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Abstract The set of all cubic residues of any natural number n is denoted by S(3)
n . In this article, we show that,

|S(3)
n | =

⎧
⎨

⎩

3−ω(n1)φ(n1)φ(n2), if n = n1n2

3−ω(n1)φ(n1)φ(3n2), if n = 3n1n2

3−ω(n1)φ(n1)φ(3a−1n2), if n = 3an1n2, a > 1,

where (n1n2, 3) = 1, n1 comprises of primes p ≡ 1 (mod 3), n2 comprises of primes p ≡ 2 (mod 3) and
ω(n1) denotes the number of distinct prime factors of n1. Consequently, every element of (Z/nZ)∗ is a cubic

residue modulo n if and only if, n = 3,
k∏

i=1
p�i

i or 3
k∏

i=1
p�i

i where pi ’s are primes such that pi ≡ 2 (mod 3) and

k, �i ’s are natural numbers.
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1 Introduction

Let p be any prime and a ∈ (Z/pZ)∗. If the congruence x3 ≡ a (mod p) has a solution, then a is said to be
a cubic residue of p [3]. Nagell in 1952 [4], proved that for p ≡ 1 (mod 6), the least prime cubic residue of
p, say q satisfies the inequality q ≤ √

4p − 27 except for the prime p = 7. In 1965, Dunton [2] discussed the
existence of non-trivial pair of consecutive cubic residues for primes others than 7 and 13 and proved that there
exist infinitely many primes having 77 and 78 as the least pair of consecutive cubic residues.
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A note on cubic residues modulo n 63

For any prime p ≡ 1 (mod 3), if a is a cubic residue of p, then it is known from Euler’s criterion that
a(p−1)/3 ≡ 1 (mod p). Williams in 1975 [5] gave a similar estimate for a non cubic residue b of p by evaluating
the sign of M so that b(p−1)/3 ≡ (L+9M)

(L−9M)
(mod p) where L and M are integers satisfying 4p = L2 + 27M2

with L ≡ 1 (mod 3) and L , M2 are unique.
The idea of collecting and counting cubic residues of the multiplicative group modulo p was introduced by

Dence and Dence in 1995 [1]. They also observed that the set of all cubic and the set of all quartic residues are
subgroups of (Z/pZ)∗ with a natural algebraic structure analogous to group of nth roots of unity.

We shall set up some notations first. The set of all cubic residues of the prime p is denoted by S(3)
p . In other

words, for any prime, p ≡ 2 (mod 3), S(3)
p := {x : x3 j+1 ≡ 1 (mod p) where p = 3 j + 2} and for any prime

p ≡ 1 (mod 3), S(3)
p := {x : x j ≡ 1 (mod p) where p = 3 j + 1} [1]. It is easy to observe that if a ∈ S(3)

p then

−a ∈ S(3)
p . For p = 3, it is easy to verify that the cubic residues of 3 are 1 and 2. Further, it was also proved by

Dence and Dence [1] that for any prime p > 3,

|S(3)
p | =

{ p−1
3 , if p ≡ 1 (mod 3)

p − 1, if p ≡ 2 (mod 3)

In this article, we prove the following results.

Theorem 1 Let p �= 3 be any prime, � be any natural number and k be any integer. If a ∈ S(3)
p then a+kp ∈ S(3)

p� .

In other words, if a is a cubic residue of p then a + kp is a cubic residue of p�.

Corollary 2 Let p be any prime and � be any natural number. Then, the number of cubic residues of p� is,

|S(3)

p� | =

⎧
⎪⎪⎨

⎪⎪⎩

φ(3), if p = 3 and � = 1
φ(3�−1), if p = 3 and � ≥ 2
φ(p�)

3 , if p ≡ 1 (mod 3)

φ(p�), if p ≡ 2 (mod 3)

Theorem 3 Let n be any natural number and ω(k) denotes the number of distinct prime factors of any natural
number k. Then,

|S(3)
n | =

⎧
⎨

⎩

3−ω(n1)φ(n1)φ(n2), if n = n1n2

3−ω(n1)φ(n1)φ(3n2), if n = 3n1n2

3−ω(n1)φ(n1)φ(3a−1n2), if n = 3an1n2, a > 1,

where (n1n2, 3) = 1, n1 comprises of primes p ≡ 1 (mod 3), n2 comprises of primes p ≡ 2 (mod 3).

We also have the following observation which follows from the Theorem 3.

Corollary 4 Let n be any natural number. Then S(3)
n = (Z/nZ)∗ if and only if n = 3,

k∏

i=1
p�i

i or 3
k∏

i=1
p�i

i where

pi ’s are primes such that pi ≡ 2 (mod 3) and k, �i ’s are natural numbers.

2 Proof of Theorem 1

Proof Suppose a ∈ S(3)
p . We argue that a + kp ∈ S(3)

p� by induction on �. For � = 1, it directly follows from the
assumption that a + kp is a cubic residue of p. By induction principle, assume that the result holds for � = m
namely a + kp ∈ S(3)

pm and we prove for � = m + 1 namely a + kp ∈ S(3)

pm+1 . We prove this by showing that,

S(3)
pm ⊆ S(3)

pm+1 .

Let b ∈ S(3)
pm , which is equivalent to the existence of an integer x0 such that (x0, p) = 1 and x3

0 = b + tpm

for some integer t . Now, for any integer y, we consider,

(x0 + ypm)3 ≡ x3
0 + y3 p3m + 3x2

0 ypm + 3y2 p2m x0 (mod pm+1)

≡ x3
0 + 3x2

0 ypm (mod pm+1)

≡ b + tpm + 3x2
0 ypm (mod pm+1) (since x3

0 = b + tpm)

≡ b + pm(t + 3x2
0 y) (mod pm+1)
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64 V. P. Ramesh et al.

It is to be noted that the congruence t ≡ −(3x2
0 y) (mod p) is solvable since (3x2

0 , p) = 1. Therefore (x0 +
ypm)3 ≡ b (mod pm+1) and this implies b ∈ S(3)

pm+1 . Hence the result follows by induction for all � ≥ 1. 
�
Now, for prime p = 3, we have the following observation.

Lemma 5 Let � ≥ 2 be any natural number and k be any integer. If a ∈ S(3)

32 then a + 32k ∈ S(3)

3� . In other

words, if a is a cubic residue of 32 then a + 32k is a cubic residue of 3�.

Proof Suppose that a ∈ S(3)

32 . We argue that a +32k ∈ S(3)

3� by induction on �. For � = 2, it directly follows from

the assumptions that a + 32k is a cubic residue of 32. Now, we assume that the result holds for � = m namely
a + 32k ∈ S(3)

3m and we claim for � = m + 1 namely a + 32k ∈ S(3)

3m+1 . We prove this by showing that for m ≥ 2,

S(3)
3m ⊆ S(3)

3m+1 .

Let b ∈ S(3)
3m , which is equivalent to the existence of an integer x0 such that (x0, 3) = 1 and x3

0 = b + t3m

for some integer t . Now, for any integer y, we consider,

(x0 + y3m−1)3 ≡ x3
0 + y333(m−1) + 3x2

0 y3m−1 + 3x0 y232(m−1) (mod 3m+1)

≡ x3
0 + x2

0 y3m (mod 3m+1)

≡ b + t3m + x2
0 y3m (mod 3m+1) (since x3

0 = b + t3m)

≡ b + 3m(t + x2
0 y) (mod 3m+1)

It is to be noted that the congruence t ≡ −x2
0 y (mod 3) is solvable because (x2

0 , 3) = 1. Therefore (x0 +
y3m−1)3 ≡ b (mod 3m+1) which implies that b ∈ S(3)

3m+1 . Hence the result follows by induction for all � ≥ 2. 
�
Corollary 6 For any prime p �= 3 and natural number � ≥ 2, |S(3)

p� | = p�−1|S(3)
p |. Equivalently, |S(3)

p� | =
p|S(3)

p�−1 | . Further, for p = 3, |S(3)

3�+1 | = 3�−1|S(3)

32 |. Equivalently, |S(3)

3�+1 | = 3|S(3)

3� |.

Proof For any prime p �= 3 and for any integer k, we define Hk := { a | a ∈ S(3)

p� and kp < a < (k + 1)p} for

some � ≥ 2. It is easy to observe that, { Hk | 0 ≤ k ≤ p�−1 − 1} forms a partition of S(3)

p� containing the cubic

residues of p� lying between two consecutive multiples of p. Now, we prove that for any k, |S(3)
p | = |Hk | by

showing that there exists a bijection between S(3)
p and Hk .

For any fixed k and for any x ∈ S(3)
p , it follows from Theorem 1 that x + kp ∈ S(3)

p� and further x + kp ∈ Hk

since kp < x + kp < (k + 1)p. This observation gives rise to a natural function f : S(3)
p → Hk defined

as f (x) = x + kp. It is easy to observe that f is a one-one function since x �≡ y (mod p) will imply that
x + kp �≡ y + kp (mod p�).

Now, for any a ∈ Hk , it follows that there exists x0 such that x3
0 ≡ a (mod p�) and kp < a < (k + 1)p

which further implies that x3
0 ≡ a − kp (mod p) and 0 < a − kp < p. Hence f is onto since there exists

a − kp ∈ S(3)
p such that f (a − kp) = a.

As the sets H0, H1, . . . , Hp�−1−1 forms a partition of S(3)

p� and since for any k, |Hk | = |S(3)
p |, it follows that

|S(3)

p� | = p�−1|S(3)
p |. Equivalently, |S(3)

p� | = p|S(3)

p�−1 |.
For prime p = 3, we define Hk := { a | a ∈ S(3)

3� and 32k < a < 32(k + 1)} and { Hk | 0 ≤ k ≤ 3�−2 − 1}
forms a partition of S(3)

3� . It is easy to verify that the function f : S(3)

32 → Hk defined as f (x) = x + 9k is

bijective. Hence by similar arguments used earlier, it follows that |S(3)

3�+1 | = 3�−1|S(3)

32 |. Equivalently, |S(3)

3�+1 |
= 3|S(3)

3� |. 
�
The Corollary 2 follows directly from Corollary 6.
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3 Proof of Theorem 3

First we shall prove the following lemma which will be useful to prove the Theorem 3.

Lemma 7 Let n be any natural number such that n = ∏k
i=1 p�i

i , where pi ’s are primes. Then, a ∈ S(3)
n if and

only if a ∈ S(3)

p
�i
i

for all i ∈ {1, 2, 3, . . . , k}.

Proof The forward part of the lemma can be proved easily as x3
0 ≡ a (mod n) implies x3

0 ≡ a (mod p�i
i ) for

all i .
Conversely, let a ∈ S(3)

p
�i
i

for every i . This implies for every i , there exist integers xi such that x3
i ≡ a

(mod p�i
i ). By the Chinese remainder theorem there exists an integer y0 such that y0 = xi (mod p�i

i ) for all i .

Now let us take y3
0 ≡ b (mod n), then x3

i ≡ b (mod p�i
i ) for all i . Therefore b ≡ a (mod p�i

i ) for each i . By
the uniqueness of solution in the Chinese remainder theorem b ≡ a (mod n), hence y3

0 ≡ a (mod n). 
�
Now, to prove the Theorem 3, let us assume that n = ∏k

i=1 p�i
i , where pi ’s are primes. From the Chinese

remainder theorem and Lemma 7 we get |S(3)
n | = ∏k

i=1 |S(3)

p
�i
i

|. And from the Corollary 2 the result follows. 
�
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