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Abstract For a Banach algebra A and a character ϕ on A, essential ϕ-amenability and essential character
amenability have been introduced. These concepts will be generalized for Fréchet algebras. In this paper, some
of the previous results about essential ϕ-amenability and essential character amenability for the case of Banach
algebras will be verified for Fréchet algebras. Finally, we give some examples related to all of the results of this
work.
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1 Introduction

The notion of an amenable Banach algebra was defined and studied by Johnson [12]. Then various notions
of amenability have been introduced and studied. For example, in [7] and [8], some generalized notions of
amenability have been introduced and investigated. Let A be a Banach algebra and ϕ ∈ σ (A), consisting of all
non-zero characters on A. Kaniuth, Lau, and Pym [13,14] introduced and studied the concept of ϕ-amenability
for Banach algebras as a generalization of the left amenability of Lau algebras. Also, the notion of character
amenability was introduced and studied by Monfared [20] and Alaghmandan in [4] and Samea [24]. The concept
of essential amenability of Banach algebras was introduced and studied by Ghahramani and Loy [7]. The Banach
algebra A is called essentially amenable if every continuous derivation from A into the duals of neo-unital Banach
A-bimodules are inner.

Some of the notions have been introduced and studied for Fréchet algebras. For example, in [5], the con-
tractibility of Fréchet algebras was investigated. Moreover, the notion of amenability of Fréchet algebras was
introduced by Helemskii [11] and studied by Pirkövskii [22]. Also, in [16], Lawson and Read introduced and
studied some notions about approximate amenability and approximate contractibility of Fréchet algebras. More-
over, in [3], ϕ-amenability and character amenability of Fréchet algebras were introduced and studied. The
concept of essential amenability of Banach algebras was introduced and studied by Ghahramani and Loy [6],
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98 A. Ghavabeshi et al.

which has been introduced and studied by Abtahi and rahnama in [2], for Fréchet algabras. Also, in [21], essential
φ –amenability and essential character amenability of Banach algebras were introduced and investigated. In this
paper, we will generalized these concepts for Fréchet algebra case.

Here, we first introduce and study the concept of essential ϕ-amenability and essential character amenability
for Fréchet algebras. The paper is organized as follows. In section 3, we show that for certain Fréchet algebras
essential ϕ-amenability and ϕ-amenability are equivalent. Then we verify most of the available results in the
Banach algebra case for the Fréchet algebra case. Also, we present some hereditary properties of essentially ϕ-
amenable for Fréchet algebras. In section 4, we investigate the relation between essential character amenability
and character amenability of Fréchet algebras. In section 5, for two Fréchet algebras A and B with θ ∈ σ (B),
we show that, with conditions, essential character amenability from the projective tensor A⊗̂B and the Cartesian
product A × B and also Lau product A ×θ B transfer to A and B. In the final section, we provide some
remarkable examples, which are connected directly to the results of this work. Also give example to show that
essential character amenability is weaker than character amenability.

2 Preliminaries

In this section, we first present some definitions and known results related to locally convex spaces and also
Fréchet algebras, which will be required throughout the paper; see [9,11,17,18] for more information. A locally
convex topological vector space E is a topological vector space in which the origin has a local base of absolutely
convex absorbent sets. A collection U of zero neighborhoods in E is called a fundamental system of zero
neighborhoods if for every zero neighborhood U , there exists a V ∈ U and ε > 0 with εV ⊂ U . Throughout the
paper, all locally convex spaces are assumed to be Hausdorff.

A family (pα)α∈A of continuous seminorms on E is called a fundamental system of seminorms if the sets

Uα = {x ∈ E : pα (x) < 1 } (α ∈ A)

form a fundamental system of zero neighborhoods. We refer to [18, p.251], for more information.
Every locally convex space E has a fundamental system of seminorms (pα)α∈A. We denote by (E, pα) a

locally convex E with a fundamental system of seminorms (pα)α∈A. Equivalently, the family of the seminorms
satisfies the following properties:

i) For every x ∈ E with x �= 0, there exists α ∈ A with pα (x) > 0 .
ii) For all α, β ∈ A, there exist γ ∈ A and C > 0 such that

max
(

pα (x) , pβ (x)
) ≤ Cpγ (x) (x ∈ E) .

See [18, lemmas 22.4 and 22.5].
A Fréchet space is a complete locally convex space, whose topology is given by the countable fundamental

system of seminorms (pn)n∈N; see [18] for more information. Note that by passing over to

(

max p j
1≤ j≤n

)

n∈N

, one

may assume that (pn)n∈N is an increasing sequence. It should be noted that, by [11, p.24], if
(
E, pμ

)
, (F, qλ)

and (G, rν) are locally convex spaces, and h : E × F → G is a bilinear map, then h is jointly continuous if and
only if for any ν0 there exist μ0 and λ0 such that the bilinear map

h : (
E, Pμ0

) × (
F, qλ0

) → (
G, rν0

)

is jointly continuous. In other words, there exists C > 0 such that

rν0 (h (x, y)) ≤ C Pλ0 (x) qλ0 (y)

for all x ∈ E and y ∈ F . Recall that from [25] a bilinear map h from E × F into G is said to be separately
continuous if all partial maps hx : F → G and hy : E → G, defined by y �→ h (x, y) and x �→ h (x, y),
respectively, are continuous for each x ∈ E and y ∈ F . By [25, chapter III.5.1], both types of continuity coincide
in the class of Fréchet spaces and, in particular, Banach spaces. In such a situation, we use the only continuous
phrases.

A Fréchet algebra is a complete topological algebra whose topology is given by the countable family of
increasing submultiplicative seminorms which the product of algebra is a separately continuous mapping; see
[9] and [11] for more details.

123



Essential ϕ-amenability and essential character... 99

Let I be a proper closed ideal of A. Then A
I endowed with the quotient topology is a Fréchet space, and the

topology is defined by seminorms

p̂n (a + I ) = inf{pn (a + b) : b ∈ I }.
It is easy to show that the multiplication is continuous and A

I is a topological algebra. Moreover, each p̂n is
submultiplicative and so

( A
I , p̂n

)
is a Fréchet algebra; see [9, p.81, 3.2.10].

Let (A, pn) be a Fréchet algebra. A locally convex A-bimodule is a locally convex topological vector space
X together with the structure of an A-bimodule such that the module actions are separately continuous. We call
it Fréchet A-bimodule, in the case where X is a Fréchet space.

Now consider X∗, the dual space of X , with the module actions given by

〈a. f, x〉 = 〈 f, x .a〉, 〈 f.a, x〉 = 〈 f, a.x〉
for all a ∈ A, x ∈ X and f ∈ X∗. By [27, Proposition 3.1] and [10, section 3], X∗ is always considered with
the strong topology on bounded subsets of X . Indeed, a net ( fα)α in X∗ is convergent to f ∈ X∗ in the strong
topology of X∗, if for every bounded subset B of X

sup
x∈B

|〈 fα − f, x〉| α−→ 0.

In particular, A∗ is a locally convex A-bimodule with the module actions of A on A∗ given by

〈a. f, b〉 = 〈 f, b.a〉, 〈 f.a, b〉 = 〈 f, a.b〉
for all a, b ∈ A and f ∈ A∗. Thus, A∗∗ is also a locally convex A-bimodule with module actions

〈a.F, f 〉 = 〈F, f.a〉, 〈F.a, f 〉 = 〈F, a. f 〉
for all a ∈ A, f ∈ A∗ and F ∈ A∗∗. It should be noted that the dual of Fréchet space X is again a Fréchet space,
only if X is a Banach space; see [18, p.298] Whereas, the second dual of the Fréchet space X is always a Fréchet
space. We should explain that A∗∗ will be considered with the first Arens product, defined, for all m, n ∈ A∗∗
and g ∈ A∗, as

〈n.g, a〉 = 〈n, g.a〉 (a ∈ A)

and

〈m.n, f 〉 = 〈m, n. f 〉 (
f ∈ A∗) .

If I is a closed ideal of A, then
( A

I , p̂n
)
, endowed with the quotient topology, is a Fréchet A-bimodule with the

following module actions:

b. (a + I ) = ba + I and (a + I ) .b = ab + I

for all a, b ∈ A, see [27] for more details. A net (eα)α in a Fréchet algebra (A, pn) is called right approximate
identity if a = limα aeα for all a ∈ A. left approximate identity is defined similarly. A net (eα)α is called
two-sided approximate identity (or just approximate identity) if it is both right and left approximate identity.
Approximate identity (eα)α(right left, or two-sided) is bounded if the set {eα} is bounded. Furthermore, an
approximate identity (eα)α in a Fréchet algebra is called uniformly bounded if

sup
n∈N

sup
α

pn(eα) < ∞.

We recall the projective tensor product of a Fréchet algebra (A, pl), which has been introduced in [25]. The
construction is similar to the Banach algebra case. It will be denoted by

(
A⊗̂A, rl

)
, where

rl (u) = inf

{
∑

n∈N

pl (an) pl (bn) : u =
∑

n∈N

an ⊗ bn

}

for each u ∈ A⊗̂A. By [25], [26, Theorem 2], and also [29, Theorem 45.1] is again a Fréchet algebra. Also, is a
Fréchet A-bimodule by the following module actions:

a. (b ⊗ c) = ab ⊗ c, (b ⊗ c) .a = b ⊗ ca (a, b, c ∈ A) .

Moreover, the canonical mapping π : A⊗̂A → A, defined as π (a ⊗ b) = ab for all a, b ∈ A, is a continuous
linear A-bimodule homomorphism.
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100 A. Ghavabeshi et al.

3 Essential ϕ-amenability of Fréchet algebras

We introduce the concept of essential ϕ-amenability for Fréchet algebras. Let (A, pn) be a Fréchet algebra and
ϕ ∈ σ (A). We say A is ϕ-amenable if there exists a continuous linear functional m on A∗ such that m (ϕ) = 1
and m ( f.a) = ϕ (a)m ( f ) for all a ∈ A and f ∈ A∗. Always m will be referred to as a ϕ-mean. It is shown that
A is ϕ-amenable if and only if for every locally convex A-bimodule X with left module action

a.x = ϕ(a)x (a ∈ A, x ∈ X) ,

each continuous derivation from A into X∗ is inner; see [3, Theorem 3.2]. It is, in fact, a generalization of [20,
Theorem 1.1] for Fréchet algebras. We also say that A is 0-amenable if for every locally convex A-bimodule X
with zero left action, every continuous derivation from A into X∗ is inner. A locally convex A-bimodule X is
neo-unital if A.X = X.A = X .

Definition 3.1 Let (A, pn) be a Fréchet algebra and ϕ ∈ σ (A). We say that A is essentially ϕ-amenable if for
every neo-unital locally convex A-bimodule X with the left module action

a.x = ϕ (a) x (a ∈ A, x ∈ X)

(and no restriction on the right module action), every continuous derivation from A into X∗ is inner. It is clear
that every ϕ-amenable Fréchet algebra is essentially ϕ-amenable, but the converse of this, is not vaild in general;
see [21, Example 2.4] We also say that A is essentially 0-amenable if for every locally convex A-bimodule X
with the zero left action such that X.A = X , every continuous derivation from A into X∗ is inner.

Remark 3.2 By [21, Proposition 2.2] if a Banach algebra A has a bounded approximate identity, then A is
ϕ-amenable if and only if A is essentially ϕ-amenable. In fact, both concepts of ϕ-amenability and essentially
ϕ-amenability coincide. The principal key in the proof of [21, Proposition 2.2] is the Cohen factorization theorem.
It should be noted that the Cohen factorization theorem is also true for Fréchet algebras containing a uniformly
bounded approximate identity; see [30] for more details. Our first result is a generalization of [21, Proposition
2.2] for Fréchet algebras. This is the main result of this paper.

Theorem 3.3 Let (A, pn) be a Fréchet algebra and ϕ ∈ σ (A). Moreover, suppose that I be a closed two-sided
ideal of A and let A has a uniformly bounded approximate identity in I , such that ϕ|I �= 0. Then the following
statements are equivalent.

(i) A is ϕ-amenable,
(ii) A is essentially ϕ-amenable,
(iii) I is essentially ϕ|I -amenable,
(iv) I is ϕ|I -amenable.

Proof Trivially (i) implies (ii). To prove that (ii) implies (iii), suppose that X is a neo-unital locally convex
I -bimodule with the left module action:

a.x = ϕ|I (a) x (a ∈ I, x ∈ X) ,

and D : I → X∗ is a continuous derivation. By Cohen factorization theorem, for x ∈ X , there exists a ∈ I and
y ∈ X for which x = a.y. Now for b ∈ A we define b ∗ x = ba.y = ϕ|I (ba)y. Clearly,This product is well
define, that is, independent of choices for a and y. So, X is an A-bimodule with this action.
Let x ∈ X and (bα)α∈


α−→ b in (A, pn). Since X is an I -bimodule and ϕ is continuous, then we have:

lim
α
(bα ∗ x − b ∗ x)

= lim
α
(bαa.y − ba.y)

= lim
α

(
ϕ|I (bαa − ba)y

) = 0

Since X is a locally convex I -bimodule, then the module actions are separately continuous, and so bαa.y
α−→

ba.y. Then X is a left locally convex A-module. On the other hand, since X = I.X , then there exists a ∈ I and
y ∈ X for which x = y.a. Thus in the topology of X :

x ∗ bα = y.abα
α−→ y.ab = x ∗ b,
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Essential ϕ-amenability and essential character... 101

then X is a locally convex right A-module. It is easy to show that X is a neo-unital locally convex A-bimodule.
By [1, Theorem 3.2], there exists a unique continuous derivation D̃ : A → X∗ concerning to the strict topology
on A and the w∗-topology on X∗. Since A is essentially ϕ-amenable, D̃ is inner and so D = D̃|I is inner.
Now let (iii) holds and suppose that X is a locally convex I -bimodule such that b.x = ϕ|I (b) x for all b ∈ I
and x ∈ X . It is clear that I I = I and if let X0 := I.X.I , then X0 ⊂ X and so X0 is a neo-unital locally convex
I -bimodule with the left module action

b.y = ϕ|I (b) y

for each b ∈ I and y ∈ X0. Let D0 : I → X0
∗ is a continuous derivation. By the hypothesis, D0 is inner. A

similar argument as in [2, theorem 3.1], shows that I is ϕ|I -amenable.
To prove that (iv) implies (i), Let X be a locally convex A-bimodule with the left action

a.x = ϕ (a) x (a ∈ A, x ∈ X) ,

and let D : A → X∗ be a continuous derivation. Thus D|I : I → X∗ is a continuous derivation. By hypothesis,
there exists f0 ∈ X∗ such that

D|I (b) = b. f0 − f0.b = b. f0 − ϕ|I (b) f0 (3.1)

for all b ∈ I . Fix b0 ∈ I such that ϕ|I (b0) = 1 and set

f1 := b0. f0. (3.2)

Thus D|I (b0) = f1 − f0 and for each a ∈ A we have

D|I (ab0) = D (a) .b0 + a.D|I (b0) = ϕ|I (b0) D (a)+ a. ( f1 − f0) = D (a)+ a. ( f1 − f0) . (3.3)

Now, we show that

D (a)− ad f (a)

= D (a)− a. f0 + ϕ (a) f0

= D (a)− a. f0 + ϕ(a) f0 + a. ( f1 − f0)− a. ( f1 − f0)

= D|I (ab0)+ ϕ(a) f0 − a. f1 (By 3.3)

= D|I (ab0)+ ϕ|I (ab0) f0 − ab0. f0 (By 3.1 and 3.2)

= D|I (ab0)+ − f0.ab0 − ab0. f0 (By 3.1)

= D|I (ab0)− ad f0(ab0) = 0.

Then D (a) = a. f0 − f0.a = ad f (a) , which is completed the proof. 
�
Corollary 3.4 Let (A, pn) be a Fréchet algebra and let ϕ ∈ σ (A). Moreover, suppose that A has a uniformly
bounded approximate identity. Then A is ϕ-amenable if and only if A is essentially ϕ-amenable.

Note that for ϕ ∈ σ(A), there is a multiplicative extension ϕ̃ ∈ A∗∗∗, defined as

ϕ̃(F) =< F, ϕ > , F ∈ A∗∗.

We draw the attention of the reader to the fact that A∗∗ is a Fréchet A-bimodule whenever the right action of
A on A∗∗ is as m � a = ϕ(a)m, and the left action is the natural action on A∗∗. In [3, Proposition 3.8], It is
shown that ϕ -amaenability of A and ϕ̂-amenability of A∗∗ are equivalent, so the the following is ivestigated for
essential ϕ-amenability.

Corollary 3.5 Let (A, pn) be a Fréchet algebra with a uniformly bounded approxiate identity and ϕ ∈ σ(A). If
A is essentially ϕ-amenable, then by Corollary 3.4 and [3, Proposition 3.8], A∗∗ is essentially ϕ̃-amenable. We
note that, the convers of this result is not yet clear to us, that needs to be investigated.

Lemma 3.6 Let (A, pn) and (B, qm) be Fréchet algebras and let h : A → B be a continuous epimorphism.
It is easy to shows that if ϕ ∈ σ (A) , then there exists a unique ϕh ∈ σ (B) with ϕhoh = ϕ if and only if
ker (h) ⊆ ker (ϕ) . In particular, if I is a proper closed two-sided ideal of A; then there is a unique ϕq ∈ σ ( A

I

)

with ϕqoq = ϕ if and only if I ⊆ ker (ϕ), where q : A → A
I is the quotient map.
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Lemma 3.7 Let (A, pn) and (B, qm) be Fréchet algebras, and let ψ ∈ σ (B). If h : A → B is a continuous
epimorphism, and A is essentially ψoh-amenable, then B is essentially ψ-amenable.

Proof Suppose that A is essentially ψoh-amenable. Let X be a neo-unital locally covex B-bimodule with left
module action

b.x = ψ (b) x (b ∈ B, x ∈ X) .

We show that X be a neo-unital locally convex A-bimodule with actions induced via h, that is,

a ∗ x = h (a) x = ψ (h (a)) x = (ψoh) (a) x (a ∈ A, x ∈ X) . (3.4)

It is obvious that X is A-bimodule. By (3.4), A ∗ X = B.X = X and clearly X ∗ A = X.B = X , then X is a
neo-unital A-bimodule.
Let x ∈ X and let (aα)α∈I → a in (A, pn). Then we have:

(aα ∗ x − a ∗ x) = (ψ (h (aα)) x − ψ (h (a)) x) = (ψ (h (aα − a)) x)
α−→ 0.

Then X is a left locally convex A-module. Clearly X is a right locally convex A-module; thus X is a neo-
unital locally convex A-bimodule. If D : B → X∗ is a continuous derivation, then Doh : A → X∗
is a continuous derivation. Since A is essentially ψoh-amenable, (with the left module action a ∗ x =
(ψoh) (a) x (a ∈ A, x ∈ X)), then there exists f ∈ X∗ , such that

(Doh) (a) = a ∗ f − f ∗ a

for all a ∈ A. Since h is surjective, then D is inner. 
�
The following result is obtained by [21, Theorem 3.2] and Lemma 3.7 immediately

Theorem 3.8 Let (A, Pn) and B, qm be Fréchet algebras and ψ ∈ σ(B) . If there is a continuous epimorphism
h : A −→ B and ker(h) has a bounded right approximate identity, then A is esentially ψOh-amenable if and
only if B is essentially ψ-amenable.

Corollary 3.9 Let (A, pn) be a Fréchet algebra and ϕ ∈ σ (A) . Moreover, suppose that I be a closed two-sided

ideal of A. If A is essentially ϕ-amenable then A
I is essentially ϕq-amenable, where q : A −→ A

I
is the quotient

map.

Proposition 3.10 Let (A, pn) be a Fréchet algebra and let I be a closed two-sided ideal of A with a bounded
right approximate identity. Then I is essentially 0-amenable.

Proof We mimic the proof of [23, Proposition 2.1.3] with some modifications. Let X be a locally convex I -
bimodule with the zero left action and X.I = X . Moreover, suppose that D : I → X∗ be a continuous derivation.
Clearly, X∗.I = {0} and then D (ab) = a.Db for all a, b ∈ I . Let (eα)α be bounded right approximate identity.
Since D is continuous, then (Deα)α is a bounded net in X∗. Without loss of generality and [13], there exists
η ∈ X∗ such that w∗-cluster point; that is, η = w∗ − limα Deα . [18, 23.5]We show that Da = a.η for each
a ∈ I . D is continuous; it follows that D (aeα) = a.Deα converges to Da, in the strong topology of X∗, and
consequently in the w∗-topology of X∗. On the other hand, a.Deα converges to a.η in the w∗-topology of X∗.
It follows that Da = a.η − η.a = adη; that is, D is inner and so I is essentially 0amabable. 
�
Corollary 3.11 Let (A, pn) be a Fréchet algebra with a bounded right approximate identity, then A is essentially
0-amenable.

In the following, we prove the converse of corollary 3.11. Before this, let A be a locally convex space and consider
the embedding map

ι : X → X∗∗, x �→ x̂ .

Note that, unlike the Banach space case, ι is not continuous, in general. By [18, p.298], this happens for Fréchet
space.

Proposition 3.12 Let (A, pn) be Fréchet algebra such that A∗.A = A∗. Then the following statements are
equivalent.
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i) A is 0-amenable.
ii) A is essentially 0-amenable.

iii) A has a bounded right approximate identity.

Proof Trivially (i) implies (ii). Now suppose that A essentially 0-amenable. We know that A∗ is locally convex
A-bimodule with the module actions

and
A∗ × A → A∗
( f, a) → f.a

,
A × A∗ → A∗

(a, f ) → a. f = 0 .
It is obvious that the conditions of the zero left module action and A∗.A = A∗ in Definition 3.1, is satisfied

for A∗. Then every continuous derivation D : A → A∗∗ is inner.
We note that A∗∗ is a locally convex A-bimdule with the following module action
A × A∗∗ → A∗∗
(a, F) → a.F

, and
A∗∗ × A → A∗∗

(F, a) → F.a = 0 .
Since A∗∗. A = {0}, then the embedding map ι : A → A∗∗ is a continuous derivation, then it is inner, so

there exists ϕ0 ∈ A∗∗ such that

ι (a) = a.ϕ0 − ϕ0.a = a.ϕ0 = ι (a) ϕ0,

for each a ∈ A. Then Â has an indentity in A∗∗ and so by [22, Proposition 5.5], A has a bounded right approximate
identity. By [3, Theorem 4.2], the proof of (iii) to (i) is clear. 
�
The following result is a generalization of [21, Proposition 3.11] for Fréchet algebra case. Before this, let (A, pn)

be a Fréchet algebra and letϕ ∈ σ (A). Then C is a neo-unital locally convex A-bimodule with the action modules

a.λ = λ.a = ϕ (a) λ (a ∈ A, λ ∈ C) .

Proposition 3.13 Let (A, pn) be an essentially ϕ-amenable Fréchet algebra for all ϕ ∈ σ (A)⋃{0}. If A∗.A =
A∗, then A is ϕ-amenable.

Proof If A is essentially 0-amenable, then by Proposition 3.12, A is 0-amenable. Now, we let ϕ ∈ σ (A). Because
A∗.A = A∗, then A∗ is a neo-unital locally convex A-bimodule with the left module action

A × A∗ → A∗
(a, f ) → a. f = ϕ (a) f

(
a ∈ A, f ∈ A∗) .

Since Cϕ = {λϕ : λ ∈ C} a closed subspace of A∗, then X := A∗

Cϕ
= {

f + Cϕ : f ∈ A∗} is a locally covex

space, and since A∗.A = A∗, then X is a neo-unital locally convex A-bimodule with the left module action given
by:

A × X −→ X, a.( f + Cϕ) = ϕ(a) f + Cϕ
(
a ∈ A, f ∈ A∗)

Since ϕ ∈ σ(A) then ϕ �= 0 and so by Hann-Banach theorem, there exists m0 ∈ A∗∗ with m0 (ϕ) = 1. Then the
image of adm0 : A → X∗ is a subset of C⊥

ϕ = {n ∈ A∗∗ : n(ϕ) = 0}. Since A is essentially ϕ-amenable, there
exists m1 ∈ C⊥

ϕ such that adm0 = adm1 . Therefore if we set m := m0 − m1, then m (ϕ) = 1 and

〈m, f.a〉 = 〈m, ϕ (a) f 〉 = ϕ (a) 〈m, f 〉,
for all a ∈ A and f ∈ A∗. Thus m is a ϕ-mean on A∗ and hence A is ϕ-amenable. 
�

[3, Proposition 4.7] together with Proposition 3.12 yield the following result.

Proposition 3.14 Let (A, pn) and (B, qm) be Fréchet algebras and let h : A → B be continuous homomorphism
with dense range such that A∗.A = A∗. If A is essentially 0-amenable, then B is essentially 0-amenable.

Proof Since A is essentially 0-amenable, then by Propositin 3.12, A is 0- amenable and so by [3, Proposition
4.7], B is 0-amenable then B is essentially 0-amenable. 
�
The following result is obtained by Corollary 3.9 , [22, Theorem 2.3.10] and [21, Proposition 3.1] for Fréchet
algebras. The proof is similar and so will be omitted.

Proposition 3.15 Let (A, Pn) be a Fréchet algebra and φ ∈ σ(A). Moreover, suppose that I be a closed two-
sided ideal of A with a bounded right approximate identity such that I ⊂ ker(φ) . Then A is essentially φ

-amenable if and only if
A

I
is essentially φq–amenable.
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4 Essential character amenability of Fréchet algebras

We introduce and study the concept of essential character amenability for Fréchet algebras. The concept of
character amenability for Banach algebras was introduced by Monfared [20]. A Féchet algebra A is called
character amenable if for each ϕ ∈ σ (A)⋃{0} and all locally convex A-bimodules X with the left module action
a.x = ϕ (a) x (a ∈ A, x ∈ X), each derivation D : A → X∗ is inner. The Essential character amenability of
Banach algebra was introduced and studied by Nasr-Isfahani and Nemati [21]. They called a Banach algebra A
is essentially character amenable if it is essentially ϕ-amenable for all ϕ ∈ σ (A)⋃{0}. More recently, Abtahi,
Rahnama, and Rejali [3], were introduced the notion of character amenability for Fréchet algebras; they proved
a Fréchet algebra (A, pn) is character amenable if and only if A has a bounded right approximate identity and it
is ϕ-amenable for all ϕ ∈ σ (A); see [3, Corollary 4.5].

Definition 4.1 Let (A, pn) be a Fréchet algebra. We call A is essentially character amenable if it is essentially
ϕ-amenable for all ϕ ∈ σ (A)⋃{0}.
Proposition 3.13 yields the following result.

Theorem 4.2 Let (A, pn) be a Fréchet algebra such that A∗.A = A. Then A is character amenable if and only
if A is essentially character amenable.

Proposition 4.3 Let (A, pn) be a Fréchet algebra and I be a closed two-sided ideal of A such that ϕ|I �= 0
for all ϕ ∈ σ (A). Moreover, suppose that A has a uniformly bounded approximate identity in I . Then A is
essentially character amenable if and only if I is essentially character amenable.

Proof Let A be an essentially character amenable and let ψ ∈ σ (I )⋃{0}. If ψ = 0, then by Proposition 3.10,
I is essentially 0-amenable. Now let ψ ∈ σ (I ). By [7], there exists ψ̃ ∈ σ (A) with ψ̃|I = ψ . Let X be a
neo-unital locally convex I -bimodule with the left module action

a.x = ψ (a) x (a ∈ I, x ∈ X) ,

and D : I → X∗ be a continuous derivation. By Proof of Theorem 3.3, we may consider X as a neo-unital
locally convex A-bimodule with the left module action

a.x = ψ̃ (a) x (a ∈ A, x ∈ X) .

By [1, Theorem 3.2], there is a unique derivation D̃ : A → X∗ such that D̃ is continuous with respect to the strict
topology on A, and X∗ has w∗-topology. By assumption, D̃ is inner, and so D = D̃|I is inner. Since ψ ∈ σ (I )
is arbitrary, so I essentially character amenable.

Conversely, suppose that ϕ ∈ σ (A)⋃{0}and let X be a neo-unital locally convex A-bimodule with the left
module action

a.x = ϕ (a) x (a ∈ A, x ∈ X) ,

and D : A → X∗ is a continuous derivation. Then X can be considered as a neo-unital locally convex I -bimodule
with the left action module

a.x = ϕ|I (a) x (a ∈ I, x ∈ X) ,

and D|I : I → X∗ is a continuous derivation. By assumption, D|I is inner. A similar argument as in the proof
of Theorem 3.3 shows that D is inner, which completes the proof. 
�
Lemma 3.7 together with Proposition 3.14 yields the following result.

Proposition 4.4 Let (A, pn) and (B, qm) be Fréchet algebras and let h : A → B be a continuos epimorphism
such that A∗.A = A∗. If A is essentially character amenable, then B is essentially character amenable.

Corollary 4.5 Let (A, pn) be an essentially character amenable Fréchet algebra such that A∗.A = A∗. More-
over, suppose that I be a closed two-sided ideal of A, then A

I is essentially character amenable.
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5 Projective tensor product, Cartesian product, and Lau product of Fréchet algebras

We recall Projective tensor product of Fréchet algebra (A, pn). We recall projective tensor product of Fréchet
algebras (A, pn) and (B, qm), which has introduced in [25]. The construction is also similar to the Banach algebra
case. It will be denoted by

(
A⊗̂B, rn,m

)
, where

rn,m (u) = inf{∑l∈N pn (al) qm (bl) : u = ∑
l∈N al ⊗ bl},

for each u ∈ A⊗̂B. By [25] and [26, Theorem2] and also [29, Theorem 45.1],
(

A⊗̂B, rn,m
)

is again a Fréchet
algebra. Similar to the Banach algebra case, for f ∈ A∗ and g ∈ B∗, denote by f ⊗ g the element of

(
A⊗̂B

)∗
satisfying

( f ⊗ g) (a ⊗ b) = f (a) g (b)

for all a ∈ A and b ∈ B and note that

σ
(

A⊗̂B
) = {ϕ ⊗ ψ : ϕ ∈ σ (A) , ψ ∈ σ (B)}.

The following result is a generalization of [21, Theorem 4.1], for Fréchet algebras. The proof is similar and will
be omitted.

Theorem 5.1 Let (A, pn) and (B, qm) be Fréchet algebras and let ϕ ∈ σ (A) and ψ ∈ σ (B). If A⊗̂B is
essentially ϕ ⊗ ψ-amenable, then A is essentially ϕ-amenable and B is essentially ψ-amenable.

Proof Let h : A⊗̂B −→ A defined by h(a ⊗b) = ψ(b)a for all a ∈ A and b ∈ B. It is clear that h is continuous
epimorphism and oh ϕ⊗̂ψ = ϕoh. By using Lemma 3.7, A is essentially ϕ-amenable. The proof of essentially
ψ-amenability of B is similar. 
�
Proposition 5.2 Let (A, pn) and (B, qm) be Fréchet algebras such that

(
A⊗̂B

)∗
.
(

A⊗̂B
) = (

A⊗̂B
)∗

. If A⊗̂B
is essentially 0-amenable, then A and B are essentially 0-amenable.

Proof Let h : A⊗̂B → A defined by h (a ⊗ b) = a, for all a ∈ A and b ∈ B. It is clear that h is a continuous
epimorphism. By Proposition 3.14, A is essentially 0-amenable. The proof of essential 0-amenability of B is
similar. 
�
According to Theorem 5.1 and Proposition 5.2, we reach the following important conclusion.

Theorem 5.3 Let (A, pn) and (B, qm) be Fréchet algebras such that
(

A⊗̂B
)∗
.
(

A⊗̂B
) = (

A⊗̂B
)∗

. If A⊗̂B is
essentially character amenable, then A and B are also essentially character amenable.

Let (A, pn) and (B, qm) be Fréchet algebras. Consider Cartesian product of A and B and define

rl (a, b) = max{pl (a) , ql (b)} (a ∈ A, b ∈ B)

for l ∈ N . It is easy to show that (rl)l∈N is a fundamental system of seminorms on A×B, under which (A × B, rl)

is a Fréchet algebra.
Let f ∈ A∗ and g ∈ B∗. We define ( f, g) : A × B by ( f, g)(a, b) = f (a)+ g(b) for all (a, b) ∈ A × B. It

is easily verified that the dual space of (A × B, rl) has the following form:

(A × B)∗ = {( f, g) : f ∈ A∗, g ∈ B∗}.
By [3, Proposition 5.1], if (A, pn) and (B, qm) be Fréchet algebras. Then

σ (A × B) = {(ϕ, 0) : ϕ ∈ σ (A)}
⋃

{(0, ψ) : ψ ∈ σ (B)}.
In the sequel, we show that for certain Fréchet algebras, the essential character amenability of A × B implies

the essential character amenability of A and B.

Proposition 5.4 Let (A, pn) and (B, qm) be Fréchet algebras and ϕ ∈ σ (A) andψ ∈ σ (B). Then the following
assertions hold. i) If A × B is essentially (ϕ, 0)-amenable, then A is essentially ϕ-amenable. ii) If A × B is
essentially (0, ψ)-amenable, then B is essentially ψ-amenable.
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Proof i) Suppose that A × B is essentially (ϕ, 0)-amenable. It is clear that the map h : A × B → A , defined by
h (a, b) = a for all (a, b) ∈ A × B, determines a continuous epimorphism and (ϕ, h) = (ϕ, 0). So the proof is
completed by Lemma 3.7. The proof of (ii) is similar. 
�
Proposition 5.5 Let (A, pn) and (B, qm) be Fréchet algebras succh that (A × B)∗ . (A × B) = (A × B)∗. If
A × B has a bounded right approximate identity, then A and B are essentially 0-amenable.

Proof By Corollary 3.9, A × B is essentially 0-amenable.Now, Let h : A × B −→ A defined by h(a, b) = a a
for all (a, b) ∈ A × B. The proof is completed by Proposition 3.14. 
�
The following result is obtained immediately by Propositions 5.4 and 5.5 .

Theorem 5.6 Let (A, pn) and (B, qm) be Fréchet algebras such that
(A × B)∗ . (A × B) = (A × B)∗. If A × B is essentially character amenable, then so are A and B.

Let (A, pn) and (B, qm) be Fréchet algebras,σ (B) �= φ, and θ ∈ σ (B). Then θ -Lau product which is denoted
by A ×θ B, is defined as the set A × B equipped with multiplication

(a, b)
(
a′, b′) = (

aa′ + θ (b) a′ + θ
(
b′) a, bb′)

for all a, a′ ∈ A and b, b′ ∈ B. The construction is similar to Banach algebra case, see [19,28] for more
information. We endow A ×θ B with the topology by the multiplicative seminorms (rl)l∈N , defined by

rl (a, b) = pl (a)+ ql (b) (a ∈ A, b ∈ B)

for each l ∈ N , under which (A ×θ B, rl) is a Fréchet algebra. Moreover, if identify every element a ∈ A as
(a, 0) ∈ A ×θ B, then one can consider A as a closed two-sided ideal of A ×θ B. In the sequel, we generalize
[19, Proposition 2.4] and [21, Theorem 4.2] for Fréchet algebras. The details of the construction are similar to
the Banach algebra case and so are left to the readers.

Proposition 5.7 Let (A, pn) and (B, qm) be Fréchet algebras, σ (B) �= φ, andθ ∈ σ (B) . Then

σ (A ×θ B) = {(ϕ, θ) : ϕ ∈ σ (A)}
⋃

{(0, ψ) : ψ ∈ σ (B)}.
Proposition 5.8 Let (A, pn) and (B, qm) be Fréchet algebras and let θ ∈ σ (B) . The following statements hold.
i) For each ϕ ∈ σ (A), if A ×θ B is essentially (ϕ, θ)-amenable, then A is essentially ϕ-amenable. ii) For each
ψ ∈ σ (B), if A ×θ B is essentially (0, ψ)-amenable, then B is essentially ψ -amenable.

iii) If A×θ B is essentially (0, θ) -amenable, then A is essentially 0-amenable and B is essentially θ -amenable.

Corollary 5.9 Let (A, pn) and (B, qm) be Fréchet algebras and let θ ∈ σ (B). If A×θ B is essentially character
amenable, then A and B are also essentially character amenable.

Note that in the particular case where (A, pn) is a Fréchet algebra which is without unit and B is the complex
numbers C and also θ is the identity map on C , then Ae is the unitization of A. In fact, Ae is an algebra under
the following product:

(a, λ) (b, μ) = (ab + μa + λb, λμ) (a, b ∈ A, λ, μ ∈ C) .

Similar to A ×θ B, we endow Ae with the topology generated by the multiplicative seminorms (rl)l , defined by

rl (a, λ) = pl (a)+ |λ| .
Then Ae becomes a Fréchet algebra with the identity (0, 1). For each ϕ ∈ σ (Ae), ϕ|A ∈ σ (A). Moreover, every
ϕ ∈ σ (A) can be extended to a non-zero continuous multiplicative linear functional ϕe on Ae, defined as

ϕe (a, λ) = ϕ (a)+ λ (a ∈ A, λ ∈ C) .

Furthermore, let ϕ0 : Ae → C defined by ϕ0 (a, λ) = λ. Then

σ (Ae) = {ϕ0}
⋃

{ϕe : ϕ ∈ σ (A)}.
We refer to [9, p.65 and 75], for more details in this field.

The following result is obtained by Theorem 3.3 immediately.
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Corollary 5.10 Let be a Fréchet algebra and letϕ ∈ σ (A). The following statements are equivalent.
(i) Ae is ϕe-amenable.
(ii) Aeis essentially ϕe-amenable.
(iii) A is essentially ϕ-amenable.
(iv) A is ϕ-amenable.

The following result is obtained by Proposition 5.8(iii) immediately.

Corollary 5.11 Let (A, pn) be Fréchet algebra. If Ae is essentially ϕ0-amenable, then A is essentially 0-
amenable.

The following result is obtained by Corollary5.10 and 5.11.

Corollary 5.12 Let (A, pn) be a Fréchet algebra. If Ae is essentially character amenable, then A is essentially
character amenable.

Remark 5.13 The converse of Corollary 5.9 and Corollary 5.12 is not true; for example, let A be an essentially
character amenable Fréchet algebra, which is not character amenable. By [3, Corollary 4.12], Ae is not character
amenable, and so by Corollary 3.5, Ae is not essentially character amenable.

6 Examples

In this section, we provide some remarkable examples related to all of the results of this work.

Remark 6.1 Let (A, pn) be a Fréchet algebra and ϕ ∈ σ (A). A derivation from A into Cϕ is a linear functional
d on A such that

d (xy) = ϕ (x) d (y)+ d (x) ϕ (y) (x, y ∈ A) .

Such a linear functional is called ϕ-point derivation.

Note that d is a derivation into the neo-unital A-bimodule C. If A is essentially ϕ-amenable Fréchet algebra,
then any continuous ϕ-point derivation is zero; Infact, d : A −→ C∗ = C is inner and so there exists λ ∈ C
such that d(a) = a.λ− λ.a = 0, for all a ∈ A.

The following is an example of an unital commtative Fréchet algebra which is not essentially character
amenable.

Example 6.2 The space C∞ ([a, b]) of infinitely differentiable complex-valued functions on a finite interval
[a, b] in R is not Banach space. However, with seminorms

μk ( f ) = sup
0≤i≤k

sup
x∈[a,b]

∣
∣∣ f (i) (x)

∣
∣∣

and metric

d ( f, g) =
∞∑

k=0

2−k μk ( f − g)

μk ( f − g)+ 1

C∞ ([a, b]) is an unital commutative Fréchet algebra. C∞ ([a, b]) is not essentially character amenable. To see
this, pick some x0 ∈ (a, b), and consider the continuous map D : C∞ ([a, b]) → C , defined by D ( f ) = f ′ (x0).
It is clear that D is a non-zero point derivation at ϕ0( f ) = f (x0). Thus by Remark 6.1, C∞ ([a, b]) is not
essentially character amenable. It follows that C∞ ([a, b]) is not character amenable.

The following are examples of Fréchet algebras that are not essentially character amenable.

Example 6.3 Let S denote the Schwärtz space, the algebra consisting of infinitely differentiable functions whose
derivations all tend to zero faster than any polynomial. In other words, S consists of all functions f : R → Csuch
that

|x |p
∣∣∣ f (m) (x)

∣∣∣ → 0 as |x | → ∞ (p,m ∈ N ) .
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We define seminorms pn on S by

pn ( f ) = sup
x∈R

(

|x |n
∞∑

k=0

∣∣ f (k) (x)
∣∣

k!

)

( f ∈ S) .

With respect to these seminorms, S is a Fréchet algebra. However, S is not essentially character amenable. To see
this, fist, pick some a ∈ R. Then let D : S → R defined by D ( f ) = f ′ (a), where D is a non-zero continuous
derivation at ϕ0 ( f ) = f (a). By Remark 6.1, S is not essentially ϕ0-amenable, and so it is not essentially
character amenable.

Example 6.4 Let D ⊆ C be the open disc, and let A = O (D) be the algebra of analytic functions f : D → C .
Then A is a Fréchet algebra for the system of seminorms of pn , given by

pn ( f ) = sup
|x |≤1− 1

n

| f (x)| .

Since the map f → f ′ (0) is a non-zero continuous point derivation at ϕ0( f ) = f (0), then A is not essentially
character amenable.

Example 6.5 Let X be a countable set. We know that C0(X) is a commutative C∗-algebra with pointwise
multiplication. By [22], all commutative C∗-algebras are amenable, and so essentially character amenable, as a
Fréchet algebra.

Example 6.6 Let A be a commutative C∗-algebra and let (B, qm) be any Fréchet algebra. Since all the com-
mutative C∗-algebras are essentially character amenable, then by [3, Proposition 5.2], A × B is essentially
(ϕ, 0)-amenable for each ϕ ∈ σ (A).
Example 6.7 Fragoulopoulou [6] has introduced and studied the notion of locally C∗-algebra. A Fréchet algebra
(A, pn), which is a locally C∗-algebra is called Fréchet locally C∗-algebra. By [6, Proposition 11.6], every ideal
in a Fréchet locally C∗-algebra has a bounded approximate identity; it follows that for each ϕ ∈ σ (A), ker ϕ
has a bounded approximate identity. Thus by [3, Theorem 3.6] and Corollary 3.12, A is essentially character
amenable. Now, let (A, pn) and (B, qm) be Fréchet locally C∗-algebras. By [3, Theorem 5.4], A×B is essentially
character amenable.

Note that by [21, Example2.4], there is an essentially character Fréchet algebra which is not character
amenable. It follows that the class of essentially character amenable is weaker than of character amenability of
Fréchet algebras.
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