Indian J Pure Appl Math (2023) 54:84-96
https://doi.org/10.1007/s13226-022-00233-w

ORIGINAL RESEARCH

Gateaux or Fréchet differentiable norms in duals of complex
interpolation spaces

Mohammad Daher

Received: 5 December 2021 / Accepted: 4 February 2022 / Published online: 22 February 2022
© The Indian National Science Academy 2022

Abstract Let (By, By) be an interpolation couple and let Bg, 0 < 6 < 1, be a complex interpolation space. We
show that the dual norm on (Bg)™* is Giteaux (respectively Fréchet) differentiable if the norm of (Bp)* has the
same property.
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1 Introduction

Let (By, B1) be an interpolation couple and let By, 0 < 8 < 1, be the complex interpolation space. The dual
space (By)™* is denoted by Bj. Assuming that By, B are separable, we show that the norm of Bj is Gateaux-
differentiable if the norm of B(’)‘ orof Bik is Gateaux-differentiable (Theorem 4.4). We use a known characterization
of Gateaux differentiability which holds for dual norms.

By similar methods we show the analogue for Fréchet differentiability (Theorem 5.3). Then we give an
example of a regular couple (Co, C1) such that the norms of Co, C; are equivalent to Fréchet differentiable
ones, while C? contains £, thus does not admit any Fréchet differentiable equivalent norm. Comparison with
Theorem 5.3 comes from the fact that B} = (B, Bl*)g.

The main point for proving our theorems is to get suitable descriptions of By and Bj. An ingredient is
the integral representation of a bounded Banach valued holomorphic function on the unit disk, or on the strip
0 < Rez < 1, in terms of its values on the boundary. While interpolation spaces are usually defined using
functions on the strip, we have to work with functions on the disk, in order to have outer functions at our
disposal.

2 Definitions and some facts about complex interpolation

We denote by (x, x*) the pairing between an element x of a Banach space X and an element x* of its dual X*.
Let So = {z € C| 0 < Re(z) < 1} andlet S be its closure. Let B = (By, B1) be a complex interpolation couple,
in the sense of [5, Chap. II, p. 24]. We first recall the definition of the interpolation space By, 6 € 10, I[ [5,
Chap. 4].
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Gateaux or Fréchet differentiable norms in duals of complex interpolation spaces 85

Let F(B) be the space of functions F with values in By + By, which are bounded and continuous on S,
holomorphic on Sy, such that, for j € {0, 1}, the map F(j+i -) lies in Co(R, B;). We equip F(B) with the norm

11l 75 = max, sup IFG+iDlg, -

The space By = (By, B1)g = {F(Q) | F e F(E)}, 0 < 6 < 1, is a Banach space [5, Theorem 4.1.2] for the
norm defined by

lallp, = inf {IFl £z : F©) =a].
Defining By, for T € R in the same way, note that By = By, isometrically.

n
By Fo(B) we denote the subspace of F(B) consisting of “simple" functions of the form F = Zak ® fx
k=1
ar € By N By, where every fj is scalar valued. It is dense in F (B) [5, Lemma 4.2.3].

We denote by F*° (B) the space of bounded functions F : S — By + B; which are holomorphic on Sy, such
that for j € {0, 1}, 7 — F(j +i7) is a.s. the weak non-tangential limit of F'(z) asz — j +it,and F(j +i.)
is a.s. bounded and strongly measurable on R with values in B; (in the sense of [14, Chap. II, p. 41]). We equip
F(B) with the norm

1Flpeiy = max [IFG+ilg, |, <

By definition F (B) is isometrically a closed subspace of F>° (B).

We now recall the definition of the “upper” interpolation space B?. Let G(B) be the space of functions
G : S — By + By, which are continuous on S, holomorphic on Sy, such that
(i) the map: z — (14 |z])~! |G (2) Il gy+ 5, is bounded on S.
(i) G(j +it) —G(j+it') e Bjforevery r,7" € R, j € {0, 1}, and
IGG +it) =G +it)|,.
L) <o

It — 7'l

max  sup
Jel0.1} r£reRr

By [5, Lemma 4.1.3] this defines a norm HG” 0G(B) °0 QQ(E), the quotient of G(B) by the subspace of
constant functions (with values in By + B), and QQ(E) is complete with respect to this norm.

The space B? = {a €By+By| 3G eG(B), a= G’(G)} is a Banach space [5, Th. 4.1.4] with respect to
the norm

lall go = inf{HG” oo | GO = a}.

We will use the following properties (and will not explicitly quote them):
(1) Bo N Bjisdensein By [5, Th. 4.2.2].

We recall that (By, Bj) is a regular couple if By N By is dense in By and Bj. Then, for a regular couple,
(2) the dual of By N By is B + Bj isometrically [5, Th. 2.7.1].
(3) the dual of By is (B, B]“)e isometrically [5, Th. 4.5.1].

We now consider the analogues of F (B), F*(B) in the disk setting. Let D C C be the open unit disk, let T
be the torus (the boundary of D), identified with %, and let m be the Lebesgue probability on T.

Let A : S — D be defined by A(w) = Ltie™ g mapping is conformal : §o — D and sends iR to

i+eimz
Iy = {t € %; -3 <t< %} and 1 +iRto ] = {t € %; 7<t< 3%}.M0reoveritsends So N R to the
diameter D N R. o B
We denote by H(B) the space of functions H : D — Bg + By, which are continuous on D, holomorphic on
D, such that the map t — H (e'") is continuous: Ij — Bj, j €{0,1}and H(i) = H(—i) = 0, equipped with
the norm ”H”H(E) = Max e(o,1) SUPey; ||H(e”)|| B;"
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86 M. Daher

The map H — H o A is an isometry from H(B) onto F(B). In particular it sends Ho(B), the subspace of H(B)
n

of functions H = Zak ® Hy, where a; € BgN By and Hy is scalar valued, onto F (E). Hence H()(E) is dense
k=1
in H(B).
The space
B,={H(),HeH®B)), zeD

is equipped with the norm
lalig, = inf {1l H() =a.

Hence, if A(0 +iT) =z, §Z is isometrically identified with By, 0 <6 < 1,7 € R.
Let H*°(B) be the space of functions H : D — Bo + Bj, which are holomorphic and bounded, have a.s. a
weak non tangential limit7 — H(e'') asz — ¢'’, and H (¢") is a.s. strongly measurable and bounded: /; — Bj,

j € {0, 1}. The space H>(B) is equipped with the norm

H| 007 = max
IH 300 ) = max,

e

BjllLeo(r))

The map H — H o A is an isometry from H°°(B) onto F>°(B).

We now recall the integral representation of functions in H>(B) and F>°(B) with respect to harmonic
measures. The Poisson kernel P,, r €]0, 1[, is defined on T by

1—r2

P, ==
r(@) r2—2rcosg + 1

For z = re!? € D letdv,(t) = P,(¢ — t) dm(t), which is a probability measure on T.

As well known, see e.g. [17, Th. 17.11], a bounded scalar valued holomorphic function ¢ on D (i.e. ¢ €
H® (D)) has a.s. a non tangential limit ¢, on the boundary (which is measurable of course), and ¢ is recovered
on D by the Poisson integral

$(z) = / pu(e) dv,(1). 2.1)
T

Let H € H®(B), letl € (By + B;)* (though we do not need it, we recall that (By 4+ B1)* = By N B if
the couple (By, By) is regular [5, Th. 2.7.1]). Then ¢ = (H,l) € H*(D) and, by assumption, (H, ), (t) =

(H(e'"),l)as., so that (H(z),1) = /(H(ei’),l)dvz(t), z € D. This implies
T

H() = / H(")dv.(t), 1H@llgyrs, < 1Hlpeog . 2 €D (2.2)
T

Let ¢ be a bounded scalar or Banach valued measurable function defined on T. Let z € D and let w € Sy be
such that A(w) = z. The change of variable A gives

/w(ei')dvz(t) =/1/foA(it)Qo(w, r)dr+/1/foA(1+it)Q1(w, 7)dT, (2.3)
T R R

where t — %, % are probability densities on R.

Let F € F>®(C) (resp. F*°(B)). Since F = H o A for some H € H*®(D) (resp. H*®(B)), the previous formula
and (2.1) (resp. (2.2)) imply the representation

F(w) = f F(it)Qo(w,t)dt + / FA+4+it)Qi(w,t)dt, w e S. 2.4)

R R
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Gateaux or Fréchet differentiable norms in duals of complex interpolation spaces 87

The following inequality for F € F (B) [5, Lemma 4.3.2] can be compared with proposition 3.1 b) and ( 3.1)
below in the disk setting,

IFO)llg, §/IIF(ir)IIBO Qo(e,r>dr+/nF<1+ir>nBl 010, 1) dr.
R R

3 Preliminary

The purpose of this section is to get suitable equivalent definitions of the norms in EZO and E;O, z0 € D, which we
shall use in the Proofs of Theorems 4.4 and 5.3. We work mainly on the disk, which allows to use the inequality
between L' and L> norms on T and outer functions. The following proposition was essentially obtained in [8].

Proposition 3.1 Let (By, B1) be an interpolation couple.

(a) Let H € H™®(B). There exists a sequence (Hy),>1 in H(B) such that ”H"”H(E) < ||H||Ho<>(§) and, for
z€D,

dvz(t) =00 0.
Bj

5 [ [ = moe
=

J

(b) For zo € D, let Egg’ = {H(z0): H € H*®(B)}, equipped with the norm ||bl|g~ = inf { 1 H [l 3400 5y :
H(zp) = b}. Then B3, = By, isometrically.

— w2
Proof (a) The analogue for 7°°(B) is provedin [8, Prop. 2], considering F,(w) = eHT fR F(w—it)K,(t)dr,
w € S, where K, denotes any approximate identity with norm 1 in L' (R). Here, we may take

2 n o
Hn(z)z(“;Z )1/ AHOA(A‘I(Z)—it)K,,(t)dt, zeD,

hence ||Hpllyy5) < IH llyo - Since |[(Hy — H) ()], — 0a.s.on I, for j € {0, 1}, Lebesgue
convergence theorem implies the last assertion. '
Warning: we cannot use convolution by an approximate identity k,, in L' (T). Indeed there are neighbourhoods
V,(i) and V,,(—i) C T such that the function t — [ H(e!""9))k,(e'¥)dg cannot belong to By both on
V(i) N Iy and V,,(—i) N Ip.

(b) (i) Let z € D. By [8, Prop. 1, proof], if H € H>®(B) and H(z) # 0, there exists G € H*>(B) with
H(z) = G(z) and

j=1
1G ) < 3 / res

=0,

dv,(t) < |H oo -
B v () < || ”H (B)

(In view of a similar result in proposition 3.3, note that ||G || B; is constanton /;, j € {0, 1}.) The proof uses
outer functions. It immediately follows that

e =inf{§/ | HeE

—0
J I

 dvey(0: H € H¥(B), H(zo) = b}. 3.1)

(i1) Asin [8, Prop. 2], in order to prove b) it is enough to show that the open unit ball of EZO is dense in the open
unitball of BZ). Leta € B with [lal oo < 1andlet H € H*°(B) be such that H (zg) = a, ||H||Hoo(§) < 1.
o w0 ~
Let H, € H(B) be as in a) and let a,, = H,(zp). Hence | a;, ||1§.0 <landa, -, -0 ain BZ? by (3.1) and
a). This ends the proof. O
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88 M. Daher

We now assume that (By, By) is a regular couple (hence (ByN By)* = B{)" + B) and that By, B are separable
spaces.
We recall that By N By is then separable. Indeed the map o : (x,y) — x + v, Ba‘ X Bik — B + BT is
continuous for the respective w*-topologies. The norm closed unit balls X, Y of these spaces, equipped with
the w*-topologies, are compact and X is metrizable. The set K = X N o~ !(Y) is closed in X, hence compact
metrizable for the w*-topology of X. Since o (K) = Y by definition of the norm in Bj + B}, themap f — foo
identifies isometrically C(Y) with a norm closed subspace of the separable space C(K). Hence By N Bj, being
anorm closed subspace of C(Y), is separable.

In order to study the isometric dual spaces Bz* and Bj (with A(6) = z) we shall now introduce the spaces
FP(Bg, BY) and H°(Bg, BY) when (B, By) is a regular couple of separable spaces.
The definition of F2°(Bj, BY) will use the following known fact, for which we prefer to precise a proof.

Fact : Let B be a separable Banach space and let g : Sy — B* be a bounded holomorphic function. Then g
admits an a.s. defined extension g, on the boundary of Sy, with values in B*, and g, is o (B*, B) measurable.

Indeed, for every a € B, the function w — (a, g(w)) has, for almost every 7 € R, a non tangential limit
as w — i7, denoted by [, (it), and ||ly || p(iar) < I8l llall - Fora, b € B, if 1,(i7), ly(i7) are defined, then
Do (it) = My (it)+plp(it) forevery scalars A, . Hence, if b, —, .00 ain B, ||y, — I, || Loo(idr) 00 0.
Since B is separable let (a,),>1 be a dense sequence in B, let V be their linear span. For almost every 7, the
map : ap— 1,4, (iT) extends as a linear form on V with norm less than ||g|, , hence defines an element g, (i7) in
B* with ||g.(i D)l g+ < llgllso> Such that I (it) = (b, g«(it)) for every b € V; finally, by density of the a,,’s in
B, such an equality holds for every b € B. The proof is similar for 1 4 iRR.

Taking B = By N By we denote by F°(B(j, B}) the space of these functions g such that moreover a.s.
T — g.(j +it)isbounded : R — Bj,j € {0, 1}.
In particular, g.(j 4+ i-) is a(Bj, B;) measurable since By N By is dense in B; and the function 7 —
lg«(j +i ')”B}‘ is measurable since Bj; is separable, j € {0, 1}. This allows to equip the space F° (B, B)

with the norm

co(p¥ ¥y = mMax + i)l :
gl 7oz, B7) je{O,l}H”g*(]+ s, HL°°(dr)

Since for every a € By N By, (a, g(.)) satisfies the integral representation (2.4), we get
||g(w)||Bg+Bi“ = ||g||}‘,gc(3(’;,3f)» w € Sp.

Let HZ°(B(j, Bf) be the analogue of F2°(B(, B}), i.e., the space of bounded holomorphic functions /4 :

D — Bj + Bf, whose a.s. defined w*-non tangential limit t — hy(e') € By + Bi" is moreover bounded:
I; — B;’.‘, hence o(B;f, Bj) measurable on /;, j € {0, 1} . This space is equipped with the norm

“h*(e"d\ .
B;

h co¢p* pFy — mMax
Wl 1o By, B jelo1y

L=(1))

Again, the integral representation (2.1) holds for (a, h(z)), z € D, a € By N By, hence ||h(Z)||Bg;+B;‘ <
17l 1e By, B)» 2 € D
Clearly h — h o A is an isometry from H{°(B(y, By) onto F°(Bj, BY).

For further use (see the proof of proposition 3.3), let X; = L' j» Bj). Since B; is separable, X;" is the
space of a.s. defined, bounded functions n;: I; — B;‘, such that, for every b € Bj, (b, n j) is a.s. measurable
([12, Chap. II-13-3 cor. 1, p. 261] and [6, p. 349]). In particular if 2 € HL°(Bjj, BY), then h, lies in Xjf, with
norm less than ”h”Hio(Ba‘,BT) .

Lemma 3.2 Let (By, B1) be a regular couple of separable spaces, let zo € D and a* € Ez*o Then

]

5., = inf Il ooy o) =

j=1
= inf Z/Hh*(e“)
j=0

Ij

4o AV (D5 h € HEE(BG, BY), hzo) = a*
J
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Gateaux or Fréchet differentiable norms in duals of complex interpolation spaces 89

Proof Denoting by «, f the first and second infimum, since o < B, it is enough to prove « < |a*|| 5« < B.
20

(a)

(b)

Proposition 3.3 Let (By, By) be a regular couple of separable spaces, zog € D, a* € B*

(a)

(b)

‘We claim that

inf {11y a3 h(z0) = a* | < (3:2)

Letzo = A0 +it), 6 €10, 1[, T € R. Since E* = B¥

01ir = Bp, since H°(Bg, BY) and F°(Bj, BY) are
isometric, it is enough to prove, for a* € B},

inf el cap oy 80) =} = Ja g = o] s ey

Let G € G(B{, BY) be such that G’(9) = a*. Then G’ : Sy — Bj + B} is holomorphic and, by [5, Proof

of lemma 4.1.3], it is bounded by [|G|| og. By the above fact, G’ has a.s. on the boundary a non tangential

limit g, for o (Bj + B}, Bo N By). By [9, Lemma 3.10 a) and its proof], T — g.(j +i7), R — B;‘, is

Lo <G llgg-Theng : S — B+ B}, definedby g = G’
Xt

on So, by g4« on the boundary of S, lies in °(B;, B}) with norm less than ||G || og .. This proves the claim.

We claim that

o (B, Bj)-measurable and H lgsGi+i )l ge
J

dvy(0); h € HX(BS, BY), h(zo) = a } (3.3)

||a ”B* <1nf{2/"h(g'l)

Jj=0 I

By the proof of (a) there exists & € HJ°(Bg, Bf) such that h(z9) = a*. Let a be in the open unit ball of

B.,. Since Ho(B) is dense in H(B), for ¢ > 0, there exists H, in the open unit ball of Ho(B) such that
| He(z0) — a||§~0 < ¢&. The scalar function z — (H.(z), h(z)) is well defined on D and lies in H*°(D). By

definition of Ho(B) and HS° (B, B}), its radial limit on the boundary of D is t — (H.(e'"), h(e'")) a.s.. By
the integral representation (2.1)

(He(2), h(z)) = / (Hg(e”),h(e”)>dvz(t), zeD. 34
T

This implies the claim since

a.a*)] < & la”| g, +1(He (o). hzo)]

lt)

= e a5,

d Vg, (1). |
j=0 I
We now verify that the second infimum in lemma 3.2 is attained.

a* #0. Then

20’

There exists h € HS° (B, BY) such that h(z9) = a* and ”a*HEjf = ZJ / ”h (e”)| B dvy(1).

There exists h € HZ°(Bg, BY) such thath(zg) =a*and, a.s. on l;, Hh(e”)“ B = IIa*IIB* ,j €10, 1}.

Proof (a) By (3.3) it is enough to get h € H° (B, BY) such that (zg) = a* and ||]’l||Ho<:(BS= B = lla* || 3« -
* ’ 20

By the first equality in lemma 3.2, there exists a sequence (h,),>1 in H° (B, BY) such that h,(zo) = a*

and, forn > 1,

o[l

By, = Wenllree sy < a* |B*
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90 M. Daher

As recalled above, (h, «),>1 is a bounded sequence in the dual of the separable space X; = L! (Ij, Bj), with
bound less than sup,, ||/, ||H$O(BJ’BT) , J € {0, 1}. There exists a subsequence (/1 x)x=0 With limit n; € X;f for
the w*-topology of Xj J €10, 1}. In particular

max 3.5)

je{0,1}

H”/ “B

We shall now define & from 7o, n1, denoted by n on T Let z = re'? e D. Since the function b ® P, (6 — ),
b € BoN By, liesin X,

/(b, nj — h,,k)(ei’))dvz(t) 4 0. (3.6)

1

Since every <b, hnk), b € Bg N By, satisfies the integral representation (2.1), (3.6 ) implies f (b, n(e”)) dv,(1) =

T
limy, (b, hnk (Z)), z € D.
We define i : D — (Bo N B)* = B§ + B} by

(b, h(2)) = /(b, n(e”))dvz(t), z€D, be ByNB. (3.7
T
In particular (b, h(z0)) = (b.a"). i.e. hzo) = a*. By (3.5 |h(@lgzsp; < lla*lI5, . and every (b, h()
is holomorphic on D. By [1, Th. 2.1] & is holomorphic on D, with values in By + By . It follows that 1 €
HX(By, BY).
(b) The argument is similar to the one used in [8, Prop. 1, proof] (see proposition 3.1 above). Let a* be in
the open unit ball of B* and let h € HL°(B, BY) be defined in a) and its proof, satisfying ( 3.7).

(i) Let ¢ be defined by ¢(e'’) = ||h*(e ’)|

g as.on [, j € {0,1}. We claim that there exists an outer
J

function v on D associated to ¢. It is enough to verify that loggp € L'(T), i.e., /log ") dm(t) > —oo

T
(recall that log ¢ < 0 a.s.). For every b in the unit ball of By N By,

/ log p(e'") dm(t) > / ity dm(t) = / tog((b. 1)) dm).
B+ B}
T T T

Since h(zg) = a* # 0, there exists b € By N By such that the function z — (b ,h(z)), which lies in
H™(D), is not zero. Its a.s. radial limit is (b, hy(¢')). By [17, Th. 17.17] log |(b, h.(e"))| lies in L!(T) i.e.,

/1og(\(b,h*(e”))y)dm(z) > —o0.

T

(i) By [17, Th. 17.16], since ¢ €

log [¥(2)| = /10g<p(e”)dvz(t), z € D. In particular, for 7 = re'’ € D,
T

, and

Hog [ ()1 < log @l 1Ty 1 Prll Lo () < 00,
which implies that ¢ has no zero on D, hence 1/ is holomorphic on D. Moreover, since ¢ € H®(D),

V(z0) = f Vra(ei") dvg (1) by (2.1). Thus
T

[ (zo)l < [ |¥s(e™)

dvg, (1) = f @(e'") dv,, (1)

T
=5 [ Jren),,

OIJ

W'%\

1

J
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Gateaux or Fréchet differentiable norms in duals of complex interpolation spaces 91

(iii) Let
h(z) = Iﬂ(zo)%, ze€D and h(e") =¥ (z0) f;’;((z))
In particular 71(10) = h(z9) = a*, 71(6”)] B = [ (z0)| a.s. on I;. We claim that he HP (B, BY). Then
h = h, a.s.on T and (3.3) implies
j=l1
*| 7ot _
a3, < ;)I/ [ ], vo0 = iz,

Together with (3.8) this will prove b).

‘We now prove the claim Since I s holomorphic on D, with values in B + BY, it is enough to show that it
is bounded on D. (The analogue in [8, Prop. 1, proof] is not explicited).

Let ¢ > 0 be such that ¢ + ¢ < 1 and let ¥, be the outer function associated to ¢ + ¢ as in (i) (note that
0 > log(¢ + ¢) > loggp > —00). As in (ii), ¢ + ¢ is the radial limit of ||, and, on D,

0 < —logl|ve(z)| = f —log(cp(e”) +¢&)dv,(t) < —loge.
T

€
Ve
functions on T converging a.s. to log %. By the monotone convergence theorem, for z € D,

Hence —- is holomorphic and bounded on D. If ¢, decreases to 0, log (p% is an increasing sequence of positive

[ LT
log‘m‘ _4log(p(e )dv, (1)

1 : 1
=1lim | lo e'"Ydv,(t) = limlo . 3.9
n/ g<p+sn( )dv (1) = Iir gwsn(z)’ (3.9)
T
If b lies in the unit ball of By N By, “j/,i € H®(D) and, forz € D ,
i-
'<b, h(z) ’ 2 h*(f. ) S H ¢ -
Ve (2) Ye(e) Loo(T) p+e L®(T)
AN g 4 p* . AN g 4 p*
HCHCC, by (39), T(;ll = hmn WT((;”] < 1.
Proposition 3.4 Let (By, By) be a regular couple of separable Banach spaces, let zg € D, a* € §;‘0, with norm

1, h € H (B, B}) such that h(zo) = a*, and H € H®(B). Let ¢(e'") = (H(e'"), h.(e'")), defined a.s. on T.
Then

(a) the function ®(z) = /qﬁ(e”)duz(t), 7z € D, is well defined and lies in H*° (D). Moreover ®(zg9) =

T
(H(z0), a*).
(b) there exists an absolute constant Cg such that, for @ = Re A~ (z),
1-6 6
(HGo.a®) < Gy / 6| dvey (1) / 6] dvay (1)
Iy I
1-6 0
< Cy / |H ™| 5, V2o (D) f [HE| 5, dvz ()
Iy I
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92 M. Daher

Note that in general (H(z), h(z)) is not defined for z € D.

Proof (a) We may and do assume that H lies in the open unit ball of 7 (B). Clearly ¢ is defined a.s. on T and,
a.s.on [},

o] = || |haen
B Bj
< 1 H oo ) W1l oo B, By < Il 3208 BY) - (3.10)
Since t — H(e'") lies in X; = Ll(Ij, Bj), since hy is w*-measurable and bounded with values in B;f,

¢ € L°°(I;), see for example [11, Lemma 1 and p. 137]. Hence & is well defined on D. We claim that ® is a
pointwise limit on D of a uniformly bounded sequence ®,, € H*°(D). Hence ® is holomorphic on D (see e.g.
[1, prop. 2.4]) and bounded, i.e. ® € H*° (D).

Indeed, let (H,,),>1 be a sequence approximating H as in proposition 3.1 a); by the density of Ho(B) in H(B),
we may assume that every H,, lies in the open unit ball of Ho(B). We denote ®,,(z) = (H,(z), h(2)),z € D. As

we saw in the proof of lemma 3.2 b), ®, € H>(D) and, by (3.4), ®,(z) = / (Hy(e™), hy(e'"))dv.(1). Then
T

[P, (2) — D(2)| = / (Hp(e'') — H(e'), hy(e'"))dv (1)
T
< Il Y73 / (e — HEM], dveo
I
— 1o 4000, (3.11)

By definition H (zg) € EZOOO and Ef(f = Ezo isometrically by proposition 3.1, hence (H (z0), a*) is well defined.
By (3.1),

|(Hn(z0) — H(z0). a*)| < [1Ha(20) — H (o), = 1 Hn(z0) — H (z0)ll s

55 [ [ty - ey
=0

1

B d‘)zo(t) —>n—+o00 0.
J

Hence, using (3.11) for the last equality,

(H(z0),a%) = nﬁ)ﬂ;(}(Hn(Zo), a*) = Jim @y (z0) = P (20)- (3.12)

(b) Note that the second equality is proved in [5, lemma 4.3.2 (ii)] for H € H(B). By (3.12) the first inequality
reduces to

1-6 0

oGl = | [foen|da@ | | [ loen]dvo

Iy I

and the second one follows from the first, using the second inequality in (3.10). Indeed, by lemma 3.2, for every
& > 0, we may choose a function £ such that IIhIIHiO(Bg)BT) <l+e.

Owing to the change of variable (2.3), the first inequality with the constant Cy = (11—9)1_9 (617)9 comes from
[16, Th. 1] applied to ® o A, which is holomorphic and bounded on Sy and satisfies the integral representation
(2.4). Indeed, if zo = A(w), 6 = Rew,

1-6 0

6, 6’
—Qf( i2F% /|¢OA(1 +it)|—Q1(9 i2p%
R

@0 Aw)| < /|¢>oA<ir)| -
R
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4 Gateaux differentiable norms in duals of complex interpolation spaces

We denote by By the closed unit ball of a Banach space X and by Sy its unit sphere.

Definition 4.1 A Banach space (Y, ||.||) is said to be Gateaux differentiable if it is Gateaux differentiable at every
pointa € Y,a # 0, i.e., if forevery h € Y, limps; ¢ w exists.

Definition 4.2 A Banach space (Y, ||.||) is smooth if it is smooth at every pointa € Y, a # 0, i.e., there exists a
unique z* € Sy~ such that ||a|| = {(a, z*).

The properties “smooth" and “Gateaux differentiable" are equivalent [3, Part III, Chap. I, § 2, Prop. 2] or [10,
Chap. I, Th. 1.4]. We shall use this equivalence without further reference. The following lemma gives another
characterization when Y is a dual space. Actually Smulyan proved it for a real Banach space [10, Chap. I, Th. 1.4];
the proof must be slightly modified in the complex case.

Lemma 4.3 Ler X be a Banach space and let a* € Sx«. The following assertions are equivalent:

@) ||l x is smooth at a*.
(b) If the sequences (xu)n>0, (Yn)n=0 in Sx satisfy (xp,a*) —n—i00 1 and (yn,a*) =400 1, then x,, —
Yn = n—+o00 0 weakly.

Theorem 4.4 Let (B, By) be an interpolation couple and let 0 < 6 < 1. Assume that Bj is Gdteaux differen-
tiable. Then By is Gdteaux differentiable.

Proof (a) We may assume (and shall do in the following parts of the proof) that (By, B1) is a regular couple of
separable spaces.

Indeed, if, for every closed separable subspace ¥ C By, there exists a closed separable subspace Z C By
which contains Y and such that Z* is Gateaux differentiable, then B;‘ is Gateaux differentiable by lemma 4.3. So
let Y be a closed separable subspace of By and let (d,),>1 be a dense sequence in Y. For every m, n > 1, there
exist Fiy n € F(B) such that Fun(0) =d, and H Fnn ||}.(§) < ldullp, + % Since Fy; »(j + i) is valued in a
closed separable subspace L; C Bj, j € {0, 1}, Y isometrically embeds in Z = Lg. By [5, Th. 4.2.2] Ly = Ag
isometrically, where A ; is the closed subspace of L ; spanned by LoN L1, j € {0, 1}. Hence (Ao, A1) is aregular
couple of separable spaces. If Bjj is Gateaux differentiable, Aj is too, again by lemma 4.3. So it is enough to
show that A} is Gateaux differentiable.

(b) Let zo € D be such that A(f) = zo. Since By = Ezo isometrically, it is enough to show that (Ezo)*
is Gateaux differentiable. Let (x,,),>0, (¥n)n>0 be two sequences in the unit sphere of B;, and let a* be in the

unit sphere of B* . such that (X, a*) =>p— 100 1 and (y,, a*) =, 100 1. By lemma 4.3, we must show that

20° Ly
Xp — Yn —>n—+oo0 0, weakly in By,. B
Assume on the contrary that there exist b* in the unit sphere of B, ¢ > 0 and a subsequence (14 )x>1 such

that, for k > 1,

(20, =y, %) = & 4.1

We shall see in (f) that this is impossible. From now on we work with these subsequences, which we still denote
(Xn)n=1, (Yn)n>1 for simplicity.
(c)Foreveryn > 1,thereexists H, € H(Bo, B1) suchthat H,(z0) = x,, | Hy ”H(E) < H—%.We shall replace
H,, by a function H, in H*°(B) such that, a.s. on I, | Iq;,,*(e"’)”B_ =1, ;e {0, l},and(ﬁn(z()), a*) = popoo L.
Indeed, by [8, prop. 1] (see also the proof of proposition 3.3 b;), there exists for every n > 1 an outer function
Y € H*®(D) (with no zero on D) such that || Hn(e”)HB/ = |Yn(e')| as.on I}, j € {0, 1}. We define

H,(2) % Yu(20)
Y (2) [V (20)] '

Hy(z) = eD.

In particular H,(z0) = [¥n(z0)] IZn (z0), hence Ein (z0) € EZO. Moreover H, lies in the unit sphere of H*°(B).
So H,(zp) lies in the unit ball of BZO:, hence of B, by proposition 3.1 b). Since x, = H,(z0),

e = Hyzo) | 3, < 1m0} = 1. (4.2)
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Moreover |, (z0)| = n—+00 1 since

L= llxallg, = ¥n(zo)l I ﬁn(ZO)HEZO = [¥n (20l

< [ [mte dvmm:]f [ |ty

=0
T J=

1
dv,, (1) <1+ —.
B Vo (1) < +n

In particular
(Ha(z0), a*) = [¥u(20)| ™" (0, @*) —>ns oo 1. (4.3)
(d) By proposition 3.3 b), there exists & € HZ°(Bg, BY) such that 2(zp) = a* and ||h*(e"‘)||BA =1, as.on
J

1;, j € {0, 1}. By proposition 3.4 a) and (4.3), the functions ®,, n > 1, associated to ¢, = <ﬁn (¢"), hy(e)) by
the integral representation, satisfy

/(1 —Re (") dvy(t) = 1 —Re @,(20) = 1 — Re (Hy(20), @*) = s 00 0. 4.4)
T

Since 0 < 1 — |¢n(ei')‘ < 1-—Re ¢,,(ei‘) a.s. on T, ( 4.4) implies that, for some subsequence (ng)i>1,
1-— Re¢nk(ei') — O a.s.. Hence 1 — |¢nk(ei ')’ — j+oo 0 a.s. and finally

= () = 1= (i (€). 1)) > ki 0 as. 4.5)

(e) In the same way we associate to y,, , k > 1, functions énk the unit sphere of H* (E). Again there exists a
subsequence (n,)>1, such that

<5”k1 (@), hy(e ')> —isdoo I as.. (4.6)

Since, a.s. on I,
in By,

hy(e'h) || By = land B is smooth at hy(e'), (4.5), (4.6) and lemma 4.3 imply that, weakly

ﬁnk[ (") — énk, (€") =400 0 a.s.on Io. 4.7

(f) Let b* be defined in b) and let u € HZ° (B, By) be such that u(zo) = b*. By the first inequality in
proposition 3.4 b), for zg = A(0),

(A, @0) = Gy, o). uzo))| = Cony 2 AT (4.8)

0,20, 1,20,1"

where Ajzy, = [ |(F, (€)= G, €1, u(e))| dvy (1), j € 10, 1.

1
By (4.7) and Lebesgue convergence theorem Ag ;,; — j— 100 0. Since the sequence (Al,m,z) ;> 1s uniformly
bounded, the LHS of ( 4.8) tends to 0. Then, by (4.2), since |, (z0)| = n—+oco 1, and similarly for y,,

<x"k1 = Yy, ”(ZO)> — =400 0.

This contradicts (4.1) and proves the theorem. O
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5 Fréchet differentiable norms in duals of complex interpolation spaces

Definition 5.1 A Banach space (Y, ||.||) is Fréchet differentiable if, for every y € Y, y # 0, one has that

; ly+hl+ly=hl=2lyI _
hm\lhllao e = 0.

In view of theorem 5.3 we will need the following classical lemma, proved in [10, Chap. I, th. 1.4] for real
spaces. We omit the (very similar) proof in the complex framework.

Lemma 5.2 Let X be a Banach space. Then X* is Fréchet differentiable if and only if for all a* € Sxx
and for all sequences (Xp)n=0, (Yn)n>0 in Sx such that (x,,a*) =400 1 and (yn,a*) =400 1, then
llxn — )’n”X — 400 0.

Theorem 5.3 Let (By, By) be an interpolation couple and let 0 < 6 < 1. Assume that Bj is Fréchet differen-
tiable. Then By is Fréchet differentiable.

Proof: It is analogous to the proof of theorem 4.4. One keeps the steps (a), (c), (d).

(b”) The sequences (x,), (y,) are chosen as in b). By lemma 5.2 it suffices to show that ||x, — y,|| By — 0,
or, in other words, that from every given subsequence of (x, — y,) we can extract a subsequence converging to
0 in B,,. For simplicity we keep the notation (x, — y,) for the given subsequence.

ﬁnkl (ei‘) — 6% (ei')“Bo — 0.

(¢) By the assumption on Bg and lemma 5.2, a.s. on I ,
(f') The second inequality in proposition 3.4 b) and ¢e’) give H ﬁnk, (z0) — (N}nkl (z0) HE — 0, hence
20

— 0. m]

Xng, — Yy,

The following lemma will be used in the final example.

Lemma 5.4 [10, chap. Il prop. 5.5 and chap. I remark 2.2] £*° does not admit any equivalent Gdteaux differ-
entiable norm.

By theorem 5.3, if the couple (Bo, By) is regular and B is Fréchet differentiable, then (B, Bi‘)g = Bj is
too. The next example shows that the result is no more true if we do not consider dual spaces and if we only
assume that the norm of one space in the couple is equivalent to a Fréchet differentiable norm.

Example 5.5 There exists a regular couple (Cp, C1) such that Cy, C; admit equivalent Fréchet differentiable
norms and, for every 0 < 6 < 1, Cy admits an equivalent Fréchet differentiable norm but (Cq, C 1)? does not
admit any equivalent Fréchet differentiable norm.

Proof By lemma 5.4 it is enough to show that (Cp, C1)? (denoted by C?) contains £>° isomorphically.
Let LY ([0, 1]) = LY be the Orlicz space where /() = tlog(1 + 1), t € R*. We denote

Xy = (LV)" L%y,
XV = (@), L®y

and Co = Xy, C1 = Xg,0 < a, B,y < 1. By the reiteration theorem [5, Th. 4.6.1] Cy = X, for y =
(1 —60)a 4+ 6B.By [9, Lemma 2.6] C? = X7

Step 1 Let us show that X,,, 0 < y < 1, admits an equivalent Fréchet differentiable norm. By [10, Chap. II,
Th. 3.1] it is enough to show that X ;'j is separable. We claim that X )’j = (Y*, Ll),, for some Banach space Y.
Since L' is separable, (Y*, Ll)y is too, see e.g. [9, chap. 2, rappel ¢)].

Indeed let j be the identity: LY — L'. Let Y be the closure of j*(L*°) in (LY)*. By [5, Th. 4.2.2
] X, = (¥, L*),. Since the couple (¥, L) is regular, X; = (Y*, (L°)*)Y. Since ¢ is convex and
log(1 + 1) —; 00 +00, j is weakly compact [2, Rem., p. 123]. Hence j** is too, its range lies in L' and
j** factors through the quotient map: (LY)*™* — Y*. Hence (with an abuse of notation) the range of j**(Y*)
in (L>)* actually lies in L'. Hence, by [4, lemma], (Y*, (L®)*)? = (Y*, L')”. Since L! has the analytic
Radon-Nikodym property, (Y*, L')Y = (Y*, Ll)y [15, Prop. 3.1], which proves the claim.

Step 2 Letus show that X7, 0 < y < 1, contains £*° isomorphically. Let A, = (LY, L' )y - Since this couple
is regular, A)*/ = X7,i. e. X7 is a dual space. By [4, theorem], X, is a closed subspace of X?. By [14, Chap. I,
Cor. 6, p. 23], it is enough to show that X, contains ¢y isomorphically. By [7, Th. 1] it is enough to see that X,
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96 M. Daher

is a Banach lattice which does not have the analytic Radon-Nikodym property. By [9, cor. 1.4], X, does not
have this RNa property.

We claim that XV = A;j and X, are Banach lattices. By [15] again A, = AY. By [9, lemme 1.2] and its
proof, AY = L%, where ¢, is some Orlicz function. Since L is a Banach lattice, its dual X" is a Banach
lattice too. Since X, is a closed subspace of XV, since the Banach lattice L™ = (LY)* N L is dense in X s
X, itself is a Banach lattice. This ends the proofs of step 2 and the example.

Acknowledgements I would like to thank Professors Frangoise Lust-Piquard, Bernard Maurey and Gilles Godefroy for the time
they devoted to me during the preparation of this work.
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