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Abstract For any simple graph G, let K[G] denotes the toric algebra of G over a field K and R(/(G)) denotes
the Rees algebra of the edge ideal / (G). If G is a simple graph on n vertices such that G has no vertex of degree
n — 1, then we show that reg(R(I*)) = qaj, (R([*)) +ip = aj, (K[G] QR((G)) R(I*)) +ip =reg(K[G] QR(G))
R(I™)), for some iy, i.e., the regularities are equal and the regularities attain at the same stage, where I*
denotes the edge ideal of the cone graph of G. We also prove that the bigraded regularities, reg 1) (K[G] ®r(r)
R(I™) = reg(oyl)(R(I*)) and they attain at the same stage. Finally, we show thatreg; o (K[G]®g(r) R(IM) <
reg(j o) (R(I™)) + 1.

AMS Classification 13D02 - 13D45 - 13A30 - 05E40 - 05C38

1 Introduction

Studying the Castelnuovo-Mumford regularity (simply regularity) of blowup algebras and regularity relations
among themselves, is an active area of research in commutative algebra. In particular, the regularity of blowup
algebras of edge ideals of finite simple graphs is a central theme of many research papers as they are rich in both
algebraic and combinatorial structures. It is a hard problem to find a bound for the regularity of blowup algebras
of edge ideals of graphs. Many authors are trying to give this bound in terms of the combinatorial invariants
of the graph. In [5], D. Eisenbud and B. Ulrich conjectured that the regularities of the blowup algebras namely
the Rees algebra and the fiber cone (special fiber) of a graded m-primary ideal generated in a single degree in
a polynomial ring over a field, are equal, where m is the homogeneous maximal ideal. Recently D. T. Trung
provided a counterexample to this conjecture, see [13]. Motivated by Eisenbud-Ulrich question, we aim to study
the relation between the regularities (as well as bigraded regularities) of Rees and toric algebras of edges ideals
of a graph and its cone graph. These relations are useful to retrive bounds for the regularity of blowup algebras
which is an active area of research in recent times.
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On regularity of Rees algebras of edge ideals of cone graphs 29

Let G be a simple graph with the vertex set V(G) = {x1, x2, ..., x,,} and the edge set E(G). Let S be the
polynomial ring K [xq, ..., x,], where K is a field. Then the edge ideal associated to G is the monomial ideal
1(G) = (xixj | {xi, xj} € E(G)) € S.

We will consider the following algebras:

(i) RUI(G)) := 69,>01(G)f t/, known as the Rees algebra of 1(G),

(ii) F(I(G)) := EBl>om1(G), , where m = (x1, ..., x,), known as the fiber cone of 1(G).

These are known as blowup algebras of I (G). The fiber cone of 1 (G) is also known as the foric algebra of G and
we denote simply as K[G]. As I(G) is generated in single degree namely degree 2, we have R(1(G)), K[G]
are natural standard bigraded K-algebras and hence standard graded K-algebras (see section 2). The relation
between the regularities of Rees algebra and fiber cone of any ideal was studied in [9]. Later in [2], Y. Cid-Ruiz
studied the regularity of R(/ (G)) for a bipartite graph G, by explicitly producing a Grobner basis to the defining
ideal of R(/(G)) and showed that regularity of R(1(G)), reg(R(I(G))) is equal to mat(G), the matching number
of G, . Recently, in [8], J. Herzog and T. Hibi, showed that if G has at least two edges and R(/ (G)) is normal, then
mat(G) < reg(R(1(G))) <mat(G) + 1. As the Rees algebra has bigrading structure, T. Romer considered the
bigraded regularities of the Rees algebra. In [12], he studied the bigraded regularities of any standard bigraded
K -algebras and gave a homological characterization to find them. For more information on various regularities of
Rees algebra one can refer to [10]. The cone of G denoted by G*, is the graph with vertex set V (G*) = V(G)U{z}
and edge set E(G*) = E(G)U{{x;, z} : x; € V(G)}. We denote the edge ideal of G* by I'*. It is known that there
is a bigraded isomorphism between K[G*] and R(I (G)) (see section 2) and hence they have same regularities,
whereas reg(K[G]) need not be equal to reg(R(I (G))) even for bipartite graphs G (see [11]). Also K[G] and
R(I*) need not have equal regularities (see Example 3.6).

Our aim is to study the regularity and bigraded regularity relations between R(I*) and K[G]. We show that
the reg(R(1*)) and the regularity of the extension ring of K[G]in R(I*), are equal provided G has no vertex of
degree n— 1. In fact we also show that they attain at the same stage. Note that we can not drop the assumption on G,
for the above equality (see Example 3.7). We achieve these results by showing that reg(R(/*)) = reg(Fx)(1*)),
where Fx)(I*) = (X) R( 1*), known as the fiber cone of I* with respect to (x) = (xi, ..., x,). Note that the ring
K[G*]is not isomorphic to the extension ring of K[G]in R(I*), see Example 3.6. In the context of the bigraded
regularities, we prove the equality of (1, 0)-regularities of R(/*) and the extension ring of K[G] in R(/*) and
that they attain at the same stage provided G has no vertex of degree n — 1. We achieve these results by producing
new short exact sequences and studying their local cohomology modules.

Now we give section wise description. In section 2, we recall some definitions and set up notations for the
rest of the paper. In section 3, we prove that reg(R(F™*)) < reg(R(I*)) (see Lemma 3.1). Using this lemma we
show that R(/*) and K[G] ®g() R(I*) have the same regularities and that they attain at the same stage (see
Proposition 3.2, Theorem 3.3). In section 4, we prove that the (0, 1)-regularity of R(I*) and K[G1® g1y R(I*) are
equal and that they attain at the same stage, and (1, 0)-regularity of R(I*) is at most that of K[G]® g1y R(I*)(see
Proposition 4.2, Theorem 4.3).

2 Preliminaries

Let G be a simple graph with the vertex set V(G) = {x1, x2, ..., x,} and the edge set E(G). Then the edge
ideal associated to G is the monomial ideal 1 (G) = (x;x; | {x;, x;} € E(G)) € K[x1, X2, ..., X,], where K is
a field. The Rees algebra of 1(G), R(I(G)), is a standard bigraded K -algebra via K -algebra homomorphism,
¢ K[x1,.... %0, Y1, ..., Yq] = R(I(G)) defined as ¢ (x;) = x; and ¢(y;) = e;t, where ¢; is an edge of G
and deg(x;) = (1, 0), deg(y;) = (0, 1), deg(t) = (-2, 1). Define a K -algebra homomorphism

VoKX, X, Ve, Yl = K[GT,

as ¥(x;) = x;z, ¥ (yj) = ej, where e; is an edge of G. By [14, Exercise 7.41], we have ker(¢) =ker(yr).

Thus R(I(G)) = K[G*] as bigraded K -algebras and hence isomorphic as standard graded K -algebras, with the

standard grading R(/ (G))x = @ R(I(G)),jy forall k > 0 and R(I1(G))q,j) = (I(G)j),-+2j for all
i,j>0,i+j=k
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30 R. Nandi, R. Nanduri

Let R be astandard graded K -algebra and M be a finitely generated graded R-module. Then the Castelnuovo-
Mumford regularity or simply regularity of M is defined as

reg(M) :=max{j —i | TorX(M,K); # 0}
= max{a;(M) +i|i > 0},
where a; (M) = a(H{;.‘R(M)) = max{;j | H,i.‘R(M)j # 0}, denotes the a-invariant of the i'" local cohomology
module Hr’;l « (M), and mp denotes the homogeneous maximal ideal of R.

Let R be a standard bigraded K -algebra with n; := ®;>1 ® >0 R, j) and ny := ®;>0 ®>1 R, j)- Let M be
a finitely generated bigraded R-module. The bigraded regularities of M are defined as below (see [1] and [6] ):

R
reg(; ) (M) :=max{a — i | TO”,'R <M, —) # 0 for some b, i}
"/ (a.b)

=max{a +1 | Hlil (M) a,py # 0 for some b, i},

R
reg g,y (M) := max{b —i | Tor[ (M, n_z) # 0 for some a, i}
(a,b)
=max{b +1i | Hliz (M) (a,p) # 0 for some a, i}.

known as the (1, 0) and (0, 1) regularities of M respectively.
NOTATION: Throughout we have the following notations for a simple graph G = (V(G), E(G)) and the
field K:

V(G) = {x1, ..., %}, E(G)=fer,... e}
S=K[x1,....x), S =K[x1,..., %2l
R=K[x1,....x0, Y1, ..., ygl, Ry =1, Yg)

T =KXt o os X0, 2, Y1 o5 Vg b oo s tul, T = (1,00, Ygo b1, oo )
I* = the edge ideal of G*
F*: 8o (x) D x)I* € x)(I*)?> D -, the I*-stable filtration on s’

For any polynomial ring A over K, we denote my4, its unique homogeneous maximal ideal. For simplicity, we
denote X = X1, ..., X, Y =¥1,..., Vg, t =11, ..., 1, and we denote Fin (/) as F(I)if I C S.

Define a K-algebra homomorphism ¢ : T — R(I*), as ¢(x;) = x;, ¢(2) = z, (yj) = ejt, p(t;) = zx;t.
Then R(I*) = kerL(@ as bigraded K -algebras and hence isomorphic as standard graded K -algebras.

RUI™) . R(FH(=1,0)

Lemma 2.1 For any graph G, RUG)) = RU(G)(—1,0)°

Proof Fork > 1,
U9 UHTHIGE L uHt !
1(G)* 1(G)* T zUIHIN G T (G

the last isomorphism follows from the fact that z ¢ V(G) and I* C (x), 1(G) are monomial ideals. Thus we
have

RUI*)  _ pzOUH O ZRFH . RFF)(=1,0)
g

R(I1(G)) d(GF T ZRUG) ~ RUG)(=1,0)
0
From the above Lemma 2.1 we have natural short exact sequences of R-modules
0— RUI(G)) - R(I*) — LI*) — (1
R(1(G))
0— RU(G))(—1,0) > R(FH(—1,0) — m -0 2)

R(I(G))(—1,0)
0— R(FH4(=2,1) > R(UI") — Fx(I") — 0.
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On regularity of Rees algebras of edge ideals of cone graphs 31

where Fx) (1) = %, known as the fiber cone of I* with respect to (x). Also R(F*) = S &

@(x)(l*)k_ltk, known as the Rees module of the filtration F* and R(F*)y = @kzl(x)(l*)k’ltk. We

k>1
have another short exact sequence of Z —graded modules

0 — R(F)4(+1) = RUI™) — Fx(I") — 0. “4)
Now we state a lemma which we use frequently in the sequel.

Lemma 2.2 ([4, Corollary 20.19])(Regularity lemma) Let R be a graded ring and M, N, L are graded R-
modules. Suppose

O—-M-—->N-—->L—>0

is exact. Then

(1) reg(N) < max{reg(M), reg(L)},
(1) reg(M) < max{reg(N), reg(L) + 1},
(1) reg(L) < max{reg(N), reg(M) — 1}.

3 Relations among regularities of Rees and toric algebras

Lemma 3.1 Let G be a simple graph on n vertices such that G has no vertex of degree n — 1. Assume the notation
as above. Then reg(R(F*) g T) < reg(R(I*)).

Proof Since T is faithfully flat extension of R, we have reg(R(1(G)) @ T) = reg(R(1(G))) and reg(R(I*) ®r

T) = reg(R(I*)). From the exact sequence (1), we have a long exact sequence of local cohomology

.o > HL (RUI(G))) - HL (R(I*)) — H! (LI*)> — HFYRU(G)) — -
i e "¢ \R(I(G)) e

Since R — T, the natural inclusion map is a faithfully flat extension, tensoring the above long exact sequence
with T', we get the long exact sequence

i i * i —R(I*)
- Hy (RUI(G)) @, T — Hy ((RU™) ®@r T — Hy,, (R(I(G))> orl

— HINRU(G) ®r T — -+
Also we have that for any i,
H, (RU(G)) ®r T = H} 1 (RU(G)) ®r T) = Hy, ,(R(I(G)) ®r T) = Hy, (RU(G) ®r T),

where the first and the last isomorphisms follow from [7, Proposition 2.14], by using the projection map 7 — R.
In a similar way we have

Hy (RUIM) ®r T = Hy (RU*) ®r T) = Hy,  (RU*) @ T) = Hy, (RU*) @r T).

Also HrinR (%) QrT = H,fnT (% ®r T). Thus we have the long exact sequence

i i * i RU™)
o= Hy (RU(G)Qr T)) = Hpy  (R(I7)) — Hy, (m Ok T)

— HIFNRU(G) @ T) = -+ .

For j > reg(R(I*)), we have HT’;lT (R(I*))j—; = Oforalli > 0. From the above long exact sequence this implies

that HILT (Rl(e[(—(lg)) QR T) = H]ilJrTl(R(I(G)) ®pg T)j—; foralli > 0. By using [8, Corollary 1.4], we have
Jj—i .

reg(R(1(G))®rT) < reg(R(I*)). Thisimplies that j > reg(R(I(G))®g T). This gives that H{, (R(1(G))®r
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32 R. Nandi, R. Nanduri

T)j—i =0foralli > 0. Therefore the above isomorphisms implies that H,"nT (% QR T) ~=0forall

JH1—i
i > 0and j > reg(R(I*)). This gives that reg(% ®r T) <reg(R(I*)) + 1. Now by using the Lemma 2.1

and the short exact sequence (2), we have a long exact sequence of local cohomology modules

R(I) )

- = HL (RU(G)))(=1,0) — Hi (RIF))(=1,0) > Hi, (m

— HINRUI(G))(~1,0) > -+

Tensoring this long exact sequence with 7" over R and R — T is a flat extension, we get the long exact sequence
i i * i R(I™)
RN HmR(R(I(G)))(—l,O) Qr T — HmR(R(]'— N=10) T — Hy ., m QrT
— HIF(RUI(G))(-1,0)®r T — -+ .

Now by using the above line of isomorphisms this implies the exact sequence
i i - i R(I*)
wo—> Hp (RU(G) Qr T)(—1,0) > Hp [ (R(FHQrT)(—1,0) > Hpy | 5777 ®r T
R(1(G))
— HIN(RI(G) @k T)(—1,0) — -+ .

Now its degree (j — i) component is the long exact sequence
o HIL (RU(GY ® T 14— Hiy (R @x Ty — Hiyy ()t
mr R j—1—i mr R j—1—i mr R(I(G)) R i
— Hyl{(RU(G) @R T)j-1-i — -+

T

For j > reg(R(I*)) + 1 and by using the fact that reg(R(I(G)) ®r T) = reg(R(1(G))) < reg(R(I*)),

the above last long exact sequence gives that H,;T(R(f*) QrT)j—1-i = H];T (% ®Rr T) ~for all
J—1

i > 0. Now by using the fact reg(% ®r T) < reg(R(I*)) + 1, which we proved above, implies that
H&T (R(F*) ®r T)j—1—; = Oforalli > 0 and j > reg(R(I*)) 4+ 1. This gives that reg(R(F*) ® T) <
reg(R(I1%)). O

Proposition 3.2 Let G be a simple graph on n vertices such that G has no vertex of degree n — 1. Assume the
notation as above. Then reg(R(1*)) = reg(Fx)(I*)). Moreover the regularities attain at the same stage.

Proof Since T is faithfully R-flat, we have reg(R(I(G)) ®g T) = reg(R(I(G))) and reg(R(I*) Qg T) =
reg(R(1*)). Now applying — ®g T to the exact sequence

0— R(F)y —> R(FH—> S -0

we get the short exact sequence

0> (RFH @ T)y - RIFHYRT — S ®g T — 0. 5)
We have reg(S/ ®r T) = 0. Now by applying the regularity lemma, we get that reg((R(F*) ®g T)4+) =
reg(R(F*) Qg T), if reg(R(F*) ®g T) # 0. Since T is R-flat, tensoring the short exact sequence (4) with T,
we get the exact sequence

0= R(FH4+(+1D)®rT — RUI*)Qr T — Fny(I*) Qg T — 0.

We know that R(/*) ® g T = R(I*) and Fix)(I*) ®gr T = Fxy(I*). Thus we have

0— (R(FH4+®r T)(+1) > RUI") —» Fy(I") — 0
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On regularity of Rees algebras of edge ideals of cone graphs 33

is exact. Now we show that reg(F(x) (/™)) < reg(R(I*)). Apply the regularity lemma to the short exact (6) we
get that
reg(Fx) (1)) < max{reg((R(F*) ®g T)+) — 2, reg(R(I7))}
< max{reg(R(F*) g T) — 2, reg(R(I*))}
< reg(R(I™*)) (by the Lemma 3.1).
Now consider the long exact sequence in the local cohomology over 7', corresponding to the short exact sequence
(6), we get
o= HI((R(F*) @ T)1(+1)) — Hi (RUI™) — Hi (F(I*)
— HE(RF) @p T4 (+1)) — -
and its j'" graded component is the exact sequence
o> Hip (R(FY) ®@r T)4)js1 — Hip, (RUI¥)j — Hi (Fy(I));
— HFV(RFY QR T) 1)1 — -+
Let reg(R(I*)) = a;,(R(I*)) + ip for some ip. Then we have that reg(Fx)(I*)) < a;,(R(I*)) + ip. Suppose

ajo(Fxy(I*)) < ajy(R(I™)). Let jo := a;,(R(I*)). Then from the above long exact sequence with j = jo, we
get

HY (R(F*) ®r T)4)jor1 — HE (RUI*))jy — 0

is exact. Since H,’QT (R(I%))j, # 0, this implies that Hr’,?T((R(]-'*) ®r T)1)jy+1 # 0. This implies that
aiy (R(F*)®RrT)4+) > jo+1.This gives thatreg((R(F*)QrT)+) = reg(R(F*)QrT) > reg(R(1*))+1, which
is a contradiction by the Lemma 3.1. Therefore a;,(Fx)(I*)) = a;,(R(I*)). This implies that reg(R(/*)) =
aiy(R(I7)) +io = aiy(Fx)(I™)) +io = reg(Fx)(17)). 0

Now we prove the main result of this section.

Theorem 3.3 Let G be a simple graph on n vertices with edge ideal I such that G has no vertex of degree n — 1.
Let G* be the cone of G and its edge ideal is I1*. Then reg(R(I™)) = reg(K[G] QR(I) R(I™)). Moreover the
regularities attain at the same stage.

Proof From the Proposition 3.2, we have reg(R(I*)) = reg(Fx)(I*)). Now
R(I™)

(X)R(I*)

= % ®r) RUI™)

= Fung(I) Qrry RUI™)

= K[G] ®ry RUI™).

F(x)(l*) =

O
Corollary 3.4 Let G be a simple graph on n vertices with q edges such that G has no vertex of degree n — 1.
Let G* denotes the cone of G. Let T = K[X1,...,X0, 2, Y1, .-, Yg,t, ..., ta] and R(I(G*)) = % Then
reg(J) =reg(J + (X1, ..., Xp)).
Proof For notational simplicity denote I (G) and I (G*) by I and I* respectively and (x) = (x1, ..., X,;). Assume
R(I*) = % Consider
F(D @y RU) = — D @) R
( @R

_ R or !

T~ R D7

N T

RN
Now from the Theorem 3.3, we have reg(%) = reg(%(x)). This implies that reg(J) = reg(J + (x)). m|

@ Springer



34 R. Nandi, R. Nanduri

Remark 3.5 If we have a graph G with a vertex of degree n — 1, then G is expressible as cone of some other graph,
and so from the previous corollary we get a reduction to the generators of R(/(G)) to compute its regularity.

Now we give an example where the regularities are equal.

Example 3.6 Let R = K[x1, x2, x3, x4, x5]. Let G be the graph on 5 vertices with edge set {{x1, x2}, {x2, x3},
{x3, x4}, {xq, x1}, {x1, x5}, {x4, x5}}. Let

T T
T = K[x1, x2, X3, X4, X5, 2, Y1, Y2, ..., yuul, K[G] = I and R(I(G")) = 7

Then by using [3], we have
L = (x1, x2, X3, X4, X5, — y3y5 + y4y¢) and

J = (x3y4 — X1y5, X2y3 — X4y4, X3Y3 — X1Y6, —Y3Y5 + Y4V6, X4y5 — X2Y6, X2¥1 — X5Y4, X4Y1 — X5Y3, X1y2—
X5Y3, X3Y2 — X5Y6, ZY4 — X1Y8, X2y7 — X1Y8, X3¥7 — X1Y9, — Y5Y7 + Y4Y9, ZY5 — X2Y9, X3¥8 — X2)9, ZY3—
X1Y10, X4Y7 — X1Y10, —Y3¥8 + Y4Y10, X4Y8 — X2Y10, — Y6Y7 + Y3Y9, — Y6¥8 + Y5Y10, Z¥6 — X3Y10, X4Y9—
X3Y10, ZY1 — X1Y11, X5¥7 — X1Y11, — Y1Y8 + Y4Y1l, X5¥8 — X2¥11, X5¥9 — X3Y11, — Y2Y7 + ¥3Y11, — Y2Yyo+
Y611, ZY2 — X4Y11, — Y1Y10 + Y311, X510 — X4Y11)-

Now by using the Corollary 3.4 and [3] we have
reg(R(1(G"))) = reg(K[G]1 ®r(1 Gy RU(G"))) = 3.

Note that L Q J and reg(k[G]) = 1. Let K[G*] = % Then by using [3], we get
O = (z, X5, X4, X3, X2, X1, =Y1Y10 + Y3Y11, —Y2Y9 + Y6Y11, —Y2¥7 + Y3Y11, —Y1¥8 + Yayi1,
— Y6¥8 + Y5¥10, —Y6Y7 + ¥3Y9, —¥3Y8 + Y4Y10. —Y5Y7 + Y4Y9, —Yy3¥5 + Y4V6).
Note that Q # J + (x1, ..., X5).
Below example shows that the assumption on G can not be dropped for the equality of regularities.

Example 3.7 Let R = K[x1, x2, X3, x4, x5]. Let G be the graph on 5 vertices with edge set {{x1, x2}, {x2, x3},
{x3, x4}, {x4, x1}, {x2, x4}, {x2, x5}}. Then G has a vertex namely x, whose degree is 4. Let

T T
T = K|[x1, X2, X3, X4, X5, 2, Y1, Y2, - - -, yi1l, K[G] = T and R(I(G*)) = 7

Then by using the [3], we have
L = (x1, x2, X3, X4, X5, — y3y5 + y4ye) and

J = (x3y4 —X1Y5, X1y2 — X4y4, X2y3 — X4y4, X3y3 — X1Y6, X3Y2 — X2Y6, —Y3Y5 + Y46, X4Y5 — X2Y6, X1 Y1 —
X5Y4, X3Y¥1 — X5Y5, X4Y¥1 — X5Y2, ZV4 — X1Y8, X2Y¥7 — X1Y8, X3¥7 — X1Y9, — Y5¥7 + Y4y9, ZV5 — X2Y9, X3Y§8—
X2Y9, ZY3 — X1Y10, X4Y7 — X1Y10, — Y2¥7 + Yay10, Zy2 — X2Y10, — Y3Y8 + Y4Y10, X4y8 — X2Y10, — Y6Y7+
Y3y9, — Y6¥8 + Y510, Z¥6 — X3Y¥10, — Y2Y9 + Y5Y10, X4Y9 — X3Y10, X5Y7 — X1Y11, — Y1Y7 + Y4Yi1, ZV1—
X2Y11s X5Y8 — X2Y11, — Y1Y9 + YsYi1, X5Y9 — X3¥11, — Y1Y10 + Y2 Y11, X5Y10 — X4Y11)-

Now by using the Corollary 3.4 and [3] we have

reg(R(1(G"))) = 3 and reg(K[G] Qr(1(G)) R(I(G*))) = 2.
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On regularity of Rees algebras of edge ideals of cone graphs 35

4 Bigraded regularities of Rees and toric algebras

In this section we prove the bigraded version of the results in the section 3. For any bigraded 7-module M, we
denote My k) := @i=0Mi k), M+ = @j>0M, j, for any k.

Lemma 4.1 Let G be a simple graph on n vertices such that G has no vertex of degree n — 1. Let G* denotes the
cone of G. Let I and I'* denote the edge ideals of G and G* respectively. Assume the notation as in the section 2.
Then

(1) reg(l,o)(R(]:*) ®R T) S reg(lyo)(R(I*))
(ii) rego.1)(R(F*) ®r T) =< reg(g 1)(R(I)).

Proof Since R(I) = K[G*] and R(I*) = K[(G*)*] and K[G™*] is a combinatorial subring of K[(G*)*], by
[8, Corollary 1.3], we have B; (4.6)(R(1)) < Bi (a.b)(R(I™)) for all i, a, b. This implies that reg, o,(R(/)) <
reg( g)(R(17)), and reg(g 1)(R(I)) < regq 1)(R(I*)). Since T is faithfully flat extension of R, we have the
bigraded regularities of R(I) ® g T, R(I*) g T are equal to that of R(I), R(I*) respectively.

(1) Consider the long exact sequence in the local cohomology over R, corresponding to the short exact sequence

(D,
H'  (R(I(G Hl (R(I* RUD N L g\ rae
= Hig(RUGN) = Hig(RU) = Hiy (7 ) = H RUG) = -
Apply the exact functor — @ T to the above long exact sequence we get
i i i R(I*)
- — Hiy(RU(G) ®r T — Hi (RU*) @ T — Hiy, <m> ®r T

— HF(RUI(G) @ T — -

is exact. We have that for any i,
H{,(R(I(G)) ®r T = Hlyy7(RU(G)) ®r T) = Hly (RUI(G)) ®r T) = H, ., (RU(G)) ®r T),

where the last isomorphism follows from [7, Proposition 2.14(2)] applied to the projection map K [x, z] — K|[x].
In a similar way we have

H{ (RUI™) ®r T = Hyy 7 (RU*) @ T) = Hiy  (RUI*) @& T).

Also we have H(ZX) (R(I(G))) QrT = H(lx) (R[(?I({G)) QR T) Thus we have the long exact sequence

. . . R(I*
.= Hi(RU(G) ®r T) — Hiy ,(RU*) ®r T) — Hiy , (ﬁ ®r T)

— HTV(RU(G) Qg T) — -+

(x,2)
Now the result follows by proceeding as like in the proof of Lemma 3.1 with bigrading.
(i1) In the same way as the proof of (i) but consider the local cohomology with base (y, t). O

Proposition 4.2 Let G be a simple graph on n vertices such that G has no vertex of degree n — 1. Let G* denotes
the cone of G. Let I and I* denote the edge ideals of G and G* respectively. Assume the notation as in the
Section 2. Then

(@) reg,o)(F (1) = regq o) (R(I)) + 1.
(i1) rego.1)(Fix) (I") = reg(o’l)(R(I*)). Moreover the regularities attain at the same stage.
Proof Approaching as in 3.2 we can get a short exact sequence of bigraded modules

0— (R(FH4+®rT)(—2,1) > R(I") - Fy(I") - 0 @)

Since T is faithfully R-flat, we have the bigraded regularities of R(I) ®r T, R(I ) ®g T are equal to that
of R(I), R(I*) respectively. Note that S = (y 5 This implies that reg;, 0)(5) = 0 = regq, 1)(S) From
the exact sequence (5) and by applying the regularity lemma to it, we get that reg(; o,((R(F™) ®g T)+) =
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reg(; o) (R(F*) ®r T), reg( 1) (R(F*) ®r T)4) = reg ) (R(F*) ®r T), if reg(; o)(R(F*) @r T) # 0,
reg 1) (R(F*) ®r T) # 0.
(i) Apply regularity lemma to the exact sequence (7), we get
reg 1 .0)(Foo (I™)) < max({reg; o)(R(F*) ®r T)+(=2, 1)) — 1,1eg(; 5, (R(I7))}
< max{reg o)(R(F*) ®r T) + 1, 1eg(; o) (R(I™))}
< reg(lyo)(R(I*)) + 1 (by the Lemma 4.1).

(ii) Applying regularity lemma to the exact sequence (7) we get

reg .1, (Foo (1)) < max{reg o 1) (R(F*) ® T)+(=2, 1)) — 1, reg g, 1, (RUI*)))
= max{reg(o,l)((R(}'*), reg(o,l)(R(l*))}

Let reg(oyl)(R(I*)) = jo + io for some iy, where jo := max{;j | HQT (R(I*))k,j) # 0, for some k}. Then we

have that reg o 1, (Fx) (1)) < Jjo+io- Let jo := max{j | Hyy (Fy(I*)) (k) # O, for some k}. Suppose jo > Jj.
Now the long exact sequence of local cohomology corresponding to (7) in the bigraded component (x, jo) we
get that

o> HE ((R(FS) @R T) ) s jor1) = HZ (RN x o) = HE (Fiy (1) (o)
— HYT(R(F) @r T) ) rjo) = -

This implies that
HY (R(F*) @ T) ) jor1) = Hyy (RUM)) gy — 0

is exact. Since Hf;?r (R(I"))(x,jo) # O, this implies that H,’;?T((R(}"*) ®R T)+)(x,jo+1) # 0. This gives that
reg. 1) (R(F*) ®r T)+) = regq ) (R(F*) ®r T) > reg( )(R(I*)) + 1, which is a contradiction by the
Lemma 4.1. Therefore jj = j(/). This implies that reg g 1) (R(I*)) = reg g 1) (Fx) (7). O

Now we prove the bigraded analog of the Theorem 3.3.

Theorem 4.3 Let G be a simple graph on n vertices with edge ideal I such that G has no vertex of degree n — 1.
Let G* be the cone of G and its edge ideal is I*. Then

@) reg(o‘l)(R(I*)) =reg.1)(K[G] ®r) R(I™)). Moreover the regularities attain at the same stage.
(ii) reg ) o) (K[G] @r(r) RU™)) < reg o) (RU*)) + 1.

Proof Follows from the line of arguments as in the proof of the Proposition 4.2 and the proof of the Theorem 3.3.

Corollary 4.4 Let G be a simple graph on n vertices with q edges such that G has no vertex of degree n — 1.
Let G* denotes the cone of G. Let T = K[x1, ..., X0, 2, Y1, -+, Vg, t, ..., ta]l and R(I*) = § Then

(1) reg(oyl)(]) = reg(o’l)(‘l + (X], ey xn)).
(i) regy 0)(J + (x1, ..., xn)) <regq ) (J) + L.

Proof Follows from the line of arguments as in the proof of the Corollary 3.4.
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