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Abstract Let (B0, B1) be an interpolation couple and let Bθ , 0 < θ < 1, be a complex interpolation space. We
show that the dual norm on (Bθ )∗ is Gâteaux (respectively Fréchet) differentiable if the norm of (B0)

∗ has the
same property.
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1 Introduction

Let (B0, B1) be an interpolation couple and let Bθ , 0 < θ < 1, be the complex interpolation space. The dual
space (Bθ )∗ is denoted by B∗

θ . Assuming that B0, B1 are separable, we show that the norm of B∗
θ is Gâteaux-

differentiable if the norm of B∗
0 or of B∗

1 is Gâteaux-differentiable (Theorem 4.4). We use a known characterization
of Gâteaux differentiability which holds for dual norms.

By similar methods we show the analogue for Fréchet differentiability (Theorem 5.3). Then we give an
example of a regular couple (C0,C1) such that the norms of C0,C1 are equivalent to Fréchet differentiable
ones, while Cθ contains �∞, thus does not admit any Fréchet differentiable equivalent norm. Comparison with
Theorem 5.3 comes from the fact that B∗

θ = (B∗
0 , B∗

1 )
θ .

The main point for proving our theorems is to get suitable descriptions of Bθ and B∗
θ . An ingredient is

the integral representation of a bounded Banach valued holomorphic function on the unit disk, or on the strip
0 < Re z < 1, in terms of its values on the boundary. While interpolation spaces are usually defined using
functions on the strip, we have to work with functions on the disk, in order to have outer functions at our
disposal.

2 Definitions and some facts about complex interpolation

We denote by 〈x, x∗〉 the pairing between an element x of a Banach space X and an element x∗ of its dual X∗.
Let S0 = {z ∈ C | 0 < Re(z) < 1} and let S be its closure. Let B = (B0, B1) be a complex interpolation couple,
in the sense of [5, Chap. II, p. 24]. We first recall the definition of the interpolation space Bθ , θ ∈ ]0, 1[ [5,
Chap. 4].
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Gâteaux or Fréchet differentiable norms in duals of complex interpolation spaces 85

Let F(B) be the space of functions F with values in B0 + B1, which are bounded and continuous on S,
holomorphic on S0, such that, for j ∈ {0, 1}, the map F( j + i ·) lies in C0(R, B j ). We equip F(B)with the norm

‖F‖F(B) = max
j∈{0,1} sup

τ∈R

‖F( j + iτ)‖B j
.

The space Bθ = (B0, B1)θ = {
F(θ) | F ∈ F(B)}, 0 < θ < 1, is a Banach space [5, Theorem 4.1.2] for the

norm defined by

‖a‖Bθ = inf
{
‖F‖F(B) ; F(θ) = a

}
.

Defining Bθ+iτ for τ ∈ R in the same way, note that Bθ = Bθ+iτ isometrically.

By F0(B) we denote the subspace of F(B) consisting of “simple" functions of the form F =
n∑

k=1

ak ⊗ fk ,

ak ∈ B0 ∩ B1, where every fk is scalar valued. It is dense in F(B) [5, Lemma 4.2.3].
We denote by F∞(B) the space of bounded functions F : S → B0 + B1 which are holomorphic on S0, such

that for j ∈ {0, 1}, τ → F( j + iτ) is a.s. the weak non-tangential limit of F(z) as z → j + iτ , and F( j + i.)
is a.s. bounded and strongly measurable on R with values in B j (in the sense of [14, Chap. II, p. 41]). We equip
F∞(B) with the norm

‖F‖F∞(B) = max
j∈{0,1}

∥∥∥‖F( j + i ·)‖B j

∥∥∥
L∞(dτ)

< ∞.

By definition F(B) is isometrically a closed subspace of F∞(B).

We now recall the definition of the “upper" interpolation space Bθ . Let G(B) be the space of functions
G : S → B0 + B1, which are continuous on S, holomorphic on S0, such that

(i) the map: z → (1 + |z|)−1 ‖G(z)‖B0+B1 is bounded on S.
(ii) G( j + iτ)− G( j + iτ ′) ∈ B j for every τ, τ ′ ∈ R, j ∈ {0, 1}, and

max
j∈{0,1} sup

τ �=τ ′∈R

(∥∥G( j + iτ)− G( j + iτ ′)
∥∥

B j

|τ − τ ′|

)

< ∞.

By [5, Lemma 4.1.3] this defines a norm
∥∥Ġ
∥∥

QG(B) on QG(B), the quotient of G(B) by the subspace of

constant functions (with values in B0 + B1), and QG(B) is complete with respect to this norm.
The space Bθ = {

a ∈ B0 + B1 | ∃ G ∈ G(B), a = G ′(θ)
}

is a Banach space [5, Th. 4.1.4] with respect to
the norm

‖a‖Bθ = inf
{∥∥Ġ

∥∥
QG(B) | G ′(θ) = a

}
.

We will use the following properties (and will not explicitly quote them):
(1) B0 ∩ B1 is dense in Bθ [5, Th. 4.2.2].

We recall that (B0, B1) is a regular couple if B0 ∩ B1 is dense in B0 and B1. Then, for a regular couple,
(2) the dual of B0 ∩ B1 is B∗

0 + B∗
1 isometrically [5, Th. 2.7.1].

(3) the dual of Bθ is (B∗
0 , B∗

1 )
θ isometrically [5, Th. 4.5.1].

We now consider the analogues of F(B), F∞(B) in the disk setting. Let D ⊂ C be the open unit disk, let T

be the torus (the boundary of D), identified with R

2πZ
, and let m be the Lebesgue probability on T.

Let � : S → D be defined by �(w) = 1+ieiπ z

i+eiπ z . This mapping is conformal : S0 → D and sends iR to

I0 =
{

t ∈ R

2πZ
; −π

2 ≤ t < π
2

}
and 1 + iR to I1 =

{
t ∈ R

2πZ
; π

2 ≤ t < 3π2

}
. Moreover it sends S0 ∩ R to the

diameter D ∩ R.
We denote by H(B) the space of functions H : D → B0 + B1, which are continuous on D, holomorphic on

D, such that the map t → H(eit ) is continuous: I j → B j , j ∈ {0, 1} and H(i) = H(−i) = 0, equipped with
the norm ‖H‖H(B) = max j∈{0,1} supt∈I j

∥∥H(eit )
∥∥

B j
.
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86 M. Daher

The map H → H ◦� is an isometry from H(B) onto F(B). In particular it sends H0(B), the subspace of H(B)
of functions H =

n∑

k=1

ak ⊗ Hk , where ak ∈ B0 ∩ B1 and Hk is scalar valued, onto F0(B). Hence H0(B) is dense

in H(B).
The space

B̃z = {
H(z), H ∈ H(B)} , z ∈ D

is equipped with the norm

‖a‖B̃z
= inf

{
‖H‖H(B) ; H(z) = a

}
.

Hence, if �(θ + iτ) = z, B̃z is isometrically identified with Bθ , 0 < θ < 1, τ ∈ R.
Let H∞(B) be the space of functions H : D → B0 + B1, which are holomorphic and bounded, have a.s. a

weak non tangential limit t → H(eit ) as z → eit , and H(ei.) is a.s. strongly measurable and bounded: I j → B j ,
j ∈ {0, 1}. The space H∞(B) is equipped with the norm

‖H‖H∞(B) = max
j∈{0,1}

∥∥∥∥
∥∥∥H(ei ·)

∥∥∥
B j

∥∥∥∥
L∞(I j )

.

The map H → H ◦� is an isometry from H∞(B) onto F∞(B).

We now recall the integral representation of functions in H∞(B) and F∞(B) with respect to harmonic
measures. The Poisson kernel Pr , r ∈ ]0, 1[, is defined on T by

Pr (ϕ) = 1 − r2

r2 − 2r cosϕ + 1
.

For z = reiϕ ∈ D let dνz(t) = Pr (ϕ − t) dm(t), which is a probability measure on T.
As well known, see e.g. [17, Th. 17.11], a bounded scalar valued holomorphic function φ on D (i.e. φ ∈

H∞(D)) has a.s. a non tangential limit φ∗ on the boundary (which is measurable of course), and φ is recovered
on D by the Poisson integral

φ(z) =
∫

T

φ∗(eit ) dνz(t). (2.1)

Let H ∈ H∞(B), let l ∈ (B0 + B1)
∗ (though we do not need it, we recall that (B0 + B1)

∗ = B∗
0 ∩ B∗

1 if
the couple (B0, B1) is regular [5, Th. 2.7.1]). Then φ = 〈H, l〉 ∈ H∞(D) and, by assumption, 〈H, l〉∗ (t) =
〈
H(eit ), l

〉
a.s., so that 〈H(z), l〉 =

∫

T

〈
H(eit ), l

〉
dνz(t), z ∈ D. This implies

H(z) =
∫

T

H(eit ) dνz(t), ‖H(z)‖B0+B1 ≤ ‖H‖H∞(B) , z ∈ D. (2.2)

Let ψ be a bounded scalar or Banach valued measurable function defined on T. Let z ∈ D and let w ∈ S0 be
such that �(w) = z. The change of variable � gives

∫

T

ψ(eit ) dνz(t) =
∫

R

ψ ◦�(iτ)Q0(w, τ) dτ +
∫

R

ψ ◦�(1 + iτ)Q1(w, τ) dτ, (2.3)

where t → Q0(w,t)
1−Rew , Q1(w,t)

Rew are probability densities on R.

Let F ∈ F∞(C) (resp. F∞(B)). Since F = H ◦� for some H ∈ H∞(D) (resp. H∞(B)), the previous formula
and (2.1) (resp. (2.2)) imply the representation

F(w) =
∫

R

F(iτ)Q0(w, τ) dτ +
∫

R

F(1 + iτ)Q1(w, τ) dτ, w ∈ S0. (2.4)
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Gâteaux or Fréchet differentiable norms in duals of complex interpolation spaces 87

The following inequality for F ∈ F(B) [5, Lemma 4.3.2] can be compared with proposition 3.1 b) and ( 3.1)
below in the disk setting,

‖F(θ)‖Bθ ≤
∫

R

‖F(iτ)‖B0 Q0(θ, τ ) dτ +
∫

R

‖F(1 + iτ)‖B1 Q1(θ, τ ) dτ.

3 Preliminary

The purpose of this section is to get suitable equivalent definitions of the norms in B̃z0 and B̃∗
z0

, z0 ∈ D, which we
shall use in the Proofs of Theorems 4.4 and 5.3. We work mainly on the disk, which allows to use the inequality
between L1 and L∞ norms on T and outer functions. The following proposition was essentially obtained in [8].

Proposition 3.1 Let (B0, B1) be an interpolation couple.

(a) Let H ∈ H∞(B). There exists a sequence (Hn)n≥1 in H(B) such that ‖Hn‖H(B) ≤ ‖H‖H∞(B) and, for
z ∈ D,

j=1∑

j=0

∫

I j

∥∥∥(H − Hn)(e
it )

∥∥∥
B j

dνz(t) →n→∞ 0.

(b) For z0 ∈ D, let B̃∞
z0

= {
H(z0); H ∈ H∞(B)

}
, equipped with the norm ‖b‖B̃∞

z0
= inf

{ ‖H‖H∞(B) ;
H(z0) = b

}
. Then B̃∞

z0
= B̃z0 isometrically.

Proof (a) The analogue for F∞(B) is proved in [8, Prop. 2], considering Fn(w) = e
1+w2

2
∫

R
F(w−iτ)Kn(τ )dτ ,

w ∈ S, where Kn denotes any approximate identity with norm 1 in L1(R). Here, we may take

Hn(z) =
(1 + z2

2

)1/n
∫

R

H ◦�(�−1(z)− iτ)Kn(τ ) dτ, z ∈ D,

hence ‖Hn‖H(B) ≤ ‖H‖H∞(B). Since
∥∥(Hn − H) (eit )

∥∥
B j

→ 0 a. s. on I j , for j ∈ {0, 1}, Lebesgue
convergence theorem implies the last assertion.
Warning: we cannot use convolution by an approximate identity kn in L1(T). Indeed there are neighbourhoods
Vn(i) and Vn(−i) ⊂ T such that the function t → ∫

T
H(ei(t−ϕ))kn(eiϕ)dϕ cannot belong to B0 both on

Vn(i) ∩ I0 and Vn(−i) ∩ I0.
(b) (i) Let z ∈ D. By [8, Prop. 1, proof], if H ∈ H∞(B) and H(z) �= 0, there exists G ∈ H∞(B) with

H(z) = G(z) and

‖G‖H∞(B) ≤
j=1∑

j=0

∫

I j

∥∥∥H(eit )

∥∥∥
B j

dνz(t) ≤ ‖H‖H∞(B) .

(In view of a similar result in proposition 3.3, note that ‖G‖B j
is constant on I j , j ∈ {0, 1}.) The proof uses

outer functions. It immediately follows that

‖b‖B̃∞
z0

= inf
{ j=1∑

j=0

∫

I j

∥∥∥H(eit )

∥∥∥
B j

dνz0(t); H ∈ H∞(B), H(z0) = b
}
. (3.1)

(ii) As in [8, Prop. 2], in order to prove b) it is enough to show that the open unit ball of B̃z0 is dense in the open
unit ball of B̃∞

z0
. Let a ∈ B̃∞

z0
with ‖a‖B̃∞

z0
< 1 and let H ∈ H∞(B) be such that H(z0) = a, ‖H‖H∞(B) < 1.

Let Hn ∈ H(B) be as in a) and let an = Hn(z0). Hence ‖an‖B̃z0
< 1 and an →n→∞ a in B̃∞

z0
by (3.1) and

a). This ends the proof. ��
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88 M. Daher

We now assume that (B0, B1) is a regular couple (hence (B0 ∩ B1)
∗ = B∗

0 + B∗
1 ) and that B0, B1 are separable

spaces.
We recall that B0 ∩ B1 is then separable. Indeed the map σ : (x, y) → x + y, B∗

0 × B∗
1 → B∗

0 + B∗
1 is

continuous for the respective w∗-topologies. The norm closed unit balls X,Y of these spaces, equipped with
the w∗-topologies, are compact and X is metrizable. The set K = X ∩ σ−1(Y ) is closed in X , hence compact
metrizable for thew∗-topology of X . Since σ(K ) = Y by definition of the norm in B∗

0 + B∗
1 , the map f → f ◦σ

identifies isometrically C(Y ) with a norm closed subspace of the separable space C(K ). Hence B0 ∩ B1, being
a norm closed subspace of C(Y ), is separable.

In order to study the isometric dual spaces B̃∗
z and B∗

θ (with �(θ) = z) we shall now introduce the spaces
F∞∗ (B∗

0 , B∗
1 ) and H∞∗ (B∗

0 , B∗
1 ) when (B0, B1) is a regular couple of separable spaces.

The definition of F∞∗ (B∗
0 , B∗

1 ) will use the following known fact, for which we prefer to precise a proof.
Fact : Let B be a separable Banach space and let g : S0 → B∗ be a bounded holomorphic function. Then g

admits an a.s. defined extension g∗ on the boundary of S0, with values in B∗, and g∗ is σ(B∗, B) measurable.
Indeed, for every a ∈ B, the function w → 〈a, g(w)〉 has, for almost every τ ∈ R, a non tangential limit

as w → iτ, denoted by la(iτ), and ‖la‖L∞(idτ) ≤ ‖g‖∞ ‖a‖B . For a, b ∈ B, if la(iτ), lb(iτ) are defined, then
lλa+μb(iτ) = λla(iτ)+μlb(iτ) for every scalars λ,μ.Hence, if bn →n→∞ a in B,

∥∥lbn − la
∥∥

L∞(idτ) →n→∞ 0.
Since B is separable let (an)n≥1 be a dense sequence in B, let V be their linear span. For almost every τ, the
map : an→lan (iτ) extends as a linear form on V with norm less than ‖g‖∞ , hence defines an element g∗(iτ) in
B∗ with ‖g∗(iτ)‖B∗ ≤ ‖g‖∞, such that lb(iτ) = 〈b, g∗(iτ)〉 for every b ∈ V ; finally, by density of the an’s in
B, such an equality holds for every b ∈ B. The proof is similar for 1 + iR.

Taking B = B0 ∩ B1 we denote by F∞∗ (B∗
0 , B∗

1 ) the space of these functions g such that moreover a.s.
τ → g∗( j + iτ) is bounded : R → B∗

j , j ∈ {0, 1} .
In particular, g∗( j + i ·) is σ(B∗

j , B j ) measurable since B0 ∩ B1 is dense in B j and the function τ →
‖g∗( j + i ·)‖B∗

j
is measurable since B j is separable, j ∈ {0, 1}. This allows to equip the space F∞∗ (B∗

0 , B∗
1 )

with the norm

‖g‖F∞∗ (B∗
0 ,B

∗
1 )

= max
j∈{0,1}

∥∥∥‖g∗( j + i ·)‖B∗
j

∥∥∥
L∞(dτ)

.

Since for every a ∈ B0 ∩ B1, 〈a, g(.)〉 satisfies the integral representation (2.4), we get

‖g(w)‖B∗
0 +B∗

1
≤ ‖g‖F∞∗ (B∗

0 ,B
∗
1 )
, w ∈ S0.

Let H∞∗ (B∗
0 , B∗

1 ) be the analogue of F∞∗ (B∗
0 , B∗

1 ), i.e., the space of bounded holomorphic functions h :
D → B∗

0 + B∗
1 , whose a.s. defined w∗-non tangential limit t → h∗(eit ) ∈ B∗

0 + B∗
1 is moreover bounded:

I j → B∗
j , hence σ(B∗

j , B j ) measurable on I j , j ∈ {0, 1} . This space is equipped with the norm

‖h‖H∞∗ (B∗
0 ,B

∗
1 )

= max
j∈{0,1}

∥∥∥∥
∥∥∥h∗(ei ·)

∥∥∥
B∗

j

∥∥∥∥
L∞(I j )

.

Again, the integral representation (2.1) holds for 〈a, h(z)〉, z ∈ D, a ∈ B0 ∩ B1, hence ‖h(z)‖B∗
0 +B∗

1
≤

‖h‖H∞∗ (B∗
0 ,B

∗
1 )

, z ∈ D.
Clearly h → h ◦� is an isometry from H∞∗ (B∗

0 , B∗
1 ) onto F∞∗ (B∗

0 , B∗
1 ).

For further use (see the proof of proposition 3.3), let X j = L1(I j , B j ). Since B j is separable, X∗
j is the

space of a.s. defined, bounded functions η j : I j → B∗
j , such that, for every b ∈ B j ,

〈
b, η j

〉
is a.s. measurable

([12, Chap. II-13-3 cor. 1, p. 261] and [6, p. 349]). In particular if h ∈ H∞∗ (B∗
0 , B∗

1 ), then h∗ lies in X∗
j , with

norm less than ‖h‖H∞∗ (B∗
0 ,B

∗
1 )
.

Lemma 3.2 Let (B0, B1) be a regular couple of separable spaces, let z0 ∈ D and a∗ ∈ B̃∗
z0

. Then

∥∥a∗∥∥
B̃∗

z0
= inf

{
‖h‖H∞∗ (B∗

0 ,B
∗
1 )

; h(z0) = a∗}

= inf

⎧
⎪⎨

⎪⎩

j=1∑

j=0

∫

I j

∥∥∥h∗(eit )

∥∥∥
B∗

j

dνz0(t); h ∈ H∞∗ (B∗
0 , B∗

1 ), h(z0) = a∗

⎫
⎪⎬

⎪⎭
.
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Proof Denoting by α, β the first and second infimum, since α ≤ β, it is enough to prove α ≤ ‖a∗‖B̃∗
z0

≤ β.

(a) We claim that

inf
{
‖h‖H∞∗ (B∗

0 ,B
∗
1 )

; h(z0) = a∗} ≤ ∥∥a∗∥∥
B̃∗

z0
. (3.2)

Let z0 = �(θ + iτ), θ ∈ ]0, 1[, τ ∈ R. Since B̃∗
z0

= B∗
θ+iτ = B∗

θ , since H∞∗ (B∗
0 , B∗

1 ) and F∞∗ (B∗
0 , B∗

1 ) are
isometric, it is enough to prove, for a∗ ∈ B∗

θ ,

inf
{
‖g‖F∞∗ (B∗

0 ,B
∗
1 )

; g(θ) = a∗} ≤ ∥∥a∗∥∥
B∗
θ

= ∥∥a∗∥∥
(B∗

0 ,B
∗
1 )
θ .

Let G ∈ G(B∗
0 , B∗

1 ) be such that G ′(θ) = a∗. Then G ′ : S0 → B∗
0 + B∗

1 is holomorphic and, by [5, Proof
of lemma 4.1.3], it is bounded by ‖G .‖QG . By the above fact, G ′ has a.s. on the boundary a non tangential
limit g∗ for σ(B∗

0 + B∗
1 , B0 ∩ B1). By [9, Lemma 3.10 a) and its proof], τ → g∗( j + iτ), R → B∗

j , is

σ(B∗
j , B j )-measurable and

∥∥∥‖g∗( j + i ·)‖B∗
j

∥∥∥
L∞(dτ)

≤ ‖G .‖QG . Then g : S → B∗
0 + B∗

1 , defined by g = G ′

on S0, by g∗ on the boundary of S, lies in F∞∗ (B∗
0 , B∗

1 ) with norm less than ‖G‖QG .. This proves the claim.
(b) We claim that

∥∥a∗∥∥
B̃∗

z0
≤ inf

{ j=1∑

j=0

∫

I j

∥∥∥h(eit )

∥∥∥
B∗

j

dνz0(t); h ∈ H∞∗ (B∗
0 , B∗

1 ), h(z0) = a∗
}
. (3.3)

By the proof of (a) there exists h ∈ H∞∗ (B∗
0 , B∗

1 ) such that h(z0) = a∗. Let a be in the open unit ball of
B̃z0 . Since H0(B) is dense in H(B), for ε > 0 , there exists Hε in the open unit ball of H0(B) such that
‖Hε(z0)− a‖B̃z0

≤ ε. The scalar function z → 〈Hε(z), h(z)〉 is well defined on D and lies in H∞(D). By

definition of H0(B) and H∞∗ (B∗
0 , B∗

1 ), its radial limit on the boundary of D is t → 〈
Hε(eit ), h(eit )

〉
a.s.. By

the integral representation (2.1)

〈Hε(z), h(z)〉 =
∫

T

〈
Hε(e

it ), h(eit )
〉

dνz(t), z ∈ D. (3.4)

This implies the claim since

∣∣〈a, a∗〉∣∣ ≤ ε
∥∥a∗∥∥

B̃∗
z0

+ |〈Hε(z0), h(z0)〉|

≤ ε
∥∥a∗∥∥

B̃∗
z0

+ ‖Hε‖H(B)
j=1∑

j=0

∫

I j

∥∥∥h∗(eit )

∥∥∥
B∗

j

dνz0(t). �

We now verify that the second infimum in lemma 3.2 is attained.

Proposition 3.3 Let (B0, B1) be a regular couple of separable spaces, z0 ∈ D, a∗ ∈ B̃∗
z0

, a∗ �= 0 . Then

(a) There exists h ∈ H∞∗ (B∗
0 , B∗

1 ) such that h(z0) = a∗ and ‖a∗‖B̃∗
z0

= ∑ j=1
j=0

∫

I j

∥∥h∗(eit )
∥∥

B∗
j

dνz0(t).

(b) There exists h̃ ∈ H∞∗ (B∗
0 , B∗

1 ) such that h̃(z0) = a∗ and, a.s. on I j ,
∥∥h̃(eit )

∥∥
B∗

j
= ‖a∗‖B̃∗

z0
, j ∈ {0, 1}.

Proof (a) By (3.3) it is enough to get h ∈ H∞∗ (B∗
0 , B∗

1 ) such that h(z0) = a∗ and ‖h‖H∞∗ (B∗
0 ,B

∗
1 )

≤ ‖a∗‖B̃∗
z0

.

By the first equality in lemma 3.2, there exists a sequence (hn)n≥1 in H∞∗ (B∗
0 , B∗

1 ) such that hn(z0) = a∗
and, for n ≥ 1,

∥∥a∗∥∥
B̃∗

z0
≤ ‖hn‖H∞∗ (B∗

0 ,B
∗
1 )
<
∥∥a∗∥∥

B̃∗
z0

+ 1

n
.
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As recalled above, (hn,∗)n≥1 is a bounded sequence in the dual of the separable space X j = L1(I j , B j ), with
bound less than supn ‖hn‖H∞∗ (B∗

0 ,B
∗
1 )
, j ∈ {0, 1}. There exists a subsequence (hnk ,∗)k≥0 with limit η j ∈ X∗

j for
the w∗-topology of X∗

j , j ∈ {0, 1}. In particular

max
j∈{0,1}

∥∥∥∥
∥∥η j

∥∥
B∗

j

∥∥∥∥
L∞(I j )

≤ ∥∥a∗∥∥
B̃∗

z0
. (3.5)

We shall now define h from η0, η1, denoted by η on T. Let z = reiθ ∈ D. Since the function b ⊗ Pr (θ − ·),
b ∈ B0 ∩ B1, lies in X j ,

∫

I j

〈
b, (η j − hnk )(e

it )
〉

dνz(t) →k 0. (3.6)

Since every
〈
b, hnk

〉
, b ∈ B0 ∩ B1, satisfies the integral representation (2.1), (3.6 ) implies

∫

T

〈
b, η(eit )

〉
dνz(t) =

limk
〈
b, hnk (z)

〉
, z ∈ D.

We define h : D → (B0 ∩ B1)
∗ = B∗

0 + B∗
1 by

〈b, h(z)〉 =
∫

T

〈
b, η(eit )

〉
dνz(t), z ∈ D, b ∈ B0 ∩ B1. (3.7)

In particular 〈b, h(z0)〉 = 〈b, a∗〉, i.e. h(z0) = a∗. By (3.5) ‖h(z)‖B∗
0 +B∗

1
≤ ‖a∗‖B̃∗

z0
, and every 〈b, h(.)〉

is holomorphic on D. By [1, Th. 2.1] h is holomorphic on D, with values in B∗
0 + B∗

1 . It follows that h ∈
H∞∗ (B∗

0 , B∗
1 ).

(b) The argument is similar to the one used in [8, Prop. 1, proof] (see proposition 3.1 above). Let a∗ be in
the open unit ball of B̃∗

z0
and let h ∈ H∞∗ (B∗

0 , B∗
1 ) be defined in a) and its proof, satisfying ( 3.7).

(i) Let ϕ be defined by ϕ(eit ) = ∥∥h∗(eit )
∥∥

B∗
j

a.s. on I j , j ∈ {0, 1}. We claim that there exists an outer

function ψ on D associated to ϕ. It is enough to verify that logϕ ∈ L1(T), i.e.,
∫

T

logϕ(eit ) dm(t) > −∞

(recall that logϕ < 0 a.s.). For every b in the unit ball of B0 ∩ B1,
∫

T

logϕ(eit ) dm(t) ≥
∫

T

log
∥∥∥h∗(eit )

∥∥∥
B∗

0 +B∗
1

dm(t) ≥
∫

T

log(
∣∣∣
〈
b, h∗(eit )

〉∣∣∣) dm(t).

Since h(z0) = a∗ �= 0, there exists b ∈ B0 ∩ B1 such that the function z → 〈b, h(z)〉, which lies in
H∞(D), is not zero. Its a.s. radial limit is

〈
b, h∗(ei ·)

〉
. By [17, Th. 17.17] log

∣∣〈b, h∗(ei ·)
〉∣∣ lies in L1(T) i.e.,∫

T

log(
∣∣〈b, h∗(eit )

〉∣∣) dm(t) > −∞.

(ii) By [17, Th. 17.16], since ϕ ∈ L∞(T), ψ lies in H∞(D), ϕ is the a.s. radial limit of
∣∣ψ(rei ·)

∣∣, and

log |ψ(z)| =
∫

T

logϕ(eit ) dνz(t), z ∈ D. In particular, for z = reit ∈ D,

|log |ψ(z)|| ≤ ‖logϕ‖L1(T) ‖Pr‖L∞(T) < ∞,

which implies that ψ has no zero on D, hence 1/ψ is holomorphic on D. Moreover, since ψ ∈ H∞(D),
ψ(z0) =

∫

T

ψ∗(eit ) dνz0(t) by (2.1). Thus

|ψ(z0)| ≤
∫

T

∣∣∣ψ∗(eit )

∣∣∣ dνz0(t) =
∫

T

ϕ(eit ) dνz0(t)

=
j=1∑

j=0

∫

I j

∥∥∥h∗(eit )

∥∥∥
B∗

j

dνz0(t) = ∥∥a∗∥∥
B̃∗

z0
. (3.8)
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(iii) Let

h̃(z) = ψ(z0)
h(z)

ψ(z)
, z ∈ D and h̃(ei.) = ψ(z0)

h∗(ei.)

ψ∗(ei.)
a.s..

In particular h̃(z0) = h(z0) = a∗,
∥∥h̃(eit )

∥∥
B∗

j
= |ψ(z0)| a.s. on I j . We claim that h̃ ∈ H∞∗ (B∗

0 , B∗
1 ). Then

h̃ = h̃∗ a.s. on T and (3.3) implies

∥∥a∗∥∥
B̃∗

z0
≤

j=1∑

j=0

∫

I j

∥∥∥h̃(eit )

∥∥∥
B∗

j

dνz0(t) = |ψ(z0)| .

Together with (3.8) this will prove b).
We now prove the claim Since h

ψ
is holomorphic on D, with values in B∗

0 + B∗
1 , it is enough to show that it

is bounded on D. (The analogue in [8, Prop. 1, proof] is not explicited).
Let ε > 0 be such that ϕ + ε < 1 and let ψε be the outer function associated to ϕ + ε as in (i) (note that

0 > log(ϕ + ε) ≥ logϕ > −∞). As in (ii), ϕ + ε is the radial limit of |ψε|, and, on D,

0 ≤ − log |ψε(z)| =
∫

T

− log(ϕ(eit )+ ε) dνz(t) ≤ − log ε.

Hence 1
ψε

is holomorphic and bounded on D. If εn decreases to 0, log 1
ϕ+εn

is an increasing sequence of positive

functions on T converging a.s. to log 1
ϕ

. By the monotone convergence theorem, for z ∈ D,

log

∣∣∣∣
1

ψ(z)

∣∣∣∣ =
∫

T

log
1

ϕ
(eit ) dνz(t)

= lim
n

∫

T

log
1

ϕ + εn
(eit ) dνz(t) = lim

n
log

∣∣∣∣
1

ψεn (z)

∣∣∣∣ . (3.9)

If b lies in the unit ball of B0 ∩ B1, 〈b,h〉
ψε

∈ H∞(D) and, for z ∈ D ,

∣∣∣∣
〈b, h(z)〉
ψε(z)

∣∣∣∣ ≤
∥∥∥∥∥

〈
b, h∗(ei ·)

〉

ψε(ei ·)

∥∥∥∥∥
L∞(T)

≤
∥∥∥∥

ϕ

ϕ + ε

∥∥∥∥
L∞(T)

≤ 1.

Hence, by (3.9),
‖h(z)‖B∗

0 +B∗
1|ψ(z)| = limn

‖h(z)‖B∗
0 +B∗

1|ψεn (z)| ≤ 1.

Proposition 3.4 Let (B0, B1) be a regular couple of separable Banach spaces, let z0 ∈ D, a∗ ∈ B̃∗
z0

, with norm

1, h ∈ H∞∗ (B∗
0 , B∗

1 ) such that h(z0) = a∗, and H ∈ H∞(B). Let φ(eit ) = 〈
H(eit ), h∗(eit )

〉
, defined a.s. on T.

Then

(a) the function �(z) =
∫

T

φ(eit ) dνz(t), z ∈ D, is well defined and lies in H∞(D). Moreover �(z0) =

〈H(z0), a∗〉.
(b) there exists an absolute constant Cθ such that, for θ = Re�−1(z0),

∣∣〈H(z0), a∗〉∣∣ ≤ Cθ

⎡

⎢
⎣
∫

I0

∣∣φ(eit )
∣∣ dνz0(t)

⎤

⎥
⎦

1−θ ⎡
⎢
⎣
∫

I1

∣∣φ(eit )
∣∣ dνz0(t)

⎤

⎥
⎦

θ

≤ Cθ

⎡

⎢
⎣
∫

I0

∥∥H(eit )
∥∥

B0
dνz0(t)

⎤

⎥
⎦

1−θ ⎡
⎢
⎣
∫

I1

∥∥H(eit )
∥∥

B1
dνz0(t)

⎤

⎥
⎦

θ

.
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Note that in general 〈H(z), h(z)〉 is not defined for z ∈ D.

Proof (a) We may and do assume that H lies in the open unit ball of H∞(B). Clearly φ is defined a.s. on T and,
a.s. on I j ,

∣∣∣φ(eit )

∣∣∣ ≤
∥∥∥H(eit )

∥∥∥
B j

∥∥∥h∗(eit )

∥∥∥
B∗

j

≤ ‖H‖H∞(B) ‖h‖H∞∗ (B∗
0 ,B

∗
1 )

≤ ‖h‖H∞∗ (B∗
0 ,B

∗
1 )
. (3.10)

Since t → H(eit ) lies in X j = L1(I j , B j ), since h∗ is w∗-measurable and bounded with values in B∗
j ,

φ ∈ L∞(I j ), see for example [11, Lemma 1 and p. 137]. Hence � is well defined on D. We claim that � is a
pointwise limit on D of a uniformly bounded sequence �n ∈ H∞(D). Hence � is holomorphic on D (see e.g.
[1, prop. 2.4]) and bounded, i.e. � ∈ H∞(D).

Indeed, let (Hn)n≥1 be a sequence approximating H as in proposition 3.1 a); by the density of H0(B) in H(B),
we may assume that every Hn lies in the open unit ball of H0(B).We denote�n(z) = 〈Hn(z), h(z)〉, z ∈ D. As

we saw in the proof of lemma 3.2 b), �n ∈ H∞(D) and, by (3.4), �n(z) =
∫

T

〈
Hn(eit ), h∗(eit )

〉
dνz(t). Then

|�n(z)−�(z)| =
∣∣∣∣∣∣

∫

T

〈
Hn(eit )− H(eit ), h∗(eit )

〉
dνz(t)

∣∣∣∣∣∣

≤ ‖h∗‖H∞∗
∑ j=1

j=0

∫

I j

∥∥Hn(eit )− H(eit )
∥∥

B j
dνz(t)

→ n→+∞0. (3.11)

By definition H(z0) ∈ B̃∞
z0

and B̃∞
z0

= B̃z0 isometrically by proposition 3.1, hence 〈H(z0), a∗〉 is well defined.
By (3.1),

∣∣〈Hn(z0)− H(z0), a∗〉∣∣ ≤ ‖Hn(z0)− H(z0)‖B̃z0
= ‖Hn(z0)− H(z0)‖B̃∞

z0

≤
j=1∑

j=0

∫

I j

∥∥∥Hn(e
it )− H(eit )

∥∥∥
B j

dνz0(t) →n→+∞ 0.

Hence, using (3.11) for the last equality,
〈
H(z0), a∗〉 = lim

n→∞
〈
Hn(z0), a∗〉 = lim

n→∞�n(z0) = �(z0). (3.12)

(b) Note that the second equality is proved in [5, lemma 4.3.2 (ii)] for H ∈ H(B). By (3.12) the first inequality
reduces to

|�(z0)| ≤ Cθ

⎡

⎢
⎣
∫

I0

∣∣∣φ(eit )

∣∣∣ dνz0(t)

⎤

⎥
⎦

1−θ ⎡
⎢
⎣
∫

I1

∣∣∣φ(eit )

∣∣∣ dνz0(t)

⎤

⎥
⎦

θ

and the second one follows from the first, using the second inequality in (3.10). Indeed, by lemma 3.2, for every
ε > 0, we may choose a function h such that ‖h‖H∞∗ (B∗

0 ,B
∗
1 )
< 1 + ε.

Owing to the change of variable (2.3), the first inequality with the constant Cθ = ( 1
1−θ )

1−θ ( 1
θ
)θ comes from

[16, Th. 1] applied to � ◦�, which is holomorphic and bounded on S0 and satisfies the integral representation
(2.4). Indeed, if z0 = �(w), θ = Rew,

|� ◦�(w)| ≤
⎡

⎣
∫

R

|φ ◦�(iτ)| Q0(θ, τ )

1 − θ
dτ

⎤

⎦

1−θ ⎡

⎣
∫

R

|φ ◦�(1 + iτ)| Q1(θ, τ )

θ
dτ

⎤

⎦

θ

.

��
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4 Gâteaux differentiable norms in duals of complex interpolation spaces

We denote by BX the closed unit ball of a Banach space X and by SX its unit sphere.

Definition 4.1 A Banach space (Y, ‖.‖) is said to be Gâteaux differentiable if it is Gâteaux differentiable at every
point a ∈ Y , a �= 0, i.e., if for every h ∈ Y , limR�t→0

‖a+th‖−‖a‖
t exists.

Definition 4.2 A Banach space (Y, ‖.‖) is smooth if it is smooth at every point a ∈ Y , a �= 0, i.e., there exists a
unique z∗ ∈ SY ∗ such that ‖a‖ = 〈a, z∗〉.

The properties “smooth" and “Gâteaux differentiable" are equivalent [3, Part III, Chap. I, § 2, Prop. 2] or [10,
Chap. I, Th. 1.4]. We shall use this equivalence without further reference. The following lemma gives another
characterization when Y is a dual space. Actually Šmulyan proved it for a real Banach space [10, Chap. I, Th. 1.4];
the proof must be slightly modified in the complex case.

Lemma 4.3 Let X be a Banach space and let a∗ ∈ SX∗ . The following assertions are equivalent:

(a) ‖.‖X∗ is smooth at a∗.
(b) If the sequences (xn)n≥0, (yn)n≥0 in SX satisfy 〈xn, a∗〉 →n→+∞ 1 and 〈yn, a∗〉 →n+∞ 1, then xn −

yn →n→+∞ 0 weakly.

Theorem 4.4 Let (B0, B1) be an interpolation couple and let 0 < θ < 1. Assume that B∗
0 is Gâteaux differen-

tiable. Then B∗
θ is Gâteaux differentiable.

Proof (a) We may assume (and shall do in the following parts of the proof) that (B0, B1) is a regular couple of
separable spaces.

Indeed, if, for every closed separable subspace Y ⊂ Bθ , there exists a closed separable subspace Z ⊂ Bθ
which contains Y and such that Z∗ is Gâteaux differentiable, then B∗

θ is Gâteaux differentiable by lemma 4.3. So
let Y be a closed separable subspace of Bθ and let (dn)n≥1 be a dense sequence in Y . For every m, n ≥ 1, there
exist Fm,n ∈ F(B) such that Fm,n(θ) = dn and

∥∥Fm,n
∥∥F(B) < ‖dn‖Bθ + 1

m . Since Fm,n( j + i ·) is valued in a
closed separable subspace L j ⊂ B j , j ∈ {0, 1}, Y isometrically embeds in Z = Lθ . By [5, Th. 4.2.2] Lθ = Aθ
isometrically, where A j is the closed subspace of L j spanned by L0 ∩ L1, j ∈ {0, 1}. Hence (A0, A1) is a regular
couple of separable spaces. If B∗

0 is Gâteaux differentiable, A∗
0 is too, again by lemma 4.3. So it is enough to

show that A∗
θ is Gâteaux differentiable.

(b) Let z0 ∈ D be such that �(θ) = z0. Since Bθ = B̃z0 isometrically, it is enough to show that (B̃z0)
∗

is Gâteaux differentiable. Let (xn)n≥0, (yn)n≥0 be two sequences in the unit sphere of B̃z0 and let a∗ be in the
unit sphere of B̃∗

z0
, such that 〈xn, a∗〉 →n→+∞ 1 and 〈yn, a∗〉 →n→+∞ 1. By lemma 4.3, we must show that

xn − yn →n→+∞ 0, weakly in B̃z0 .
Assume on the contrary that there exist b∗ in the unit sphere of B̃∗

z0
, ε > 0 and a subsequence (nk)k≥1 such

that, for k ≥ 1,
∣∣〈xnk − ynk , b∗〉∣∣ ≥ ε. (4.1)

We shall see in (f) that this is impossible. From now on we work with these subsequences, which we still denote
(xn)n≥1, (yn)n≥1 for simplicity.

(c) For every n ≥ 1, there exists Hn ∈ H(B0, B1) such that Hn(z0) = xn , ‖Hn‖H(B) < 1+ 1
n . We shall replace

Hn by a function H̃n in H∞(B) such that, a.s. on I j ,
∥∥H̃n ,∗(eit )

∥∥
B j

= 1, j ∈ {0, 1}, and
〈
H̃n(z0), a∗〉 →n→+∞ 1.

Indeed, by [8, prop. 1] (see also the proof of proposition 3.3 b)), there exists for every n ≥ 1 an outer function
ψn ∈ H∞(D) (with no zero on D) such that

∥∥Hn(eit )
∥∥

B j
= ∣∣ψn(eit )

∣∣ a.s. on I j , j ∈ {0, 1}. We define

H̃n(z) = Hn(z)

ψn(z)
× ψn(z0)

|ψn(z0)| , z ∈ D.

In particular Hn(z0) = |ψn(z0)| H̃n(z0), hence H̃n(z0) ∈ B̃z0 . Moreover H̃n lies in the unit sphere of H∞(B).
So H̃n(z0) lies in the unit ball of B̃∞

z0
, hence of B̃z0 , by proposition 3.1 b). Since xn = Hn(z0),

∥∥xn − H̃n(z0)
∥∥

B̃z0
≤ |ψn(z0)| − 1. (4.2)
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Moreover |ψn(z0)| →n→+∞ 1 since

1 = ‖xn‖B̃z0
= |ψn(z0)|

∥∥H̃n(z0)
∥∥

B̃z0
≤ |ψn(z0)|

≤
∫

T

∣∣∣ψn(e
it )

∣∣∣ dνz0(t) =
j=1∑

j=0

∫

I j

∥∥∥Hn(e
it )

∥∥∥
B j

dνz0(t) ≤ 1 + 1

n
.

In particular

〈
H̃n(z0), a∗〉 = |ψn(z0)|−1 〈xn, a∗〉 →n→+∞ 1. (4.3)

(d) By proposition 3.3 b), there exists h ∈ H∞∗ (B∗
0 , B∗

1 ) such that h(z0) = a∗ and
∥∥h∗(ei.)

∥∥
B j

= 1, a.s. on

I j , j ∈ {0, 1}. By proposition 3.4 a) and (4.3), the functions�n , n ≥ 1, associated to φn = 〈
H̃n(ei ·), h∗(ei ·)

〉
by

the integral representation, satisfy

∫

T

(1 − Re φn(e
it ) dνz0(t) = 1 − Re�n(z0) = 1 − Re

〈
H̃n(z0), a∗〉 →n→+∞ 0. (4.4)

Since 0 ≤ 1 − ∣∣φn(ei ·)
∣∣ ≤ 1 − Re φn(ei ·) a.s. on T, ( 4.4) implies that, for some subsequence (nk)k≥1,

1 − Re φnk (e
i ·) → 0 a.s.. Hence 1 − ∣∣φnk (e

i ·)
∣∣ → j→+∞ 0 a.s. and finally

1 − φnk (e
i ·) = 1 −

〈
H̃nk (e

i ·), h∗(ei ·)
〉
→k→+∞ 0 a.s.. (4.5)

(e) In the same way we associate to ynk , k ≥ 1, functions G̃nk the unit sphere of H∞(B). Again there exists a
subsequence (nkl )l≥1, such that

〈
G̃nkl

(ei ·), h∗(ei ·)
〉
→l→+∞ 1 a.s.. (4.6)

Since, a.s. on I0,
∥∥h∗(eit )

∥∥
B0

= 1 and B∗
0 is smooth at h∗(eit ), (4.5 ), (4.6) and lemma 4.3 imply that, weakly

in B0,

H̃nkl
(ei.)− G̃nkl

(ei.) →l→+∞ 0 a.s. on I0. (4.7)

(f) Let b∗ be defined in b) and let u ∈ H∞∗ (B∗
0 , B∗

1 ) be such that u(z0) = b∗. By the first inequality in
proposition 3.4 b), for z0 = �(θ),

∣∣∣
〈
H̃nkl

(z0)− G̃nkl
(z0), u(z0)

〉∣∣∣ ≤ Cθ A1−θ
0,z0,l

Aθ1,z0,l
. (4.8)

where A j,z0,l =
∫

I j

∣∣∣
〈
H̃nkl

(eit )− G̃nkl
(eit ), u(eit )

〉∣∣∣ dνz0(t), j ∈ {0, 1}.

By (4.7) and Lebesgue convergence theorem A0,z0,l → j→+∞ 0. Since the sequence
(

A1,z0,l

)
l≥1 is uniformly

bounded, the LHS of ( 4.8) tends to 0. Then, by (4.2), since |ψn(z0)| →n→+∞ 1, and similarly for yn ,

〈
xnkl

− ynkl
, u(z0)

〉
→l→+∞ 0.

This contradicts (4.1) and proves the theorem. ��
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5 Fréchet differentiable norms in duals of complex interpolation spaces

Definition 5.1 A Banach space (Y, ‖.‖) is Fréchet differentiable if, for every y ∈ Y , y �= 0, one has that
lim‖h‖→0

‖y+h‖+‖y−h‖−2‖y‖
‖h‖ = 0.

In view of theorem 5.3 we will need the following classical lemma, proved in [10, Chap. I, th. 1.4] for real
spaces. We omit the (very similar) proof in the complex framework.

Lemma 5.2 Let X be a Banach space. Then X∗ is Fréchet differentiable if and only if for all a∗ ∈ SX∗
and for all sequences (xn)n≥0, (yn)n≥0 in SX such that 〈xn, a∗〉 →n→+∞ 1 and 〈yn, a∗〉 →n→+∞ 1, then
‖xn − yn‖X →n→+∞ 0.

Theorem 5.3 Let (B0, B1) be an interpolation couple and let 0 < θ < 1. Assume that B∗
0 is Fréchet differen-

tiable. Then B∗
θ is Fréchet differentiable.

Proof: It is analogous to the proof of theorem 4.4. One keeps the steps (a), (c), (d).
(b’) The sequences (xn), (yn) are chosen as in b). By lemma 5.2 it suffices to show that ‖xn − yn‖B̃z0

→ 0,
or, in other words, that from every given subsequence of (xn − yn) we can extract a subsequence converging to
0 in B̃z0 . For simplicity we keep the notation (xn − yn) for the given subsequence.

(e′) By the assumption on B∗
0 and lemma 5.2, a.s. on I0 ,

∥∥∥H̃nkl
(ei.)− G̃nkl

(ei.)

∥∥∥
B0

→ 0.

(f′) The second inequality in proposition 3.4 b) and e’) give
∥∥∥H̃nkl

(z0)− G̃nkl
(z0)

∥∥∥
B̃z0

→ 0 , hence
∥∥∥xnkl

− ynkl

∥∥∥
B̃z0

→ 0 . ��
The following lemma will be used in the final example.

Lemma 5.4 [10, chap. II prop. 5.5 and chap. I remark 2.2] �∞ does not admit any equivalent Gâteaux differ-
entiable norm.

By theorem 5.3, if the couple (B0, B1) is regular and B∗
0 is Fréchet differentiable, then (B∗

0 , B∗
1 )
θ = B∗

θ is
too. The next example shows that the result is no more true if we do not consider dual spaces and if we only
assume that the norm of one space in the couple is equivalent to a Fréchet differentiable norm.

Example 5.5 There exists a regular couple (C0,C1) such that C0,C1 admit equivalent Fréchet differentiable
norms and, for every 0 < θ < 1, Cθ admits an equivalent Fréchet differentiable norm but (C0,C1)

θ does not
admit any equivalent Fréchet differentiable norm.

Proof By lemma 5.4 it is enough to show that (C0,C1)
θ (denoted by Cθ ) contains �∞ isomorphically.

Let Lψ([0, 1]) = Lψ be the Orlicz space where ψ(t) = t log(1 + t), t ∈ R
+. We denote

Xγ = ((Lψ)∗, L∞)γ ,
Xγ = ((Lψ)∗, L∞)γ

and C0 = Xα , C1 = Xβ , 0 < α, β, γ < 1. By the reiteration theorem [5, Th. 4.6.1] Cθ = Xγ for γ =
(1 − θ)α + θβ. By [9, Lemma 2.6] Cθ = Xγ .

Step 1 Let us show that Xγ , 0 < γ < 1, admits an equivalent Fréchet differentiable norm. By [10, Chap. II,
Th. 3.1] it is enough to show that X∗

γ is separable. We claim that X∗
γ = (Y ∗, L1)γ for some Banach space Y .

Since L1 is separable, (Y ∗, L1)γ is too, see e.g. [9, chap. 2, rappel c)].
Indeed let j be the identity: Lψ → L1. Let Y be the closure of j∗(L∞) in (Lψ)∗. By [5, Th. 4.2.2

(b)] Xγ = (Y, L∞)γ . Since the couple (Y, L∞) is regular, X∗
γ = (Y ∗, (L∞)∗)γ . Since ψ is convex and

log(1 + t) →t→∞ +∞, j is weakly compact [2, Rem., p. 123]. Hence j∗∗ is too, its range lies in L1 and
j∗∗ factors through the quotient map: (Lψ)∗∗ → Y ∗. Hence (with an abuse of notation) the range of j∗∗(Y ∗)
in (L∞)∗ actually lies in L1. Hence, by [4, lemma], (Y ∗, (L∞)∗)γ = (Y ∗, L1)γ . Since L1 has the analytic
Radon-Nikodym property, (Y ∗, L1)γ = (Y ∗, L1)γ [15, Prop. 3.1], which proves the claim.

Step 2 Let us show that Xγ , 0 < γ < 1, contains �∞ isomorphically. Let Aγ = (Lψ, L1)γ . Since this couple
is regular, A∗

γ = Xγ , i. e. Xγ is a dual space. By [4, theorem], Xγ is a closed subspace of Xγ . By [14, Chap. I,
Cor. 6, p. 23], it is enough to show that Xγ contains c0 isomorphically. By [7, Th. 1] it is enough to see that Xγ
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is a Banach lattice which does not have the analytic Radon-Nikodym property. By [9, cor. 1.4], Xγ does not
have this RNa property.

We claim that Xγ = A∗
γ and Xγ are Banach lattices. By [15] again Aγ = Aγ . By [9, lemme 1.2] and its

proof, Aγ = Lϕγ , where ϕγ is some Orlicz function. Since Lϕγ is a Banach lattice, its dual Xγ is a Banach
lattice too. Since Xγ is a closed subspace of Xγ , since the Banach lattice L∞ = (Lψ)∗ ∩ L∞ is dense in Xγ ,
Xγ itself is a Banach lattice. This ends the proofs of step 2 and the example.
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