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Abstract In this paper, we characterize the bounded, compact, normal and Schatten class composition operators
on the Fock-type spaces. Moreover, we completely give the spectrum of composition operators on the Fock-type
spaces.
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1 Introduction

We recall that a sequence $* = {572, is said to be a Stieltjes moment sequence if it has the form

o0
SZ;Z/ x4do (x),
0

where ¥ is a non-negative measure on [0, 00), called a representing measure for S*. These sequences have been
characterized by Stieltjes [17] in terms of some positive definiteness conditions. Let W : [0, 4-00) — [0, +00)
be a C3 function such that
¥(x)>0, ¥'(x)>0, and ¥"(x)>0. (1.1)
Note that (1.1) implies that ¥ should grow at least as a linear function. Let 49 (x) = e~ Y™ dx, we denote by §
the sequences {sq : s¢ = [;~ x%e™VWdx}.
Let C" denote the complex n-space and dv be the ordinary volume measure on C". For z = (z1,z2..., 2n)
and w = (wy, wy ..., wy,) in C", we define

n
— 2
(z, w>=ZZiwi» |z|” = (z, 2).

i=1
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2 J. Qin

For 0 < p < oo, the Fock-type space F£ is the space of all holomorphic functions on C" with respect to the
Stieltjes moment sequence S. More precisely,

1 2 1/p
Il = (/ | f(z)e" 2V >|”dv(z>> < 0.
(Cil

Particularly, F, L%, is a Hilbert space with the inner product

(f. 8w = fc f@s@e " Pav().

Throughout this paper, we assume that the weight function W has the additional property that there exists a real
number ¢ < % such that

Mmzo@”ﬂdmﬁﬂ,xaw, (1.2)
where @ (x) = xW’(x). As a consequence of assumptions (1.1) and (1.2), we have
[v'(0)]* = Cw'(x), (13)

where C is a finite positive constant. Furthermore, the same mild smoothness condition is also assumed for ¥
whenever n > 1.
The reproducing kernel of F\% is

_ (n=1)
Ky(z,w) = e 1)!F (2, w)),
where
F() = — .
=3+, ¢eC
d=0
It is easy to see that
1 N dd—1)---d—n+2 _
Kuow(2) = Ku(z, ) = yo A= D (2, wytn1,
(n—1)! Sd
d=n—1
It is immediate that Ky (z, 0) = % and normalized Bergman kernels J[% converge weakly to O as |z] — oo

in F\%. In addition, the set of all holomorphic polynomials is dense in F\%,, see [15] for more informations. In
fact, if W is a polynomial of degree one, then F\%, coincides with the classical Fock space. For any nonnegative
integer m, if we set U, (|1z]%) = —m log |zI2 + |z|?, then F\%, is the classical Fock-Sobolev space. However, the
W, doesn’t satisfy the smoothness conditions (1.1). "

The spaces F, 3, were recently studied by Seip and Youssfi [15]. The authors have obtained interesting results on
the different mapping properties of the Hankel operator on F\%,. In [20], authors considered the Hankel operators
with BMO symbols on Fock-type spaces F, 3, In [2], Bommier and Constantin researched the boundedness and
Schatten class for Hankel operators with operator-valued symbols on Fock-type spaces F\%. Wang, Tu and Hu
[21] discussed the Bergman projection P and Toeplitz operators with positive measure symbol between F\’; and
Fg,forl < p,q < oo.

For a given holomorphic mapping ¢ : C" — C", the composition operator Cy, : F\%, — Fl%, is given by
Cy(f) = f o¢. Composition operators on spaces of holomorphic functions have been studied in many settings.
Much has been written about the theory of these operators on the Hardy, Bergman on the unit disk in the complex
plane, or unit ball in C", see [5] and [16]. In fact, every holomorphic self-map of the unit disk induces a bounded
composition operator on the Hardy or Bergman space over the unit disk, which is a consequence of the Littlewood
Subordination Principle. A characterization of Schatten class composition operators Cy, on the Bergman space
was given by Luecking and Zhu in [13].

However, there is a different story on Fock space. First, a composition operator is rarely bounded on the Fock
space. Carswell, MacCluer and Schuster [3] showed that a composition operators C,, is bounded or compact on
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Composition operators on fock-type spaces 3

Fock space if and only if ¢ is an affine transformation satisfying certain additional conditions. Cho et al. have
extended this result to Fock-sobolev space, see [4]. Many authors have discussed operators of this kind on the
Fock space. For related topic of (weighted)-composition operators on the Fock space, see [10,11,18,19].

Motivated by all those works, we consider the bounded and compact composition operators on F\% From
the boundedness of the composition operators, we characterize the spectral structure of bounded composition
operators on F, \%, We also describe the Schatten class and bounded normal composition operators on F\%

Throughout this paper, M (A) will denote the class of n x n matrices, det (A) will denote the determinant
of A. We say that a < b if there is a constant ¢ independent of a and b such that a < ¢b, where a and b are
nonnegative quantities. Similarly, we say a >~ b ifa < band b 2 a.

In the rest of this paper, we always assume W : [0, 00) — [0, 00) is a C3 function and ¢ is a holomorphic
self-mapping on C". Let

Q = {W¥ : W satisfies condition(1.1), (1.2) and & satisfies condition(1.2)},
and
G={V¥V=ax+b:V¥ e Q,aand b are real numbers}.

A function W said to be a function of super-linear growth, or simply a SL—function, if ¥ € Q — G. We now
state our first main result.

Theorem 1.1 Suppose ¢ : C" — C" is an entire mapping. The following statements hold:

(a) Let W € G, then Cy, is bounded on F\%, if and only if ¢(z) = Az + B for some A € M (n) with |A|| < 1 and
B € C" such that (Az, B) = 0 whenever z € C" and |Az| = |z|;

(b) Let W be a SL—function, then Cy, is bounded on F\% if and only if 9(z) = Az + B for some A € M (n) with
Al < 1 and B is an arbitrary vector in C", or ¢(z) = Az with ||A| = 1;

(c) Cy is compact on F\% if and only if p(z) = Az + B where A € M (n) with |A|| < 1 and B € C".

The (a) of Theorem 1.1 is analogous to the result of [3]. Such a phenomenon is not too surprising, because F\%
coincides with the Fock space in this case. If ¥ is a SL—function and n > 1, the (b) of Theorem 1.1 shows
that the bounded composition operators turn out to behave differently on the F, 3, However, the compactness of
composition operators on F\% is consistent with its on the classical Fock space. More specifically, there exists a
function such that C,, is bounded on Fock-spaces while C, is unbounded on F2.

We recall that, given a separable Hilbert space H, the Schatten p-class of operators on H, Sp, consists of
those compact operators 7 on H with its sequence of singular numbers A, belonging to [” , the p-summable
sequence space. In [14], Mengestie studied Schatten S, class membership of weighted composition operators
on F\%, where p > 2 and W satisfies condition (1.2). In this paper, we provide complete characterizations for the
Sp class membership of composition operators, which is characterized below.

Theorem 1.2 Suppose ¢ : C" — C" is an entire mapping. Let 0 < p < 0o, then Cy, € S, if and only if C,, is
compact on F\%.

In recent years, the spectrum of (weighted)-composition operators on space of holomorphic functions have
attracted some authors’ attentions, see [1,6,8,10,12,22]. As an application of our characterization for bounded-
ness, we completely give the spectrum of bounded composition operators on F2, which is characterized by the
following theorem.

Theorem 1.3 Suppose ¢(z) = Az + B and C, is bounded on F\%. Then

0(Cyp) = (A" -+ A3" : a is any multi-index},
where A1, Ay, ..., Ay be the eigenvalues of A.

The paper is organized as follows. Section 2 is dedicated to the boundedness, compactness and Schatten
class membership of Cy,. In Section 3, we consider the bounded invertible composition operators as well as the
spectrum of bounded composition operators. Finally, we characterize normal composition operators in Section 4.
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4 J. Qin

2 Bounded and compact composition operators

If ¥ € G, then F\%, coincides with the classical Fock space. So we have the following classical result [3].

Proposition 2.1 Suppose that ¥ € G and ¢ : C* — C" is an entire mapping. The following statements hold:

(a) Cy is bounded if and only if ¢(z) = Az + B for some A € M(n) with ||A|| < 1 and a point B € C" such
that (Az, B) = 0 whenever |Az| = |z| and z € C".

(b) Cy is compact if and only if there is a matrix A € M(n) with ||A|l < 1 and a point B € C" such that
¢(z) = Az + B.

Proof The proof is similar to that of main result in [3], so we omit its proof here. O
From Lemmas 3.1 and 7.2 in [15], we have the estimates

1Ko, 21 = e e (127) 1o (12 ) 1. @.1)
For a SL—function W, Proposition 2.2 reveals some phenomena that are different from what occurs in Fock and
Fock-Sobolev space. Before we give the proof of this Proposition, we need the following Lemma.
Lemma 2.1 Let W be a SL—function, then W' (x) — 00 as x — o0.

Proof In fact, if there is a nonnegative number y such that ¥”(y) > 0, then ¥'(x) — o0 as x — 00, since
W' > 0 and W > 0. If the Lemma doesn’t hold, we can obtain ¥ = 0, since ¥” > 0. This shows that the
degree of W must be 1. We obtain a contradiction to our hypothesis. Thus, ¥'(x) — 00 as x — 00. O

Proposition 2.2 Suppose ¢ : C* — C" is an entire mapping and V is a S L—function.

(a) If Cy, is bounded, then there are a matrix A € M(n) with |A|l < 1 and a point B € C" such that
¢(z) = Az + B. Furthermore, if |Az| = |z| for some z € C", then B = 0.
(b) IfCy is compact, then there is amatrix A € M (n) with||A|| < landapoint B € C" suchthat (z) = Az+B.

Proof If Cy, is bounded, then by (2.1), we have

1

1le@P (g 2 / =12
IC5Kw (Dl 1K o)l e (‘D (@D (e()19)] )
_— = up —————— 2.2)

e IKwG DIl ceon KDl ceom 5
e%“'z2><<1>/<|z|2>[w|z|2)1"1)

Now suppose {zx} is a sequence in C" and |zx| — 00 as k — oo. If there is a subsequence {zg, } such that
|zk;| — coas j — 00, |@(zk;)| > |zk;l

for all j > 0. Then we have

=

2y 2 / 2
(|(/7(Zk_,-)| V(o)1) + Yl (zk;)l )) . (W (lp(zi)) PP

[/ (2, )1

2
<|Zk_, P (24, 12) + W' (lz, |2)>

forall j > 0, since ¥’ > 0, ®(x) = xW¥', ¥’ > 0, and ¥ > 0. By mean value theorem, there exists a number
&, € (zx; 1%, lo(zk,)1?) such that

(o)1) — W(lze, 1) = (o) * — lzx, W ()

2y 2
forj > 0.By Lemma 2.1, ¥'(§,) — ooas j — oo, then we can see that ¢ (191D =¥ 1zk; 1)

This together with (2.2) shows that C, ; is unbounded. Thus

i lp(2)|
im sup

lZl—oo 12l

— ooas j — oo.

<1. (2.3)
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Composition operators on fock-type spaces 5

By (2.3) and the proof of Theorem 1 in [3], we can see that ¢(z) = Az + B, where A € M(n) with [|A| < 1
and B € C".

Next, we show that B = 0 whenever |Az| = |z| for some z € C". We may assume ¢ € C” with || = 1. In
fact, we only need to consider the case of |A¢ | = |¢| by aunitary change-of-variable, see the proof of Theorem 1 in
[3]. Setting n € Cwith || = 1 sothat n(A¢, B) > 0.Letw = ¢, then |p(w)|> = t>+|B|*>+2tn(A¢, B) > 2.
Using the fact that [¢(w)|> > |w|?, (1.1) and (2.2), we can obtain

1

1 2 1\2
ex Vel ><cb/(|<p<w>|2>[w/(|¢><w>|2)]" 1) AW lpw)P)

1 > lim 1—2
t—00 ei\ll(lwl)

er i) <d>’<|w|2>[w(|w|2)1"—1)2

lim
11— 00

is bounded as t — oo. By mean value theorem again,

o3 Vo)) .
=tlingoe><p{§(|3| + 21n(Ag, B))‘I’/(y)}

m —
t—00 eQ\L’(\wl)

where y € (12, 1> + |B|*> + 2tn(A¢, B)). By Lemma 2.1, ¥/(y) — oo as y — 00, which shows that B =
(A¢, B) =0.
To prove (b). Assume ¢(z) = Az + B induces a compact composition operator on F\%. If |A]| = 1, then

¢(z) = Az by (a). Since \/% — 0 weakly in FL%,, we must show that ||C* Ky (,2) l» — 0. Suppose that

? VKu(z.2)
¢ #0and |A¢| = |¢|. Let z = t¢ where t > 0. Then

Bl —

3 VeI (q,/(w)(z)|2)[\D/(I<p(z)|2)]”‘l)

lim - =1.
lz[—00 1 2 2
ezl )(Q’(|z|2)[w’<|z|2>]"—l)
We obtain a contradiction to the compactness of Cy,. Thus, we have ||A] < 1. O

We now proceed to the proof of the sufficiency. Let A € M (n) be a matrix of rank &, then there are n x n unitary
matrices U and V such that A = UAV, where A is a diagonal matrix (0;) witho| > 02 > -+ > 0} > O}+1 =
.-+ =0, = 0. The (0;) are the non-negative square roots of the eigenvalues of AA*. Note thatif |A|| < 1, then
the o; will all be less than or equal to 1, and at least one will equal 1 if ||A|| = 1. A proof can be found in [9].

Suppose ¢(z) = Az 4+ B and ¥ (z) = Az 4+ U*B, it is easy to check that C, = CyCy Cy. Since Cy and
Cy are unitary, then C, is bounded (resp. compact) if and only if Cy, is bounded (resp. compact). So, we need
to consider the boundedness and compactness of Cy,. We call ¢ a normalization of ¢. Let B’ = U*B. We have
the following simple Lemma.

Lemma 2.2 Suppose ¢(z) = Az + B where A and B are as described in (a) of Proposition 2.2. Let ¥ (z) =
Az + B be the normalization of . Let j be the number of singular values of AA* whose values are 1. Then
B =0ifj>0.

Proof If j > 0, then we have ||A|| = 1, and hence B’ = U*B = 0. In this case, ¢(z) = Az. |
From Lemma 2.2, we have the following result, which gives the estimate of |w|> — |[A~!(w — B)|%.

Lemma 2.3 If A is invertible and |A|| < 1, then the expression |w|> — |A~" (w — B')|* has maximum t =
n 1Bl
Yo 1_(7,_2.M0re0ve};

lw|*> = |A™ (w — B)]? > —o00 (2.4)

as |w| — oo.
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6 J. Qin

Proof Since A is invertible and ||A|| < 1, then 0 < o; < 1. It is easy to see that
w2 — A" (w — B)? = Z(l o7 Hlwi* - Zo 2|b}|? +2%Za 2w;b]. 2.5)

Since 0 < o; < 1, then 1 — o, % < 0. It follows from (2.5) that |w|> — |A~! (w — B")|> — —o0 as |w| — oo.
By the proof of theorem 2 in [3], we have the expression attains its maximum at points w € C" satisfying

4] 7
lw;| = 3 and w;b; > 0
1 —o;
1
for 1 <i < n. A simple computation shows that
n 712 n /12
|b; |b; 2

P P By
n —2|b/|2
—Zo_2|b/| +2Z

B X": —|b/|? Z (2a,. +2 — 20, )b}

o (1 —a?) 1—o?

i=1
. |b/|2

L

The proof is complete. O

l—a

We now prove the sufficiency.

Proposition 2.3 Suppose V is a SL—function. Let ¢(z) = Az + B, where A € M(n) with ||A|| < 1, and
B e C".

(a) If B =0 when |Az| = |z| for some z € C", then Cy, is bounded.

(b) IfIIA|l < 1, then Cy is compact.

Proof Let y be the normalization of ¢, we will show that Cy, is bounded (resp. compact) if (a) (resp. (b)) holds.
If A is not invertible, then the proofs of (a) and (b) are exactly the same as in [3]. So we may assume A is
invertible.

To prove (a). We only need consider the case of || A|| = 1. Since A isinvertible and ||A|| = 1, then ¥ (z) = Az
by Lemma 2.2. It is easy to see that

ICA- f I3 = [E |£(A2)2e Y P dy(z) < /(C L ) Pe Y D gy = | 7112

So Cy is bounded in this case. It remains for us to prove (b).
To prove (b). Assume ||A|| < 1, and let { fx} be a sequence weakly converges to 0 as k — oco. We will show
that [|Cy fkll2 — 0. A change of variables then gives

_ 2 2y —100_RIN2
ICy fill3 ~ /C | fie(w)|2e™ V(WD ¥ IwID=VAAT =B gy (1), (2.6)

Using Lemma 2.1, Lemma 2.3 and mean value theorem, we have

YDA w=B)P) _ (wlP-1a w-BYAw ey _

as [w| — oo, where n € (|w|?, |A~"(w — B)|?). By (2.6), |Cy fill2 — 0. Thus, Cy, is compact.
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Composition operators on fock-type spaces 7

As an application of our characterization for compactness, we proceed to the characterization of Schatten
classes. Let {eﬁ} be an orthonormal basis of F\%,. Recall that a positive compact operator 7 on Hilbert space is
said to be trace class if

tr(T) := Z(Teﬁ, e/3>\p < 00
B

for some orthonormal basis {e,g} of F&,. As is well known, the sum above, called the trace of 7. For 0 < p < oo,

itis clear that T € S, if and only if (T*T)P/? belongs to the trace class. We refer to [23] for a brief account on
Schatten classes. For Hardy and Bergman space, the trace formula with the corresponding measure p such that

wr) = [ (1Ko K duto)
for positive operators T € S;, where K is kernel function. The following lemma shows that the trace formula

is also true in Fj.

Lemma 2.4 Let T be a positive linear operator on F\%,. Then T € Sy if and only if
w0 = [ (TR 2. Koty e v,

Proof Assume { e,g} is an orthonomal basis in F\%. It follows that

Ky(w,z) = ZEﬂ(W)Eﬁ(Z).
B

A simple calculation shows that
tr(T) = E (Teﬂ’eﬂ)w = E f Te,g(z)eﬁ(z)e_\y(lzlz)dv(z).
((:l‘l
B B

By the reproducing formula and since T is positive, we have Teg(z) = (Teg(-), Ky (-, 2))w. Using the fact that

(Tep(), Ku (-, 2))wep(z) = T(ep(z) ® epg(2))Kw (-, 2),

it is easy to verify that

tr(T) = / (TKy(2), Ky (- 2))g e Y du(z).
(Cn

The proof is complete. O

The next proposition is an improvement of Theorem 3.1 in [14] , with a completely different proof. We give
more information about §,(0 < p < 00).

Proposition 2.4 Suppose ¢ : C" — C" be a holomorphic map. If Cy is compact F2, then Cy € Sp for all
0<p<oo.

Proof It is known that the Schatten p-class gets smaller, as p decreases. So we only need to consider p small.
Let 0 < p <2, it follows from Proposition 1.31 in [23] that

p/2
C ¥\ Ky(-, 2) ’ Ky(-, 2) > <CC* Ky(-, 2) ’ Ky(-, 2) >
<( vCo) 1Kw(, 2Dl 1Kw(, 22 \1/5 (CoCs) 1Kw(, Dl 1Kw (22
_ <||Kw(-,go(z)>||z>”
1 Kw(s 2l

v

for all z € C". By (2.1) and Lemma 2.4, we obtain

”1<\I’(7 ¢(Z))||2 P — 2
C,C*)P/2 Rk Wzl
tf(( ¢C¢) ) = /n < 1Ko 0l ) e Ky(z,2)dv(z)
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8 J. Qin

S

e%‘l’(|¢(2)|2) (CD/(|(,0(Z)|2)[\IJ/(|§0(Z)|2)]”_1) 2

~

dv(z)

-1

S

Cn e%\p(\zp) (@’(|Z|2)[\Iﬂ(|2|2)]n_1)

Since C,, is compact F2, then ¢(z) = Az + B with ||A|| < 1. If W is a polynomial of degree one, it is obvious
that

eg‘”'““2>(@'(kp(z)|2>[W’<|¢(z>|2)1"—1>2

—1

dv(z) < o0.

SIS

tr((C(pC;)Pﬂ) <
’ e‘z"”'““(@/(|z|2)[\v'(|z|2)]"‘)

Now, we assume W is a SL—function. Since ||A| < 1, then |¢(z)|> < |z|> when |z| > N for large enough
N > 0. It follows that |¢(z)|? < |z|* off a compact subset of C”. This also gives

(eI (@ P _
(P (PPt T

off a compact subset of C"*. Then we have
tr<(C<pC$>”/2) S /C Cexp | S (W (lp@)P) — w<|z|2))}<1>/<|¢><z)|2)w/(|go(z)|2)"—1dv<z>

= / exp §W’<n)<|¢<z>|2 - Izlz)}<I>’(|<ﬂ(z)|2)[‘If/(|<p(z)|2)]"_1dv(z)

- / exp | ZW ) (9 ()1 - |z|2>}
x ([\If’(w(z)|2)1"—1{\v/(|¢(z)|2> + |¢(z>|2w”<|<p<z>|2)})dv<z) 2.7)
where 1 € (l¢(z)|%, |z|?). Using (1.3), (2.4) and (2.7), we have
tr((%%)””) S fc exp {§W/<n)(|¢<z)|2 - |z|2>} ([\U’ucp(znz)]" + |¢(z)|2[\If’<|<p(z)|2>]"“)dv<z>

~ [C exp {g‘lﬂ(n)(lw(Z)lz - |z|2>}|go(z)|2[\Iﬂ(|go(z>|2)]"“dv(z> <00

Thus, we conclude Cy, € S, for 0 < p < 2. Hence, for all 0 < p < co. This completes the proof. O

3 Spectra of composition operators

In this section, we characterize the spectral structure of bounded composition operators. In the rest of the paper,
we will always assume ¢ : C" — C”" is a holomorphic mapping. First, we consider the bounded invertible
composition operators.

Theorem 3.1 Suppose C, is a bounded invertible operator and WV is a SL—function. Then the inverse of Cy is
bounded on Fl% if and only if there is an unitary matrix A such that ¢(z) = Az.

Proof Since the sufficiency is trivial, we only need to prove the necessity. Suppose C, is a bounded invertible
operator. Then ¢(z) = Az + B where A and B as defined in Proposition 2.2. Since Cy, is a bounded invertible
operator, so is C, :;.

First, we will show that det (A) # 0. Let z, w € C" with ¢(z) = ¢(w), it is clear that

Cp(Ky(2) — Ky (-, w) = Ku (-, 9(2)) — Ku (-, p(w)) = 0.
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Composition operators on fock-type spaces 9

Since C* is a bounded invertible operator, then ker C ;’j = {0}(kernel of C :;), which implies that Ky (-, z) —
Ky (-, w) = 0. It follows that z = w. So, ¢ is an injective mapping on C". Since ¢(z) = Az + B and ¢ is an
injective mapping on C", we can see that A is a bijection. This shows that det (A) # 0. Since det(A) # 0, we
obtain

o ' 2)=A"12—-A7'B, zeC"

It is clear that the inverse of Cy, is C(p—l.

To prove that A is an unitary matrix. It follows from the bounedness of C,-1 that A=Y < 1. Since Cy
is bounded, then ||A|| = 1, and hence B = 0 by Proposition 2.2. So, ¢(z) = Az. By the normalization of the
matrix A, we can see that A is an unitary matrix. The proof is complete. O

Now, we consider the spectrum of bounded composition operator C,. Jiang et al. have described the spectrum
of composition operator on the classical Fock spaces of C”, see [10]. So, we only consider the case of a
SL—function W. Before we give the proof of theorem 3.2, we need several preliminary results that will be of use
throughout the rest of this section. The following lemma can be found in [10].

Lemma 3.1 Suppose A € M (n) with ||A|| < 1. Then there exists an unitary matrix U such that T1 = UAU*

with
(A1 0O
H_(O Az)’

where A| = diag (eie] AU ei(’j) and Ay is an (n — j) x (n — j) upper-triangular matrix with ||Az|ca-j || < L.
The next lemma, which will be a key tool for the proof of our main result in this section, is proved in [5].

Lemma 3.2 Suppose H is a Hilbert space with H = K & £ where K is finite dimensional and T is bounded on
H that leaves IC or £ invariant. If the operator T has the matrix representation

XY X0
T:(o Z) or TZ(YZ)
with respect to this decomposition, then o (T) = o(X) U o (Z).

We now turn to the main result of this section.

Theorem 3.2 Suppose V is a SL—function and Cy, = Az + B is a bounded operator on F\% Then

o(Cy) = {A{" -+ A3" : & is any multi-index},
where A1, Aa, ..., Ay be the the the eigenvalues of A.

Proof Our method of proof is similar to that of [10]. Since C, is bounded, then ¢(z) = Az + B where A and B
as defined in Proposition 2.2. Let j be the number of singular values of A whose modules are 1. By Lemma 3.1,
there exists a unitary matrix U such that [T = UAU™* with

A1 O
= ( 0 A2) ’
where A| = diag (e ,e'%) and Ay isan (n — j) x (n — j) upper-triangular matrix with || Az|ca— [ < 1.
It is easy to see that Cy+Cy,Cy = Cy, where ¥ = I1z + U B. It follows that C, is similar to Cy . Since the
spectrum is similarly invariant, so we will compute the spectrum of Cy,. Let A1, A2, ... A,—; be the eigenvalues
of Ay. Note that €1, ..., % Ay, Ao, .. . An—j are the eigenvalues of A.

We calculate the spectrum of Cy when [|A|| = 1, the proof for ||A]| < 1 is similar. Since ||A|| = 1, then,
by Proposition 2.2, ¢(z) = Az, so ¥(z) = Ilz. It is clear that ¥ (z) = (Ajw, Apu) where z = (w,u) €
C/ x C"J. Letu; € C"~/ be a nonzero eigenvector of A, with corresponding eigenvalue ;, ie. AzTu,- = \iuj,
i=1,2...,n—j. Let N/ = {(ar,00,...,aj) s o; € N, 1 <i < j}, where N is the set of all non-negative
integers. We define

0
N

F(w,v) = wf@Tu)® wlup)® - @l u,_ ;)i

@ Springer



10 J. Qin

where w € C/, B =(B1,....B)) € N/ and o = (a1, . ..Oy—j) € N"—J. Note that the Fock-type space F\%,
contains all holomorphic polynomials, so F' € F\% Then

CyF =(FolD(z) = F(Aiw, A2v)
= ! OB W (A1 un) ™ ([(Agv] u2)® - ([Ag0] )
= ! BB P T ATu) @ T ATup)® - 07 AS )i
= e"(ﬁleﬁ"'ﬂfaf')k?l - -kz:-"wﬁ(vTul)al Wlup)® - T uy ).

This implies

0 (Cy) D fel (Broit5;6)) ) "-)»j'i_ji}-
Next, we will prove the other direction. Let X = ¢ o 4 o --- 0 /(K times). Then
v @ =y u) = Afw, Afw).
It is easy to see that Af is still an upper-triangular matrix with the diagonal elements A X, kf ey Xf_ Ir Since
[Ai] < 1forl <i <n-—j, so Aé( tends to zero matrix as K — oo. By the spectral mapping theorem, we know

that [a (C,/,)]K =0 [(Cw)K] =0 (wa) . Which shows that we only need to compute the spectrum of Cy;.

We need a finite orthogonal decomposition(see [1]). For o € N"—J, let P, be the set of all functions F in F&,,
where F can be written as Fy(w)u®. Define I';,, = (€B|o,|<m730[)l for any m > 0. Since the set of holomorphic
polynomials is dense in F2, then we have a finite orthogonal decomposition

Fl%l = (@|a\<m7)a)J_ @D FnJ;-
Clearly,
CyF(2) = Foy(w,u) = Fy(Ajw)(Azu)*

. o
n—j
= Fo(Aw) H Aiui + Zaikuk

i=1 k>j

This shows that Cy, has upper-triangular matrix representation with the above decomposition of F\%,
Leti(w, u) = (Ayw, u) and ¥ (w, u) = (Ajw, Apu), where Ay = diag(A1, A2, ..., Ap—j). So Cj 18 unitary
on F\%,. Easily modifying the proof of Proposition 4.2 in [12], we get

o(Cp) = {ei(ﬁ191+~'5j9j) . (/31’ e ,8/) c Nj},

Moreover, C 7 is bounded and has a diagonal matrix in the decomposition of F\%, Let T, and D, be the matrices
corresponding to C7 and Cj, with respect to Py, respectively. It follows that

On—j
Ty =2{"--x,"/ Dq.
Using Lemma 3.2, we have

o(c)c U oo (Cor,)

|o|<m

c U e ...)Lz"_’]/a(Da)UU (C@rm)'

|la|<m

This gives

o (C@) - {ei(ﬂ191+"'ﬁ/9f)k?] ---)»a"__/ii :BeN/,ac N"—f}.

n
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Composition operators on fock-type spaces 11

On the other hand, since the matrix of Cy is also upper-triangular in the decomposition of Fé So, the
spectrum for the diagonal lock of Cy, on Py is same to the corresponding result of C7. Let M, denote the matrix
of Cy corresponding to P,. By the lemma 5.3 in [1] and Lemma 3.2, we can see that

o (Clp) C U o (MOl) UG (wam)
|| <m
c U ei(ﬂ101+---ﬂj9/‘))ﬁ‘1 AZ”_’J’ U B(O, [|Cyr,, ID-

la|<m

Here € N/, o € N"7/ and B(0, ||Cyr,,|I) denotes the disc with the radius ||Cyr,, || In fact, if we show that
ICyr, | = 0asm — oo, then C@ and Cy will have the same spectrum structure.

We now show that ||Cyr,, || — 0 as m — oo. Recall that normalization of the function. Let A, = WXV,
where W, V are unitary matrices on Ch=Dxn=D apnd ¥ = diag(y1, y2, ¥a—j). Note that y, y2, ..., ¥, are the
non-negative square roots of the eigenvalues of AA* and 1 > y; > y» > - y,—;. Let ¢1(w, u) = (Ajw, Vu),
Yy (w, v) = (w, Xu) and ¢ (w, v) = (w, Wv) Clearly, Cy,, Cy, are unitary operators and Cy = Cy, Cy5. Cyp,.
It follows that Cys, preserves both T, and T';%. Therefore, we only need to show that | Cyyr,, || — 0asm — oo.

Pick F(z) = Z\alzm Fy(w)u® € I'y,. A simple calculation gives

UsZ = (Z1s s Zjs VIZjb 1 V22425 -+ s Vi jZn)s
then

— 2
ICosir, Fllz = /C [(F o p)(@)Pe* 0 du(z)

. _ 2 2
= Z [C’_ /(Cn—j |Fa(w)|2|(ylu1)al (yn_jun_j)%rjl e~ Y (wl"+ul )dvj(w)dvn_j(u).

lot|>m

Sincey; < y1 < lfor2 <i <n—j,theny;|u;| < y1|u;il|. This together with the orthogonality of the monomials
shows that

_ 2002
ICysir, FlI3 < Z J/lzm/C/C _IFa(w)Izlual e~ VIIHD gy (w)dv,— ()
J n—j

la|=m
_ 2
=" / | D" Fa()u®Pe™ v (w)dv,—j (u)
c la|=m
=y{"™|IFI3

Since y; < 1, it follows that
Jm I Cyziry | < lim yi" =0.

This shows that

o(Cy) S {ei(ﬂlew---ﬁj@f),\‘;“ L8 BeNae N"—i}.

The proof is complete. O
Using the above Theorem and Theorem 4.2 of [10], we have the following result.

Corollary 3.1 Let C, = Az + B be a bounded operator on F\%, Then

0(Cyp) = (A" -+ A3" : a is any multi-index},

where A1, Ay, ..., Ay be the eigenvalues of A.

@ Springer



12 J. Qin

4 Normal and hyponormal composition operators

In this section, we will characterize normal composition operators on the Fock-type space qu, Recall that an
operator T on Hilbert space is called normal if 7*T = T T* and it is called hyponormal if 7*T — T T* > 0. Here
> denotes the usual ordering on operators. Let f be an eigenvector for 7 with eigenvalue A, then hyponormality
of T gives

0=I(T =D fll2 = I(T* = 1D f 12,

which shows that (T* — A1) f = 0. That is, f is also an eigenvector of 7*. Following lemma is instrumental in
the study of normality of composition operators. The idea comes from [5].

Lemma 4.1 Suppose that A € M(n) with ||A|| = 1 and ¢(z) = Az, then Cy is bounded on F\%, and Cf; = Cy,
where y = A*z.

Proof Clearly, Cy, is bounded F\%. For any f € FZ, an easy calculation gives

(Cp @) = ((Cy Hw), Ky (w, 2))w = (f(w), CoKy(w, 2))w

1
= (J(). Ku(pw). D) = (f(w). g FO7 P (AW D)
1
= (f(w), mﬂ"—”«w, A*2))w = (f (), Ky (w, A*2))w
= [(A*2) = (Cy /(@)
So we have Cj = Cy,. m

In [7], the authors characterized the bounded, compact and normal product of Topelitz operator and compo-
sition operators on the Fock space of complex plane C. They obtained the sufficient condition for normality of
the Products. Now, we will completely characterize which composition operators are normal.

Theorem 4.1 Let Cy, be a bounded operator on Fl%, If Cy is hyponormal, then ¢(z) = Az with ||A|| < 1, where
A € M(n). Moreover, Cy, is normal if and only if there is a normal matrix A € M (n) with ||Al| < 1 such that
(z) = Az.

Proof If Cy is hyponormal, then Cy1 = 1 = 5,1 Ky (-, 0), where
+00
Sn—1 =/ K lem Y™ gy,
0

The hyponormality of Cy, shows that Ky (-, 0) is also an eigenvector of C;. In fact, C; Ky(-,0) = Kg(-, 9(0)).
So Ky (-, ¢(0)) = Ky(-, 0), which forces ¢(0) = 0. By Propositions 2.1 and 2.2, ¢(z) = Az with ||A] < 1,
where A € M (n).

If Cy is normal, then ¢(0) = 0. Since normal operator is hyponormal. So, ¢(z) = Az with [|A|| < 1. Let
¥ (z) = A*z, Lemma 4.1 shows that C;‘j = Cy. Since C, is normal, we have

Cyop = C¢Cw = Cpr = Cpoy -
Then, for any z € C”,
A*Az =Y (p(2) = (¥ () = AA™z,

which implies A is normal.
Conversely, suppose A is normal matrix with ||A|| < 1. By Propositions 2.1 and 2.2, ¢(z) = Az induces a
bounded composition operator on F\% Since A is normal and Cj; = Cy, then

Cyop = CyCy = CyCy = Cyoy.
Thus, Cy, is normal. This proof is complete. O

Using Theorems 3.1 and 4.1, we have the following corollary.
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Composition operators on fock-type spaces 13

Corollary 4.1 Suppose Cy is a bounded invertible operator and V is a S L—function. Then the inverse of C, is
bounded on F\% if and only if Cy, is a unitary operator.

In fact, we have the following interesting result.
Proposition 4.1 Let Cy, be a bounded operator on F\%,. If Cy is hyponormal, then C, is normal.

Proof Since C, is hyponormal, then ¢(z) = Az for some n x n matrix A with [|A|| < 1. We will show that A
is normal matrix. Let f] be an eigenvector for A* with A1 and f(z) =<z, f1 > . Itis easy to see that

(Cp =D f(z) =((A=ADz, f1) =0
for any z € C". By the hyponormality of Cy,
0=1I(Cp—AD fll2 = I(Cy — 1D fll2,
which shows that (Cy — Xl)f = 0. In fact, for each z € C",
(Cy = 2D f = {(A* = AD)z, f1) =0,

s0, (A — A1) fi = 0. This implies f] is an eigenvector of A with corresponding nonzero eigenvalue Aj.
Define

Ny = span{fi, fo,..., fi}, k=1

Clearly, A and A* commute on N|. Moreover, we have N is a reducing subspace for A. This shows that
ANll - NlJ-. Now, choose a vector f> € NIJ- so that

Afr=2fr, A fr=I2f.

It is clear that A and A* commute on N,. Moreover, N, is reducing for A. For the same reason, we can find a
basis of C" so that Ng = C" for a suitable positive integer K. Thus, A and A* commute on C", and the desired
result holds. |

Data availability All data generated or analysed during this study are included in this published article.
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