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Abstract In this paper, our aim is to explicitly calculate the relations amongst the rational equivalence classes
of Brill–Noether loci and describe the algebra generated by the same in the Chow ring of the moduli space
of semistable bundles on elliptic curve. In general, the relations obtained are dependent on the degree of the
embeddings involved. We also provide an example of a particular fixed determinant moduli space where the
relations obtained are embedding independent.
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1 Introduction

Let C denote an elliptic curve over the field of complex numbers. The moduli space of semistable bundles
over C has been computed by M. F. Atiyah (cf. [2]). L. Tu explicitly described the Brill–Noether subvarieties
inside this moduli space in [12]. In 2003, P. E. Newstead proposed a project called Brill–Noether Project (cf.
[10]). He mentioned that to discuss the detailed geometry of the Brill–Noether loci, their classes in the Chow
ring and cohomology ring of the moduli space can be studied. In [8], we studied the cohomology classes of
the Brill–Noether subvarieties in the cohomology ring of the moduli space of semistable bundles over elliptic
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curve. In this paper, we study the rational equivalence classes of those Brill–Noether loci in the Chow ring of the
moduli space of semistable bundles over elliptic curve. We obtain results similar to the results obtained in [8].
The key difference is that the relations between cohomology classes of Brill–Noether loci are independent of the
embedding of W i

r,L(∃) in SUC (r, L) in the former case, whereas for the later case it depends on the embedding.
In this paper, by a tautological class we mean the rational equivalence class of Brill–Noether subvariety

in the Chow ring and we call the subalgebra of the Chow ring generated by those tautological classes as the
tautological algebra. Our aim in this paper is to describe the relations amongst the tautological classes in the
Chow ring of the moduli space and provide the structure of the tautological algebra thereafter.

We denote by e the strong equivalence class of E , a vector bundle over C , in the sense of [11, Section
8, p. 333]. Let MC (r, d) be the moduli space of strong equivalence classes of semistable bundles of rank r
and degree d over C . The subvariety of MC (r, d) consisting of semistable bundles having determinant bundle
isomorphic to a given line bundle L of degree d over C is denoted by SUC (r, L). Let SnC be the n-th symmetric
product of the curve C . Let us denote by J (C) the Jacobian variety of isomorphism classes of line bundles of
degree 0 over C . Similarly by Jd(C) we denote the set of isomorphism classes of line bundles of degree d over C .
Let X be a subvariety of MC (r, d)(respectively of SUC (r, L)), then by [X ] we denote the rational equivalence
class of the cycle X in the Chow ring A∗(MC (r, d)) of the moduli space MC (r, d) (respectively in the Chow
ring A∗(SUC (r, L)) of the moduli space SUC (r, L)).

In Section 2, we recall the structure of the moduli space of semistable bundles over elliptic curve and that of
the corresponding fixed determinant moduli space. We deal with the Brill–Noether loci, when degree of a vector
bundle is 0 and the rank is more than 1. Let L be a line bundle of degree 0 and let i be any non-negative integer.
The Brill–Noether loci inside SUC (r, L) are denoted by, and are defined as,

W i
r,L(∃) = {e ∈ SUC (r, L) | h0(E) ≥ i + 1 for some E ∈ e}.

We denote by [W i
r,L(∃)], a tautological class inside A∗(SUC (r, L), Z). We also deal with the Brill–Noether loci,

denoted by W i
r,0(∃), inside MC (r, 0), defined as follows:

W i
r,0(∃) := {e ∈ MC (r, 0) | h0(E) ≥ i + 1 for some E ∈ e}.

We recall the structure of these Brill–Noether loci in a bit detail as this is required heavily for our purpose. We
refer reader to a paper by L. Tu on semistable bundles over elliptic curve for these results (cf. [12]).

In Section 3 we prove the main theorems of this paper. This section is devoted to the relations amongst the
tautological classes inside A∗(MC (r, 0)) and A∗(SUC (r, L)). We show that the tautological class [W 0

r,L(∃)] is
the generator of the tautological subalgebra of A∗(SUC (r, L)). In that regard, we prove the following theorem:

Theorem 1.1 Let r be any positive integer and let L be a degree 0 line bundle over C. Then, inside A∗(SUC (r, L))

we have,

[W i
r,L(∃)] = di,r · [W 0

r,L(∃)]i+1 (1)

for all i , 0 ≤ i ≤ r − 2, where degree of W i
r,L(∃) inside SUC (r, L) is di,r and the tautological algebra of

SU E (r, L) is Z[ζ ]/(ζ r ), where ζ is the rational equivalence class of W 0
r,L(∃) in A∗(SU E (r, L)).

The equation (1) depicts that the relations are embedding dependent in general. However we provide one
instance where it is not so. More precisely, we obtain the following.

Theorem 1.2 Let L be a degree 0 line bundle over C. Then inside A∗(SUC (3, L)) we have,

[W i
r,L(∃)] = [W 0

r,L(∃)]i+1

for i = 0, 1.

Finally, we provide the structure of the tautological algebra of the Chow ring of the moduli space MC (n, 0).
In that regard, we prove the following theorem.

Theorem 1.3 The tautological algebra of MC (n, 0) is

A∗(C) ⊗ Z[ξ ]/〈ξn〉.
Here ξ is the rational equivalence class in A∗(MC (n, 0)) of the divisor W 0

n,0(∃) on MC (n, 0).
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In Section 4, we observe that Brill–Noether loci are trivial for positive degree vector bundles (either empty
or the whole moduli space), and for line bundles of degree zero (either empty or singleton). Therefore, due to
absense of non-trivial stratifications of Brill–Noether loci in the mentioned cases, we deal with the Brill–Noether
loci, when degree of a vector bundle is 0 and the rank is more than 1 (cf. Proposition 4.1). Also, we mention that
even in the moduli space MC (r, 0) with r > 1, we do not consider the algebra generated by the classes of the
Brill–Noether subvarieties W i

r,0(∀) for similar reason (cf. Proposition 4.3).

2 Brill–Noether loci of semistable bundles over elliptic curve

In this section we are going to recall a few results from [12] which will be relevant for the next section. Consider
the following lemma.

Lemma 2.1 [12, Lemma 17, p. 13] Any semistable bundle E of positive degree over C is non-special, that is,
h1(E) = 0.

Proof Let E be a semistable vector bundle of degree d > 0 and KC be the canonical line bundle over C . Then
KC ∼= OC as C is an elliptic curve. By Serre duality we have

h1(E) = h0(KC ⊗ E∗) = h0(E∗).

As E∗ is also a semistable bundle and of negative degree, h0(E∗) = 0. Therefore, h1(E) = 0. Moreover by
Riemann-Roch theorem, h0(E) = d. �

Remark 2.2 An obvious consequence of Lemma 2.1 is that the map

h0 : MC (r, d) −→ Z+ ∪ {0}
e �→ h0(E)

is well defined for d > 0, and is a constant function d.

Definition 2.3 Let d > 0 and i ≥ 0 be any two integer. The Brill–Noether loci are denoted by W i
r,d , and are

defined by

W i
r,d = {e ∈ MC (r, d) | h0(E) ≥ i + 1}.

This definition is well defined by Remark 2.2.

The following lemma is a direct consequence of Lemma 2.1. See [12, p. 13, after Lemma 17]

Lemma 2.4 Let d > 0. Then

W i
r,d

∼=
{∅ if 1 ≤ d ≤ i;

MC (r, d) if d ≥ i + 1.

Therefore Brill–Noether loci inside MC (r, d) are not of much interest when d > 0. Moreover for degree
zero line bundles over C we have the following result.

Lemma 2.5 The Brill–Noether loci for d = 0, r = 1 are

W i
1,0

∼=
{∅ if 1 ≤ i;

{OC } if i = 0.

Proof See [12, p. 13, after Lemma 17]. As h0(L) = 0 or 1 for a line bundle L of degree zero over C and moreover
h0(L) = 1 if and only if L ∼= OC . �

Remark 2.6 Though h0 : MC (r, d) −→ Z+ ∪ {0} is well defined for d > 0, but h0 : MC (r, 0) −→ Z+ ∪ {0}
is not well defined. For example, let F2 be the Atiyah’s indecomposable bundle of rank 2, [2, Theorem 5, p. 432]
and I2 be the trivial bundle of rank 2. Then F2 ∼= I2, but h0(F2) = 1 �= 2 = h0(I2), [2, The proof of Theorem
5, p. 432]. So, in this case, we couldn’t have defined the Brill–Noether loci, as we have defined earlier.

Because of Remark 2.6, we need to define two types of Brill–Noether loci inside MC (r, 0).
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Definition 2.7 The Brill–Noether loci inside MC (r, 0) are denoted by W i
r,0(∀) and W i

r,0(∃), and are defined as

W i
r,0(∀) := {e ∈ MC (r, 0) | h0(E) ≥ i + 1 for all E ∈ e}

W i
r,0(∃) := {e ∈ MC (r, 0) | h0(E) ≥ i + 1 for some E ∈ e}.

Similarly we also need to define two types of Brill–Noether loci inside SUC (r, L), where L is line bundle
over C of degree 0.

Definition 2.8 Let L be a line bundle over C of degree 0. Then, the Brill–Noether loci inside SUC (r, L) are
denoted by W i

r,L(∀) and W i
r,L(∃), and are defined as

W i
r,L(∀) := {e ∈ SUC (r, L) | h0(E) ≥ i + 1 for all E ∈ e}

W i
r,L(∃) := {e ∈ SUC (r, L) | h0(E) ≥ i + 1 for some E ∈ e}.

We have,

W i
r,L(∀) = W i

r,0(∀) ∩ SUC (r, L) and W i
r,L(∃) = W i

r,0(∃) ∩ SUC (r, L).

We now have the following isomorphism of moduli spaces.

Proposition 2.9 Let L be a degree 0 line bundle over C. Then we have

MC (r, 0) ∼= Sr C

SUC (r, L) ∼= P
r−1

J (C) ∼= C

W i
r,0(∃) ∼= Sr−i−1C

W i
r,L(∃) ∼= P

r−i−2.

Proof See [12, Theorem 2, Theorem 3, Theorem 4, Theorem 5; p. 4–5]. �

The last two isomorphisms as in Proposition 2.9 describe the structures of Brill–Noether loci in MC (r, 0)

and in SUC (r, L), L being a degree 0 line bundle over C . Let us go through these isomorphisms in a bit more
detail as we need this for our purpose.

Let det : MC (r, 0) → J (C) be the determinant map which sends F to det F and α : Sr C → Jr (C) be
the Abel-Jacobi map defined as x1 + x2 + · · · + xr �→ O(x1 + x2 + · · · + xr ). Then we have the following
commutative diagram (cf. [12, p. 12]), which says that the determinant map and the Abel-Jacobi map can be
identified.

MC (r, 0) Sr C

J (C) Jr (C)

∼=

det α

∼=
(2)

Remark 2.10 By Abel’s theorem (cf. [1, p. 18]), fiber of the map α over any line bundle L ∈ Jr (C) is the complete
linear system | D | of a divisor D on C with O(D) = L . Now if r > 0, then by Serre duality h1(C,O(D)) = 0
and by Riemann-Roch theorem h0(C,O(D)) = r . Therefore each fiber of the map α : Sr C → Jr (C) is
isomorphic to P

r−1 if r > 0.

Let det : W i
r,0(∃) → J (C) be the restriction of the determinant map det : MC (r, 0) → J (C). Then we have

the following commutative diagram (cf. [12, p. 16]) similar to (2).

W i
r,0(∃) Sr−i−1C

J (C) Jr−i−1(C)

∼=

det α

∼=
(3)

Here we assume 0 ≤ i ≤ r − 2. So by Remark 2.10, the fiber of α is isomorphic to P
r−i−2.

123



On the structure of the algebra generated by the rational equivalence classes 53

3 Tautological algebra in the Chow ring of the moduli space of semistable bundles over elliptic curve

In this section, we describe the algebra generated by the rational equivalence classes of Brill–Noether loci in the
Chow ring of the moduli space of semistable bundles on elliptic curve. We also do the same for corresponding fixed
determinant moduli space. We call the classes of the Brill–Noether loci as tautological classes and corresponding
algebra generated as tautological algebra. Let us first mention the reasons behind choosing the terminology
tautological class and tautological algebra. We make these definitions more precise followed by that.

Mathematicians like R. Vakil, C. Faber, R. Pandharipande, A. Pixton, T. Graber and many others have used the
terminology Tautological Algebra. By tautological algebra they meant a subalgebra of either cohomology ring
or Chow ring of some moduli space generated by classes of some naturally defined subvarieties. In [7], Morita
studied the tautological algebra of Mg , the moduli space of smooth projective curves of genus g, generated by
some tautological classes inside the Chow ring of Mg defined by Mumford (cf. [9]). As Brill–Noether subvarieties
are very natural by definition, it is quite natural to refer the subalgebra generated by their cohomology classes
as tautological algebra. In [3], by (rational) tautological ring Beauville meant the smallest subring stable under
pullback maps and pushforward maps (⊗n)∗ and (⊗n)∗ respectively, induced by ⊗n : J (X) → J (X), closed
under Pontryagin product of the rational Chow ring of J (X) and contains classes of the Brill–Noether loci.
Here X denotes connected, smooth, projective curve of genus g over C. As we are concerned for Brill–Noether
subvarieties inside moduli space of semistable bundles over elliptic curve, we define the algebra generated by
their rational equivalence classes as tautological algebra and then prove our main theorems.

For a given variety X , let us denote by Ak(X) the free abelian group generated by subvarieties of X of
codimension k modulo rational equivalence. Then by Proposition 2.9, [W i

r,L(∃)] ∈ Ai+1(SUC (r, L)). As we
want to compare the rational equivalence classes of these Brill–Noether cycles, which lie in different graded
pieces of the Chow ring A∗(SUC (r, L)), we define the algebra generated by those classes inside A∗(SUC (r, L)).

Definition 3.1 Let L be a degree zero line bundle over C . Then the rational equivalence classes [W i
r,L(∃)] ∈

A∗(SUC (r, L)) are called the tautological classes. The subalgebra of A∗(SUC (r, L)) generated by these tauto-
logical classes is called the tautological subalgebra of A∗(SUC (r, L)).

We now have the following lemma which will be required to describe the tautological algebra of
A∗(SUC (r, L)).

Lemma 3.2 The Chow ring of P
n is

A∗(Pn) = Z[ζ ]
< ζ n+1 >

where ζ = [H ], H a hyperplane of P
n. Moreover let X be a subvariety of P

n of codimension i and degree d.
Then inside A∗(Pn) we have,

[X ] = d · ζ i .

Proof See [5, Theorem 1.21, p. 25]. Indeed, it follows from the fact that a subvariety of P
n of dimension n − k

and degree d transversally intersects a general k-plane at d many points. �

Following theorem shows that the rational equivalence class [W 0

r,L(∃)] is the generator of the tautological
subalgebra of A∗(SUC (r, L)).

Theorem 3.3 Let r be any positive integer and let L be a degree 0 line bundle over C. Then, inside A∗(SUC (r, L))

we have,

[W i
r,L(∃)] = di,r · [W 0

r,L(∃)]i+1 (4)

for all i , 0 ≤ i ≤ r − 2, where degree of W i
r,L(∃) inside SUC (r, L) is di,r and the tautological algebra of

SU E (r, L) is Z[ζ ]/(ζ r ), where ζ is the rational equivalence class of W 0
r,L(∃) in A∗(SU E (r, L)).
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Proof We have the following stratification inside SUC (r, L) by Proposition 2.9.

SUC (r, L) ∼= P
r−1

⊆ ⊆

W 0
r,L(∃) ∼= P

r−2

⊆ ⊆

W 1
r,L(∃) ∼= P

r−3

⊆ ⊆

· ·
· ·
· ·

⊆ ⊆

W r−3
r,L (∃) ∼= P

1

⊆ ⊆

W r−2
r,L (∃) ∼= P

0 ∼= {·}
We can calculate relations between [Pi ]’s as follows. Inside P

r−1 we have the following stratification:

{·} ⊆ P
1 ⊆ P

2 ⊆ · · · ⊆ P
r−1.

Then by Lemma 3.2, we have A∗(SUC (r, L)) = Z[ζ ]
< ζ r >

where ζ = [H ], H a hyperplane of P
r−1. We can

choose H to be W 0
r,L(∃). Moreover, from the above stratification and by Lemma 3.2 for all i , 0 ≤ i ≤ r − 2, we

obtain,

[W i
r,L(∃)] = [Pr−i−2] = [P(r−1)−(i+1)] = di,r · [W 0

r,L(∃)]i+1.

where degree of W i
r,L(∃) inside SUC (r, L) is di,r .

Hence the result follows. �

Remark 3.4 If we take the degree the Brill–Noether loci to be 1, that is to say, if we think these loci to be
embedded inside the moduli space SUC (r, L) through inclusion morphism, then (4) turns out to be same as the
equations in Theorem 5.3 as in [8], modulo the fact that there we consider cohomology classes of these loci
instead of rational equivalence class. This is not at all surprising. In fact, the cycle class map is an isomorphism
in case of only two curves, namely A

1 and P
1. The same is true for P

n for n > 1 as well. This happens because
of vanishing of all odd dimensional cohomologies (cf. [6, Example 19.1.11]).

Remark 3.5 Theorem 3.3 clearly shows that [W i
r,L(∃)] can be written in terms of [W 0

r,L(∃)] in the tautological
subalgebra of A∗(SUC (r, L)). But as degree of a projective variety is dependent on the embedding, the co-
efficients di,r ’s in (4) are also so.

Though the relations between the rational equivalence classes of Brill–Noether subvarieties are in general
dependent upon the degree of the embeddings involved, we provide one instance where the relations obtained
are independent of the embeddings. Towards that, we have the following lemma.

Lemma 3.6 Let X ⊆ P
n be an embedded projective variety. Then

(a) If X is a hypersurface given by vanishing of a homogeneous polynomial F of degree d, then degree of X is
d.

(b) If X is finite containing d distinct points, then degree of X is d.

Proof See [4, Proposition 5, p. 5]. �

For r = 3, Theorem 3.3 can be modified as follows.

Theorem 3.7 Let L be a degree 0 line bundle over C. Then inside A∗(SUC (3, L)) we have,

[W i
r,L(∃)] = [W 0

r,L(∃)]i+1

for i = 0, 1.
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Proof We have the following stratification:

SUC (3, L) ∼= P
2

⊆ ⊆

W 0
3,L(∃) ∼= P

1

⊆ ⊆

W 1
3,L(∃) ∼= P

0 ∼= {·}
Now P

0 being a point, degree of P
0 inside P

2 is 1 by part (b) of Lemma 3.6. Again as P
1 can be given by

vanishing of a linear homogeneous polynomial inside P
2, degree of P

1 inside P
2 is 1 by part (a) of Lemma 3.6.

Hence the theorem follows from Theorem 3.3. �

Remark 3.8 Theorem 3.7 shows that relations between the tautological classes inside the tautological subalgebra
of A∗(SUC (3, L)) are embedding independent.

Definition 3.9 The rational equivalence classes [W i
r,0(∃)] ∈ A∗(MC (r, L)) are called the tautological classes.

The subalgebra of A∗(MC (r, L)) generated by these tautological classes is called the tautological subalgebra
of A∗(MC (r, L)).

The theorem says that tautological algebra of MC (n, 0) is generated by the rational equivalence class of the
Brill–Noether subvariety W 0

n,0(∃) as A∗(C)-algebra.

Theorem 3.10 The tautological algebra of MC (n, 0) is

A∗(C) ⊗ Z[ξ ]/〈ξn〉.
Here ξ is the rational equivalence class in A∗(MC (n, 0)) of the divisor W 0

n,0(∃) on MC (n, 0).

Proof We have the following stratification inside MC (n, 0) by Proposition 2.9.

MC (n, 0) ∼= SnC

⊆ ⊆

W 0
n,0(∃) ∼= Sn−1C

⊆ ⊆

W 1
n,0(∃) ∼= Sn−2C

⊆ ⊆

· ·
· ·
· ·

⊆ ⊆

W n−2
n,0 (∃) ∼= S1C ∼= C

So, W 0
n,0(∃) is a subvariety of MC (n, 0) of codimension 1 and hence a divisor. By Proposition 2.9, (2) and

Remark 2.10, the determinant morphism

MC (n, 0) → J (C)

is a projective bundle P
n−1
J (C) → J (C). Then at Chow ring level we have the following pullback map denoted by

det∗.

det∗ : A∗(J (C)) → A∗(MC (n, 0)). (5)

Then by (5), A∗(MC (n, 0)) can be thought of as A∗(J (C)) algebra.
Precisely, by projective bundle formula,

A∗(MC (n, 0)) = A∗(J (C)) ⊗ Z[ξ ]/〈ξn〉. (6)

Here ξ is the first Chern class of O(1) on P
n−1
J (C).

Therefore, by Proposition 2.9 and by (6) we get,

A∗(MC (n, 0)) = A∗(C) ⊗ Z[ξ ]/〈ξn〉.
This gives the assertion. �
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4 Are we missing any other cases?

In Section 3, we described the tautological algebra of the moduli space MC (n, 0) and SUC (r, L), where L is
a degree zero line bundle over an elliptic curve C and r > 1. So it is natural to ask that why have we left out
describing the tautological algebra for all the remaining cases. In this regard, we have the following proposition.

Proposition 4.1 The Brill–Noether stratification on elliptic curve C is trivial in MC (r, d) for positive degree
bundles and for line bundles of degree 0.

Proof Follows directly from Lemma 2.4 and Lemma 2.5. �

It can be noted that to get an interesting structure of the tautological algebra, having non-trivial stratifications
of Brill–Noether subvarieties is necessary. In this paper, as our aim is to describe the tautological algebra over
elliptic curve, by Proposition 4.1 we conclude that we are not at all missing the remaining cases, that is to say it
suffices to work on the moduli space MC (r, 0) with r > 1.

We have defined tautological algebra as the algebra generated by the rational equivalence classes of the
Brill–Noether subvarieties W i

r,0(∃) and W i
r,L(∃) inside MC (r, 0) and SUC (r, L) respectively. In this context, it

is natural to ask why we have not considered the other types of Brill–Noether subvarieties W i
r,0(∀) and W i

r,L(∀).
Towards that we have the following theorem due to Loring Tu.

Theorem 4.2 [12, Theorem 4 and 5] Let n ≥ 2 be any integer and L be a degree zero line bundle over E. Then
the structure of the Brill–Noether Loci W i

n,0(∀) and W i
n,L(∀) as in Definition 2.7 and 2.8 are given by

W i
n,0(∀) ∼=

{∅ if 1 ≤ i;
Sn−1 E if i = 0.

W i
n,L(∀) ∼=

{∅ if 1 ≤ i;
P

n−2 if i = 0.

This leads to the following proposition.

Proposition 4.3 The Brill–Noether stratification generated by the Brill–Noether subvarieties W i
r,0(∀) and

W i
r,L(∀) on elliptic curve C is trivial in MC (r, 0) and SUC (r, L) respectively, where L is a degree 0 line

bundle over C.

Proof Follows immediately from Theorem 4.2. �

We have observed that inside the moduli space of semistable bundles of rank n and degree d with d > 0 or

(n, d) = (1, 0), Brill–Noether loci do not produce any non-trivial stratification. Now Proposition 4.3 says that
among two types of Brill–Noether loci in the moduli space of semistable bundles of rank n and degree d with
d = 0 and n ≥ 2, the loci W i

n,0(∀) and W i
n,L(∀) fail to do so. Therefore, we conclude that we have completely

described the tautological algebra of the Chow ring of the moduli space of semistable bundles over an elliptic
curve.
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