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Abstract The set of all cubic residues of any natural number 7 is denoted by S,(l3). In this article, we show that,

370G (n)p(n2),  if n=nina
1SV =137"¢m)$BGna), if n=3nn
370 (n) ¢ (34 ny), if n =3%%na, a > 1,

where (n1n2,3) = 1, n; comprises of primes p = 1 (mod 3), n, comprises of primes p = 2 (mod 3) and
w(ny) denotes the number of distinct prime factors of n;. Consequently, every element of (Z/nZ)* is a cubic

ko, k
residue modulo 7 if and only if, n = 3, [] pf" or3 ] pfi where p;’s are primes such that p; =2 (mod 3) and
i=1 i=1
k, ¢;’s are natural numbers.
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1 Introduction

Let p be any prime and a € (Z/pZ)*. If the congruence x> = a (mod p) has a solution, then « is said to be
a cubic residue of p [3]. Nagell in 1952 [4], proved that for p = 1 (mod 6), the least prime cubic residue of
p, say g satisfies the inequality g < /4p — 27 except for the prime p = 7. In 1965, Dunton [2] discussed the
existence of non-trivial pair of consecutive cubic residues for primes others than 7 and 13 and proved that there
exist infinitely many primes having 77 and 78 as the least pair of consecutive cubic residues.
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For any prime p = | (mod 3), if a is a cubic residue of p, then it is known from Euler’s criterion that
a?=D/3 =1 (mod p). Williams in 1975 [5] gave a similar estimate for a non cubic residue b of p by evaluating
the sign of M so that bP~1/3 = gff—g%; (mod p) where L and M are integers satisfying 4p = L% 4+ 27M?>
with L =1 (mod 3) and L, M? are unique.

The idea of collecting and counting cubic residues of the multiplicative group modulo p was introduced by
Dence and Dence in 1995 [1]. They also observed that the set of all cubic and the set of all quartic residues are
subgroups of (Z/pZ)* with a natural algebraic structure analogous to group of nth roots of unity.

‘We shall set up some notations first. The set of all cubic residues of the prime p is denoted by 51(73)~ In other
words, for any prime, p = 2 (mod 3), S;,3) = {x : x3*1 =1 (mod p) where p = 3 + 2} and for any prime
p =1 (mod 3), 51(73) :={x:x/ =1 (mod p) where p =3 + 1} [1]. It is easy to observe that if a € SS) then

—a € SI(,S). For p = 3, it is easy to verify that the cubic residues of 3 are 1 and 2. Further, it was also proved by
Dence and Dence [1] that for any prime p > 3,
|S(3)|= prl’ if p=1 (mod 3)
P p—1, ifp=2 (mod3)
In this article, we prove the following results.
Theorem 1 Let p # 3 be any prime, € be any natural number and k be any integer. Ifa € S,(,3) thena+kp € S;aé).
In other words, if a is a cubic residue of p then a + kp is a cubic residue of p*.

Corollary 2 Let p be any prime and £ be any natural number. Then, the number of cubic residues of p* is,

#(3), ifp=3andt =1
159 = 45(357]), ifp=3and t >?2
P %, ifp=1 (mod3)

o(pY), ifp=2 (mod3)

Theorem 3 Let n be any natural number and w (k) denotes the number of distinct prime factors of any natural
number k. Then,

3700 (n1) (n2), if n=niny
ISP =4 37Me(n)Bny).  if n=3nn
370G ()3 na), if n=3ning, a> 1,
where (nina, 3) = 1, ny comprises of primes p = 1 (mod 3), ny comprises of primes p =2 (mod 3).

We also have the following observation which follows from the Theorem 3.

k k
Corollary 4 Let n be any natural number. Then S® = (Z/nZ)* ifand only if n = 3, ] pfi or3 ] pff where
. i

i=1 =1

pi’s are primes such that p; =2 (mod 3) and k, £;’s are natural numbers.

2 Proof of Theorem 1

Proof Suppose a € S;f). We argue thata 4 kp € Sﬁ) by induction on £. For £ = 1, it directly follows from the
assumption that @ + kp is a cubic residue of p. By induction principle, assume that the result holds for £ = m
namely a + kp € SI(;,? and we prove for £ = m + 1 namely a + kp € Sjj,? +1- We prove this by showing that,
S S;j,?“.

Letb € S[(,3,,2, which is equivalent to the existence of an integer xo such that (xop, p) = 1 and xg =b+tp”
for some integer ¢. Now, for any integer y, we consider,

3 2 2m

(o + yp™? = x3 + P p*" 4+ 3x5yp™ +3y*p*xo  (mod p™ !y

= xg + 3x§ypm (mod p"*+h)

=b+1tp" + Bxgypm (mod p"*t!)  (since xg =b+1tp™)
=b+p"@+ 3x§y) (mod p"*1
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64 V. P. Ramesh et al.

It is to be noted that the congruence ¢t = —(3x§ y) (mod p) is solvable since (3x§, p) = 1. Therefore (xo +

yp™)?3 =b (mod p™*') and this implies b € s

prasy Hence the result follows by induction for all £ > 1. O

Now, for prime p = 3, we have the following observation.

Lemma 5 Let ¢ > 2 be any natural number and k be any integer. If a € SS) then a + 3%k € Ség). In other
words, if a is a cubic residue of 3 then a + 3%k is a cubic residue of 3¢.

Proof Suppose thata € SS). We argue that a + 3%k € Sé‘z) by induction on £. For £ = 2, it directly follows from
the assumptions that a 4 32k is a cubic residue of 32. Now, we assume that the result holds for £ = m namely

a+3% e SS,,) and we claim for £ = m + 1 namely a + 3%k € s

3m+1
(3) (3)
S3m g S3m+1 .

. We prove this by showing that for m > 2,

Letb € Sé*?n), which is equivalent to the existence of an integer x( such that (xg, 3) = 1 and xg =b+ 3"
for some integer ¢. Now, for any integer y, we consider,

(xo 4+ y3" 3 =23 + 330D 13229371 4 3x0y?32"=D (mod 37T
= x3 +x5y3™ (mod 3"
=b+13" +x3y3" (mod 3"*1)  (since xj = b+ 13™)
=b+3"(+x3y) (mod 3™
It is to be noted that the congruence ¢ = —xg y (mod 3) is solvable because (xg, 3) = 1. Therefore (xo +

y3"~ 13 = b (mod 3”*!) which implies that b € SS,,) 1. Hence the result follows by induction for all £ > 2. O

Corollary 6 For any prime p # 3 and natural number £ > 2, |S§)| = p£_1|S§,3)|. Equivalently, |Sl(j)| =
3 3 — 3 . 3 3
pISSLL | Further for p = 3, 1S3, | = 3¢711S|. Equivalently, 1S5, | = 3|55

Proof For any prime p # 3 and for any integer k, we define Hy :={a |a € SSZ) and kp < a < (k+ 1)p} for
some ¢ > 2. It is easy to observe that, { Hy |0 < k < p‘z_l — 1} forms a partition of S (35) containing the cubic

residues of p’ lying between two consecutive multiples of p. Now, we prove that for any k, |S§,3)| = |Hg| by
showing that there exists a bijection between Sf) and Hy.

For any fixed k and for any x € S8 , it follows from Theorem 1 that x + kp € Sﬁ) and further x + kp € Hy
since kp < x + kp < (k + 1)p. This observation gives rise to a natural function f : S[(f) — Hj defined
as f(x) = x + kp. It is easy to observe that f is a one-one function since x # y (mod p) will imply that
x+kp #y+kp (mod pb).

Now, for any a € Hy, it follows that there exists x( such that xg =a (mod pH andkp <a < (k+ D)p
which further implies that xg =a—kp (mod p) and 0 < a — kp < p. Hence f is onto since there exists
a—kp eSS such that f(a — kp) = a.

As the sets Hy, Hy, ..., Hp

3 —1, ¢ . 3 3
15571 = p'~'1S;”|. Equivalently, |S1)] = p[S().
For prime p = 3, we define Hy := {a |a € S, and 3%k < a < 3%(k+ D} and { H |0 <k <372 — 1}

forms a partition of Séf). It is easy to verify that the function f : 59 Hj defined as f(x) = x 4+ 9%k is

¢—1_, forms a partition of S[(i) and since for any k, |Hy| = |S§,3) |, it follows that

32
bijective. Hence by similar arguments used earlier, it follows that |S§21| = 3¢-1 |S§g)|. Equivalently, |S§21|
=3[s9)I. O

The Corollary 2 follows directly from Corollary 6.
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3 Proof of Theorem 3

First we shall prove the following lemma which will be useful to prove the Theorem 3.

Lemma 7 Let n be any natural number such that n = ]_[f-czl pfi, where p;’s are primes. Then, a € S,(,3) if and
onlyifa € S foralli € {1,2,3,....k}.
p.

i

Proof The forward part of the lemma can be proved easily as xj = a (mod n) implies xS = a (mod pfi) for
alli.
Conversely, let a € § (32 for every i. This implies for every i, there exist integers x; such that xl.3 =a

i

(mod pf’). By the Chinese remainder theorem there exists an integer yq such that yp = x; (mod pf’) for all i.
Now let us take yS = b (mod n), then xl.3 = b (mod pfi ) for all i. Therefore b = a (mod pf") for each i. By
the uniqueness of solution in the Chinese remainder theorem » = a (mod n), hence yS =a (mod n). O

Now, to prove the Theorem 3, let us assume that n = ]_[5;1 pfi, where p;’s are primes. From the Chinese

remainder theorem and Lemma 7 we get IS,(,3)| = ]_[i-‘=1 |S (2 |. And from the Corollary 2 the result follows. O
pA

i
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