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Abstract The purpose of this paper is to introduce the notion of intersection graphs based on non-trivial hyper-
ideals in general hyperrings. In order to realise the article’s goals, we design general hyperrings on any given
ring and compute the set of all hyperideals of related general hyperring. Moreover to establish of connection
between of hyperideals as vertices of it’s associated graph, we introduce the concept of absorbing elements. The
main method in this research is based on nonempty intersection of hyperideals, so we discuss on divisor of order
of general hyperrings. As a result of the research, is constructing of some necessary and sufficient conditions in
intersection graphs to be a connected( complete, Hamiltonian, or Eulerian) graph. Also, is presented notations of
annihilator and kernel of homomorphisms via absorbing elements and fundamental relations. The paper includes
implications for the development of intersection graph, for modelling the complex hypernetworks by absorbing
elements, prime divisors and their relations in hyperideals. The new conception of intersection graphs based on
hyperideals of general hyperrings was broached for the in this paper first time.

Keywords General hyperring - Hyperideals - Intersection graph - Hyperaddative absorbing-elements -
Hyperproduct-absorbing elements
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1 Introduction

The theory of hyperstructures as a generalization of structures was introduced by Marty in 1934 [22], whence this
theory works on sets instead of elements in algebraic systems. Hyperstructures were stronger in applications in
world and were used in applied science specially in complex (hyper)networks [13,14]. The notation of hyperring
(as an important hyperstructure) was presented by Krasner [20], as a generalizing that of a ring, while the sum
and the product of two elements is not an element but a subset. Let V = {X; | i € I} be an arbitrary family of
nonempty sets. The intersection graph G (V) is the graph whose vertices are X;, (i € I) and in which the vertices
X;and X; (i # j € I) are adjacent (that is, X; and X ; are joined by an edge) if and only if X; N X ; # . Today,
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Hyperideal-based intersection graphs 121

it is more interesting to study the intersection graphs G(F), when F is an (hyper)algebraic (hyper)structure.
Recently several mathematicians studied such various algebraic structures-graphs. The first step in this direction
was taken by Bosak in 1964 [6]. Then Csakany et al. studied the graphs of subgroups of a finite group [11],
Zelinka continued the work on intersection graphs of nontrivial subgroups of finite abelian groups [31] and various
constructions of ring-graphs are found in [7,10,26]. Further materials regarding intersection graphs, ring and
other structures such as intersection graphs of graded ideals of graded rings, intersection graphs of general linear
groups, pproximating dominating set on intersection graphs of rectangles and L—frames, Intersection of longest
paths in graph classes, intersection of longest paths in graph classes, the intersection graph of a finite simple group
with diameter,, proper circular arc graphs as intersection graphs of pathson a grid, zero-divisor graphs of (non-
distributive)multirings, the intersection graph of ideals of Z,,, on the diameter of the intersection graph of a finite
simple group, some properties of open subset intersection graph of a topological space, on projective intersection
graph of ideals of commutative rings, characterization by intersection graph of some families of finite nonsimple
groups, intersection graphs of subgroups of finite groups, on the intersection graph of a finite group and the exact
zero-divisor graph of a reduced ring are available in the literature too [3-5,8,9,15-19,21,23-25,27-30,32].

The purpose of this paper is the study of intersection graphs of hyperideals of general hyperrings, as a gen-
eralization of intersection graphs of classical rings. Main motivation of this work obtained based on intersection
graphs of ideals in algebraic structures such as intersection graph based on group, module and ring structures.
In this regards, the notation of absorbing elements with respect to hyperaddative and hyperproduct of elements,
are introduced and properties of intersection graphs of hyperideals in general hyperrings are investigates. Also,
for a family of hyperideals of a general hyperring, the notion of annihilator of general hyperring considered
and checked to be a hyperideal and with respect to the concept of homomorphisms on general hyperrings and
notation of absorbing elements, analyze how to kernel of homomorphism is a hyperideal. In final, presented a
new class of finite general hyperrings and analyzed their hyperideals, and so their intersection graphs.

2 Preliminaries

In this section, we review some definitions and results from hyperstructures from [2,12,22], which we need in
what follows.

In the sequel R is a fixed nonvoid set, P*(R) is the family of all nonvoid subsets of R, and for a positive integer
n we denote for R" the set of n-tuples over R. Recall that for a positive integer n, an n-ary hyperoperation 3 on
R is a function 8 : R" — P*(R), which n is called the arity of B and a subset S of R is closed under the n-ary
hyperoperation 8, if (x1, ..., x,) € S" implies that 8(x1, ..., x,) € S and a nullary hyperoperation on R is just
an element of P*(R), i.e. a nonvoid subset of R. A hyperalgebra (also called a multialgebra ) R = (R, (B; | i €
1)) is the set R with together a collection (B; | i € I) of hyperoperations on R and a subset S of a hyperalgebra
R=(R, (B; | i € I)) is a subhyperalgebra of R, if § is closed under each hyperoperation S;, for all i € I, thatis
Bi(ai, ..., ay) € S,whenever (ai, ..., a,) € S".The type of Ris the map from 7 into the set N* of nonnegative
integers assigning to each i € [ the arity of f§; and two hyperalgebras of the same type are called similar
hyperalgebras. Forn > 0 we extend an n-ary hyperoperation 8 on R to an n-ary operation 8 on P*(R) by setting,
B(ArL, ..., A) =UlBar,....ay) |a; € Ai(i =1,...,n)}, where A, ..., A, € P*(R). LetR=(R, (B; : i €
I)) and R=(R, (B; : i € I)) be two similar hyperalgebras. A map 4 : R — R is called a homomorphism if for
everyi € [ and all (ay, ..., a,;) € R™ we have that, h(B; (a1, ..., an,)) S Ei (h(ar), ..., h(ay,;)) and a good
homomorphism,if h(B; (a1, ..., ay)) = E,» (h(ar), ..., h(ay;)). Ahyperalgebra (R, 4g), where + is a binary
hyperoperation, is called a hypergroupoid and a recall that a hypergroupoid (R, +g) is called a semihypergroup,
ifforallx,y,z € R, (x +r ¥) +r 2 = x +r (y +r 2) and a semihypergroup (R, +g) is called a hypergroup,
if forall x € R, x +gr R = R +pr x = R(reproduction axiom). A commutative hypergroup (R, +g) (for all
X,y € R,x +r y =y +r x) is called a canonical hypergroup provided that

(i) there exists a unique element Og € R such that forall x € R, Og +r x = x +g O = {x},
(ii) forall x € R, there exists a unique element —x € R such that Og € (x +z (—=x)) N ((—=x) +& x),
(iii) forallx,y,z € R,x € y+gzimpliesy € x +g (—z) and z € x +g (—y),

and we will denote it by (R, +r, Og). A system (R, +g, Og, -r)
is called a general hyperring whenever

(i) (R, +Rg,Og) is a canonical hypergroup,
(ii) (R, -p) is a semihypergroup such that forall x € R, x -g Og = Og ‘g x = {Or},
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122 M. Hamidi et al.

(iii) forallx,y,z € R,wehavex g (y+,2) = (x-gy)+r(x-gz)and (y+,2)-rx = (y:rX) +r (2R X).

A general hyperring (R, +g, Og, -) is called commutative (with unit element), if forallx,y € R, x -p y =
v -r x (if there exists an element 1 € R suchthatforallx € R, 1-gx = x-g 1 = {x}). A nonempty subset / of R
is called a (right)left hyperideal, if (1), (I, +) is a subhypergroup of (R, +) and (2),(R-I S I)(R-I)C 1. A
hyperideal I is a both left and right hyperideal. Let (R, +g, -r) be a hyperring, { be an equivalence relation on
R and § = {¢(r) | r € R}. Define hyperoperations o and e as follows: {(a) o p(b) = {¢(c) | ¢ € ¢(a) +r ¢ (D)}
and ¢(a)e ¢ (b) = {¢(c) | c € ¢(a)-g ¢(D)}. In[?] it was proved that (%, o, ) is aring if and only if p is strongly
regular. Let U/ denote the set of all finite sum of finite products of elements of R. It is defined a relation as y on
Rbyay b<= Juecl:{a,b} Cu. Then y*is asmallest equivalence relation on R such that (%, o,e)isa
ring (is called fundamental ring) and so y* is called a fundamental relation on R.

Theorem 2.1 [I] Let (R, +,0, -) be a ring and |R| > 2. Then there exist binary hyperoperations +' and -' on
R, such that (R, +',0, ) is a general hyperring, where x +' y = {x, y,x + y}and x ' y = {x - y, 0}.

In the following we construct a class of general hyperrings on the cyclic group Z,,, for every n € N.

Theorem 2.2 [1] Let n € N be an even integer. Then there exist binary hyperoperations @ and ", such that
(Zn, ®, ©) is a general hyperring, suchthatx®y = X+zy = {x + y,x + y +a}, xOy = X-zy = {Xy, xy +a},
wherea #0,X,y € Z,.

Letm € Nand R = (Zy, @, ©) be the general hyperring as in Theorem 2.2. Define forallx € R, Ix = {x}, mx =
TEX®..TO% T =X and¥" =T OX O...% O x(notice that mX(X¥"") and mx (x™) necessarily are not
— —_—

m—times m—times
equal sets). So, the following theorem follows.
Theorem 2.3 [I] Let p =2 and 2 < n € N. Then in the general hyperring (Zpn, ®, ©) :

(i) if2a =0, then for all k € N, we have ka = {0, a};

(ii) if2a = O, then for all k € N, we have a* = {0, @}

Theorem 2.4 [1] Let p # 2 be a prime number. Then there exist binary hyperoperations +p and -, such that
(Zp,+p, -p) is a general hyperring.

3 Absorbing elements in general hyperrings

In this section, we introduced the concepts of (4)-absorbing elements, (-)-absorbing elements and absorbing
elements of general hyperrings. Also the concept of annihilator and kernel are defined and investigated some
conditions for hyperideal of these concepts.

Definition 3.1 Let (R, +, -) be a general hyperring. We say that

(i) 0 € Ris a (+)-absorbing element of R, if forallr € R,r € (0+r) N (r 4+ 0);
(ii) 0 € Ris a (-)-absorbing element of R, if forallr € R,0€ (r-0NO0-7r);
(i) 0 € R is an absorbing element of R, if it is both (+)-absorbing element and (-)-absorbing element of R.

From now on, we consider the set of all (+)-absorbing elements of R by O}, all (-)-absorbing elements of R by

O} and absorbing elements of general hyperring R by Og. Itis clear that O = (’);ﬁ N Ok.
In the following, we present some examples such that show necessarily, general hyperrings have not absorbing
element.

Example 3.2 (i) Let R = {a, b, ¢, d}. Then (R, +, -) is a commutative general hyperring as follows:

+labc d lab cd
alaalia,b,c} R ala b d c
b\bd{a,c} {a,b} and b|ba R {b,d}.
clccf{a,b} R clc b ¢ R
d|lddR {a, b, c} dld {a,b} R R

Clearly O = Oy, = 0.
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(ii) Let R = {a, b, c}. Then (R, +, -) is a commutative general hyperring as follows:

—l—‘abc ~‘abc
alaaR ala a a
blob R blabb
clccR clabb

Clearly OF =0, O = {a} and so Og = 0.
(iii) Let R ={a, b, c,d, e}. Then (R, +, -) is a commutative general hyperring as follows:

—I—‘abcd e ~‘abcde
alabcd e aleeee e
b|lbcea d bleeeee

and .
clcedb a cleeeee
dldabl{d,e}c dleeecee
eledac b eleeceee

Clearly O} = {a}, O = {e} and so O = ¥.
(iv) Let R = {a, b, c}. Then (R, +, ) is a general hyperring as follows:

+lab c “labc
alab c d ala b c
bbb  fe,a) ™ blabc
clc{c,a}l b clabc

Clearly OF = {a}, O = ¥ and so Og = 0.
(v) Let R ={a, b, c,d, e}. Then (R, +, -) is a (+)-commutative general hyperring as follows:

+la b c d e |ab c de
alab c d e alb a a aa
bl|bc d {a,e} b d bla{b,c} {d,c}de
cled Hfa,elb ¢ M clald,e){d,c)de
dl|d{a,e} b c d dla b c de
eleb c d {a, e} elae e ee

Clearly O = {a}, Oy = {} and so O = 0.
Definition 3.3 Let R be a general hyperring, 0 € Og and f be a homomorphism on R. Define

Kerg(f) ={0)U{r e R| f(r) € U where 0 € U},
and Ker(f) = ﬂ Kery f. Clearly Kero(f) ={0}U{r € R |f(r) € y*(0)}.
OEOR
In the following, present some general hyperring R in such a way that, |Og| > 1.
Example 3.4 Consider the hyperring (Z4, +, -) by the following hyperoperations:
| 0 1 2 3
0 {0, 1} (0.2} {0,3)

0 1 2 3

10} {0, 1y {0.2} {03} 0 1{0. 1} {01} {0, 1} {0, 1}
0,1}y {1}y {1,2y {1,3} ., 1/{0,1} {0,1} {0,1} ({1,0}
0,2} (1,2} {2} {2,3} 2]{0,1} {0,1} {0,1} {0,1}
3,00 (1,3} (2,3} {3} 3| {1,0} {1,0} {0, 1} {0, 1}

SIS R
—— i ——

Then O = {0, 1}. Clearly any one to one map f : R — R, that f(0) = 1 and f(1) = 0 is a homomorphism
and so Ker(f) = Kerg(f) = Or = Kerg(f). In a similar way, any one to one map g : R — R, that
g(0) = 0and g(1) = 1is a homomorphism and so Ker(g) = Kerg(g) = Or = Kery(g). If define a map i by
h ={(0,2), (1,3), (2,0), (3, D}, then Kerg(h) = {0, 2,3}, Kery(h) = {1, 2,3} and so Ker(h) = {2, 3}.

Theorem 3.5 Let (R, +, -) be a general hyperring, 0 € Og and f be a homomorphism on R. Then
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124 M. Hamidi et al.

(i) Kero(f)NOr #V;
(ii) Kero(f) is a subhypergroup of R;
@@ii) if |y*(0)| = 1, then Kero(f) is a hyperideal of R.

Proof (i) Itis obvious.

(ii) Since 0 € Kerg(f), we get that Kerg(f) # 0. Let x € Kerg(f). Forall z € x + Kerg(f), there exists
vy € Kery(f) such that z € x + y. Hence there exist 0 € U/, 0 € U, such that f(x) € U and f(y) € U,
thus f(z) € f(x)+ f(y) CU+U =U", where 0 € U" . Ttfollows that K erg(f)+ Kero(f) = Kero(f).

(iii) Letr € Rand x € Kery(f). Then forallz € r - x, we have f(¢t) € f(r)- f(x). Since f(x) € y*(0) and
by hypotheses y*(0) = {0}, we get that f(¢) € f(r)-0.It follows that f(¢) € y*(0),and sot € Kery(f).
Thus for all » € R and x € Kerg(f), we have that (r - x) U (x - ) € Kerg(f), as desired.

O

Example 3.6 Consider the hyperring (Z4, +, -) by the following hyperoperations:

+] 0 I 2 3 | 0 1 2 3
0| {0y {01} {0,2} {0,3) 0 {0} {0,1,2} {0,1,2} {0,1,2}
1,1 {1y (1,2} (1,3} , 1/{0,1,2} n {0,1,2} {1,0,2}
2 [{0,2} {1,2} {2} {2,3) 211{0,1,2} {0,1,2} 2} {0,1,2}
3 | (3,0 3V (2,3} {3) 3 |{1,0,2} ({1,0,2} {0,1,2} (3}

Then Og = {0, 1, 2}. Clearly any one-to-one map f : R — R, that f(0) = X, f(1) = yand f(2) =Zisa
homomorphism, where X, y,z € Og. So, Kerg(f) = Kerj(f) = Ker;(f) = R, and Ker(f) = R. 3.5(iii),
is not true.

Corollary 3.7 Let (R, +, -) be a general hyperring, 0 € Og and f be a homomorphism on R. If |y*(0)| = 1,
then Ker(f) is a hyperideal of R.

Definition 3.8 Let (R, +, -) be a general hyperring. Forany 0 € Og, define Anng(R) = {r € R|y*(r-aNa-r) =
y*(0) for all a € R}, Ann(R) = ﬂ Anng(R) and will call it by annihilator of R.
OGOR

Theorem 3.9 Let (R, +, ) be a general hyperring and 0 € Og. Then Anny(R) is a hyperideal of R.

Proof Since 0 € Og, foralla € R, we getthat 0 € (0-a) N (a -0), and so 0 € Anng(R) # @. Suppose
x € Anno(R). Then for all z € x 4+ Anng(R), there exists y € Anng(R), such that z € x + y. It follows that for
alla € R,t €a-xNx-aands € a-yNy-a.Thenitobtain that y*(r) = y*(s) = y*(0). Now foreveryu € a-z,
there exist’ € a-x, 1" € a-y, suchthatu € ¢ +1”.This implies that y*(u) = y*(") + y* (") = y*(0). Hence
x+Anng(R) € Anng(R).Since 0 € Anng(R), Anng(R) + Anng(R) C Anng(R).Letr € Rand x € Anng(R)
be arbitrary. Then for all

a € R and forallm € r - x, we have

yim-a) =y*(r)y*(x)y*(a) = y*(0).

Then r - x € Anng(R) and it conclude that ( - x) U (x - r) € Anng(R). |

4 Intersection graph in general hyperring

In this section, we introduce the concept of intersection graph based on nontrivial hyperideals of general hyperring
and investigated the properties of these concepts with respect to (+)-absorbing elements, (-)-absorbing elements
and absorbing elements of any general hyperring.

Definition 4.1 Let R be a general hyperring. The intersection graph of Z(R) is the undirected simple graph
(without loops and multiple edges) whose vertices are in a one-to-one correspondence with all nontrivial hyper-
ideals of R and two distinct vertices are joined by an edge if and only if the corresponding hyperideals of R have
intersection(if Or # ¢, then this intersection must be non-absorbing element). We will denote an intersection
graph of Z(R) by G(R) = (Z(R), E).
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Fig. 1 Intersection complete graph Z(R)

I I I,

Fig. 2 Intersection graph Z(R)

In the following, we present some examples for clarifying the definition of intersection graph of general hyper-
rings.

Example 4.2 (i) Let R = {a, b, ¢, d}. Then (R, +, -) is a general hyperring as follows:

+la b c d
alab c d

b |b {a, b} {c,b} {d,a} and
c |c {c,b} ¢ {c,d}
d\|d {a,d} {c,d} {c,d}

Clearly O; =0y = Og = {a} and Z(R) = {{a}, I ={a,c},J ={a,c,d}, K ={a,c,b}, R}, where {a} and
R are trivial hyperideals of R. So we obtain the intersection graph G(R) = (Z(R), E) in Fig. 1.
(ii) Let R ={a, b, ¢, d}. Then (R, +, -) is a general hyperring as follows:

+‘a b c d

ala {a,b} {a,c} {a,d}

b |{a,b} b {e,b} {d,b} and
c |{a,c, b} {c,b} {c,b} {c,d,b}
d|{a,d,b} {b,d} {c,d, b} {b,d}

Clearly OF = R, O} = {b} and so O = {b}. Also
Z(R) = {I = (b}, , = {a. b}, I3 = {b, ¢}, Is = {d, b}, Is = {a, c, b},
Is ={a,d, b}, I; = {c.d, b}, Iy = R},

where {b} and R are trivial hyperideals of R. So we obtain the intersection graph G(R) = (Z(R), E) in Fig. 2.
(iii) Let R = {a, b, ¢, d}. Then (R, +, -) is a general hyperring as follows:

+la b c d

alab c d

b |b {b,a} {b,c} {d, b} and
c |c {c, b} {c,a} {c,d}
d\|d {b,d} {c,d} {a,d}
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Iy Ig

I Iy I3
Fig. 3 Intersection Eulerian graph Z(R)

I 4 I, 6

I Iy I3

Fig. 4 Intersection Eulerian graph Z(R)

Clearly O} = R, O} = {a} and so O = {a}. Also
I(R) ={I ={a.b}. h ={a,c}, I3 = {a,d}, Is = {a, b, c}, Is = {a, d, c},
Is = {a,d,b}, I; = {a}, Is = R},

where {a} and R are trivial hyperideals of R. So we obtain the intersection graph G(R) = (Z(R), E) in Fig. 3.
(iv) Let R ={a, b, c,d, e}. Then (R, +, -) is a commutative general hyperring as follows:

+|a b c d e - |a b c d e

ala {a, b} {a, c} {d, a} {a, e} al{a, b} {a, b} {a, b} {a, b} {a, b}
b|{a,b} b {b,c} {d, b} {b, e} d b|{a, b} {a, b} {a, b} {a, b} {a, b}
¢ lfa,cl (boey ¢ {d.c} fee} T clia. b} {a, b} {a. b} {a, b} {a. b}
d|{d,a} {d,b} {d,c} d {d, e} dl{a, b} {a, b} {a, b} {a, b} {a, b}
e |{a, e} {b,e} {c,e} {d,e} e e|{a, b} {a, b} {a, b} {a, b} {a, b}

Clearly OF = R, O} = {a, b} and so Og = {a, b}. Also
I(R) = {I] = {a7 b’ C}’ 12 = {a7 b? d}7 13 = {a7 b’ e}’ I4 = {a7 b? d’ c}’
Is={a,e,b,c}, Is ={a,b,d, e}, I; ={a, b}, Is = R},

where {a, b} and R are trivial hyperideals of R. So we obtain the intersection graph G(R) = (Z(R), E) in Fig. 4.
(v) Let R = {a, b, c,d, e}. Then (R, +, ) is a commutative general hyperring as follows:

+‘a b c d e -‘abcde
ala {a, b} {a, c} {d, a} {a, e} albabab
b |{a,b} b {b,c} {d, b} {b, e} d blababa
cla,e) hyeya  {d,e) {c,ed Y clbabab
d|{d,a} {d,b} {d,c} b {d, e} dlababa
e |{a, e} {b,e} {c,e} {d, e} a elbabab

Clearly 0% = {a, b}, Ok =¥ and so Og = @. Also
I(R) = {Il = {a7 b’ C’ d}? ]2 = {a! b? e? c}? 13 = {a7 b’ d7 e}?
Iy={a,b.c}.Is={a.b.d},Is ={a.b, e}, Iy = {a, b}, Iy = R},
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L
I7 ‘% -[2
I3
Is
I5 Y
4
Fig. 5 Intersection complete graph K7
L
I7 % -[2
I3
Is
I5 Y
4

Fig. 6 Intersection complete graph K7

where R is only trivial hyperideals of R. So we obtain the intersection graph G(R) = (Z(R), E) in Fig. 5.
(vi)Let R ={a, b, c,d, e}. Then (R, +, -) is a commutative general hyperring as follows:

+‘a b c d e ~‘abcde
al|b {a, b} {a,c} {d,a} {a, e} albbbbb
b |{a,b} a {a,c} {d,a} {a, e} d blbbbbb
cla, e} thyeya  {d,e) {e,et " clbbbb b
d\|{d,a} {d,b}{d,c}b {d, e} dibbbbb
e ({a,e} {b,e} {c,e} {d,e} b elbbbbb

Clearly O,Jg =0, 0% = {b} and so Og = 9. Also
I(R) = {Il = {a7 b}1 12 = {a7 b? C? d}? 13 = {a7 b, e’ C}’ 14 = {a? b? d1 e}9
Is={a,b,c}, Ic ={a,b,d}, Iy ={a,b,e}, I3 = R},

where R is only trivial hyperideal of R. So we obtain the intersection graph G(R) = (Z(R), E) in Fig. 6.

4.1 Intersection graphs on G(Z,, @, ®) and G(Z,, +',.))

In this subsection, we investigate the intersection graphs of general hyperrings G(Z,,, ®, ©®) and G(Z,, +',.)
based results of [1]. We prove that intersection graphs of general hyperring G (Z,, @, ©®) are isomorphic to null
graph or complete graph and can obtain connected graphs, complete graphs, Eulerian graph and Hamiltonian
graphs.

Theorem 4.3 [1] Let p be an odd prime. Then T((Z,, +,, .p) = {{6}, Lp}.

Let R = (Z,, @, ©) be the general hyperring in Theorem 2.2 and X € R. Define (x) = U kXx. The next result

keN
immediately follows.

Theorem 4.4 [1]Let2 <n € Nbe even,a € R andx € R. If2a = 0, then
(i) (x) € I(Zy, @, O);
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i) (0) = @); _

(iii) ifx # a and gcd(x, a) = d, we have (x) = (d);

@(iv) I € Z(Zy, ®, ©) if and only if there exists X € R, such that [ = (X);

Theorem 4.5 [1]Let2 <n € Nanda € R. If2a = 0, then

(i) |Z(Zn, ®, ©)| = |Div(a)| + 1;

(i) ifforanyx € R, x | a, thena € (X).
k

Corollary 4.6 [1] Let2 = py, p2, ..., px be primes, k, a1, a3, ...,0r € Nandn = Hp?i. Then
i=1

T(Zy, ®, 0) = {6}U{(p;lp;2...p;j) |0<ti <1 —1, andforall j #1,0<t; <a;}).

Theorem 4.7 Letn € N be an even. Then G(Z,,, ®, ©) = (L(Zy), E) is a disconnected graph if and only if for
some distinct primes p, g we have n = pq.

Proof Letn = pq, where p, g are distinct primes. Since n is an even, we get that2 € {p, ¢}. By Theorem 4.4, for

any I € Z(Zy, ®, ©), there exists x € Z, insuchaway that I = (x).If p = 2,thenZ(Z,,, ®, ©) = {(_), (q), Zy}.
k

Hence G(Z,, @, ©) is a disconnected graph. Conversely, let n = l_[ pf‘i , where 2 = py, pa, ..., pi are primes

i=1
k
and k, a1, a2, ...,0p € NIf I, J € Z(Z,, ®, ®), then for a = (p‘f”_l)(l_[ p?i) there exists x, y € Div(a)

i=2
such that / = (x), J = (y) and applying Theorem 4.5(ii), we have I N J # @. Since G(Z,, P, ©) is a
disconnected graph, we must have k = 2 and so o1 = ap = 1. O

Theorem 4.8 Letn € Nbe aneven, I, J € Z(Z,, ®, ©), E). Then I N J = (lem(d, d")), where I = (3), J =
(d'yand d,d" € Div(n/2).

Proof Letx € INJ. ThenX € (d), x € (d'),sod | x and d’ | x. It follows that lem(d,d’) | x and so
X € (Iem(d, d")). In a similar way, one can see that (Icm(d,d’)) C 1N J. O

Theorem 4.9 Letn = p™ be an even, where p is a prime. Thenm > 3 if and only if G (Zy, @, ©) = (Z(Z,), E)
is a complete graph.

Proof Letn = p™ and m > 3, where p is a prime. If m = 2 by Theorem 4.7, G(Z,, ®, ®) is a disconnect
graph. By Theorem 4.4, for any I € Z(Zy, ®, ©), there exists x € Zj, in such a way that / = (x) and applying

Corollary 4.6, m > 3 imply that Z(Z,, ®, ©) = {0, (p), (p?), ..., (p"~1), Zs}). Because for all i, j € N,

ged(p', p/) = 2, by Theorem 4.5, we get that (p!) N{p/) # ¥. Hence G(Z,, ®, ©) is a complete graph. O
k

Corollary 4.10 Letn = 1_[ p;x", where p1 = 2, pa, ..., pr are distinct primes and o, ..., € N. If k > 3,

i=1
then

k
(i) G(Zy,, ®, ®) = K;, wheret = |Div(p‘f'7] Hp?i)| —1.
i=2

(i) diam G(Zn, ®, ©) = 1.

Letm € Nand R = (Zy, +/, ') be the general hyperring in Theorem 2.1. For all X € R, 1x = {X}, mx =
X+ X E Y =¥ =33 ..¥ Xand (x) = | k¥(notice that mX(x") and mx (x™), are
—_—
m—times m—times keN

not necessarily equal to sets). So we have the following theorem.
Theorem 4.11 [I/] Letn,d € Nandx,y € R. Then

(i) (x) € Z(Zn, +',);
(i) (0) = {0}
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(iii) (%) = (3) if and only if ged(x, n) = ged(y, n) = d.
Theorem 4.12 [1] Let n € N. Then

(i) 1Z(Zn, +', | = |Div(n)|.
(ii) foranyx,y € R, (x) N (y) = (lem(x, y)).

Corollary 4.13 /1] Letn € N. Then Z(Z,,, +', ") = {(d) | d € Div(n)}.
Theorem 4.14 Let n € N. Then G(Z,,+',.)) = (Z(Zy), E) is a disconnected graph if and only if for some

distinct primes p, q, we have n = pq.
(d) in

Proof Let n = pq, where p, g are distinct primes. By Corollary 4.13, if I € Z(Z,, +', ), then I
= nd so

such a way that d € Div(n). Because gcd(p,q) = 1, by Theorem4.12(ii), (p) () = Pq 0a

k

I(Zn,+,.) = {0, (P), (@), Zy,}. Hence G(Z,,+',.) is a disconnected graph. Conversely, let n = Hp:.y",
i=1

k
where py, pa2, ..., pr are primes and k, ay, a2, ..., ar € N.If I, J € T(Z,,+',.), then for n = l_[p?" there

i=1
exist x, y € Div(n) such that I = (x) and J = (y) and applying Theorem 4.12(ii), we have I N J # (. Since
G(Zy,+',.) is a disconnected graph, we must have k = 2 and so o] = ap = 1. O

Theorem 4.15 Letn,d,d' € NandI,J € T(Zy, +',.), E). ThenINJ = Z(Z)\{O} ifand onlyiflcm(d, d’) <
n, where I = (d) and J = (d’).

Proof By Theorem4.12, because I = (d) and J = (d"), we getthat INJ # @ifandonlyiflcm(d, d) € Div(n).
Solem(d, d") = n implies that {({cm(d, d’)) = 0. O

Theorem 4.16 Let n = p™, where p is a prime. Then G(Z,,, +',.") = (Z(Zy), E) is a complete graph if and
only ifand m > 3.

Proof By Theorem 4.12, if m > 3, then for all i < j, we have lem(p', p/) = p/ € Div(n) and so for all
I,J € Z(Z,) we getthat I N J = Z, \ {0}. If m < 2, then Div(n) = {1, p, pz}, so Z(Zy) = N which is a null
graph. O

Corollary 4.17 Let n = p™, where p is a prime. Then diam(G(Z,, +',.")) = 1.

k
Theorem 4.18 Letn = 1_[ pi, where p;i(1 <i < k) are distinct primes and k > 3. Then
i=1

i) |V((Zn, +, ) =2k =2.
k(k+7
(ii) |E((Zn . 1)) = k2t — KEFTD
(iii) G(Zy,+', ") is an Eulerian graph.

k
Proof (i) Let n = l_[ pi, where p;(1 < i < k) are distinct primes and k > 3. Since whose vertices
i=1
of intersection graph (Z,, +', ")) are all nontrivial hyperideals of general hyperring (Z,, +', ")), by

k
Theorem 4.12, we get that |V((Zn, +, -’)) = |div(1_[ pi)l—2= 2k 2,
i=1
k
(ii) Letn = 1_[ pi, where p; (1 <i < k) are distinct primes and k > 3. Since n have not a square divisor, we
i=1

get that (D(n), |, 1, n) is a Boolean algebra. Thus for all x € D(n) there is a unique element y € D(n) in
such a way that gcd(x, y) = 1 and Icm(x, y) = n. Hence by Theorem 4.15 and item (i), forall 1 <i <k,
every nontrivial hyperideal (p;) have 28 — 2 — 2 = 2K — 4 choices for connection with to other nontrivial
hyperideals of general hyperring (Z,, +',."). In a similar way, for all 1 < i # j < k, every nontrivial
hyperideal (p; p;) have 2K — 4 — 2 = 2K — 6 choices for connection with to other nontrivial hyperideals
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of general hyperring (Z,, +',.”). By induction on k, for any 1 < n < k and any nontrivial hyperideal 7

in (Zy,, +,.") consider d, the number of choices of nontrivial hyperideals of (Z,,, +, .”) to the hyperideal

I, we get that a recurrence relation by d,, 11 — d, = —2", where d| = 2k _ 4. By solving the recurrence

relation d,4+1 — d, = —2", we have d,, = 2k _2n _ 2 Tt follows that for all 1 < iy,io, ..., i, <k,
n

deg((l_[ pij)) = 2k — 2" — 2. Now for the following obtained sequence of nontrivial hyperideals by
j=1

(p1).(P2)s -« (pk), (P1P2), (P1P3)s - - (P1PK) (P1P2P3), -, (P2DP3 - - - PK)
we have the following sequence of degree of vertices of intersection graph by

kg 2k —52%_6,...,2F—4—(k-2),2—4— (k— 1), respectively.
So

k—1
k(k+7
E((Zno 4, ) = Y @5 —d— i) = k2" - kk+7
: 2
=0
(iii) By the item (i), degree of any vertices of intersection graph is an even number, so G(Z,, +’, ") is an

Eulerian graph.
O

Theorem 4.19 Letn = p‘fl pgz, where py, pa are distinct primes and o1, o2 € N. Then

@) \V((Zn, +, ) = (@1 4+ D2 + 1) = 2;
(ii) 2|E((Zn, +, /))| =t(ujon + oy + oy — 1) = 2aq100, where t = (o] + 1) (ap + 1) — 3.
(iit) G(Zy,+', ") is an Eulerian graph if, ay, ay are even.
Proof (i) Itis obvious by Theorem 4.12. '
(ii) LetO = ii'<a;r—1,0<j,j <oy 1./andIl ={0<ii'<a;—1,0<j,j <oy — 1] (?lipé) N
(Pl p)) # 0). Because lem(p p), pi p3) # n. by Theorean 4.15, we have (pip}) N (pi'p)) # 0,
71| = 1oy — 1 and by item (i), deg((p} p})) = deg((p} p})) = 1. where t = (@1 + D)(en + 1) — 3.
Suppose that Z, = {0 <1 < ay | (p{' p3) N (P} pé) # ¥}. Using Theorem 4.15, (p}' p3) N (p! ph) # Bif
and only if [ # «,s0 25| = anddeg((p‘flpé)) =t—o«j.Inasimilarway, 73 = {0 <i < a1 —1,0 <
J<e—1.0<m<en [ {pip$?) 0 (p}pd) # 0), implies that |T3| = a1 and deg((p} p5*) = 1 — cta.
Thus |E| = (t(ozlaz —D+oax(t —oy) +a(t— az))/2.
(iit) G(Zy,,+', ") is an Eulerian graph if and only if ¢, t — ], t — a are even if and only if ay, ay are even.
O
k
Corollary 4.20 Letn = 1_[ p?", where p1, pa, ..., pk are distinct primes and a1, o2, . .., o, € N. Then
i=1
k
@) IV(Zn, +, D) = (] JCi + D) =2

i=1
k

k
(ii) 21E((Zn. 4. )| < [((]‘[(a,-+1))—3)(—1+ )3 l‘[a;f)}.
i=1 jielo,1}i=1
(iit) G(Zy,+', ") is an Eulerian graph if and only if, for all 1 <i <k, a; be an even number.

Open Problem 4.21 In Corollary 4.20, we found a upper bound for |E|. Now we have a question, |E| =?

3
Example 4.22 Letn = l_[ pf”, where p1, p2, p3 are distinct primes and o1, a2, @3 € N. Then

i=1

@) [V((Zn, +, )| = (@1 + D@2 + Dz + 1) = 2.
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(ii) 21E((Zn, +', )| = t(a1c203 +a10n +ajaz + a3z +az+ar +ay — 1) — 6 janas — 2000 — 2003 —
2ara3, where t = (o) + (g + 1) (a3 + 1) — 3.
(iii) G(Zy,~+',) is an Eulerian graph if, for all 1 <i < 3, &; be an even number.

Theorem 4.23 Let R = (Zy, ®, ©) and R’ = (Zy,, +', ") be the finite general hyperrings. Then Z(R) = Z(R')
if and only if n = m = p* be an even.

5 Conclusion

The current paper has defined and considered the notion of graphs based on hyperideals of general hyperrings.
This study try to consider the graphs based on finite general hyperrings and investigate some graphs based on
infinite general hyperrings. Also the associated intersection graphs of finite general hyperrings are introduced and
classified based on connected graphs, unconnected graphs, complete graphs, Eulerian and Hamiltonian graphs.

‘We hope that these results are helpful for further studies in intersection graphs via algebra structure and hyper-
structures. In our future studies, we hope to obtain more results regarding intersection graph based on multirings,
general multirings, fundamental relation on hyperrings, fuzzy intersection graph and their applications.
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