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Abstract In the present study, numerical solutions of the regularized long-wave (RLW) equation which is
commonly taken as an alternative equation for describing shallow water wave are sought. For this purpose,
Crank-Nicolson scheme is used for time discretization. Rubin and Graves type linearization technique is used
to deal with nonlinear terms. Space discretization is carried out via differential quadrature method. In order to
see the accuracy of the hybrid method, three well-known test problems are taken into consideration. To observe
the contribution to the literature, present results obtained by using the same parameters with earlier works are
compared to each other. Numerical illustrations are given in detail. Rates of the convergence are also calculated
and reported.

Keywords Finite difference method · Differential quadrature method · RLW equation · Convergence · B-splines

Mathematics Subject Classification 65D32 · 74J35 · 65D07 · 65M06 · 65M12

1 Introduction

The KdV equation [30] which is the starting-point for mathematical studies of long-wave phenomena is given
by

Ut + Ux + εUUx + μUxxx = 0. (1)

Regularized long-wave equation (RLW) is firstly introduced by Peregrine [38] to describe the development of
undular bore and Benjamin, Bona and Mahony [8] developed the mathematical theory of the RLW equation and
suggested an alternative equation to Korteweg-de Vries equation as

Ut + Ux + εUUx − μUxxt = 0. (2)

The RLW equation or in other words Benjamin-Bona-Mahony(BBM) equation is a significant model for nonlinear
dispersive water waves. The RLW equation has also been used in many fields of applied mathematics and
theoretical physics [16]. RLW equation is solved analytically by several scientists. For example, Wazwaz [47]
studied analytic solution of RLW equation by using sine-cosine method, Lou [33] obtained travelling wave
solutions by using the method of planar dynamical systems, Soliman [45] used modified extended tanh-function
method to obtain exact solutions of the RLW equation, Nuruddeen et.al. [36] used modified extended tanh
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134 A. Başhan

expansion method to obtain solitary wave solutions, Feng et.al. [18] used direct method to obtain exact solutions
of the RLW equation, Roshid et.al. [40] used modified simple equation method for solitary wave solutions of the
RLW equation.

Many researchers implemented numerical methods such as, finite difference method [24,28,31], collocation
method [10,11,26,27,39,42], Galerkin method [15,17,19,20,22,34,35,48], homotopy perturbation method [25],
parametric quintic splines method [32], least squares method [12,21], differential quadrature method [13,29],
Fourier pseudospectral method [44], variational iteration method [23], Adomian decomposition method [14].

If obtaining analytical solutions is hard or impossible, numerical methods are beneficial tools for solutions.
For this aim, various numerical methods are suggested for numerical solutions of nonlinear differential equations.
One of the most important numerical methods namely differential quadrature method (DQM) was introduced by
Bellman et al. [7] in 1972. Many base functions are used to develop the DQM in the past decades [1–6,43,46].

To improve numerical solutions, a hybrid method based on DQM and finite difference method is proposed.
Rubin and Graves type linearizing technique [41] is used to vanish nonlinear terms. The remaining sections are
organized as follows: In section 2, main methodology of the DQM is given. Discretization of the RLW equation
is given in section 3. In section 4, numerical applications and results are given. Finally, a discussion related to
the numerical results and comparisons with earlier works are given.

2 DQM based on quintic B-spline

DQM tries to find derivative value of the smooth base function on grid points by linear summation of the same
functional values. Main aim of the method is to use real value of the derivative of the function converting the partial
differential equation into the ordinary differential equation. Finally, by using suitable time integration technique,
the needed functional values are calculated. The uniform grid distribution a = x1 < x2 < · · · < xN = b of a
domain [a, b] is chosen where h = xm − xm−1 for all m. DQM formulae is given as follows

d f

dx
|xi =

N∑

j=1

w
(r)
i j f

(
x j
)
, i = 1, 2, ..., N , (3)

where w
(r)
i j represent the weighting coefficients of the r -th order derivative approximation [43].

Quintic B-spline function is used in Eq.(3) and

f
′
m (xi ) =

N∑

j=1

w
(1)
i j fm

(
x j
)

for i = 1, 2, ..., N ; m = 1, 2, ..., N . (4)

is obtained. For the first grid point x1, we get from the Eq.(4)

f
′
m (x1) =

N∑

j=1

w
(1)
1 j fm

(
x j
)

for m = 1, 2, ..., N (5)

and by substituting the value of quintic basis functions in Eq.(5)

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

37 82 21
8 33 18 1
1 26 66 26 1

. . .
. . .

. . .
. . .

. . .

1 26 66 26 1
1 18 33 8

21 82 37

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w
(1)
1,−1

w
(1)
1,0

w
(1)
1,1

...

w
(1)
1,N+1

w
(1)
1,N+2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−109/2h
−29/h

0
50/h
5/h

0
...

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)
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A novel outlook to the an alternative equation... 135

matrix system is obtained. By the same process, we obtain matrix systems at the xi , (2 ≤ i ≤ N − 1) grid points,
respectively,

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

37 82 21
8 33 18 1
1 26 66 26 1

. . .
. . .

. . .
. . .

. . .

1 26 66 26 1
1 18 33 8

21 82 37

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w
(1)
i,−1

...

w
(1)
i,i−3

w
(1)
i,i−2

w
(1)
i,i−1

w
(1)
i,i

w
(1)
i,i+1

w
(1)
i,i+2

w
(1)
i,i+3

...

w
(1)
i,N+2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
...

0
−5/h
−50/h

0
50/h
5/h

0
...

0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(7)

matrix system is obtained. Lastly, for the grid point xN

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

37 82 21
8 33 18 1
1 26 66 26 1

. . .
. . .

. . .
. . .

. . .

1 26 66 26 1
1 18 33 8

21 82 37

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w
(1)
N ,−1

w
(1)
N ,0

...

w
(1)
N ,N

w
(1)
N ,N+1

w
(1)
N ,N+2

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0
...

0
−5/h
−50/h

0
29/h

109/2h

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(8)

matrix system is obtained. So, weighting coefficients of the first-order w
(1)
i, j are determined from the solution of

(6), (7) and (8) equation systems. The Second order weighting coefficients are obtained in the same manner.

3 Discretization of the main equation

The first step of the discretization of the equation (2) is to apply the Crank-Nicolson approximation [9]

U n+1 − U n

�t
+ U n+1

x + U n
x

2
+ ε

(UUx )
n+1 + (UUx )

n

2
− μ

U n+1
xx − U n

xx

�t
= 0. (9)

Eq. (9) is arranged as below,

2U n+1 + �t
[
U n+1

x + ε (UUx )
n+1

]
− 2μU n+1

xx = 2U n − �t
[
U n

x + ε (UUx )
n]− 2μU n

xx . (10)

To obtain linear equation system we need to linearize the nonlinear terms. Rubin and Graves type linearization
process [41] is applied to Eq. (10).

(UUx )
n+1 =

(
U n+1U n

x + U nU n+1
x − U nU n

x

)
, (11)

(UUx )
n = U nU n

x . (12)

Accordingly, we have obtained

2U n+1 + �t[U n+1
x + ε

(
U nU n+1

x + U n
x U n+1

)
] − 2μU n+1

xx

= 2U n − �tU n
x − 2μU n

xx . (13)
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To simplify Eq. (13), we have used some notations given as follows

An
i =

N∑

j=1

w
(1)
i j U n

j = U n
xi

, Bn
i =

N∑

j=1

w
(2)
i j U n

j = U n
xxi

, (14)

where An
i is the first-order derivative approach of U function at the n-th time level on grid points xi and Bn

i is
the second-order derivative approach of U function at the n-th time level on grid points xi . We have used those
notations (14) in Eq. (13) and found

2U n+1
i + �t[

N∑

j=1

w
(1)
i j U n+1

j + ε

⎛

⎝U n
i

N∑

j=1

w
(1)
i j U n+1

j + An
i U n+1

i

⎞

⎠] − 2μ

N∑

j=1

w
(2)
i j U n+1

j = pn
i (15)

where

pn
i = 2U n

i − �t An
i − 2μBn

i , for i = 1(1)N .

Then we have reorganized Eq. (15) for each grid point as follows,
[
2 + �t

(
w

(1)
i i + ε

(
U n

i w
(1)
i i + An

i

))
− 2w

(2)
i i

]
U n+1

i

+
⎡

⎣
N∑

j=1,i �= j

[�t
(
w

(1)
i j + εU n

i w
(1)
i j

)
− 2μw

(2)
i j ]U n+1

j

⎤

⎦ = pn
i . (16)

The matrix form of the equation system (16) has been given as below

⎡

⎢⎢⎢⎢⎢⎢⎣

K1,1 K1,2 · · · K1,N
K2,1 K2,2 · · · K2,N

...
...

. . .
...

KN−1,1 KN−1,2 · · · KN−1,N
KN ,1 KN ,2 · · · KN ,N

⎤

⎥⎥⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

U n+1
1

U n+1
2
...

U n+1
N−1

U n+1
N

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡

⎢⎢⎢⎢⎢⎢⎣

pn
1

pn
2
...

pn
N−1
pn

N

⎤

⎥⎥⎥⎥⎥⎥⎦
(17)

Lastly, the system of Equations (17) are arranged by using the boundary conditions. To get the square solvable
matrix, the first and last equations are eliminated. So,

⎡

⎢⎢⎢⎢⎣

K2,2 K2,3 · · · K2,N−1
K3,2 K3,3 · · · K3,N−1

...
...

. . .
...

KN−1,2 KN−1,3 · · · KN−1,N−1

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎢⎢⎣

U n+1
2

U n+1
3
...

U n+1
N−1

⎤

⎥⎥⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎢⎢⎣

pn
2 − K2,1U n+1

1 − K2,N U n+1
N

pn
3 − K3,1U n+1

1 − K3,N U n+1
N

...

pn
N−1 − KN−1,1U n+1

1 − KN−1,N U n+1
N

⎤

⎥⎥⎥⎥⎥⎦
(18)

solvable matrix system is obtained. The equation system (18) is solved by using Gauss elimination method.

4 Test problems and results

To check the accuracy of the present method the error norms L2 and L∞ are calculated, respectively:

L2 =
√√√√h

N∑

J=1

∣∣u j − U j
∣∣2, L∞ = max

j

∣∣u j − U j
∣∣ (19)

Besides those error norms, the three invariants are going to be calculated numerically with the formulae given
by Olver [37]

I1 =
∫ b

a
Udx, I2 =

∫ b

a

[
U 2+μ (Ux )

2
]

dx, I3 =
∫ b

a

[
U 3 + 3U 2

]
dx . (20)
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A novel outlook to the an alternative equation... 137

Table 1 A.1. Peak positions and amplitudes: -40≤ x ≤ 60, �t = 0.1

C = 0.1 C = 0.03

t Peak Position (x) Amplitude (U) Peak Position (x) Amplitude (U)

0 0.00 0.30000 0.00 0.09000
5 5.47 0.29999 5.00 0.08999
10 10.94 0.29997 10.00 0.08994
15 16.56 0.29996 15.00 0.08987
20 22.03 0.29997 21.00 0.08989

Zaki [48] introduced analytical value formulae of the three invariants as

I1 = 6C

k
, I2 = 12C2

k
+ 48kμC2

5
, I3 = 36C2 (4C + 5)

5k
. (21)

The rate of convergence is calculated by formulae given as below

ROC � ln (Error (N2) /Error (N1))

ln (N1/N2)
.

4.1 A. Behaviour of the single solitary wave

The exact solution of the RLW equation is given below

U (x, t) = 3C sec h2 (kx − kvt − kx0) , (22)

where

v = 1 + εC , k = 0.5

[
εC

μv

]1/2

.

The velocity of the single solitary wave is denoted by v, the amplitude of the wave is denoted by 3C and the
width of the wave is denoted by k. The initial location of the wave is x0. The initial condition is derived from
exact solution (22) of the form

U (x, 0) = 3C sec h2 (kx − kx0) . (23)

The boundary conditions of Eq.(2) are the U → 0 as x → ±∞. To be able to extend survey, we solved RLW
equation for various values of the amplitude and solution domain.

A.1. Firstly, ε = 1, μ = 1, C = 0.1 and x0 = 0 are chosen over the solution domain −40 ≤ x ≤ 60
to compare with earlier studies existing in the literature. The motion of the single solitary wave is observed
to up to the time t = 20. The shape, speed and amplitude of the wave are preserved during the travelling to
the right. The peak position and the amplitude of the wave is given in Table 1. The numerical illustration of
the single solitary wave is given in Figure 1 with time increment �t = 0.1 and N = 641. The difference
between the exact and numerical results are plotted and added to the Figure 1. The error norms L2 and L∞
and the three invariants are calculated numerically and compared with those of 26 different applications that are
obtained with finite difference method [20,24,28,31], collocation method [10,11,26,27,39,42], Galerkin method
[15,17,19,20,34,35], Bubnov-Galerkin method [48], least-square method [12,21] and differential quadrature
method [29] in Table 2. It is clear to see from Table 2 that by using the same time increment �t = 0.1 and number
of grid points N = 641 the present error norms L2 and L∞ are 2.0259 × 10−4 and 7.679 × 10−5, respectively
at the end of the simulation t = 20. The present error norms L2 and L∞ are superior to those given results. The
analytic values of three invariants are calculated with formulae given by Zaki [48] as I1 = 3.9799497484265,

I2 = 0.810462494225, I3 = 2.5790074369804, respectively. The present numerical invariants are in good
agreement with analytic values. The rate of the convergence and error norms for space are calculated and reported
in Table 3. As it is seen in Table 3 that maximum error norm increased a little for grid numbers increasing from
61 to 81 and 101. This situation is seen in negative sign at the rate of the convergence.
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138 A. Başhan

Fig. 1 A.1. Simulation of single solitary wave and maximum error at time t = 20

Table 2 A.1. L2 and L∞ error norms and invariants: C = 0.1, −40≤ x ≤ 60, �t = 0.1

Method N t L2 × 103 L∞ × 103 I1 I2 I3

Present 641 0 – – 3.97993 0.81046 2.57901
5 0.05331 0.01902 3.97992 0.81046 2.57899

10 0.10622 0.04063 3.97993 0.81047 2.57902
15 0.15617 0.06188 3.97993 0.81047 2.57902
20 0.20259 0.07679 3.97989 0.81047 2.57902

FDM [31] 1001 20 0.55 0.21 3.97997 0.810459 2.57901
FDM [24] (�t = 0.2) 501 20 2.198 0.844 3.979942 0.810462 2.579006
Coll. [10] 1001 20 – 0.308 3.9798834 0.8104625 2.5790075
Coll. [26] 801 20 0.301 0.114 3.97996 0.810276 2.57839
Coll. [27] MQ 800 20 0.206910 0.078027 3.9798831 0.81046248 2.5790074
Coll. [27] IMQ 800 20 0.206912 0.078027 3.9798725 0.81046248 2.5790074
Coll. [27] IQ 800 20 0.206913 0.078027 3.9798824 0.81046248 2.5790074
Coll. [27] GA 800 20 0.206911 0.078027 3.9798831 0.81046248 2.5790074
Coll. [27] TPS 800 20 0.207147 0.078152 3.9798826 0.81046247 2.5790073
Coll. [42] QBCM1 801 20 0.215192 0.082951 3.9798798 0.8104625 2.5790075
Coll. [42] QBCM2 801 20 0.356672 0.129682 3.9798843 0.8104625 2.5790074
Coll. [42] QBCM3 801 20 0.215192 0.082951 3.9798798 0.8104625 2.5790075
Coll. [39] 1001 20 0.532235 0.227227 3.978035 0.8097240 2.576573
Coll. [11] 801 20 0.30 0.116 3.979883 0.81027618 2.57839258
Galerkin [17] 801 20 0.219 0.086 3.97988 0.810465 2.57901
Galerkin [34] 501 20 1.7569 0.68432 3.9800 0.8104 2.5792
Galerkin [35] 801 20 0.266856 0.091465 3.97972 0.81026 2.57873
Galerkin [19] 1001 20 0.217 0.084 3.97989 0.810462 2.57901
Galerkin [15] 801 20 0.511 0.198 3.98206 0.811164 2.58133
Galerkin [20] 1001 20 0.220 0.086 3.97989 0.810467 2.57902
FDM [20,28] 1001 20 196.1 67.35 4.41219 0.897342 2.85361
Bub-Gal. [48] 801 20 0.71913 0.25398 3.97989 0.80925 2.57501
L-S [21] 801 20 4.688 1.755 3.98203 0.808650 2.57302
L-S [12] 801 20 2.157 – 3.990464 0.823457 2.673990
DQM [29] M. I (�t = 0.01) 401 20 0.27 0.07 3.9799 0.8104 2.5790
DQM [29] M. II (�t = 0.01) 401 20 0.26 0.07 3.9799 0.8104 2.5790

Table 3 A.1. Rates of convergence and error norms at t=20: C=0.03, -40≤ x ≤ 60, �t = 0.1

N L2 × 103 ROC L∞ × 103 ROC

21 1.55265 – 0.42129 –
41 0.72618 1.13582 0.22373 0.94594
61 0.66313 0.22860 0.22064 0.03500
81 0.63678 0.14298 0.22530 -0.07370
101 0.62655 0.07339 0.22643 -0.02267
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A novel outlook to the an alternative equation... 139

Fig. 2 A.2. Simulation of single solitary wave and maximum error at time t = 20

Table 4 A.2. L2 and L∞ error norms and invariants: C = 0.03, −40 ≤ x ≤ 60, �t = 0.1.

Method N t L2 × 103 L∞ × 103 I1 I2 I3

Present 101 0 – – 2.10723 0.12730 0.38880
5 0.52144 0.26266 2.10689 0.12730 0.38880

10 0.60585 0.24873 2.10646 0.12730 0.38880
15 0.61423 0.23523 2.10583 0.12730 0.38880
20 0.62655 0.22643 2.10426 0.12730 0.38880

FDM [31] 1001 20 0.638 0.233 2.109 0.127302 0.388807
FDM [24] (�t = 0.2) 1001 20 0.642 0.233 2.109491 0.127303 0.388807
Galerkin [22] 801 20 – 0.4315 2.1045885 0.1273012 0.3888023
FDM [20,28] 1001 20 14.45 3.996 2.333 0.140815 0.430052
Bub-Gal. [48] 2000 20 0.70663 0.70663 2.10238 0.12691 0.38759

A.2. Secondly, the same parameters with those in Application A.1. are chosen except the value of C which
is taken as C = 0.03. The numerical results for smaller amplitude 3C = 0.09 are obtained with time increments
�t = 0.1 and N = 101. The numerical illustration of the single solitary wave is given in Figure 2. The difference
between the exact and numerical results is plotted and added to the Figure 2. The error norms L2 and L∞ are
computed at the end of the simulation t = 20 as 6.2655 × 10−4 and 2.2643 × 10−4, respectively. The peak
position and the amplitude of the wave are given in Table 1. The error norms are reported in details at Table 4.
The earlier results are added to the Table 4 for clear comparison. The present error norms are superior to those
given results. Besides those, the three invariants I1, I2 and I3 are calculated by using the same time increment for
time up to t = 20. The analytic values of the three invariants are calculated with formulae given by Zaki [48] as
I1 = 2.1094074997496, I2 = 0.1273017186257, I3 = 0.3888059903539, respectively. The present numerical
invariants are in good agreement with analytic values.

A.3. Thirdly, the same parameters with those in Application A.2. are chosen except the solution domain
as −80 ≤ x ≤ 120. The numerical results are obtained with time increments �t = 0.1 and N = 741. The
numerical illustration of the single solitary wave is given in Figure 3. The difference between the exact and
numerical results are plotted and added to the Figure 3. The error norms L2 and L∞ are computed at the end of
the simulation t = 20 as 1.300 × 10−5 and 3.84 × 10−6, respectively. The error norms are reported in details at
Table 5. The earlier results are added to the Table 5 for clear comparison. The present error norms are superior of
the given results. Besides those, the three invariants I1, I2 and I3 are calculated by using the same time increment
up to the time t = 20. The analytic values of the three invariants are calculated with formulae given by Zaki
[48] as I1 = 2.1094074997496, I2 = 0.1273017186257, I3 = 0.3888059903539, respectively. The present
numerical invariants are in good agreement with analytic values.

4.2 B. Interaction of two solitary waves

The initial condition of the interaction of the two solitary waves as follows,

U (x, 0) = 3C1 sec h2 (k1x − k1x1) + 3C2 sec h2 (k2x − k2x2) , (24)
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140 A. Başhan

Fig. 3 A.3. Simulation of single solitary wave and maximum error at time t = 20

Table 5 A.3. L2 and L∞ error norms and invariants: C=0.03, -80≤ x ≤ 120, �t = 0.1

Method N t L2 × 103 L∞ × 103 I1 I2 I3

Present 741 0 – – 2.10940 0.12730 0.38881
5 0.00348 0.00105 2.10940 0.12730 0.38880

10 0.00691 0.00208 2.10940 0.12730 0.38881
15 0.00999 0.00316 2.10940 0.12730 0.38881
20 0.01300 0.00384 2.10940 0.12730 0.38881

FDM [31] 801 20 0.054606 0.016471 – – –
Galerkin [15] 801 20 0.106 0.041 – – –
Bub-Gal. [48] 800 20 0.03097 0.00936 2.10972 0.12723 0.28887
Bub-Gal. [48] 1000 20 0.05222 0.01326 2.10970 0.12734 0.38892
Bub-Gal. [48] 2000 20 0.02746 0.01193 2.10938 0.12730 0.38879
Bub-Gal. [48] 4000 20 0.56067 0.13688 2.10600 0.12690 0.38750
L-S [21] 801 20 0.255 0.095 – – –
Cos-DQM [13] 34 20 0.662 0.221 2.10941 0.12730 0.38881

where

C j = 4k2
j

1 − 4k2
j

, j = 1, 2.

The constant parameters are chosen as ε = 1, μ = 1, k1 = 0.4, k2 = 0.3, x1 = 15, x2 = 35, over the
solution domain 0 ≤ x ≤ 120 to be able to compare with earlier applications. Two solitary waves have different
amplitudes and initial locations for one can see the interaction clearly and they are moving to the right at the
same time. Simulations are run up to time t = 30.

The simulation of the two solitary waves are illustrated with �t = 0.1, N = 351 and given in Figure 4. The
interaction steps are observed clearly from the Figure 4. The greater wave catched the smaller one at time close
to t = 5 and interaction begins at the same time. The separation is completed at time close to t = 20. In the end
of the simulation, the location of the two waves are changed but the shape and amplitudes are preserved. This
situation is also observed at three invariants. The peak position and the amplitude of the two waves are given in
Table 6. The three invariants are compared with those obtained by Galerkin method [22] in Table 7. The same
parameters are used to see the difference with Galerkin method [22]. One can see that the three invariants are
preserved their initial values during the simulation.

4.3 C. Interaction of three solitary waves

For the numerical solution of the three solitary waves the initial condition is used as

U (x, 0) = 3C1 sec h2 (k1x − k1x1) + 3C2 sec h2 (k2x − k2x2) + 3C3 sec h2 (k3x − k3x3) , (25)
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Fig. 4 B. Simulation of the two solitary waves: �t = 0.1,N = 401
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Table 6 B. Peak positions and amplitudes: k1=0.4, k2=0.3, �t = 0.1, N = 351

t Peak Position(x) Amplitude (U1) Peak Position(x) Amplitude (U2)

0 15.09 5.32711 34.97 1.68738
5 28.80 5.32637 42.86 1.68768
10 42.51 5.16826 50.40 1.79036
15 59.31 4.49461 - -
20 73.03 5.29875 62.40 1.68806
25 86.74 5.32296 69.94 1.67702
30 100.80 5.31917 77.83 1.68219

Table 7 B. The invariants for two solitary waves: k1 =0.4, k2 =0.3, �t = 0.1

Present N = 351 Galerkin [22] N = 401

t I1 I2 I3 I1 I2 I3

0 37.91653 120.52320 744.08120 37.916502 120.522247 744.081209
5 37.91663 120.52100 744.05840 37.861378 119.772286 737.819263
10 37.91655 120.46420 743.46020 37.810403 119.129874 732.319072
15 37.91655 120.31850 741.90680 37.790851 119.012803 730.931470
20 37.91652 120.50880 743.93230 37.752779 118.312087 725.698903
25 37.91653 120.52260 744.07420 37.701304 117.600957 719.868731
30 37.91653 120.52300 744.07930 37.650120 116.909863 714.174760

Table 8 C. Peak positions and amplitudes: C1=0.6, C2=0.3, C3=0.15

t Peak Position(x) Amplitude(U1) Peak Position(x) Amplitude(U2) Peak Position(x) Amplitude(U3)

0 15.00 1.80024 35.00 0.90025 60.00 0.45002
50 101.00 1.44470 93.00 1.15910 117.00 0.45134
100 184.00 1.74726 157.00 0.76968 169.00 0.52590
150 264.00 1.76999 230.00 0.81592 217.00 0.48572
200 344.00 1.76663 295.00 0.89365 275.00 0.44997

where

k j =
(

C j

4μ
(
1 + C j

)
)1/2

, j = 1, 2, 3. (26)

The constant parameters are chosen as ε = 1, μ = 1, C1 = 0.6, C2 = 0.3, C3 = 0.15, x1 = 15, x2 = 35,

x3 = 60 over the solution domain 0 ≤ x ≤ 360 to be able to compare with earlier applications. The peak position
and the amplitude of the three waves are given in Table 8. Three solitary waves have different amplitudes and
initial locations in order that one can see the interaction clearly and they are moving to the right at the same
time. Simulations are run up to time t = 200. Interaction steps are plotted with details by using �t = 0.1 and
N = 361, in Figure 5. The interaction steps are observed clearly from the Figure 5. The greater solitary wave and
also faster one is firstly catched the medium wave at time close to t = 50. At time close to t = 75 interaction of
the greater and smaller wave is observed. At time close to t = 150, the medium wave begins to pass the smaller
one and separation is completed at time close to t = 200. In the end of the simulation, the location of the three
waves are changed but the shape and amplitudes are preserved. This situation is also observed at three invariants.
The three invariants are compared with those of finite difference method [24] in Table 9. The same parameters
are used to see the difference with finite difference method [24]. One can see that the three invariants preserved
their initial values during the simulation.

5 Conclusion

In this work, an effective approach is implemented to obtain numerical solutions of the RLW equation. Main
aim of this work is to improve the numerical results via the aid of the finite difference method and differential
quadrature method. An efficient linearizing technique namely Rubin-Graves type is used to deal with the nonlinear
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Fig. 5 C. Interaction of three solitary waves: C1=0.6, C2 =0.3, C3=0.15
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Table 9 C. The nvariants for three solitary waves: C1 =0.6, C2 =0.3, C3 =0.15

�t = 0.1, N = 361 �t = 0.25, N = 701

Present Gal. [24]

t I1 I2 I3 I1 I2 I3

0 24.23465 21.42944 84.50471 24.234123 21.428863 84.504718
25 24.23449 21.42826 84.49690 24.237740 21.428939 84.442842
50 24.23457 21.42374 84.46642 24.237753 21.426899 84.265979
75 24.23439 21.42341 84.46552 24.237876 21.429242 84.265328
100 24.23458 21.42811 84.49674 24.237920 21.430516 84.427213
125 24.23463 21.42875 84.50101 24.237378 21.430104 84.455941
150 24.23459 21.42906 84.50266 24.237405 21.428956 84.462757
175 24.23457 21.42933 84.50409 24.237574 21.427739 84.468773
200 24.23379 21.42945 84.50471 24.133487 21.425923 84.455704

terms. Three test problems are solved successfully. The two error norms and the three invariants are calculated
and compared with many earlier applications. The rates of the convergence are calculated and reported. The
presented results considerably improved numerical solution of the RLW equation. The present hybrid method
would be useful for the other scientific areas.
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