O

(
V (y)

(log η)2
+ V (y)

(log η)3/2ec
√

log η

)
, (3.25)

where y � η � κ .
Next, by means of an inductive argument, we mainly study the remainders E(., y). Suppose κ � y, i.e.

τ = log κ
log y � 1, then by (3.17), we have

G(κ, y) = V (y) log y

{
J (τ )+ O

(
1

log y

)}
,

which agree with (3.24) for τ � 1, where

|E(κ, y)| � A1V (y), τ � 1, (3.26)

the constant A1 is at least as large as the constant in (3.17).
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Suppose y < κ � y2, i.e. 1 < τ � 2, in the integral we have x/y � κ/y � y. Let B1 denote the O-constant
in (3.21) and apply (3.21) with η = y, by (3.22), we have

|E(κ, y)|
(log κ)2

� A1V (y)×
{

1

(log y)2
+
∫ y2

y

dx

x(log x)3
+ B1

A1

(
1

(log y)2
+ 1

(log y)3/2ec
√

log y

)}

� A1V (y)

(log y)2

(
1 + 3

8
+ B1

A1

(
1 + (log y)1/2

ec
√

log y

))
� 2A1V (y)

(log y)2
, y < κ � y2,

(3.27)

provided that A1 � 2B1.
By recursive method, suppose ν = 1, 2, · · ·, there exists a constant C∗ independent of ν such that

∣∣∣∣
E(κ, y)

(log κ)2

∣∣∣∣ � C∗η0(ν)
V (y)

(log y)2
, yν < κ � yν+1, η0(ν) = ν log(ν + 1). (3.28)

We can prove that, for all ν � 1,

|E(κ, y)| � C∗τ 3 log(τ + 1)V (y), τ > 1.

By (3.24), we then obtain

G(κ, y) = V (y) log y

{
J (τ )+ O

(
τ 3 log(τ + 1)

log y

)}
, τ > 1.

Combining with (3.19), once with κ = x and once with κ = x/y, we deduce

h(x, y) log x

= V (y) log y

{
2J (u)− J (u − 1))+ O

(
u3 log(u + 1)+ 1

log y
+ 1√

log yec
√

log y

)}
, u > 1.

(3.29)

Dividing by log x = u log y, we get

h(x, y) =V (y)

{
j (u)+ O

(
u2 log(u + 1)

log y
+ 1

log x
+

√
log y

ec
√

log y log x

)}

= V (y)

{
j (u)+ O

(
u2 log(u + 1)

log y

)}
, u > 1.

(3.30)

4 Proof of Theorem 1 for large u

By Proposition 1, we have

h(x, y) log x =
∫ x

1
h(t, y)

dt

t
+
∑

p�y

h

(
x

p
, y

)
λ2

f (p)

p
log p + O(h(x, y)). (4.1)

By Lemma 2.1, there exists a constant K and x0 such that
∣∣h(x)− C f log x

∣∣ � K , x � x0. (4.2)

For large u, we need two Propositions.

Proposition 3 Let λ f (n) be the n-th Fourier coefficients of the normalized primitive holomorphic forms f for
the full modular group SL(2,Z), then we have

∫ y

1
h(t, y)

dt

t
= 1

2eγ
V (y) log y

{
1 + O

(
1

log y

)}
,

for y � y1, y1 is the least value of y satisfying

log y � log2 x0,

where x0 satisfies (4.2).
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Proof For 1 � t � x0 � y, we have h(t, y) = h(t) � V (x0). By Lemma 2.1,
∫ y

1
h(t)

dt

t
=
∫ x0

1
h(t)

dt

t
+
∫ y

x0

(h(t)− C f log t)
dt

t
+ C f

2
(log2 y − log2 x0),

hence,
∣∣∣∣
∫ y

1
h(t)

dt

t
− C f

2
log2 y

∣∣∣∣ � V (x0) log x0 + K
∫ y

x0

dt

t
+ C f

2
log2 x0. (4.3)

By Proposition 2 and log y � log2 x0, we have

V (x0) log x0

V (y) log y
�
(

log x0

log y

)2

� 1

log y
.

The integral on the right of (4.3) is obviously O(log y), and the third expression on the right of (4.3) is the same
order by log y � log2 x0. Finally by Proposition 2, we get

C f

2
log2 y = 1

2eγ
V (y) log y

{
1 + O

(
1

log y

)}
.

This proves the Proposition 3. �	
Proposition 4 Let θ be a fixed number such that 1/2 � θ � 1, then

∑

p�yθ

j

(
u − log p

log y

)
λ2

f (p)

p
log p = log y

∫ θ

0
j (u − v)dv + O(1).

Proof Let g(x) denote the sum
∑

p�x
λ2

f (p)

p log p. By Lemma 2.4 and partial summation, we have

g(x)− log x = r(x), |r(x)| � A2, x � 2,

for a suitable constant A2. By j (u) < 1 and |r(x)| � A2, we get

∑

p�yθ

j

(
u − log p

log y

)
λ2

f (p)

p
log p

=
∫ yθ

1
j

(
u − log t

log y

)
d{g(t)− log t} +

∫ yθ

1
j

(
u − log t

log y

)
dt

t

=
∫ yθ

1
j

(
u − log t

log y

)
dt

t
+
∫ yθ

1
j

(
u − log t

log y

)
dr(t)

= log y
∫ θ

0
j (u − v)dv + j (u − θ)r(yθ )+ 1

log y

∫ yθ

1
r(t) j ′

(
u − log t

log y

)
dt

t

= log y
∫ θ

0
j (u − v)dv + O(1).

�	
We have studied u in some bounded range, suppose y � y0 and 1 � u � 3, then

h(x, y) = V (y) { j (u)+ N (y, u)} , (4.4)

where

N (y, u) = u2 log(u + 1)

log y
� 1

log y
.
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If u > 3, then we assume

h(x, y) = V (y) j (u)

{
1 + N (y, u)

j (u)

}
:= V (y) j (u) {1 +�(y, u)} , (4.5)

where �(y, u) � 2N (y, u).
Let

�∗(y, u) � sup
1�u′�u

|�(y, u′)|,

then we have

�∗(y, u) � 1

log y
, 1 < u � 3.

For u � 3 and all sufficiently large y, we will prove that

�∗(y, u) � log u

log y
. (4.6)

We first consider the integral in (4.1),
∫ x

1
h0(t, y)

dt

t
=
∫ y

1
h(t)

dt

t
+
∫ x

y
h(t, y)

dt

t
. (4.7)

By Proposition 3, we have
∫ y

1
h(t)

dt

t
= 1

2eγ
V (y) log y

{
1 + O

(
1

log y

)}
. (4.8)

By (4.4), the portion of the second integral of (4.7) that corresponds to y � t � y3 contributes,

V (y)
∫ y3

y
j

(
log t

log y

)
dt

t
+ O

(
V (y)

log y3/y

log y

)

= V (y) log y
∫ 3

1
j (v)dv + O(V (y)).

(4.9)

By (4.5), the remaining portion of (4.7) contributes,

V (y)
∫ x

y3
j

(
log t

log y

){
1 +�

(
y,

log t

log y

)}
dt

t

= V (y) log y
∫ u

3
j (v) {1 +�(y, v)} dv.

(4.10)

Combining (4.8), (4.9) and (4.10), we have
∫ x

1
h(t, y)

dt

t
= 1

2eγ
V (y) log y + V (y) log y

{∫ u

1
j (v)dv +

∫ u

3
j (v)�(y, v)dv

}

+ O (V (y)) , y � y0, u � 3.
(4.11)

Next we turn to the second expression on the right of (4.1). By (4.5) and Proposition 4, for u > 3, we have

∑

p�y

h

(
x

p
, y

)
λ2

f (p)

p
log p

= V (y)
∑

p�y

j

(
u − log p

log y

)
λ2

f (p)

p
log p

{
1 +�

(
y, u − log p

log y

)}

= V (y) log y
∫ 1

0
j (u − t)dt + O(V (y))

+ V (y)
∑

p�y

j

(
u − log p

log y

)
λ2

f (p)

p
log p�

(
y, u − log p

log y

)
.

(4.12)
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Combining (4.1), (4.11) and (4.12), we get

1 +�(y, u) = 1

2eγ u j (u)
+ 1

u j (u)

∫ u

1
j (v)dv + 1

u j (u)

∫ 1

0
j (u − v)dv

+ 1

u j (u) log y

∑

p�y

j

(
u − log p

log y

)
λ2

f (p)

p
log p�

(
y, u − log p

log y

)

+ 1

u j (u)

∫ u

3
j (v)�(y, v)dv + O

(
1

u j (u) log y

)
, u > 3.

(4.13)

By Lemma 2.7, we have

�(y, u) = 1

u j (u) log y

∑

p�y

j

(
u − log p

log y

)
λ2

f (p)

p
log p�

(
y, u − log p

log y

)

+ 1

u j (u)

∫ u

3
j (v)�(y, v)dv + O

(
1

u j (u) log y

)
, u > 3.

(4.14)

By Proposition 4, the terms in the sum on the right of (4.14) that correspond to p � y1/2 contribute at most

�∗(y, u)
∑

p�y1/2

j

(
u − log p

log y

)
λ2

f (p)

p
log p = �∗(y, u)

(
log y

∫ 1/2

0
j (u − v)dv + O(1)

)
, (4.15)

and the remaining terms contribute at most

�∗(y, u − 1/2)
∑

y1/2<p�y

j

(
u − log p

log y

)
λ2

f (p)

p
log p

= �∗(y, u − 1/2)

(
log y

∫ 1

1/2
j (u − v)dv + O(1)

)
.

(4.16)

The integral on the right of (4.14) is at most

�∗(y, u − 1)
∫ u−1

1
j (v)dv +�∗(y, u)

∫ u

u−1
j (v)dv. (4.17)

Combining (4.14), (4.15), (4.16) and (4.17),

�(y, u) ��∗(y, u)

{
α(u)+ 1

u j (u)

∫ u

u−1
j (v)dv

}

+ �∗(y, u − 1/2)

{
β(u)+ 1

u j (u)

∫ u−1

1
j (v)dv

}
+ O

(
1 +�∗(y, u)

u j (u) log y

)
,

(4.18)

where

α(u) = 1

u j (u)

∫ 1/2

0
j (u − v)dv, β(u) = 1

u j (u)

∫ 1

1/2
j (u − v)dv.

By Lemma 2.7, we have

α(u), β(u) � 1/2u, u > 1.

Define

α1(u) = α(u)+ 1

u j (u)

∫ u

u−1
j (v)dv,
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by Lemma 2.7, we have

β(u)+ 1

u j (u)

∫ u−1

1
j (v)dv = 1 − α1(u)− 1

2eγ u j (u)
� 1 − α1(u),

hence,

|�(y, u)| � �∗(y, u)α1(u)+�∗(y, u − 1/2)(1 − α1(u))+ O

(
1 +�∗(y, u)

u j (u) log y

)
, u � 3.

Next we prove that

|�(y, u)| � 1

2

(
�∗(y, u)+�∗(y, u − 1/2)

)+ O

(
1 +�∗(y, u)

u j (u) log y

)
(4.19)

uniformly for u > 3 and if y is sufficiently large.
For the monotonicity of �∗, and

α1(u) = α(u)+ 1

u j (u)

∫ u

u−1
j (v)dv � 1

2u
+ 1

u
� 1/2, u � 3,

we deduce
1

2

(
�∗(y, u)+�∗(y, u − 1/2)

)− (�∗(y, u)α1(u)+�∗(y, u − 1/2)(1 − α1(u))
)

=
(

1

2
− α1(u)

)
(�∗(y, u)−�∗(y, u − 1/2)) � 0.

In order to prove that (4.6) holds for u � 3, Suppose u − 1/2 � u′ � u. Let A3 denote the O-constant in (4.19),
by the monotonicity of �∗,

|�(y, u′)| �1

2

(
�∗(y, u′)+�∗(y, u′ − 1/2)

)+ A3

(
1 +�∗(y, u′)
u′ j (u′) log y

)

� 1

2

(
�∗(y, u)+�∗(y, u − 1/2)

)+ 2A3

3

(
1 +�∗(y, u)

u j (u) log y

)
.

(4.20)

For 3 � u′ � u − 1/2,

|�(y, u′)| � �∗(y, u − 1/2) � 1

2

(
�∗(y, u)+�∗(y, u − 1/2)

)
.

By the definition of �∗(y, u), and taking the supremum on the right of (4.19), we have uniformly for u � 3,

|�∗(y, u)| � 1

2

(
�∗(y, u)+�∗(y, u − 1/2)

)+ 2A

3

(
1 +�∗(y, u)

u j (u) log y

)
. (4.21)

After rearranging terms, we get the inequality

�∗(y, u) � �∗(y, u − 1/2)+ 4A3

3

(
1 +�∗(y, u)

u j (u) log y

)
. (4.22)

By the iterative method, we obtain

�∗(y, u) � �∗(y, u0)+ 4A3

3

(
(1 +�∗(y, u)) log u

log y

)
, (4.23)

where 5
2 � u0 � 3.

By �∗(y, u) � 1
log y , 1 < u � 3, we have

�∗(y, u0) � A4

log y
, (4.24)

where A4 is an appropriate constant, and thus

�∗(y, u) � A∗
(
(1 +�∗(y, u))

log u

log y

)
, u � 3, (4.25)

where A∗ = max(4A3/3, A4).
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5 Proof of Theorem 2

Define

H(x, y) :=
∑

n�x
P(n)�y

λ2
f (n).

Next we mainly study the relation between H(x, y) and h(x, y).

Proposition 5 Let λ f (n) be the Fourier coefficients of f (z). Let P(n) denote the largest prime divisor of n > 1,
with P(1) = 1, then we have

∑

n�x
P(n)�y

λ2
f (n) � B2x

h(x, y)

log ex
, x � 1,

where B2 is a suitable constant.

Proof We have the equation

H(x, y) log x =
∑

n�x
P(n)�y

λ2
f (n) log

x

n
+

∑

n�x
P(n)�y

λ2
f (n) log n = T + S. (5.1)

By log x � x − 1 for all x > 0, we have

0 � T � xh(x, y)− H(x, y).

By the multiplicative property of λ f (n), the obvious inequality M(x, y) � xm(x, y), Merten’s prime number
estimate, and

∑

p,k�2
p�y

λ2
f (p

k) log pk

pk
� b,

we have

S =
∑

mpk�x
p�m

P(mp)�y

λ2
f (m)λ

2
f (p

k) log pk

�
∑

mp�x
P(mp)�y

λ2
f (m)λ

2
f (p) log p +

∑

mpk�x
k�2

P(mp)�y

λ2
f (m)λ

2
f (p

k) log pk

�
∑

m�x
P(m)�y

λ2
f (m)

∑

p�x/m

λ2
f (p) log p +

∑

p,k�2
p�y

H

(
x

pk
, y

)
λ2

f (p
k) log pk

� axh(x, y)+
∑

p,k�2
p�y

x

pk
h

(
x

pk
, y

)
λ2

f (p
k) log pk � axh(x, y)+ bxh(x, y).

(5.2)

Therefore,

H(x, y) � B2x
h(x, y)

log ex
, x � 1, B2 = 1 + a + b.

�	
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Proposition 6 Let λ f (n) be the Fourier coefficients of f (z). Let P(n) denote the largest prime divisor of n > 1,
with P(1) = 1, then we have

H(x, y) log x =
∑

m�x
P(m)�y

λ2
f (m)

∑

p�min(x/m,y)

λ2
f (p) log p + O(xh(x, y) log−1 x), x, y � 2.

In particular, when y � x � 2, we have

H(x) log x =
∑

m�x

λ2
f (m)

∑

p�x/m

λ2
f (p) log p + O(xh(x, y) log−1 x), x, y � 2.

Proof We begin from the identity (5.1), suppose 2 � y � x , we have

S =
∑

n�x
P(n)�y

λ2
f (n) log n =

∑

mpk�x
p�m

P(mp)�y

λ2
f (m)λ

2
f (p

k) log pk,

the main contribution to the sums S comes from the terms corresponding to k = 1,

∑

mp�x
p�m

P(mp)�y

λ2
f (m)λ

2
f (p) log p =

∑

m�x
P(m)�y

λ2
f (m)

∑

p�min(x/m,y)
p�m

λ2
f (p) log p

=
∑

m�x
P(m)�y

λ2
f (m)

∑

p�min(x/m,y)

λ2
f (p) log p −

∑

mp�x
p|m

P(mp)�y

λ2
f (m)λ

2
f (p) log p.

(5.3)

This gives

|H(x, y) log x −
∑

m�x
P(m)�y

λ2
f (m)

∑

p�min(x/m,y)

λ2
f (p) log p|

� T +
∑

mp�x
p|m

P(mp)�y

λ2
f (m)λ

2
f (p) log p +

∑

mpk�x
p,k�2

P(mp)�y

λ2
f (m)λ

2
f (p

k) log pk

= T +
∑

lpk+1�x
p�l

P(lp)�y

λ2
f (l)λ

2
f (p

k)λ2
f (p) log p +

∑

mpk�x
p,k�2

P(mp)�y

λ2
f (m)λ

2
f (p

k) log pk

� T +
∑

pk+1�x
p�y

H

(
x

pk+1 , y

)
λ2

f (p
k)λ2

f (p) log p +
∑

p,k�2
p�y

H

(
x

pk
, y

)
λ2

f (p
k) log pk .

(5.4)

Next we estimate T , by Proposition 5, then

T =
∑

n�x
P(n)�y

λ2
f (n) log

x

n
=
∫ x

1
H(t, y)

dt

t
�
∫ x

1

h(t, y)

log(et)

� h(x, y)
∫ x

1

dt

log(et)
� x

h(x, y)

log x
.

(5.5)
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For the first sum of (5.4), we consider the cases k = 1 and k � 2. When k = 1, by Proposition 5, and
|λ f (n)| � d(n),

∑

p2�x
p�y

H

(
x

p2 , y

)
λ2

f (p)λ
2
f (p) log p � x B2

∑

p�√
x

h(x/p2, y)

log(ex/p2)

λ2
f (p)λ

2
f (p) log p

p2

� xh(x, y)

log(ex1/3)

∑

p�x1/3

λ2
f (p)λ

2
f (p) log p

p2 + xh(x, y)
∑

p>x1/3

λ2
f (p)λ

2
f (p) log p

p2

� xh(x, y)

log x
.

(5.6)

When k � 2, by Proposition 5,

∑

pk+1�x
p,k�2
p�y

H

(
x

pk+1 , y

)
λ2

f (p
k)λ2

f (p) log p

� xh(x, y)

log(ex1/2)

∑

pk+1�x
p,k�2

λ2
f (p

k)λ2
f (p) log p

pk+1 + xh(x, y)
∑

√
x�pk+1�x

p,k�2

λ2
f (p

k)λ2
f (p) log p

pk+1 log(ex/pk+1)

� xh(x, y)

log x
.

(5.7)

For the second sum of (5.4), using the same method, we also have

∑

p,k�2
p�y

H

(
x

pk
, y

)
λ2

f (p
k) log pk � xh(x, y)

log x
.

(5.8)

�	
Now we begin to deduce Theorem 2, firstly, suppose u � 2. By Proposition 6, we have

H(x, y) log x =
∑

m�x/y
P(m)�y

λ2
f (m)

∑

p�y

λ2
f (p) log p

+
∑

x/y<m�x/2
P(m)�y

λ2
f (m)

∑

p�x/m

λ2
f (p) log p + O(xh(x, y) log−1 x).

(5.9)

Consider the first sum on the right of (5.9). By Lemma 2.1, we have

∑

m�x/y
P(m)�y

λ2
f (m)

∑

p�y

λ2
f (p) log p =

∑

m�x/y
P(m)�y

λ2
f (m){y + O(ye−c

√
log y)}

= y H

(
x

y
, y

)
{1 + O(e−c

√
log y)}.

(5.10)

By Proposition 5, and h(x, y) � V (y), we have

y H

(
x

y
, y

)
� x

h(x/y, y)

log y
� x

V (y)

log y
, u � 2.
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Consider the second sum on the right of (5.9). By Lemma 2.1, we have
∑

x/y<m�x/2
P(m)�y

λ2
f (m)

∑

p�x/m

λ2
f (p) log p

=
∑

x/y<m�x/2
P(m)�y

λ2
f (m)

{ x

m
+ O

( x

m
e−c

√
log x

m

)}

= x{h(x/2, y)− h(x/y, y)} + O

⎛

⎜⎜⎝
∑

x/y<m�x/2
P(m)�y

λ2
f (m)

x

m
e−c

√
log x

m

⎞

⎟⎟⎠ .

(5.11)

To estimate the error term of (5.11), by Proposition 5, we have

∑

x/y<m�x/2
P(m)�y

λ2
f (m)

∫ x/m

3/2

dt

ec
√

log t

�
∫ y

2
H
( x

t
, y
) dt

ec
√

log t
� x

∫ y

2

m(x/t, y)

t log(x/t)

dt

ec
√

log t

� x
V (y)

log(x/y)

∫ y

2

dt

tec
√

log t
� x

V (y)

log y
.

(5.12)

The main term on the right side of (5.11), by Theorem 1, we have

V (y)x

(
j

(
u − log 2

log y

)
− j (u − 1)

)
+ O

(
V (y)x

log(u + 1)

log y

)

= V (y)x( j (u)− j (u − 1))+ O

(
V (y)x

(
j (u)− j

(
u − log 2

log y

)
+ log(u + 1)

log y

))

= V (y)x( j (u)− j (u − 1))+ O

(
V (y)x

log(u + 1)

log y

)
,

(5.13)

here we use the bound

j (u)− j

(
u − log 2

log y

)
=
∫ u

u− log 2
log y

j ′(t)dt � 1

log y
.

Thus,

H(x, y) log x = V (y)x( j (u)− j (u − 1))+ O

(
V (y)x

log(u + 1)

log y

)
, u � 2,

after division log x , by Lemma 2.7, we have

H(x, y) = V (y)x

log y

{
j ′(u)+ O

(
log(u + 1)

u log y

)}
, u � 2.

H(x, y) log x =
∑

m�x/y

λ2
f (m)

∑

p�y

λ2
f (p) log p +

∑

x/y<m�x/2
P(m)�y

λ2
f (m)

∑

p�x/m

λ2
f (p) log p

+ O(xh(x, y) log−1 x)

= y H

(
x

y

){
1 + O(e−c

√
log y)

}
+ x{h(x/2, y)− h(x/y, y)}

+ O

(
x

h(x, y)

log x

)
+ O

⎛

⎜⎜⎝
∑

x/y<m�x/2
P(m)�y

λ2
f (m)

x

m
e−c

√
log x

m

⎞

⎟⎟⎠ .

(5.14)
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By Lemma 2.1 and Proposition 2, suppose 1 � u < 2, i.e 1 < x/y � y, we have

h

(
x

y
, y

)
= h

(
x

y

)
= C f log

(
x

y

)
+ O(1) = V (y)

{
j (u − 1)+ O

(
1

log y

)}
,

here, we use 0 � u − 1 < 1 and j (u) = e−γ u, u < 1. Similarly, we have

H(x, y) log x = xV (y)

{
u j ′(u)+ log(u + 1)

log y
+ 1

log y

}
+ y H

(
x

y

){
1 + O(e−c

√
log y)

}
, (5.15)

By lemma 2.1, we obtain

y H

(
x

y

)
� x .

Thus, (5.15) reduces to

H(x, y) log x = xV (y)

{
u j ′(u)+ log(u + 1)

log y
+ 1

log y

}
.

After division by log x and 1 � u < 2, we get

H(x, y) = xV (y)

log y

{
j ′(u)+ log(u + 1)

u log y

}
.
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