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Abstract In this paper, we characterize the bounded, compact, normal and Schatten class composition operators
on the Fock-type spaces. Moreover, we completely give the spectrum of composition operators on the Fock-type
spaces.
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1 Introduction

We recall that a sequence S∗ = {s∗
d }∞d=0, is said to be a Stieltjes moment sequence if it has the form

s∗
d =

∫ ∞

0
xddϑ(x),

where ϑ is a non-negative measure on [0,∞), called a representing measure for S∗. These sequences have been
characterized by Stieltjes [17] in terms of some positive definiteness conditions. Let � : [0,+∞) → [0,+∞)

be a C3 function such that
� ′(x) > 0, � ′′(x) ≥ 0, and � ′′′(x) ≥ 0. (1.1)

Note that (1.1) implies that � should grow at least as a linear function. Let dϑ(x) = e−�(x)dx, we denote by S
the sequences {sd : sd = ∫∞

0 xde−�(x)dx}.
Let C

n denote the complex n-space and dv be the ordinary volume measure on C
n . For z = (z1, z2 . . . , zn)

and w = (w1, w2 . . . , wn) in C
n , we define

〈z, w〉 =
n∑

i=1

ziwi , |z|2 = 〈z, z〉.
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2 J. Qin

For 0 < p < ∞, the Fock-type space F p
� is the space of all holomorphic functions on C

n with respect to the
Stieltjes moment sequence S. More precisely,

‖ f ‖p =
(∫

Cn
| f (z)e− 1

2�(|z|2)|pdv(z)

)1/p

< ∞.

Particularly, F2
� is a Hilbert space with the inner product

〈 f, g〉� =
∫

Cn
f (z)g(z)e−�(|z|2)dv(z).

Throughout this paper, we assume that the weight function � has the additional property that there exists a real
number t < 1

2 such that

�′′(x) = O
(

x−1/2 [�′(x)
]1+t

)
, x → ∞, (1.2)

where �(x) = x� ′(x). As a consequence of assumptions (1.1) and (1.2), we have

[
� ′(x)

]2 ≥ C� ′′(x), (1.3)

where C is a finite positive constant. Furthermore, the same mild smoothness condition is also assumed for �
whenever n > 1.

The reproducing kernel of F2
� is

K�(z, w) = 1

(n − 1)! F (n−1)(〈z, w〉),

where

F(ζ ) =
∞∑

d=0

ζ d

sd
, ζ ∈ C.

It is easy to see that

Kw,�(z) = K�(z, w) = 1

(n − 1)!
∞∑

d=n−1

d(d − 1) · · · (d − n + 2)

sd
〈z, w〉d−n+1.

It is immediate that K�(z, 0) = 1
s0

and normalized Bergman kernels K�(·,z)√
K�(z,z)

converge weakly to 0 as |z| → ∞
in F2

�. In addition, the set of all holomorphic polynomials is dense in F2
�, see [15] for more informations. In

fact, if � is a polynomial of degree one, then F2
� coincides with the classical Fock space. For any nonnegative

integer m, if we set �m(|z|2) = −m log |z|2 + |z|2, then F2
�m

is the classical Fock-Sobolev space. However, the
�m doesn’t satisfy the smoothness conditions (1.1).

The spaces F2
� were recently studied by Seip and Youssfi [15]. The authors have obtained interesting results on

the different mapping properties of the Hankel operator on F2
� . In [20], authors considered the Hankel operators

with BMO symbols on Fock-type spaces F2
�. In [2], Bommier and Constantin researched the boundedness and

Schatten class for Hankel operators with operator-valued symbols on Fock-type spaces F2
�. Wang, Tu and Hu

[21] discussed the Bergman projection P and Toeplitz operators with positive measure symbol between F p
� and

Fq
� for 1 ≤ p, q ≤ ∞.

For a given holomorphic mapping ϕ : C
n → C

n, the composition operator Cϕ : F2
� → F2

� is given by
Cϕ( f ) = f ◦ϕ. Composition operators on spaces of holomorphic functions have been studied in many settings.
Much has been written about the theory of these operators on the Hardy, Bergman on the unit disk in the complex
plane, or unit ball in C

n , see [5] and [16]. In fact, every holomorphic self-map of the unit disk induces a bounded
composition operator on the Hardy or Bergman space over the unit disk, which is a consequence of the Littlewood
Subordination Principle. A characterization of Schatten class composition operators Cϕ on the Bergman space
was given by Luecking and Zhu in [13].

However, there is a different story on Fock space. First, a composition operator is rarely bounded on the Fock
space. Carswell, MacCluer and Schuster [3] showed that a composition operators Cϕ is bounded or compact on
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Composition operators on fock-type spaces 3

Fock space if and only if ϕ is an affine transformation satisfying certain additional conditions. Cho et al. have
extended this result to Fock-sobolev space, see [4]. Many authors have discussed operators of this kind on the
Fock space. For related topic of (weighted)-composition operators on the Fock space, see [10,11,18,19].

Motivated by all those works, we consider the bounded and compact composition operators on F2
�. From

the boundedness of the composition operators, we characterize the spectral structure of bounded composition
operators on F2

�. We also describe the Schatten class and bounded normal composition operators on F2
�.

Throughout this paper, M(A) will denote the class of n × n matrices, det (A) will denote the determinant
of A. We say that a � b if there is a constant c independent of a and b such that a ≤ cb, where a and b are
nonnegative quantities. Similarly, we say a � b if a � b and b � a.

In the rest of this paper, we always assume � : [0,∞) → [0,∞) is a C3 function and ϕ is a holomorphic
self-mapping on C

n . Let

� = {� : � satisfies condition(1.1), (1.2) and � satisfies condition(1.2)},
and

G = {� = ax + b : � ∈ �, a and b are real numbers}.
A function � said to be a function of super-linear growth, or simply a SL−function, if � ∈ � − G. We now
state our first main result.

Theorem 1.1 Suppose ϕ : C
n → C

n is an entire mapping. The following statements hold:

(a) Let � ∈ G, then Cϕ is bounded on F2
� if and only if ϕ(z) = Az + B for some A ∈ M(n) with ‖A‖ ≤ 1 and

B ∈ C
n such that 〈Az, B〉 = 0 whenever z ∈ C

n and |Az| = |z|;
(b) Let � be a SL−function, then Cϕ is bounded on F2

� if and only if ϕ(z) = Az + B for some A ∈ M(n) with
‖A‖ < 1 and B is an arbitrary vector in C

n, or ϕ(z) = Az with ‖A‖ = 1;

(c) Cϕ is compact on F2
� if and only if ϕ(z) = Az + B where A ∈ M(n) with ‖A‖ < 1 and B ∈ C

n.

The (a) of Theorem 1.1 is analogous to the result of [3]. Such a phenomenon is not too surprising, because F2
�

coincides with the Fock space in this case. If � is a SL−function and n > 1, the (b) of Theorem 1.1 shows
that the bounded composition operators turn out to behave differently on the F2

� . However, the compactness of
composition operators on F2

� is consistent with its on the classical Fock space. More specifically, there exists a
function such that Cϕ is bounded on Fock-spaces while Cϕ is unbounded on F2

�.

We recall that, given a separable Hilbert space H, the Schatten p-class of operators on H , SP , consists of
those compact operators T on H with its sequence of singular numbers λn belonging to l p , the p-summable
sequence space. In [14], Mengestie studied Schatten Sp class membership of weighted composition operators
on F2

�, where p ≥ 2 and� satisfies condition (1.2). In this paper, we provide complete characterizations for the
Sp class membership of composition operators, which is characterized below.

Theorem 1.2 Suppose ϕ : C
n → C

n is an entire mapping. Let 0 < p < ∞, then Cϕ ∈ Sp if and only if Cϕ is
compact on F2

� .

In recent years, the spectrum of (weighted)-composition operators on space of holomorphic functions have
attracted some authors’ attentions, see [1,6,8,10,12,22]. As an application of our characterization for bounded-
ness, we completely give the spectrum of bounded composition operators on F2

�, which is characterized by the
following theorem.

Theorem 1.3 Suppose ϕ(z) = Az + B and Cϕ is bounded on F2
�. Then

σ(Cϕ) = {λα1
1 · · · λαn

n : α is any multi-index},
where λ1, λ2, . . . , λn be the eigenvalues of A.

The paper is organized as follows. Section 2 is dedicated to the boundedness, compactness and Schatten
class membership of Cϕ. In Section 3, we consider the bounded invertible composition operators as well as the
spectrum of bounded composition operators. Finally, we characterize normal composition operators in Section 4.
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4 J. Qin

2 Bounded and compact composition operators

If � ∈ G, then F2
� coincides with the classical Fock space. So we have the following classical result [3].

Proposition 2.1 Suppose that � ∈ G and ϕ : C
n → C

n is an entire mapping. The following statements hold:

(a) Cϕ is bounded if and only if ϕ(z) = Az + B for some A ∈ M(n) with ‖A‖ ≤ 1 and a point B ∈ C
n such

that 〈Az, B〉 = 0 whenever |Az| = |z| and z ∈ C
n .

(b) Cϕ is compact if and only if there is a matrix A ∈ M(n) with ‖A‖ < 1 and a point B ∈ C
n such that

ϕ(z) = Az + B.

Proof The proof is similar to that of main result in [3], so we omit its proof here. ��
From Lemmas 3.1 and 7.2 in [15], we have the estimates

‖K�(·, z)‖2
2 � e�

(|z|2)�′ (|z|2) [� ′ (|z|2)]n−1. (2.1)

For a SL−function�, Proposition 2.2 reveals some phenomena that are different from what occurs in Fock and
Fock-Sobolev space. Before we give the proof of this Proposition, we need the following Lemma.

Lemma 2.1 Let � be a SL−function, then � ′(x) → ∞ as x → ∞.

Proof In fact, if there is a nonnegative number γ such that � ′′(γ ) > 0, then � ′(x) → ∞ as x → ∞, since
� ′ > 0 and � ′′′ ≥ 0. If the Lemma doesn’t hold, we can obtain � ′′ ≡ 0, since � ′′ ≥ 0. This shows that the
degree of � must be 1. We obtain a contradiction to our hypothesis. Thus, � ′(x) → ∞ as x → ∞. ��
Proposition 2.2 Suppose ϕ : C

n → C
n is an entire mapping and � is a SL−function.

(a) If Cϕ is bounded, then there are a matrix A ∈ M(n) with ‖A‖ ≤ 1 and a point B ∈ C
n such that

ϕ(z) = Az + B. Furthermore, if |Az| = |z| for some z ∈ C
n, then B = 0.

(b) If Cϕ is compact, then there is a matrix A ∈ M(n)with ‖A‖ < 1 and a point B ∈ C
n such thatϕ(z) = Az+B.

Proof If Cϕ is bounded, then by (2.1), we have

sup
z∈Cn

||C∗
ϕK�(·, z)||2

||K�(·, z)||2 = sup
z∈Cn

||K�(·, ϕ(z))||2
||K�(·, z)||2 � sup

z∈Cn

e
1
2�(|ϕ(z)|2)

(
�′(|ϕ(z)|2)[� ′(|ϕ(z)|2)]n−1

) 1
2

e
1
2�(|z|2)

(
�′(|z|2)[� ′(|z|2)]n−1

) 1
2

. (2.2)

Now suppose {zk} is a sequence in C
n and |zk | → ∞ as k → ∞. If there is a subsequence {zk j } such that

|zk j | → ∞ as j → ∞, |ϕ(zk j )| > |zk j |
for all j ≥ 0. Then we have

(
|ϕ(zk j )|2� ′′(|ϕ(zk j )|2)+� ′(|ϕ(zk j )|2)

) 1
2

(
|zk j |2� ′′(|zk j |2)+� ′(|zk j |2)

) 1
2

≥ 1,
[� ′(|ϕ(zk j )|2)]n−1

[� ′(|zk j |2)]n−1 ≥ 1

for all j ≥ 0, since� ′ > 0, �(x) = x� ′,� ′′ ≥ 0, and� ′′′ ≥ 0. By mean value theorem, there exists a number
ξk j ∈ (|zk j |2, |ϕ(zk j )|2) such that

�(|ϕ(zk j )|2)−�(|zk j |2) = (|ϕ(zk j )|2 − |zk j |2)� ′(ξk j )

for j ≥ 0.By Lemma 2.1,� ′(ξk j ) → ∞ as j → ∞, then we can see that e�(|ϕ(zk j )|2)−�(|zk j |2) → ∞ as j → ∞.

This together with (2.2) shows that C∗
ϕ is unbounded. Thus

lim sup
|z|→∞

|ϕ(z)|
|z| ≤ 1. (2.3)
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Composition operators on fock-type spaces 5

By (2.3) and the proof of Theorem 1 in [3], we can see that ϕ(z) = Az + B, where A ∈ M(n) with ‖A‖ ≤ 1
and B ∈ C

n .

Next, we show that B = 0 whenever |Az| = |z| for some z ∈ C
n . We may assume ζ ∈ C

n with |ζ | = 1. In
fact, we only need to consider the case of |Aζ | = |ζ | by a unitary change-of-variable, see the proof of Theorem 1 in
[3]. Setting η ∈ C with |η| = 1 so that η〈Aζ, B〉 > 0.Letw = tηζ, then |ϕ(w)|2 = t2+|B|2+2tη〈Aζ, B〉 > t2.
Using the fact that |ϕ(w)|2 > |w|2, (1.1) and (2.2), we can obtain

lim
t→∞

e
1
2�(|ϕ(w)|2)

(
�′(|ϕ(w)|2)[� ′(|ϕ(w)|2)]n−1

) 1
2

e
1
2�(|w|2)

(
�′(|w|2)[� ′(|w|2)]n−1

) 1
2

≥ lim
t→∞

e
1
2�(|ϕ(w)|2)

e
1
2�(|w|2)

is bounded as t → ∞. By mean value theorem again,

lim
t→∞

e
1
2�(|ϕ(w)|2)

e
1
2�(|w|2) = lim

t→∞ exp

{
1

2
(|B|2 + 2tη〈Aζ, B〉)� ′(γ )

}

where γ ∈ (t2, t2 + |B|2 + 2tη〈Aζ, B〉). By Lemma 2.1, � ′(γ ) → ∞ as γ → ∞, which shows that B =
〈Aζ, B〉 = 0.

To prove (b). Assume ϕ(z) = Az + B induces a compact composition operator on F2
�. If ‖A‖ = 1, then

ϕ(z) = Az by (a). Since K�(·,z)√
K�(z,z)

→ 0 weakly in F2
�, we must show that ‖C∗

ϕ
K�(·,z)√
K�(z,z)

‖2 → 0. Suppose that
ζ �= 0 and |Aζ | = |ζ |. Let z = tζ where t > 0. Then

lim|z|→∞

e
1
2�(|ϕ(z)|2)

(
�′(|ϕ(z)|2)[� ′(|ϕ(z)|2)]n−1

) 1
2

e
1
2�(|z|2)

(
�′(|z|2)[� ′(|z|2)]n−1

) 1
2

= 1.

We obtain a contradiction to the compactness of Cϕ. Thus, we have ‖A‖ < 1. ��
We now proceed to the proof of the sufficiency. Let A ∈ M(n) be a matrix of rank k, then there are n × n unitary
matrices U and V such that A = U�V, where � is a diagonal matrix (σi ) with σ1 ≥ σ2 ≥ · · · ≥ σk > σk+1 =
· · · = σn = 0. The (σi ) are the non-negative square roots of the eigenvalues of AA∗. Note that if ‖A‖ ≤ 1 , then
the σi will all be less than or equal to 1, and at least one will equal 1 if ‖A‖ = 1. A proof can be found in [9].

Suppose ϕ(z) = Az + B and ψ(z) = �z + U∗B, it is easy to check that Cϕ = CV CψCU . Since CU and
CV are unitary, then Cϕ is bounded (resp. compact) if and only if Cψ is bounded (resp. compact). So, we need
to consider the boundedness and compactness of Cψ . We call ψ a normalization of ϕ. Let B ′ = U∗ B. We have
the following simple Lemma.

Lemma 2.2 Suppose ϕ(z) = Az + B where A and B are as described in (a) of Proposition 2.2. Let ψ(z) =
�z + B

′
be the normalization of ϕ. Let j be the number of singular values of AA∗ whose values are 1. Then

B
′ = 0 if j > 0.

Proof If j > 0, then we have ‖A‖ = 1, and hence B ′ = U∗B = 0. In this case, ϕ(z) = Az. ��
From Lemma 2.2, we have the following result, which gives the estimate of |w|2 − |�−1(w − B ′)|2.

Lemma 2.3 If � is invertible and ‖�‖ < 1, then the expression |w|2 − |�−1(w − B ′)|2 has maximum τ =∑n
i=1

|b′
i |2

1−σ 2
i
. Moreover,

|w|2 − |�−1(w − B ′)|2 → −∞ (2.4)

as |w| → ∞.
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6 J. Qin

Proof Since � is invertible and ‖�‖ < 1, then 0 < σi < 1. It is easy to see that

|w|2 − |�−1(w − B ′)|2 =
n∑

i=1

(1 − σ−2
i )|wi |2 −

n∑
i=1

σ−2
i |b′

i |2 + 2�
n∑

i=1

σ−2
i wi b′

i . (2.5)

Since 0 < σi < 1, then 1 − σ−2
i < 0. It follows from (2.5) that |w|2 − |�−1(w − B ′)|2 → −∞ as |w| → ∞.

By the proof of theorem 2 in [3], we have the expression attains its maximum at points w ∈ C
n satisfying

|wi | =
∣∣b′

i

∣∣
1 − σ 2

i

and wi b′
i ≥ 0

for 1 ≤ i ≤ n. A simple computation shows that

τ =
n∑

i=1

|b′
i |2

(1 − σ 2
i )

2
−

n∑
i=1

|b′
i |2

(1 − σ 2
i )

2
σ−2

i

−
n∑

i=1

σ−2
i |b′

i |2 + 2
n∑

i=1

σ−2
i |b′

i |2
1 − σ 2

i

=
n∑

i=1

−|b′
i |2

σ 2
i (1 − σ 2

i )
+

n∑
i=1

(2σ−2
i + 2 − 2σ−2

i )|b′
i |2

1 − σ 2
i

=
n∑

i=1

|b′
i |2

1 − σ 2
i

.

The proof is complete. ��
We now prove the sufficiency.

Proposition 2.3 Suppose � is a SL−function. Let ϕ(z) = Az + B, where A ∈ M(n) with ‖A‖ ≤ 1, and
B ∈ C

n.

(a) If B = 0 when |Az| = |z| for some z ∈ C
n, then Cϕ is bounded.

(b) If ‖A‖ < 1, then Cϕ is compact.

Proof Let ψ be the normalization of ϕ, we will show that Cψ is bounded (resp. compact) if (a) (resp. (b)) holds.
If � is not invertible, then the proofs of (a) and (b) are exactly the same as in [3]. So we may assume � is
invertible.

To prove (a). We only need consider the case of ‖A‖ = 1. Since� is invertible and ‖�‖ = 1, thenψ(z) = �z
by Lemma 2.2. It is easy to see that

‖C�z f (z)‖2
2 =

∫
Cn

| f (�z)|2e−�(|z|2)dv(z) �
∫

Cn
| f (w)|2e−�(|w|2)dv(w) = ‖ f ‖2

2.

So Cψ is bounded in this case. It remains for us to prove (b).
To prove (b). Assume ‖A‖ < 1, and let { fk} be a sequence weakly converges to 0 as k → ∞.We will show

that ‖Cψ fk‖2 → 0. A change of variables then gives

‖Cψ fk‖2
2 �

∫
Cn

| fk(w)|2e−�(|w|2)e�(|w|2)−�(|�−1(w−B
′
)|2)dv(w). (2.6)

Using Lemma 2.1, Lemma 2.3 and mean value theorem, we have

e�(|w|2)−�(|�−1(w−B
′
)|2) = e(|w|2−|�−1(w−B

′
)|2)� ′(η) → 0

as |w| → ∞, where η ∈ (|w|2, |�−1(w − B
′
)|2). By (2.6), ‖Cψ fk‖2 → 0. Thus, Cψ is compact.
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Composition operators on fock-type spaces 7

As an application of our characterization for compactness, we proceed to the characterization of Schatten
classes. Let

{
eβ
}

be an orthonormal basis of F2
�. Recall that a positive compact operator T on Hilbert space is

said to be trace class if

tr(T ) :=
∑
β

〈
T eβ, eβ

〉
�
< ∞

for some orthonormal basis
{
eβ
}

of F2
�.As is well known, the sum above, called the trace of T . For 0 < p < ∞,

it is clear that T ∈ Sp if and only if (T ∗T )p/2 belongs to the trace class. We refer to [23] for a brief account on
Schatten classes. For Hardy and Bergman space, the trace formula with the corresponding measure μ such that

tr(T ) =
∫

Cn
〈T Kz, Kz〉 dμ(z)

for positive operators T ∈ S1, where Kz is kernel function. The following lemma shows that the trace formula
is also true in F2

�.

Lemma 2.4 Let T be a positive linear operator on F2
�. Then T ∈ S1 if and only if

tr(T ) =
∫

Cn
〈T K�(·, z), K�(·, z)〉� e−�(|z|2)dv(z).

Proof Assume
{
eβ
}

is an orthonomal basis in F2
�. It follows that

K�(w, z) =
∑
β

eβ(w)eβ(z).

A simple calculation shows that

tr(T ) =
∑
β

〈
T eβ, eβ

〉
�

=
∑
β

∫
Cn

T eβ(z)eβ(z)e
−�(|z|2)dv(z).

By the reproducing formula and since T is positive, we have T eβ(z) = 〈T eβ(·), K�(·, z)〉�. Using the fact that

〈T eβ(·), K�(·, z)〉�eβ(z) = T (eβ(z)⊗ eβ(z))K�(·, z),

it is easy to verify that

tr(T ) =
∫

Cn
〈T K�(·, z), K�(·, z)〉� e−�(|z|2)dv(z).

The proof is complete. ��
The next proposition is an improvement of Theorem 3.1 in [14] , with a completely different proof. We give

more information about Sp(0 < p < ∞).

Proposition 2.4 Suppose ϕ : C
n → C

n be a holomorphic map. If Cϕ is compact F2
�, then Cϕ ∈ Sp for all

0 < p < ∞.

Proof It is known that the Schatten p-class gets smaller, as p decreases. So we only need to consider p small.
Let 0 < p ≤ 2, it follows from Proposition 1.31 in [23] that

〈(
CϕC∗

ϕ

)p/2 K�(·, z)

‖K�(·, z)‖2
,

K�(·, z)

‖K�(·, z)‖2

〉
�

≤
〈(

CϕC∗
ϕ

) K�(·, z)

‖K�(·, z)‖2
,

K�(·, z)

‖K�(·, z)‖2

〉p/2

�

=
(‖K�(·, ϕ(z))‖2

‖K�(·, z)‖2

)p

for all z ∈ C
n . By (2.1) and Lemma 2.4, we obtain

tr

(
(CϕC∗

ϕ)
p/2

)
≤
∫

Cn

(‖K�(·, ϕ(z))‖2

‖K�(·, z)‖2

)p

e−�(|z|2)K�(z, z)dv(z)
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8 J. Qin

�
∫

Cn

e
p
2�(|ϕ(z)|2)

(
�′(|ϕ(z)|2)[� ′(|ϕ(z)|2)]n−1

) p
2

e
p
2�(|z|2)

(
�′(|z|2)[� ′(|z|2)]n−1

) p
2 −1

dv(z)

Since Cϕ is compact F2
�, then ϕ(z) = Az + B with ‖A‖ < 1. If � is a polynomial of degree one, it is obvious

that

tr

(
(CϕC∗

ϕ)
p/2

)
≤
∫

Cn

e
p
2�(|ϕ(z)|2)

(
�′(|ϕ(z)|2)[� ′(|ϕ(z)|2)]n−1

) p
2

e
p
2�(|z|2)

(
�′(|z|2)[� ′(|z|2)]n−1

) p
2 −1

dv(z) < ∞.

Now, we assume � is a SL−function. Since ‖A‖ < 1, then |ϕ(z)|2 < |z|2 when |z| ≥ N for large enough
N > 0. It follows that |ϕ(z)|2 < |z|2 off a compact subset of C

n . This also gives

�′(|ϕ(z)|2)[� ′(|ϕ(z)|2)]n−1

�′(|z|2)[� ′(|z|2)]n−1 ≤ 1

off a compact subset of C
n . Then we have

tr

(
(CϕC∗

ϕ)
p/2

)
�
∫

Cn
exp

{
p

2
(�(|ϕ(z)|2)−�(|z|2))

}
�′(|ϕ(z)|2)� ′(|ϕ(z)|2)n−1dv(z)

=
∫

Cn
exp

{
p

2
� ′(η)(|ϕ(z)|2 − |z|2)

}
�′(|ϕ(z)|2)[� ′(|ϕ(z)|2)]n−1dv(z)

=
∫

Cn
exp

{
p

2
� ′(η)(|ϕ(z)|2 − |z|2)

}

×
(

[� ′(|ϕ(z)|2)]n−1{� ′(|ϕ(z)|2)+ |ϕ(z)|2� ′′(|ϕ(z)|2)}
)

dv(z) (2.7)

where η ∈ (|ϕ(z)|2, |z|2). Using (1.3), (2.4) and (2.7), we have

tr

(
(CϕC∗

ϕ)
p/2

)
�
∫

Cn
exp

{
p

2
� ′(η)(|ϕ(z)|2 − |z|2)

}(
[� ′(|ϕ(z)|2)]n + |ϕ(z)|2[� ′(|ϕ(z)|2)]n+1

)
dv(z)

�
∫

Cn
exp

{
p

2
� ′(η)(|ϕ(z)|2 − |z|2)

}
|ϕ(z)|2[� ′(|ϕ(z)|2)]n+1dv(z) < ∞

Thus, we conclude Cϕ ∈ Sp for 0 < p ≤ 2. Hence, for all 0 < p < ∞. This completes the proof. ��

3 Spectra of composition operators

In this section, we characterize the spectral structure of bounded composition operators. In the rest of the paper,
we will always assume ϕ : C

n → C
n is a holomorphic mapping. First, we consider the bounded invertible

composition operators.

Theorem 3.1 Suppose Cϕ is a bounded invertible operator and � is a SL−function. Then the inverse of Cϕ is
bounded on F2

� if and only if there is an unitary matrix A such that ϕ(z) = Az.

Proof Since the sufficiency is trivial, we only need to prove the necessity. Suppose Cϕ is a bounded invertible
operator. Then ϕ(z) = Az + B where A and B as defined in Proposition 2.2. Since Cϕ is a bounded invertible
operator, so is C∗

ϕ.

First, we will show that det (A) �= 0. Let z, w ∈ C
n with ϕ(z) = ϕ(w), it is clear that

C∗
ϕ(K�(·, z)− K�(·, w)) = K�(·, ϕ(z))− K�(·, ϕ(w)) = 0.
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Composition operators on fock-type spaces 9

Since C∗
ϕ is a bounded invertible operator, then ker C∗

ϕ = {0}(kernel of C∗
ϕ), which implies that K�(·, z) −

K�(·, w) = 0. It follows that z = w. So, ϕ is an injective mapping on C
n . Since ϕ(z) = Az + B and ϕ is an

injective mapping on C
n, we can see that A is a bijection. This shows that det (A) �= 0. Since det (A) �= 0, we

obtain

ϕ−1(z) = A−1z − A−1 B, z ∈ C
n .

It is clear that the inverse of Cϕ is Cϕ−1 .

To prove that A is an unitary matrix. It follows from the bounedness of Cϕ−1 that ‖A−1‖ ≤ 1. Since Cϕ
is bounded, then ‖A‖ = 1, and hence B = 0 by Proposition 2.2. So, ϕ(z) = Az. By the normalization of the
matrix A, we can see that A is an unitary matrix. The proof is complete. ��

Now, we consider the spectrum of bounded composition operator Cϕ. Jiang et al. have described the spectrum
of composition operator on the classical Fock spaces of C

n , see [10]. So, we only consider the case of a
SL−function�. Before we give the proof of theorem 3.2, we need several preliminary results that will be of use
throughout the rest of this section. The following lemma can be found in [10].

Lemma 3.1 Suppose A ∈ M(n) with ‖A‖ ≤ 1. Then there exists an unitary matrix U such that � = U AU∗
with

� =
(

A1 0
0 A2

)
,

where A1 = diag
(
eiθ1 , . . . , eiθ j

)
and A2 is an (n − j)× (n − j) upper-triangular matrix with ‖A2|Cn− j ‖ < 1.

The next lemma, which will be a key tool for the proof of our main result in this section, is proved in [5].

Lemma 3.2 Suppose H is a Hilbert space with H = K ⊕ L where K is finite dimensional and T is bounded on
H that leaves K or L invariant. If the operator T has the matrix representation

T =
(

X Y
0 Z

)
or T =

(
X 0
Y Z

)

with respect to this decomposition, then σ(T ) = σ(X) ∪ σ(Z).
We now turn to the main result of this section.

Theorem 3.2 Suppose � is a SL−function and Cϕ = Az + B is a bounded operator on F2
�. Then

σ(Cψ) = {λα1
1 · · · λαn

n : α is any multi-index},
where λ1, λ2, . . . , λn be the the the eigenvalues of A.

Proof Our method of proof is similar to that of [10]. Since Cϕ is bounded, then ϕ(z) = Az + B where A and B
as defined in Proposition 2.2. Let j be the number of singular values of A whose modules are 1. By Lemma 3.1,
there exists a unitary matrix U such that � = U AU∗ with

� =
(

A1 0
0 A2

)
,

where A1 = diag
(
eiθ1 , . . . , eiθ j

)
and A2 is an (n − j)× (n − j) upper-triangular matrix with ‖A2|Cn− j ‖ < 1.

It is easy to see that CU∗CϕCU = Cψ , where ψ = �z + U B. It follows that Cϕ is similar to Cψ. Since the
spectrum is similarly invariant, so we will compute the spectrum of Cψ. Let λ1, λ2, . . . λn− j be the eigenvalues
of A2. Note that eiθ1 , . . . , eiθ j , λ1, λ2, . . . λn− j are the eigenvalues of A.

We calculate the spectrum of Cψ when ‖A‖ = 1, the proof for ‖A‖ < 1 is similar. Since ‖A‖ = 1, then,
by Proposition 2.2, ϕ(z) = Az, so ψ(z) = �z. It is clear that ψ(z) = (A1w, A2u) where z = (w, u) ∈
C

j × C
n− j . Let ui ∈ C

n− j be a nonzero eigenvector of A2 with corresponding eigenvalue λi , ie. AT
2 ui = λi ui ,

i = 1, 2 . . . , n − j. Let N
j = {(α1, α2, . . . , α j ) : αi ∈ N, 1 ≤ i ≤ j}, where N is the set of all non-negative

integers. We define

F(w, v) = wβ(vT u1)
α1(vT u2)

α2 · · · (vT un− j )
αn− j
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10 J. Qin

where w ∈ C
j , β = (β1, . . . , β j ) ∈ N

j and α = (α1, . . . αn− j ) ∈ N
n− j . Note that the Fock-type space F2

�

contains all holomorphic polynomials, so F ∈ F2
�. Then

Cψ F = (F ◦�)(z) = F(A1w, A2v)

= ei(β1θ1+···β j θ j)wβ([A2v]T u1)
α1([A2v]T u2)

α2 · · · ([A2v]T un− j )
αn− j

= ei(β1θ1+···β j θ j)wβ(vT AT
2 u1)

α1(vT AT
2 u2)

α2 · · · (vT AT
2 un− j )

αn− j

= ei(β1θ1+···β j θ j)λ
α1
1 · · · λαn− j

n− j w
β(vT u1)

α1(vT u2)
α2 · · · (vT un− j )

αn− j .

This implies

σ(Cψ) ⊇ {ei(β1θ1+···β j θ j)λ
α1
1 · · · λαn− j

n− j }.
Next, we will prove the other direction. Let ψK = ψ ◦ ψ ◦ · · · ◦ ψ(K times). Then

ψK (z) = ψN (w, u) = (AK
1 w, AK

2 u).

It is easy to see that AK
2 is still an upper-triangular matrix with the diagonal elements λK

1 , λ
K
2 , . . . , λ

K
n− j . Since

|λi | < 1 for 1 ≤ i ≤ n − j, so AK
2 tends to zero matrix as K → ∞. By the spectral mapping theorem, we know

that
[
σ
(
Cψ

)]K = σ
[(

Cψ
)K

]
= σ

(
CψK

)
. Which shows that we only need to compute the spectrum of Cψ.

We need a finite orthogonal decomposition(see [1]). For α ∈ N
n− j , let Pα be the set of all functions F in F2

� ,
where F can be written as Fα(w)uα . Define �m = (⊕|α|<mPα)⊥ for any m ≥ 0. Since the set of holomorphic
polynomials is dense in F2

�, then we have a finite orthogonal decomposition

F2
� = (⊕|α|<mPα)⊥ ⊕ �⊥

m .

Clearly,

Cψ F(z) = F ◦ ψ(w, u) = Fα(A1w)(A2u)α

= Fα(A1w)

n− j∏
i=1

⎛
⎝λi ui +

∑
k> j

aikuk

⎞
⎠
αi

.

This shows that Cψ has upper-triangular matrix representation with the above decomposition of F2
� .

Let h̄(w, u) = (A1w, u) and ψ̂(w, u) = (A1w, Â2u), where Â2 = diag(λ1, λ2, . . . , λn− j ). So Ch̄ is unitary
on F2

�. Easily modifying the proof of Proposition 4.2 in [12], we get

σ(Ch̄) =
{

ei(β1θ1+···β j θ j) : (β1, . . . , β j
) ∈ N j

}
.

Moreover, Cψ̂ is bounded and has a diagonal matrix in the decomposition of F2
�. Let Tα and Dα be the matrices

corresponding to Cψ̂ and Ch̄ with respect to Pα , respectively. It follows that

Tα = λ
α1
1 · · · λαn− j

n− j Dα.

Using Lemma 3.2, we have

σ
(

Cψ̂

)
⊂

⋃
|α|<m

σ (Tα)
⋃
σ
(

Cψ̂ |�m

)

⊂
⋃

|α|<m

λ
α1
1 · · · λαn− j

n− j σ (Dα)
⋃
σ
(

Cψ̂ |�m

)
.

This gives

σ
(

Cψ̂

)
⊆
{

ei(β1θ1+···β j θ j)λ
α1
1 · · · λαn− j

n− j : β ∈ N j , α ∈ Nn− j
}
.

123



Composition operators on fock-type spaces 11

On the other hand, since the matrix of Cψ is also upper-triangular in the decomposition of F2
ψ. So, the

spectrum for the diagonal lock of Cψ on Pα is same to the corresponding result of Cψ̂ . Let Mα denote the matrix
of Cψ corresponding to Pα. By the lemma 5.3 in [1] and Lemma 3.2, we can see that

σ
(
Cψ

) ⊂
⋃

|α|<m

σ (Mα)
⋃
σ
(
Cψ |�m

)

⊂
⋃

|α|<m

ei(β1θ1+···β j θ j)λ
α1
1 · · · λαn− j

n− j

⋃
B(0, ‖Cψ |�m ‖).

Here β ∈ N
j , α ∈ N

n− j and B(0, ‖Cψ |�m ‖) denotes the disc with the radius ‖Cψ |�m ‖. In fact, if we show that
‖Cψ |�m ‖ → 0 as m → ∞, then Cψ̂ and Cψ will have the same spectrum structure.

We now show that ‖Cψ |�m ‖ → 0 as m → ∞. Recall that normalization of the function. Let A2 = W�V,
where W, V are unitary matrices on C

(n− j)×(n− j) and� = diag(γ1, γ2, γn− j ).Note that γ1, γ2, . . . , γn− j are the
non-negative square roots of the eigenvalues of AA∗ and 1 > γ1 ≥ γ2 ≥ · · · γn− j . Let φ1(w, u) = (A1w, V u),
ψ�(w, v) = (w,�u) and φ2(w, v) = (w,Wv) Clearly, Cφ1 ,Cφ2 are unitary operators and Cψ = Cφ1Cψ�Cφ2 .
It follows that Cφ2 preserves both �m and �⊥

m . Therefore, we only need to show that ‖Cψ� |�m ‖ → 0 as m → ∞.

Pick F(z) = ∑
|α|≥m Fα(w)uα ∈ �m . A simple calculation gives

ψ�z = (z1, . . . , z j , γ1z j+1, γ2z j+2, . . . , γn− j zn),

then

‖Cψ� |�m F‖2
2 =

∫
Cn

|(F ◦ ρ)(z)|2e−�(|z|2)dv(z)

≤
∑

|α|≥m

∫
C j

∫
Cn− j

|Fα(w)|2|(γ1u1)
α1 · · · (γn− j un− j )

αn− j |2e−�(|w|2+|u|2)dv j (w)dvn− j (u).

Since γi < γ1 < 1 for 2 ≤ i ≤ n− j, then γi |ui | ≤ γ1|ui |.This together with the orthogonality of the monomials
shows that

‖Cψ� |�m F‖2
2 ≤

∑
|α|≥m

γ 2m
1

∫
C j

∫
Cn− j

|Fα(w)|2|uα|2e−�(|w|2+|u|2)dv j (w)dvn− j (u)

= γ 2m
1

∫
Cn

|
∑

|α|≥m

Fα(w)u
α|2e−�(|z|2)dv j (w)dvn− j (u)

= γ 2m
1 ‖F‖2

2

Since γ1 < 1, it follows that

lim
m→∞ ‖Cψ� |�m ‖ ≤ lim

m→∞ γ
2m
1 = 0.

This shows that

σ(Cψ) ⊆
{

ei(β1θ1+···β j θ j)λ
α1
1 · · · λαn− j

n− j : β ∈ N j , α ∈ Nn− j
}
.

The proof is complete. ��
Using the above Theorem and Theorem 4.2 of [10], we have the following result.

Corollary 3.1 Let Cϕ = Az + B be a bounded operator on F2
�. Then

σ(Cϕ) = {λα1
1 · · · λαn

n : α is any multi-index},
where λ1, λ2, . . . , λn be the eigenvalues of A.
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12 J. Qin

4 Normal and hyponormal composition operators

In this section, we will characterize normal composition operators on the Fock-type space F2
�. Recall that an

operator T on Hilbert space is called normal if T ∗T = T T ∗ and it is called hyponormal if T ∗T −T T ∗ ≥ 0. Here
≥ denotes the usual ordering on operators. Let f be an eigenvector for T with eigenvalue λ, then hyponormality
of T gives

0 = ‖(T − λI ) f ‖2 ≥ ‖(T ∗ − λI ) f ‖2,

which shows that (T ∗ − λI ) f = 0. That is, f is also an eigenvector of T ∗. Following lemma is instrumental in
the study of normality of composition operators. The idea comes from [5].

Lemma 4.1 Suppose that A ∈ M(n) with ‖A‖ = 1 and ϕ(z) = Az, then Cϕ is bounded on F2
� and C∗

ϕ = Cψ ,
where ψ = A∗z.

Proof Clearly, Cϕ is bounded F2
� . For any f ∈ F2

�, an easy calculation gives

(C∗
ϕ f )(z) = 〈(C∗

ϕ f )(w), K�(w, z)〉� = 〈 f (w),CϕK�(w, z)〉�
= 〈 f (w), K�(ϕ(w), z)〉� = 〈 f (w),

1

(n − 1)! F (n−1)(〈Aw, z〉)〉�

= 〈 f (w),
1

(n − 1)! F (n−1)(〈w, A∗z〉)〉� = 〈 f (w), K�(w, A∗z)〉�
= f (A∗z) = (Cψ f )(z).

So we have C∗
ϕ = Cψ. ��

In [7], the authors characterized the bounded, compact and normal product of Topelitz operator and compo-
sition operators on the Fock space of complex plane C. They obtained the sufficient condition for normality of
the Products. Now, we will completely characterize which composition operators are normal.

Theorem 4.1 Let Cϕ be a bounded operator on F2
� . If Cϕ is hyponormal, then ϕ(z) = Az with ‖A‖ ≤ 1, where

A ∈ M(n). Moreover, Cϕ is normal if and only if there is a normal matrix A ∈ M(n) with ‖A‖ ≤ 1 such that
ϕ(z) = Az.

Proof If Cϕ is hyponormal, then Cϕ1 = 1 = sn−1 K�(·, 0), where

sn−1 =
∫ +∞

0
xn−1e−�(x)dx .

The hyponormality of Cϕ shows that K�(·, 0) is also an eigenvector of C∗
ϕ. In fact, C∗

ϕK�(·, 0) = K�(·, ϕ(0)).
So K�(·, ϕ(0)) = K�(·, 0), which forces ϕ(0) = 0. By Propositions 2.1 and 2.2, ϕ(z) = Az with ‖A‖ ≤ 1,
where A ∈ M(n).

If Cϕ is normal, then ϕ(0) = 0. Since normal operator is hyponormal. So, ϕ(z) = Az with ‖A‖ ≤ 1. Let
ψ(z) = A∗z, Lemma 4.1 shows that C∗

ϕ = Cψ. Since Cϕ is normal, we have

Cψ◦ϕ = CϕCψ = CψCϕ = Cϕ◦ψ.

Then, for any z ∈ C
n ,

A∗ Az = ψ(ϕ(z)) = ϕ(ψ(z)) = AA∗z,

which implies A is normal.
Conversely, suppose A is normal matrix with ‖A‖ ≤ 1. By Propositions 2.1 and 2.2, ϕ(z) = Az induces a

bounded composition operator on F2
� . Since A is normal and C∗

ϕ = Cψ, then

Cψ◦ϕ = CϕCψ = CψCϕ = Cϕ◦ψ.

Thus, Cϕ is normal. This proof is complete. ��
Using Theorems 3.1 and 4.1, we have the following corollary.

123



Composition operators on fock-type spaces 13

Corollary 4.1 Suppose Cϕ is a bounded invertible operator and � is a SL−function. Then the inverse of Cϕ is
bounded on F2

� if and only if Cϕ is a unitary operator.

In fact, we have the following interesting result.

Proposition 4.1 Let Cϕ be a bounded operator on F2
� . If Cϕ is hyponormal, then Cϕ is normal.

Proof Since Cϕ is hyponormal, then ϕ(z) = Az for some n × n matrix A with ‖A‖ ≤ 1. We will show that A
is normal matrix. Let f1 be an eigenvector for A∗ with λ1 and f (z) =< z, f1 > . It is easy to see that

(Cϕ − λI ) f (z) = 〈(A − λI )z, f1〉 = 0

for any z ∈ C
n . By the hyponormality of Cϕ,

0 = ‖(Cϕ − λI ) f ‖2 ≥ ‖(Cψ − λI ) f ‖2,

which shows that (Cψ − λI ) f = 0. In fact, for each z ∈ C
n ,

(Cψ − λI ) f = 〈(A∗ − λI )z, f1〉 = 0,

so, (A − λI ) f1 = 0. This implies f1 is an eigenvector of A with corresponding nonzero eigenvalue λ1.

Define

Nk = span{ f1, f2, . . . , fk}, k ≥ 1.

Clearly, A and A∗ commute on N1. Moreover, we have N1 is a reducing subspace for A. This shows that
AN⊥

1 ⊆ N⊥
1 . Now, choose a vector f2 ∈ N⊥

1 so that

A f2 = λ2 f2, A∗ f2 = λ2 f2.

It is clear that A and A∗ commute on N2. Moreover, N2 is reducing for A. For the same reason, we can find a
basis of C

n so that NK = C
n for a suitable positive integer K . Thus, A and A∗ commute on C

n, and the desired
result holds. ��

Data availability All data generated or analysed during this study are included in this published article.
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