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Abstract An element α ∈ Fqm is primitive if it is a generator of F
∗
qm . An element β ∈ Fqm is normal in Fqm

over Fq if its Galois orbit is a spanning set for Fqm as a vector space over Fq . If an element is simultaneously
primitive and normal, then the element is termed as primitive normal element. In this article, we establish a
sufficient condition for the existence of a primitive normal element α ∈ Fqm , such that F(α) is also a primitive

element of Fqm over Fq , where F(x) = ax2 + bx + c

dx2 + ex + f
∈ Fqm (x) (with a �= 0, d �= 0) and Fqm is a field of even

characteristic. We conclude that every finite field Fqm , contains such primitive normal element except for very
few q and m.
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1 Introduction

Let Fqm be a finite field of characteristic 2, where m ≥ 2 is an integer, which is an extension field of Fq of degree
m. A primitive element is a generator of the (cyclic) multiplicative group F

∗
qm . There are φ(q − 1) primitive

elements in a finite field Fq , where φ is the Euler’s phi-function. Further, an element α is called a normal element

or a free element if {α, αq , αq2
, . . . , αqm−1} is a basis of Fqm over Fq and the basis is called a normal basis.

The readers are referred to [13] and the references therein for both primitive and normal elements. The
simultaneous occurrence of a primitive and normal element in Fqm is established by the following theorems.

Theorem 1.1 (Primitive normal basis theorem [16]) For any prime power q and positive integer m, the finite
field Fqm always contains some element which is simultaneously primitive and normal.

At first, Lenstra and Schoof [9] proved this result. Later on Cohen and Huczynska [16] provided a computer-
free proof of the above theorem by using a technique called sieving, which was initially introduced by Cohen in
[15].

Communicated by B. Sury.

This work was funded by the Council of Scientific and Industrial Research, New Delhi, Government of India’s research grant
no. 09/796(0099)/2019-EMR-I

H. Hazarika · D. K. Basnet (B)
Department of Mathematical Sciences, Tezpur University, Assam, India
E-mail: diku_95@tezu.ernet.in
E-mail: dbasnet@tezu.ernet.in

123



Pair of primitive normal elements of rational form... 67

Theorem 1.2 (Strong primitive normal basis theorem [17]) In the finite field Fqm , there exist some element α
such that both α and α−1 are primitive normal, with exceptional pairs for (q,m) are (2, 3), (2, 4), (3, 4), (4, 3)
and (5, 4).

Tian and Qi were the first to establish this result for m ≥ 32 in [19]. Later on by using a sieving technique, Cohen
and Huczynska [17] completed the proof up to the above form.

Kapetanakis in [13] established the next theorem by employing the Sieving technique, which flows to the
functions of the quotient form.

Theorem 1.3 [3] For odd prime power q ≥ 23, an integer m ≥ 17 and A =
[

a b
c d

]
∈ GL2(Fq), with the

condition that if A has exactly two non-zero entries, the quotient of these entries is a square in Fqm . Then there

exists α ∈ Fqm such that both α and
b − dα

cα − a
are simultaneously primitive and normal.

In 2017, Anju and R.K. Sharma [1] provided some existence theorems for an element α in Fq of characteristic

2, such that bothα and F(α) are simultaneously primitive in Fq , where F(x) = ax2 + bx + c

dx + e
∈ Fq(x), provided

that

(
a b c
0 d e

)
has rank 2. They also provided a sufficient condition for the existence of a primitive normal element

α ∈ Fqm over Fq such that F(α) is primitive in Fqm with some genuine exceptional pairs of (q,m) in fields of
even characteristic.

Theorem 1.4 [1] Let Fqm be an extension of Fq of degree m ≥ 2, where q = 2k . Also suppose that

(
a b c
0 d e

)
∈

M2×3(Fq) is of rank 2 such that if λA(x) = ax2 + bx + c

dx + e
= βx or βx2, for some β ∈ Fq , then β =

1. Then Fqm contains a primitive pair (α, λA(α)) with α normal over Fq unless (q,m) is one of the pairs
(2, 2), (2, 3), (2, 4), (2, 6), (2, 8), (2, 9), (2, 10), (2, 11), (2, 12),
(2, 14), (2, 15), (2, 16), (2, 18), (2, 20), (2, 24), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6), (4, 7), (4, 8), (4, 9),
(4, 10), (4, 12), (8, 2), (8, 3), (8, 4), (8, 7), (16, 2), (16, 3), (16, 4), (16, 5), (16, 6), (32, 2), (64, 2).

In [12], Sharma, Awasthi and Gupta extended the result to F(x) = ax2 + bx + c

dx2 + ex + f
, (a, d �= 0) in fields of

characteristic 2. They established a sufficient condition for the existence of an element α ∈ Fq such that both α
and F(α) are simultaneously primitive, where q = 2k and k �= 1, 2, 4, 6, 8, 9, 10, 12.

Further, Hazarika, Basnet and Kapetanakis in [8] studied the existence of an element α in Fqm such that both

α and f (α) are simultaneously primitive normal elements of Fqm over Fq , where f (x) = ax2 + bx + c

dx + e
is same

as above and the matrix A =
(

a b c
0 d e

)
has rank 2 such that, when q = 2 and m is odd, then A �=

(
1 1 0
0 1 0

)
, with a

few genuine possible exceptional pairs, i.e. the (q,m) for which Fqm most likely does not contain any primitive
normal pairs as mentioned in Theorem 1.4 .

In this article we extend the results of [12] for finite fields of characteristic 2. Towards this, in Theorem 3.1,
we establish some sufficient conditions for the existence of an element α ∈ Fqm such that both α and F(α) are

simultaneously primitive normal element of Fqm over Fq , where F(x) = ax2 + bx + c

dx2 + ex + f
∈ Fqm (x) and a, d �= 0.

As a Corollary of this, we establish a sufficient condition for the existence of a primitive normal element α of
Fqm over Fq such that F(α) is a primitive of Fqm . Finally we prove the following result.

Theorem 1.5 Let Fqm be an extension of Fq of degree m ≥ 2, where q = 2k . Also suppose that F(x) =
ax2 + bx + c

dx2 + ex + f
∈ Fqm (x) (a �= 0, d �= 0). Then Fqm contains a primitive normal pair (α, F(α)) (i.e. α, F(α)

both are primitive normal elements of Fqm over Fq ), unless (q,m) is one of the following pairs.

• q = 2, 3 ≤ m ≤ 18 and m = 20, 21, 24, 30.
• q = 4, 3 ≤ m ≤ 10 and m = 12.
• q = 8, 3 ≤ m ≤ 8 and m = 14.
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68 H. Hazarika, D. K. Basnet

• q = 16, 3 ≤ m ≤ 6 and m = 15.
• For q ≥ 32, pairs are (32, 3), (32, 4), (64, 3), (64, 4) and (64, 7).

For m = 2, all the fields Fq2 i.e. F2n contains primitive normal pair except for n = 1, 2, 4, 6, 8, 9, 10, 12.

2 Preliminaries

The additive group of Fqm is a Fq [x]-module under the operation f ◦ α =
n∑

i=1
aiα

qi
for f =

n∑
i=1

ai xi ∈ Fq [x]
and α ∈ Fqm . The Fq -order of α ∈ Fqm , is the monic Fq -divisor g of xm − 1 of minimal degree such that
g ◦ α = 0, i.e. the annihilator of α has unique monic generator which we define as Order of α and denote by
Ord(α). It is clear that the elements in Fqm that are normal are exactly those of Fq -order xm − 1.

Now the multiplicative order for α ∈ F
∗
qm is denoted by ord(α) and α is a primitive if and only if ord(α) =

qm − 1. Furthermore, radical of a natural number n is denoted by n0, which is given by n = pkn0, where p
is the characteristic of the field Fqm , k is a nonnegative integer and gcd(n0, p) = 1 . For a finite field Fqm of
characteristic p, it follows from the definitions that qm − 1 and xm − 1 can be freely replaced by their radicals
q0 and f0 := xm0 − 1 respectively, where m0 is such that m = m0 pa , where a is a nonnegative integer and
gcd(m0, p) = 1.

Let e|qm − 1, then α ∈ Fqm is called e − f ree if d|e and α = βd , for some β ∈ Fqm implies d = 1.
Furthermore α is primitive if and only if α = βe, for some β ∈ Fqm and e|qm − 1 implies e = 1, i.e., α is
primitive if and only if it is (qm − 1)-free.

Next we define characteristic functions for the sets of e-free and g-free elements due to Vinogradov, which
are explained in [5] in details. For any e|qm − 1, we define the characteristic function for the subset of e-free
elements of F

∗
qm by

ρe : α �→ θ(e)
∫
d|e
χd(α),

where ∫
d|e
χd :=

∑
d|e

μ(d)

φ(d)

∑
χd

χd ,

and θ(e) := φ(e)
e , μ is the Möbius function and χd stands for any multiplicative character of order d.

Again, for any monic Fq -divisor g of xm − 1, a typical additive character ψg of Fq -order g is one such that
ψg ◦ g is the trivial character of Fqm and g is of minimal degree satisfying this property. Furthermore, there are

(g) characters ψg , where 
(g) = |(Fq [x]/gFq [x])∗| is the analogue of Euler function over Fq [x].

Then the characteristic function for the set of g-free elements in Fqm , for any g|xm − 1 is given by

κg : α �→ �(g)
∫
f |g
ψ f (α),

where
∫
f |g
ψ f :=

∑
f |g

μ′( f )


( f )

∑
ψ f

ψ f ,

and �(g) := 
(g)
qdeg(g) , the sum runs over all additive characters ψ f of Fq -order g and μ′ is the analogue of the

Möbius function which is defined as follows:

μ′(g) =
{

l(−1)s if g is a product of s distinct irreducible monic polynomials,
0 otherwise.
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Pair of primitive normal elements of rational form... 69

From [19], we have the following about the typical additive character. Let λ be the canonical additive character
of Fq . Thus for α ∈ Fq this character is defined as λ(α) = exp(2π iT r(α)/p); where T r(α) is absolute trace of
α over Fp.

Now let ψ0 be the canonical additive character of Fqm ; which is simply the lift of λ to Fqm i.e., ψ0(α) =
λ(T r(α)), α ∈ Fqm . Now for any δ ∈ Fqm , let ψδ be the character defined by ψδ(α) = ψ0(δα), α ∈ Fqm .
Define the subset�g of Fqm as the set of δ for which ψδ has Fq -order g. So we may also write ψδg for ψδ , where
δg ∈ �g . With the help of this we can express any typical additive character ψg in terms of ψδg and further we
can express this in terms of canonical additive character ψ0.

In the following sections we will encounter various character sums and a lower bound, or at least an estimation,
for these sums will be necessary. The following results are well established and useful in proving our results in
subsequent sections.

Lemma 2.1 ([2], Corollary 2.3) Consider any two nontrivial multiplicative characters χ1, χ2 of the finite field
Fqm . Again, let f1(x) and f2(x) be two monic pairwise co-prime polynomials in Fqm [x], such that at least one
of fi (x) is of the form g(x)ord(χi ) for i = 1, 2; where g(x) ∈ Fqm [x] with degree at least 1. Then∣∣∣ ∑

α∈Fqm

χ1( f1(α))χ2( f2(α))

∣∣∣ ≤ (n1 + n2 − 1)qm/2,

where n1 and n2 are the degrees of largest square free divisors of f1 and f2 respectively.

The following Theorem was given by Castro and Moreno in [6]. The complete proof of the Theorem was
given by Cochrane and Pinner in [7] by using elementary Stepanov-Schmidt method.

Lemma 2.2 Let χ and ψ be non-trivial multiplicative and additive characters for the field Fqm respectively. Let
F,G be rational functions in Fqm (x), where F �= βHn and G �= Hp − H + β, for any H ∈ Fqm (x) and any
β ∈ Fqm , and n is the order of χ .

Then ∣∣∣∣∣∣
∑

α∈Fqm \S

χ(F(α))ψ(G(α))

∣∣∣∣∣∣ ≤ [deg(G∞) + k0 + k1 − k2 − 2]qm/2,

where S denotes the set of all poles of F and G, G∞ denotes the pole divisor of G, k0 denotes the number of
distinct zeroes and poles of F in the algebraic closure Fqm of Fqm , k1 denotes the number of distinct poles of G
(including infinite pole) and k2 denotes the number of finite poles of F, that are also zeroes or poles of G.

Definition 2.1 (Kloosterman Sum) For a non-trivial additive character ψ of the finite field Fqm , the sum

K (ψ; a, b) :=
∑
α∈F

∗
qm

ψ(aα + bα−1),

where a, b ∈ Fqm is called Kloosterman sum.

Lemma 2.3 ([10], Theorem 5.45) If ψ be a non-trivial additive character of Fqm and a, b ∈ Fqm are not both
zero, then the Kloosterman sum satisfies

|K (ψ; a, b)| ≤ 2qm/2.

3 A sufficient condition for existence of primitive normal pairs

In this section, we try to estimate some results on the element α ∈ Fqm such that both α and f (α) are simul-
taneously primitive normal elements in Fqm over Fq . We consider q as an even prime power, i.e. q = 2k ,
where k is a positive integer. Take e1, e2 such that e1, e2|qm − 1 and g1, g2 such that g1, g2|xm − 1. Consider
M(e1, e2, g1, g2) to be the number of α ∈ Fqm such that α is both e1-free and g1-free and F(α) is e2-free,

g2-free; where F(x) = ax2 + bx + c

dx2 + ex + f
∈ Fqm (x) and a, d �= 0.

We use the notationsω(n) and gd to denote number of prime divisors of n and the number of monic irreducible
factors of g over Fq respectively. For calculations we use W (n) := 2ω(n) and �(g) := 2gd . Since the cases
where F(x) = x, x2 are not possible when a, d �= 0, hence we omit those cases.
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70 H. Hazarika, D. K. Basnet

Theorem 3.1 Let F(x) = ax2 + bx + c

dx2 + ex + f
∈ Fqm (x) with a, d �= 0 and F(x) �= x, x2. Suppose e1, e2 divide

qm − 1 and g1, g2 divide xm − 1. If

q
m
2 > 6W (e1)W (e2)�(g1)�(g2), (3.1)

then M(e1, e2, g1, g2) > 0.

Proof From the definition we have,

M(e1, e2, g1, g2) = θ(e1)θ(e2)�(g1)�(g2)

∫
d1|e1
d2 |e2

∫
h1|g1
h2 |g2

S(χd1 , χd2 , ψh1 , ψh2), (3.2)

where

S(χd1 , χd2 , ψh1 , ψh2) =
∑
α∈Fqm

χd1(α)χd2( f (α))ψh1(α)ψh2( f (α)).

As there exist some l1, l2 ∈ {0, 1, . . . , qm − 2} such that χli (α) = χqm−1(α
li ), for i = 1, 2 and ψhi (α) =

ψxm−1(βiα), for some βi ∈ Fqm for i = 1, 2,

S(χd1 , χd2 , ψh1 , ψh2) =
∑
α∈Fqm

χqm−1(α
l1 ( f (α))l2)ψxm−1(β1α + β2 f (α))

=
∑
α∈Fqm

χqm−1(F(α))ψxm−1(G(α)),

where F(x) = xl1( ax2+bx+c
dx2+ex+ f

)l2 , and G(x) = β1x + β2(
ax2+bx+c
dx2+ex+ f

), for some l1, l2 ∈ {0, 1, . . . , qm − 2} and
β1, β2 ∈ Fqm .

If F �= βHqm−1 and G �= Hp − H + β, for any H ∈ Fqm (x) and β ∈ Fqm , then from Lemma 2.2 we have
∣∣S(χd1 , χd2 , ψh1 , ψh2)

∣∣ ≤ 6qm/2, (3.3)

unless all the four characters are trivial.
Now we consider the following cases. If F = βHqm−1, for some H ∈ Fqm (x) and β ∈ Fqm , then it can

written as H = H1
H2

, where H1, H2 are coprime polynomials over Fqm . Then from [12] (Lemma 3.1), we have
l1 = l2 = 0.

Next, we consider the following cases.
Case 1: gcd(ax2 + bx + c, dx2 + ex + f ) = 1.
Then ax2 + bx + c = c1(dx2 + ex + f )+ (a1x + b1), where a1, b1, c1 ∈ Fqm .
Now we have two possibilities, viz. (i) a1 �= 0 and (ii) a1 = 0.
Initially we start with a1 �= 0. Then dx2 + ex + f = (a1x + b1)(c2x + d2) + 1. Let β1 = 0 and β2 �= 0.

Then,

∣∣S(χd1 , χd2 , ψh1 , ψh2)
∣∣ =

∣∣∣∣∣∣
∑

α∈Fqm \Z ′
ψxm−1

(
β2(aα2 + bα + c)

dα2 + eα + f

)∣∣∣∣∣∣

=
∣∣∣∣∣∣

∑
y∈Fqm \Z ′

ψxm−1

(
β2c1 + a1β2

c2 y + c3 + a1 y−1

)∣∣∣∣∣∣

=
∣∣∣∣∣∣

∑
y∈Fqm \Z ′

ψ ′ (b′
1c2 y + a1b′

1 + c3b′
1

)
∣∣∣∣∣∣ =

∣∣∣∣∣∣
∑
y �=0

ψ ′ (b′
2 y + b′

3 y−1
)∣∣∣∣∣∣ ,

where y = a1x + b1, c3 = a1d2 − c2b1, b′
1 = (a1β2)

−1, b′
2 = b′

1c2, b′
3 = a1b′

1; Z ′ is the set of all zeroes and
poles of c2 y2 + c3 y + a1; ψ ′(x) = ψxm−1(x−1) is an additive character of same order.
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By Lemma 2.3, we have
∣∣S(χd1 , χd2 , ψh1 , ψh2)

∣∣ ≤ 2qm/2 < 6qm/2.

Similarly, if β1 �= 0 and β2 = 0, we have

∣∣S(χd1 , χd2 , ψh1 , ψh2)
∣∣ =

∣∣∣∣∣∣
∑
α∈Fqm

ψxm−1(β1α)

∣∣∣∣∣∣ ≤ 1 < 6qm/2.

If both β1 and β2 are non-zero, then we can proceed as follows.

∣∣S(χd1 , χd2 , ψh1 , ψh2)
∣∣ =

∣∣∣∣∣∣
∑

α∈Fqm \Z ′
ψxm−1

(
β1α + β2(aα2 + bα + c)

(dα2 + eα + f

)∣∣∣∣∣∣

=
∣∣∣∣∣∣

∑
y∈Fqm \Z ′

ψxm−1

(
β1

(
y − b1

a1

)
+ β2

(
c1 + a1 y

y(c2 y + c3)+ a1

))∣∣∣∣∣∣

=
∣∣∣∣∣∣

∑
y∈Fqm \Z ′

ψ ′((y3 y)−1)ψ ′ (c4 y + c5 + c6 y−1
)∣∣∣∣∣∣ =

∣∣∣∣∣∣
∑
y �=0

ψ ′ ((c4 − y3)y + c6 y−1
)∣∣∣∣∣∣ ,

here we use the above substitutes without loss generality, then applying Lemma 2.3 we have
∣∣S(χd1 , χd2 , ψh1 , ψh2)

∣∣ ≤ 2qm/2 < 6qm/2.

If a1 = 0, then ax2 + bx + c = c1(dx2 + ex + f )+ b1. Hence
ax2 + bx + c

dx2 + ex + e
= c1 + b1

dx2 + ex + f
and

proceeding as above with y = dx2 + ex + f we have
∣∣S(χd1 , χd2 , ψh1 , ψh2)

∣∣ < 6qm/2.

Case 2: gcd(ax2 +bx +c, dx2 +ex + f ) = x +r , for some r ∈ Fqm . Then ax2 +bx +c = (x +r)(m1x +n1)

and dx2 + ex + f = (x + r)(m2x + n2), where gcd(m1x + n1,m2x + n2) = 1. If β1 = 0 and β2 �= 0 then

∣∣S(χd1 , χd2 , ψh1 , ψh2)
∣∣ =

∣∣∣∣∣∣
∑

α∈Fqm \Z ′
ψxm−1

(
β2(aα2 + bα + c)

(dα2 + eα + f )

)∣∣∣∣∣∣ =
∣∣∣∣∣∣

∑
α∈Fqm \Z ′

ψxm−1

(
β2(m1α + n1)

(m2α + n2)

)∣∣∣∣∣∣

=
∣∣∣∣∣∣ψxm−1

(
β2m1

m2

) ∑
y �=0

ψxm−1

(
β2

m2
(m2n1 − m1n2)y

−1
)∣∣∣∣∣∣

=
∣∣∣∣∣∣−1 +

∑
y∈Fqm

ψxm−1(y)

∣∣∣∣∣∣ = 1.

If β1 �= 0 and β2 = 0, then
∣∣S(χd1 , χd2 , ψh1 , ψh2)

∣∣ ≤ 1 < 6qm/2.
Finally, if β1 �= 0 and β2 �= 0, then

∣∣S(χd1 , χd2 , ψh1 , ψh2)
∣∣ =

∣∣∣∣∣∣
∑

α∈Fqm \Z ′
ψxm−1

(
β1α + β2(aα2 + bα + c)

(dα2 + eα + f )

)∣∣∣∣∣∣

=
∣∣∣∣∣∣ψxm−1

(
β2m1

m2
− β1n2

m2

) ∑
y �=0

ψxm−1(z2 y + z3 y−1)

∣∣∣∣∣∣ .
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where z2 = β1
m2

and z3 = β2n1 − m1n2β2

m2
. Now applying Lemma 2.3 we have

∣∣S(χd1 , χd2 , ψh1 , ψh2)
∣∣ ≤ 2qm/2

(i.e. < 6qm/2).
If G := Hp − H + β for some H ∈ Fqm (x) and for some β ∈ Fqm . Then we write H = H1

H2
, where H1 and

H2 are co-prime polynomials. Continuing this, we have the following

β1x(dx2 + ex + f )+ β2(ax2 + bx + c)

dx2 + ex + f
= H p

1 − H1 H p−1
2 + βH p

2

H p
2

.

Immediately from the restriction on the rational polynomial
ax2 + bx + c

dx2 + ex + f
, we get (dx2 +ex + f ) is co-prime to

β1x(dx2+ex + f )+β2(ax2+bx +c) and hence H p
2 is co-prime to H p

1 − H1 H p−1
2 +βH p

2 . Then dx2+ex + f =
H p

2 , is possible when p = 2 and H2 is linear. Now β1x(dx2 +ex + f )+β2(ax2 +bx +c) = H2
1 − H1 H2 +βH2

2 .
Since p = 2, by comparing the degrees, we have a contradiction. Hence G = 0, i.e., β1 = β2 = 0.

Additionally if at least one of the l1, l2 is non-zero, then xl1(ax2 + bx + c)l2(dx2 + ex + f )q
m−1−l2 has at

most 5 distinct roots and is not of the form βHqm−1, for H ∈ Fqm (x) and for β ∈ Fqm . Then we have

S(χd1 , χd2 , ψh1 , ψh2) =
∑

α∈Fqm \Z ′
χqm−1

(
αl1(aα2 + bα + c)l2(dα2 + eα + f )q

m−1−l2
)
.

By Lemma 2.1, we have the bound as
∣∣S(χd1 , χd2 , ψh1 , ψh2)

∣∣ ≤ 4qm/2 < 6qm/2.

Now (3.2) gives M(e1, e2, g1, g2) > 0 if qm > 1 + 6qm/2 (W (e1)W (e2)�(g1)�(g2)− 1) . Hence the
sufficient condition is

qm/2 > 6W (e1)W (e2)�(g1)�(g2). (3.4)

�


4 The prime sieve technique

We begin this section by mentioning the sieving inequality, which was established by Kapetanakis in [4] and we
use the inequality after a proper adjustment.

Lemma 4.1 (Sieving Inequality) Let d be a divisor of qm − 1 and p1, p2, . . . , pn are the remaining distinct
primes dividing qm − 1. Furthermore, let g be a divisor of xm − 1 such that g1, g2, . . . , gk be the remaining
distinct irreducible polynomials dividing xm − 1. Abbreviate M(qm − 1, qm − 1, xm − 1, xm − 1) to M. Then

M ≥
n∑

i=1

M(pi d, d, g, g)+
n∑

i=1

M(d, pi d, g, g)+
k∑

i=1

M(d, d, gi g, g)

+
k∑

i=1

M(d, d, g, gi g)− (2n + 2k − 1)M(d, d, g, g). (4.1)

Theorem 4.2 With all the assumptions of Lemma [4.1], define

ϑ := 1 − 2
n∑

i=1

1

pi
− 2

k∑
i=1

1

qdeg(gi )

and

S := 2n + 2k − 1

ϑ
+ 2.

Suppose ϑ > 0. Then a sufficient condition for existence of an element α ∈ Fqm such that both α and F(α) =
aα2 + bα + c

dα2 + eα + f
are simultaneously primitive normal over Fqm with a, d �= 0 is

qm/2 > 6W (d)2�(g)2S. (4.2)
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Since the proof is similar to that of Theorem 4.2 in [8], the readers are referred to [8] for the proof.
We conclude our paper by discussing all the possible cases for fields of characteristic 2.

5 Some estimations for fields of even characteristic

The main purpose of this section is to discuss the conditions (3.1) and (4.2) for the existence of elements of
desired properties in fields of characteristic 2. Towards that, we express the pairs (q,m)with the desired properties
with extending and developing the techniques employed in [19], [2] and [11] by the functions presented earlier,
leading us to character sums. Our aim is to find such (q,m) which contains primitive normal pairs.

Also, it is worth mentioning that due to the complexity of the character sums and their fragile behaviour on
fields of different orders, it is necessary to distinguish few cases depending on the order of prime sub-field. From
now on we suppose q = 2k , where k is a positive integer.

From now on we use the concept of radical of m i.e. m′ and radical of xm − 1 which is xm′ − 1. Here m′ is
such that m = 2km′, where gcd(2,m′) = 1 and k is a non-negative integer. In fact, when m′ = 1, trivially k is
positive. For further computation, we need some additional results.

Furthermore, we consider the two cases

• m′|q − 1
• m′

� q − 1.

We recall the fact that, in this case xm′ − 1 splits into at most a product of m′ linear factors over Fq . The
following result is inspired from Lemma 6.1, given by Cohen [14].

Lemma 5.1 For q = 2k , where k ≥ 1, let d = qm − 1 and let g|xm − 1 with g1, g2, . . . , gr be the remaining

distinct irreducible polynomials dividing xm −1. Furthermore, let us writeϑ := 1−
r∑

i=1

1
qdeg(gi )

and S := r−1
ϑ

+2,

with ϑ > 0. Let m = m′ 2k , where k is a non-negative integer and gcd(m′, 2) = 1. If m′|q − 1, then

S = 2q2 − 6q + aq + 4

aq − 2q + 2

where m′ = q−1
a . In particular, S < 2q2 + 2.

In order to apply our results, we also need the following Lemma 6.2 by Cohen [14]. We use this result in the
next case and all the subsequent cases unless other lemmas are stated.

From Theorem 4.2, it is clear that some concepts regarding the factorization of xm − 1 can be used in order
to effectively use the results of the previous section. Such as if m′|q −1, then xm′ −1 splits into m′ distinct linear
polynomials. Throughout this section we use prime sieve technique to establish the rest.

Lemma 5.2 For F(x) ∈ Fqm (x), such that F(x) = x or F(x) = x2, we have M(qm − 1, qm − 1, xm − 1, xm −
1) > 0.

Proof The proof follows from Lemma 5.3 of [8]. �

Lemma 5.3 Suppose m′ be such that m′|q −1 and m′ �= 1, then for all the pairs (q,m), M > 0 i.e. all the (q,m)
contains primitive normal pairs except (q,m) is one of the pairs (2, 4), (2, 8), (2, 16), (4, 3), (4, 4), (4, 6),
(4, 8), (4, 12), (8, 4), (8, 7), (8, 8), (8, 14), (16, 3), (16, 4), (16, 5), (16, 6), (16, 15), (32, 4), (64, 3),
(64, 4), (64, 7).

Proof The proof is similar to that of Lemma 5.3 in [8]. We use the sieving technique and in the Table 1, we
verify some of the pairs. Remaining pairs can be verified in the same way. �

Lemma 5.4 For m = 2, all the fields Fq2 i.e. F2n contains primitive normal pairs except for n =
1, 2, 4, 6, 8, 9, 10, 12.

Since for any (q, 2), a pair is a primitive normal pair if and only if it is a primitive pair, so there exists α
in Fq2 such that both α and F(α) are simultaneously primitive elements of Fq2 . Hence this result follows from
Theorem 1.5 of [12].

The following table summarises the calculations by sieving technique.
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Table 1 Pairs (q, m) such that m′|q − 1, which includes additional pairs as condition satisfying pairs

(q,m) d n g k S qm/2 6W (d)2�2(g)�

(128,4) 3 5 x + 1 0 21.9523 16384 2107.42
(4,24) 15 7 x3 − 1 0 34.2484 1.6777 × 107 140283
(4,48) 15 10 x3 − 1 0 50.3795 2.81475 × 1014 206354
(16,12) 15 7 x3 − 1 0 34.2484 1.6777 × 107 140283
(16,24) 15 10 x3 − 1 0 50.3795 2.81475 × 1014 206354
(64,6) 15 6 x + 1 2 53.2162 262144 5108.76
(256,3) 15 4 x + 1 2 28.2612 4096 2713.08
(1024,3) 21 4 x + 1 2 17.0588 32768 6550.58
(16,10) 3 6 x5 − 1 0 60.7588 1.04858 × 106 995472
(256,5) 3 6 x5 − 1 0 60.7588 1.04858 × 106 995472
(64,9) 3 5 x9 − 1 0 17.4747 1.34218 × 108 1.09941 × 108

For our next proposition, we need the following results.
Let u be the order of q mod m′. Then xm′ − 1 is a product of irreducible polynomial factors of degree less

than or equal to u in Fq [x]. In particular, u ≥ 2 if m′
� q − 1.

Let M be the number of distinct irreducible polynomial factors of xm − 1 over Fq of degree less than u.
Let σ(q,m) denotes the ratio

σ(q,m) := M

m
,

where

mσ(q,m) = m′σ(q,m′).

From Proposition 5.3 in [16], we deduce the following bounds.

Lemma 5.5 Suppose q = 2k . Then the following hold.

• σ(2, 3) = 1
3 ; σ(2, 5) = 1

5 ; σ(2, 9) = 2
9 ; σ(2, 21) = 4

21 , otherwise σ(2,m) ≤ 1
6 .

• σ(4, 9) = 1
3 ; σ(4, 45) = 11

45 ; otherwise σ(4,m) ≤ 1
5 .

• σ(8, 3) = σ(8, 21) = 1
3 ; otherwise σ(8,m) ≤ 1

5 .
• If q ≥ 16, then σ(q,m) ≤ 1

3 .

Now, to discuss the conditions, we need Lemma (7.2) from [14].

Lemma 5.6 Assume that q = 2k and m is a positive integer such that m′
� q −1. Let u (> 1) denote the order of

q mod m′. Let g be the product of the irreducible factors of xm′ − 1 of degree less than u. Then, in the notation
of Lemma 5.1, we have S ≤ m′.

We need few more conditions, which we can derive from Lemma 4.2 of [18].

Lemma 5.7 For any n, α ∈ N, W (n) ≤ bα,nn1/α , where bα,n = 2s

(p1.p2....ps )1/α
and p1, p2, . . . , ps are primes

≤ 2α that divide n. W has same meaning as mentioned earlier.

Lemma 5.8 For any odd positive integer n, W (n) < 6.46 n1/5.

Lemma 5.9 Let m′
� q −1, then there exists an element α ∈ Fqm such that α, F(α) are simultaneously primitive

normal elements of Fqm over Fq i.e., (α, F(α)) is a primitive normal pair unless (q,m) is one of the following
pairs.

• For q = 2, pairs are (2, 3), (2, 5), (2, 6), (2, 7), (2, 9), (2, 10), (2, 11), (2, 12), (2, 13), (2, 14),
(2, 15), (2, 17), (2, 18), (2, 20), (2, 21), (2, 24), (2, 30).

• For q = 4, pairs are (4, 5), (4, 7), (4, 9), (4, 10).
• For q = 8, pairs are (8, 3), (8, 5) and (8, 6).
• For q ≥ 16, the only exceptional pair is (32, 3).
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Table 2 Pairs (q, m) such that m′
� q − 1, which includes additional pairs with positive responses

(q,m) d n g k � qm/2 6W (d)2�(g)�

(2,27) 7 2 x + 1 3 22.3926 11585.2 1791.41
(2,36) 15 6 x9 − 1 0 30.0916 262144 184883
(2,40) 15 5 x5 − 1 0 17.3268 1.04858 × 106 26614
(2,42) 3 5 x21 − 1 0 15.9379 2.09751 × 106 1.56676 × 106

(2,45) 7 5 (x + 1)(x2 + x + 1) 6 45.3562 5.93164 × 106 14514
(2,48) 15 7 x3 − 1 0 34.2484 1.677727 52605
(2,60) 105 8 (x + 1)(x2 + x + 1) 3 173.497 1.07374 × 109 1.065976

(4,18) 15 6 (x + 1)(x2 + x + 1) 1 38.6313 262144 59337.7

The proofs of the above lemmas are similar to the proofs of Propositions 5.9, 5.11, 5.12 and 5.13 of [8].
Finally, we summarise the pairs in the following table, in which we declared more (q,m) containing primitive

normal pairs by further calculations and applying condition (4.2) for suitable d and g. We include only those
pairs where either d �= qm − 1 or g �= xm′ − 1, g �= x + 1.

The following lemma immediately follows from the above result.

Lemma 5.10 For a finite field Fqm of characteristic 2, there exists a primitive normal element α in Fqm over Fq
such that F(α) is a primitive element of Fqm , where F(x) is defined as in Theorem 3.1.

A sufficient condition for the existence of such element is qm/2 > 6W (e1)W (e2)�(g), while applying
the sieve technique the condition is qm/2 > 6W (d)2�(g)S. The proof of this lemma follows in the sim-
ilar lines as Theorem 3.1, Lemma 4.1, Lemma 5.4, Lemma 5.5 and Lemma 5.9. The pairs which may not
contain such element are almost same as the previous case (where F(α) is also normal) except the pairs
(2, 17), (2, 21), (2, 30), (8, 14), (16, 15) and (64, 7).
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