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Abstract Let G be a finite group and H a subgroup of G. We call that H has I C-property if the intersection
of H and [H, G] satisfy some conditions. In this paper, we investigate the structure of finite group G under the
assumption that some primary subgroups of G have I C-property and obtain some new results.
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1 Introduction

All groups in this paperare finite, G always means a finite group. 4 is the class of all supersolvable groups,
Z(G) denotes the product of all normal subgroups N of G such that every chief factor of G below N is cyclic.
‘We use conventional notions and notations, as in [1,2].

Assume that H is a subgroup of a group G. As we all know, the normal closure H of H in G is the smallest
normal subgroup of G containing H and it is equal to the product of H and [H, G], that is, H G = H[H, G],
where [H, G] is the commutator subgroup of H and G. We denote a subgroup H intersecting the commutator
subgroup of H and G by IC, and we call that a subgroup H has I C-property if the intersection of H and [H, G]
satisfy some conditions. It is an interesting question to research the relationship between I C-property of some
subgroups and the structure of G. In [3], we consider the condition that the intersection of H and [H, G] is
contained in ®(H) and obtain some new results. In this paper, we continue to study the /C-property of some
subgroups.

Recall that a subgroup H of a group G covers a chief factor A/B of G if HA = HB and H avoids a chief
factor A/B of G if HN'A = H N B. We say that a subgroup H of a group G has the cover-avoiding property in
G if H either covers or avoids every chief factor of G, in this case we may also say that H is a C A P-subgroup
of G. As a generalization of C A P-subgroups, Fan, Guo and Shum introduced the semi cover-avoiding property
(see [4]): A subgroup H of G is called a semi C A P-subgroup (or SC A P-subgroup or partial C A P-subgroup)
of G if there is a chief series | = Ggp < G| < --- < Gy = G of G such that forevery j = 1,2,--- , ¢, H either
covers Gj/G ;1 oravoids G;/G;_1.Let H be a subgroup of a group G. We denote a semi C A P-subgroup (or
C A P-subgroup) of G contained in H by Hy.g (respectively H.g). In this paper, we consider that the intersection
of H and [H, G] is contained in H.g or H.. We introduce the following concepts.
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The I C-property of primary subgroups 111

Definition 1.1 A subgroup H of a group G is called an /CSC-subgroup of G if H N [H, G] < H,.g, where
Hi. is a semi C A P-subgroup of G contained in H.

Definition 1.2 A subgroup H of a group G is called an / CC-subgroup of G if H N [H, G] < H.G, where H.g
is a C A P-subgroup of G contained in H.

Clearly, every C A P-subgroup of G is a semi C A P-subgroup of G. Thus, if H is an I CC-subgroup of G,
then H is an ICSC-subgroup of G. In this paper, we obtain some new characterizations of the properties of
finite groups by assuming that some primary subgroups are I C SC-subgroups or 1 CC-subgroups of G.

2 Preliminaries

Lemma 2.1 ([12, Lemma 2.1(2)]) Let H be a subgroup of a group G and N a normal subgroup of G. Assume
that H is a C AP-subgroup of G. Then HN /N is a C AP-subgroup of G/N.

Lemma 2.2 ([5, Lemma 2.6]) Let N be a normal subgroup of the group G and let H be a subgroup of G having
the semi cover-avoiding property in G. Then HN /N has the semi cover-avoiding property in G/N if N < H
or (|H|, IN) = 1.

Lemma 2.3 Let G be a group and N a normal subgroup of G. Assume that H is an 1CSC-subgroup of G and
(|H|, IN|) = 1. Then HN/N is an 1CSC-subgroup of G/N.

Proof By the hypothesis, H N [H, G] < Hg.G, where Hs.g is a semi C A P-subgroup of G contained in H.
Since (|H|, |N|) =1,

N A H. G| = NI GIL [N O HIH, GIIHILH, Gl
|HN[H, G]| \HIH, G|

It implies that HN N [H, G] = (H N[H, G])(N N H[H, G]),

— |HN[H, Gl|IN N H[H, G]|.

HNN[HN,GIN = HNN[H,GIN =(HNN[H,G])N = (HN[H, G])N,
hence
HN/NN[HN/N,G/N]=(HNN[HN,GIN)/N =(HN[H,G])N/N < HgcGN/N.
By Lemma 2.2, H;cGN/N is a semi CAP-subgroup of G/N contained in HN/N. Hence HN/N N
[HN/N,G/N] < (HN/N)s¢G/n)- This shows that HN /N is an I CSC-subgroup of G/N. |
Lemma 2.4 Let G be a group and N a normal subgroup of G. Assume that H is an I C C-subgroup of G. Then:

(1) If N < H, then H/N is an ICC-subgroup of G/N.
(2) If |H|, |IN|) =1, then HN /N is an ICC-subgroup of G/N.

Proof By the hypothesis, H N [H, G] < H.g, where H.g is a C A P-subgroup of G contained in H.

(1) f N < H,then H/NN[H/N,G/N] = (HN[H,G])N/N < H.gN/N.By Lemma 2.1, H.gN/N is a
C A P-subgroup of G/N contained in H/N. Hence H/N N[H/N,G/N] < (H/N)¢(G,n)- This shows that
H/N is an ICC-subgroup of G/N.

(2) Similar to the proof of Lemma 2.3, it is easy to prove (2).

O

Lemma 2.5 ([6, Lemma 2.2]) Let H be a semi C AP-subgroup of a group G. Suppose that Q is a normal
subgroup of G such that H is contained in Q. Then there exists a chief series Qy of G passing through Q such
that H either covers or avoids each chief factor in Q.

Lemma 2.6 ([7, Theorem B]) Let § be any formation and G a group. If E <0 G and F*(E) < Zz(G), then
E < Z3(G)

Lemma 2.7 ([8, Lemma 3.3]) Let § be a solvably saturated formation containing t and N a normal subgroup
of G such that G/N € §. If N < Zy(G), then G € L. In particular, if N is cyclic, then G € Al
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Lemma 2.8 ([9,Lemma4.3]) Let C be a Thompson critical subgroup of a p-group P. Then the group D := Q(C)
is of exponent p if p is an odd prime, or exponent 4 if P is non-abelian 2-group. Moreover, every non-trivial
p’-automorphism of P induces a non-trivial automorphism of D.

Lemma 2.9 ([10, Lemma 2.12]) Let § be a solvably saturated formation and P a normal p-subgroup of G
and C is a Thompson critical subgroup of P. If either Q(C) < Zz(G) or P/®(P) < Zz(G/P(P)), then
P < Z3z(G).

Lemma 2.10 ([2, Lemma 1.2]) Let U, V and W be subgroups of a group G. Then the following statements are
equivalent:

(a) UNVW =UNV)UNW);
(b) UVNUW =U{VNW).

3 Main Results

Theorem 3.1 Let G be a group and P a normal p-subgroup of G. Assume that one of the following holds:

(i) every maximal subgroup of P is an I CC-subgroup of G.
(ii) every cyclic subgroup of P with order p and 4 (if P is a non-abelian 2-group) is an I C SC-subgroup of G.
Then P < Zg(G).

Proof Assume that the result is false and let (G, P) be a counterexample with |G| + | P| minimal order. Clearly,
G # Zy(G).

(1) Assume that (i) holds.

Let N be a minimal normal subgroup of G contained in P. Then by Lemma 2.4(1), (G/N, P/N) satisfies
the hypothesis. Hence P/N < Z(G/N) by the minimal choice of (G, P).If [N| = p, certainly P < Zy(G), a
contradiction. Hence |N| > p. Assume that there exists another minimal normal subgroup K of G contained in
P. Then we have P/K < Zy(G/K).Hence NK/K < Zy(G/K) and so |N| = p, a contradiction. This shows
that N is the unique minimal normal subgroup of G contained in P. Now, we assume that ¢ (P) = 1. Then
there is a subgroup A of P such that P = N x A. Let N1 be a maximal subgroup of N and Ny < P. It is obvious
that (Nj)g = 1 and P = N A is maximal in P. By the hypothesis, we have P; N [Py, G] < (P1).G. Since
P[P, G] = PIG and P < G, [P1,G] < P.Hence N < [Py, G]. Assume that (P1).g # 1. If (P1).G covers
N/1,then N < (P1)c.c < P;.Itimplies that Ny = NN P; = N, a contradiction. Thus (P).c must avoids N /1,
ie., (P1)cg NN = 1. Itfollows that Ny = NN Py = NN (P1).g = 1. This induce that |N| = p, a contradiction.
This contradiction shows that (P;).g = 1. Hence Py N[P;, G] = 1 andso |N| < |[P1, G]| = p, a contradiction
again. Hence ®(P) > 1 and so N < &(P). Then by Lemma 2.9, we have P < Z((G), a contradiction.

(2) Assume that (ii) holds.

Let K be a normal subgroup of G such that P/K is a chief factor of G. It is easy to see that (G, K) satisfies
the hypothesis of the theorem. Hence K < Zg((G) by the minimal choice of (G, P). Let L be any normal
subgroup of G such that L < P. Then we also have L < Zy(G).If L ﬁ K,wehave P = KL < Zy(G), a
contradiction. This shows that L < K and so K is the unique normal subgroup of G such that P/K is a chief
factor of G. If |[P/K| = p, then P/K < Zy(G/K) and so P < Z(G), a contradiction. Hence |P/K| > p.
Let C be a Thompson critical subgroup of P. If 2(C) < P, we have Q2(C) < K < Zg(G). Then by Lemma
2.9, P < Zy(G), a contradiction. This induce that 2(C) = P. Hence exp(P) = p or 4 by Lemma 2.8. Let
G, be a Sylow p-subgroup of G containing P. It is obvious that P/K N Z(G,/K) # 1. We may assume
that R/K < P/K N Z(G,/K) with |[R/K| = p. Let x € R\K, then R = K(x) and |[(x)| = p or 4. By the
hypothesis, (x) N [(x), G] < (x)ycq-

Assume that [(x), G] < P. Note that [{(x), G] < G, we have [{(x),G] < K and so R = (x)K =
(x)[{(x),GIK = (x)°K <G and R/K < G/K. Since (x)¢ £ K and P/K is a chief factor of G,
|P/K| = |R/K| = p, a contradiction. Hence we may assume that [(x), G] = P. Thus (x);cG = (x). By
Lemma 2.5, there exists a chief series of G

1=Gop<G1<---<Gi1<G;=P<x---<1G, =G

such that (x)scc covers oravoids G;/G;_1, j =1,2,---,t. By the previous discussion, it is clear that G;_; =
K. If (x)s5cG covers P/K, then (x)scg P = (x)scg K. It implies that P = (x) K = R. This induce that |P/K| =
|R/K| = p,acontradiction. This shows that (x);.c must avoids P/K.Thus (x);.¢ NK = (X)sc¢ NP = (X)s¢G,
so (x) < K, which contradicts the choice of x. This completes the proof. O
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Theorem 3.2 Let E be a normal subgroup of G and P a Sylow p-subgroup of E with p = min w(E). Assume

that one of the following holds:

(i) every maximal subgroup of P is an I CC-subgroup of G.

(ii) every cyclic subgroup of P with order p and 4 (if P is a non-abelian 2-group) is an I C SC-subgroup of G.
Then E is p-nilpotent.

Proof Assume that the result is false and let (G, E) be a counterexample with |G| + | E| minimal order. By the
Burnside Theorem, |P| > pz.

(1) Op(E) = 1.
Assumethat O, (E) # 1. Thenby the Lemma 2.4(2) and Lemma 2.3, we can get that (G/ O (E), E/ O, (E))
satisfies the hypothesis of the theorem. It implies that G/ O,/ (E) is p-nilpotent, so does G, a contradiction.

(2) Assume that (i) holds.

Let N be a minimal normal subgroup of G contained in E. By (1), p € #(N). Clearly, PN/N is a Sylow
p-subgroup of E/N. Let M/N be a maximal subgroup of PN/N. Then M = M N PN = N(M N P). Let
MNP = Py. Then |P : Pi| =|PN/N : M/N| = p. This shows that P; is maximal in P. By the hypothesis,
PiN[P1,G] < (P1)eg-Since P1NN = PN N is a Sylow p-subgroup of N, we have

INO P[P, Gllp =I|N|p =INNP|=|(NNP)NNO[P,GDlp
and
_|PIPLGllyINly  I[P1.GlyIN|y

INN P[P, Glly = =
IN P[P, Gl IN[P1, G|
=[N N[P1,Glly = (NN P)N NP, GDlp.

This implies that N N P[P, G] = (N N Py)(N N [Py, G]). By Lemma 2.10, we have Pi1N N [P}, GIN =
(Py N [Py, G])N. Hence

M/NN[M/N,G/N]1= P{N/NN[P{N/N,G/N]= (PN N [P, GIN)/N
= (PiN[P1,G))N/N < (P)).GN/N.

By Lemma 2.1, (P1)c.gN/N is a CAP-subgroup of G/N contained in M/N. Thus M/N N [M/N,G/N] <
(M/N)¢G/n)- This shows that (G/N, E/N) satisfies the hypothesis of the theorem. Hence E /N is p-nilpotent
by the minimal choice of (G, E). Since the class of all p-nilpotent groups is a saturated formation, N is the
unique minimal normal subgroup of G contained in E and ®(E) = 1.

If PAON < ®(P),then N is p-nilpotent by Tate’s theorem [1, Chapter IV, Theorem 4.7]. By (1), N < O,(E).
If PNN £ ®(P), then P = (P N N)P; for some maximal subgroup P; of P. By the hypothesis, we have
PiN[P,G] < (P1)cg-Clearly, 1 <[Py, G] < E andso N < [P;, G] by the uniqueness and minimality of N.
This induce that Pt NN = (P1)cg N N. Assume that (P1).g # 1.If (P1).c covers N/1,then N < (P1).¢ < Pi.
It follows that P " N < P; and so P = Py, a contradiction. Thus (Py).g avoids N/1, thatis, (P;).g NN = 1.
It implies that P, NN = 1. Letx,y € PN N.Then xP; = yP; <& x 'y € PP NN < x = y. Hence
IN|, = |PNN|=|P: P| = p.Hence N is p-nilpotent as p = min w(E). Hence we may assume that
(P1)cc = 1. we have Py N [Py, G] = 1. Then |[N|, < |[P1, G]|p = p,so N is p-nilpotent, N < O,(E). We
have proved that N < O,(E). Since ®(E) = 1, E has a subgroup M such that E = N x M.

Since E/N is p-nilpotent and E is not p-nilpotent, we have |[N| > p. Let N1 be a maximal subgroup of N
such that Ny isnormalin G, and Py = Ni x (PN M), where G, is a Sylow p-subgroup of G containing P. Then
P1 is maximal in P. By the hypothesis, P N [P, G] < (P1)cc. Clearly, 1 # [P, G] < E,so N < [P, G].
Hence Ny = PPNN = PIN[P;,GINN < (P1)e¢g N N.If (P).g covers N/1, we have N < (Pj).c and
so N1 = N, a contradiction. Thus (P;).g avoids N/1, that is, (P;).gc N N = 1. It follows that N = 1 and so
IN| = p, a contradiction.

(3) Assume that (ii) holds.

Assume that O, (E) > 1. Then (G, Op(E)) satisfies the hypothesis of the Theorem 3.1 and so O,(E) <
Zy(G). Moreover, O, (E) < Z(E) and so O,(E) < P. Let L be a normal subgroup of G such that O, (E) <
L < Eand L/O,(E) achief factor of G. Assume that R is a normal subgroup of G which different from O, (E)
such that L /R is a chief factor of G. It is clear that (G, R) satisfies the hypothesis and so R is p-nilpotent by the
minimal choice of (G, E). Then by (1), R is a p-group and so R < O,(E), a contradiction. Hence O, (E) is the
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unique normal subgroup of G such that L /O, (E) is a chief factor of G. Clearly, O, (E) < Zoo(E)NL < Zoo(L).
If L is p-nilpotent, then L < O,(E) by (1), a contradiction. Thus L is non-p-nilpotent and so there exists a
minimal non-p-nilpotent group K of E contained in L. By [1, Chapter IV, Proposition 5.4; 2, Chapter VII,
Theorem 6.18], K satisfies the following properties: (a) K = K, x K , where K, is a Sylow p-subgroup of
K and K, is a Sylow g-subgroup of K and p # ¢; (b) K, = K 7 that is, K p 1s the intersection of all normal
subgroups R of K satisfying K /R is nilpotent; (¢) ®(K,) < Z(K); (d) K,/ P(K ) is a chief factor of K; (e)
exp(Kp) = pord(if p=2).

Letx € K, \ ®(K)), then (x) = p or4 by (e). Assume that [{x), K] = 1. Itimplies that (x) < Z(K). Since
(x) ﬁ D(Kp), (x)P(Kp)/P(Kp) = K,/ P(Kp) by (d). This induces that (x)®(K,) = K, and so K, = (x)
is a cyclic subgroup of order p or 4. It implies that K is p-nilpotent, a contradiction. Hence [(x), K] > 1. Since
()[(x), K1 = ()X < K, wehave 1 < [(x), K] < K. If [(x), K] = K, then (x) = (x) N [{x), G] < (x)5cG
and so (x) = (x)scc. By Lemma 2.5, (x) covers or avoids L/ O, (E). In the former case, we have L = (x) O, (E)
and so L is nilpotent, which contrary to that L is non- p-nilpotent. In the latter case, we have (x) < O,(E). Then
() < KpNKNZy(E) <Ky NZx(K) =K, NO(K) = ®(K)) by [11, Chapter 1, proposition 1.9], which
contradicts the choice of x. This shows that 1 < [(x), K] < K.

If K, N[{x), G] < ®(K)), then [{x), K] < ®(K)). By (d),

()D(K )/ P(Kp) = (x)[(x), KID(K,)/D(Kp) = (x)XD(K )/ P(Kp) =K,/ D(K))

and so (x)®(K,) = K. Thus (x) = K. Hence K is p-nilpotent, a contradiction. Thus 1 < K, N [(x), G] f
®(Kp). Then (K, N [(x), GNP (K )/ P(K,) = K,/ P(K)) by (d). It implies that K, N [(x), G] = K, and
so K, < [(x), G]. Then by the hypothesis, (x) = (x) N [(x), G] < (x)scc and s0 (x) = (x)scc. By a similar
argument as above, we can deduce a contradiction. This contradiction shows that O, (E) = 1.

Now, let N be a minimal normal subgroup of G contained in E. It is easy to see that (G, N) satisfies the
hypothesis. If N < E, then N is p-nilpotent by the minimal choice of (G, E) andso N < O,(E) = 1by (1), a
contradiction. Hence N = E. We pick (x) € E of order p or 4, then by the hypothesis, (x) N[{x), G] < (X)scG-
Clearly, 1 < [(x), G] < G and (x)[(x), G] = (x)© < E, thus [(x), G] = E. It implies that (x) = (x)s.G. By
Lemma 2.5, (x) covers or avoids E/1. In the former case, we can get that E = (x) is cyclic, a contradiction. In
the latter case, we have (x) N E = 1, a contradiction again. This completes the proof. O

Corollary 3.3 Let E be a normal subgroup of a group G and P a Sylow p-subgroup of E with p = min 7w (E).
Assume that every maximal subgroup of P or every cyclic subgroup of P with order p and 4 (if P is a non-abelian
2-group) is an 1CC-subgroup of G. Then E is p-nilpotent.

Corollary 3.4 Let G be a group and P a Sylow p-subgroup of G with p = min w(G). Assume that every
maximal subgroup of P or every cyclic subgroup of P with order p and 4 (if P is a non-abelian 2-group) is an
1CC-subgroup of G. Then G is p-nilpotent.

Theorem 3.5 Let G be a group and P a normal p-subgroup of G. Assume that P has a subgroup D such that
1 < |D| < | P| and every subgroup of P with order |D| and 4 (if P is a non-abelian 2-group and |D| = 2) is an
1CC-subgroup of G. Then P < Zg((G).

Proof Assume that the result is false and let (G, P) be a counterexample with |G| + | P| minimal order.

By Theorem 3.1, we have |D| > p and |P : D| > p.

Let N be a minimal normal subgroup of G contained in P. Assume that N = P. Let H be a subgroup of
P with |H| = |D]|. By the hypothesis, H N [H, G] < H.g. Since H[H, G] = H® < Pand [H,G] < G,
[H,G] = Porl.If[H,G] =1, then H < G, which contradicts the minimality of N. Thus [H, G] = P and so
H = (H).g. By [12, Lemma 2.3], we have H = H.g = 1, a contradiction again. Hence N < P.

We distinguish three cases to complete the proof.

Case 1: If |[N| > |D|, it is clear that (G, N) satisfies the hypothesis and so N < Zg(G) by the minimal choice
of (G, P). In this case, we have |D| = 1, a contradiction.

Case 2: If |[N| < |D|, it is easy to see that (G/N, P/N) satisfies the hypothesis by Lemma 2.4(1) and so
P/N < Zy(G/N) by the choice of (G, P). Since |P : N| > p, there exists a normal subgroup L of G such
that N < L < P and |L| > |D]|. Clearly, (G, L) satisfies the hypothesis and then L < Z(G). This induce that
IN| = pandso P < Zg(G), a contradiction again.

Case 3: If [N| = | D], it is easy to see that P/N is a chief factor of G by the previous argument. Assume that
K is another minimal normal subgroup of G contained in P. Then |K| = |D] and N x K = P. Assume that
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N = {x1) x (x2) -+~ x {x;) and K = {y1) x (2) - -- x (ys). We pick a subgroup H = (x1) x (y2) -+ x {y;). By
the hypothesis, H N [H, G] < H.g. Clearly, H[H, G] = HS = P.If HN[H, G] # 1,then |P| = |N||K| =
% It shows that |[H, G]| > |N| = |D|, and so [H, G] = P. Hence H = H.g is a CAP-subgroup
of G. Since N jé H, H must avoids N and so H N N = 1, a contradiction. This contradiction implies that
HN[H,G]=1andso[H,G] < P.Sincel <[HNN,G] < N,[HNN,G] = N.Itfollowsthat N < [H, G].
Similarly, we can get that K < [H, G]. Hence P = [H, G], a contradiction. This contradiction shows that N is
the unique minimal normal subgroup of G contained in P. Now, let N < U < P and we can pick a subgroup
Uy of U such that N ﬁ U; and |U;| = |D|. By the hypothesis, we have U; N [Uj, G] < (Uj)cg and so
U NN = (U).NN.By[12, Lemma 2.1(4)] and [12, Lemma 2.3], we have U; N N = 1, a contradiction. O

Theorem 3.6 Let E be a normal subgroup of G and P a Sylow p-subgroup of E with p = min w(E). Assume
that P has a subgroup D such that 1 < |D| < |P| and every subgroup of P with order |D| and 4 (if P is a
non-abelian 2-group and |D| = 2) is an [ CC-subgroup of G. Then E is p-nilpotent.

Proof Assume that the result is false and let (G, E) be a counterexample with |G| 4+ | E| minimal order. It is
clear that |P| > p?. Similar to the proof of Theorem 3.2(1), it is easy to get Oy (E) = 1. By Corollary 3.3,
|D| > pand |P : D| > p.

Let N be a minimal normal subgroup of G contained in E. If N is non-solvable, then p € mw(N). Let
N, < H < Pif|Ny| < |D|land H < N, if [N,| > |D| such that |[H| = |D|. Then N = [H, G] and
H = HN[H,G] < H.g. Thus H covers or avoids N/1, which is impossible. Hence N is solvable. Since
Op(E)=1,N < Op(E).

We distinguish three cases to complete the proof.

Case 1: Assume that |[N| > |D|. Then we have N < Z(G) by Theorem 3.5 and so |D| < [N| = p, a
contradiction.

Case 2: Assume that |[N| < |D|. Then by Lemma 2.4(1), we can get that (G/N, E /N ) satisfies the hypothesis.
Hence E/N is p-nilpotent by the minimal choice of (G, E). Let U/N be a normal p-complement of E/N.
Since E/U is a p-group, we have E/U = PU/U. Let H/U be a subgroup of PU/U of order %. Then
H=HNPU = (HNP)U.Wewrite Hy = HNP,then |Hy| = | D|. By the hypothesis, HyN[Hoy, G] < (Ho)cG-
Clearly, HoN'U = P N U is a Sylow p-subgroup of U, then similar to the proof of (2) in Theorem 3.2,
we have U N Ho[Hy, G] = (U N Hy)(U N [Hyp, G]) and so HyU N [Hy, GIU = (Hy N [Hp, G])U. Hence
H/UN[H/U,G/U] = (HoN[Hy, G)U/U < (Hp).cU/U.ByLemma?2.1, (Hy).gU/U is a C AP-subgroup
of G/U containedin H/U.Thus H/UN[H /U, G/U] < (H/U)¢G,uv)- This shows that (G/U, E/U) satisfies
the hypothesis of Theorem 3.5 and so E/U < Zy(G/U). It implies that G has a normal subgroup K such that
U < K < Eand |[K|, = p|D|. Then by Corollary 3.3, we get that K is p-nilpotent and so K is a p-group as
Oy (E) = 1. It follows that E is a p-group, a contradiction.

Case 3: Assume that [N| = |D|. Then |O,(E)| > |D|. If |Op,(E)| > |D|, then by Theorem 3.5, we have
Op(E) < Zy(G) and so |D| = |N| = p, a contradiction. Hence |O,(E)| = |D| and so N = Op(E) is the
unique minimal normal subgroup of G contained in E. Let N < U < P. Then we can pick a subgroup H of
U such that N £ H and |H| = |D|. By the hypothesis, H N [H,G] < H.g. Then HNN = H.g NN isa
C A P-subgroup of G by [12, Lemma 2.1(4)]. By [12, Lemma 2.3] and the minimality of N, wehave HNN =1,
a contradiction. m|

Corollary 3.7 Let G be a group and P a Sylow p-subgroup of G with p = min 7 (G). Assume that P has a
subgroup D such that 1 < |D| < |P| and every subgroup of P with order |D| and 4 (if P is a non-abelian
2-group and |D| = 2) is an 1CC-subgroup of G. Then G is p-nilpotent.

Theorem 3.8 Let § be a solvable saturated formation containing {\ and E a normal subgroup of G such that
G/E € §. Assume that for every non-cyclic Sylow subgroup P of F*(E), P has a subgroup D such that
1 < |D| < |P| and every subgroup of P with order |D| and 4 (if P is a non-abelian 2-group and |D| = 2) is an
I1CC-subgroup of G. Then G € §.

Proof Firstly, we claim that F*(E) is solvable. Assume that F*(E) is non-solvable. Then min 7w (F*(E)) = 2
and Sylow 2-subgroups of F*(E) are non-cyclic. It is easy to see that (G, F*(E)) satisfies the hypothesis of
Theorem 3.6. It implies that F*(E) is 2-nilpotent and so it is solvable. Hence F*(E) = F(E). Let P be any
Sylow subgroup of F*(E). Then P < G. If P is cyclic, certainly P < Zy(G). If P is non-cyclic, then by
Theorem 3.5, we also have P < Z(G). Hence F*(E) = F(E) < Zy(G). By Lemma 2.6 and Lemma 2.7,
0
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Remark 1 The condition “ - - - is an I CC-subgroup of G ” of Theorem 3.8 can not be replaced by “ - - - is an
1CSC-subgroup of G ”. For example, let H = (a, bla®> = b> = 1, ab = ba) be an elementary abelian group of
order 25 and « an automorphism of H of order 3 satisfying that a* = b, b* = a b1 Let Hy, H, = {d’,b)
be two copies of H and G = (H; x Hp) x («). We pick | D| = 25. For every subgroup K of G with |K| = |D|,
there exists a minimal normal subgroup N of G such that K N N = 1. Hence K covers or avoids this chief series
of G: 1 < N < KN < G. This shows that K is an / CSC-subgroup of G. However, G is not supersolvable.
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