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Abstract Motivated by the work of Panina and her coauthors on cyclopermutohedron we study a poset whose
elements correspond to equivalence classes of partitions of the set {1, ..., n + 1} up to cyclic permutations and
orientation reversion. This poset is the face poset of a regular CW complex which we call bi-cyclopermutohedron
and denote it by QP,,, ;. The complex QP,, | contains subcomplexes homeomorphic to moduli space of certain
planar polygons with n 4 1 sides up to isometries. In this article we find an optimal discrete Morse function on
QP,, and use it to compute its homology with Z as well as Z, coefficients.

Keywords Moduli space of planar polygons - Discrete Morse theory - Homology - Permutohedron - Poset of
ordered partitions
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1 Introduction

A planar mechanical linkage is a mechanism consisting of n+ 1 metal bars of fixed lengths /1, . . ., [, +1 connected
by revolving joints, that can rotate full 360°, forming a closed polygonal chain. These linkages are modelled by
closed piece-wise linear paths in R? called planar polygons with specified side lengths.

Definition 1.1 Consider a length vector £ := (I1,l2,...,[,41) € RTI that prescribes side lengths of planar
(n + 1)-gons. The moduli space of such polygons viewed up to orientation-preserving isometries of R is:

n+1

My = {(ul,...,un_H) c (Sl)"+1 1> biui = 0} /SO2).

i=1
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160 P. Deshpande et al.

The moduli space of (n + 1)-gons viewed up to the action of all isometries is:

n+1

M=, ungr) € (SYTY L = 01/0(2).
i=1

Geometrically, the elements of .#; represent closed piecewise linear paths that differ either by a rotation
or a translation (or both). Similarly, the elements of ./, represent closed piecewise linear paths that differ in
addition by a reflection.

A length vector £ is generic if no configuration in .#; fits in a straight line. Let [n + 1] := {1, ..., n + 1}.
A subset I C [n + 1] is short with respect to £ (or just £-short) if

dhi< .

iel jel

It is known (see [2]) that when £ is generic, the corresponding moduli space .#; is a smooth, closed and
orientable (n — 2)-manifold. In rest of this paper we deal only with generic length vectors.

Recall that a linearly ordered partition of [n 4 1] in to k blocks is a k-tuple (I, ..., I;) of nonempty subsets
of [n + 1] such that they are mutually disjoint and their union is [n 4 1]. The set of all these ordered partitions
forms a lattice under the refinement order.

Definition 1.2 A cyclically ordered partition of the set [z + 1] is an equivalence class of linearly ordered
partitions of [n 4 1] with the relation that two ordered partitions are equivalent if one can be obtained from the
other by a cyclic permutation of its blocks.

For example, (11, ..., Ix), (I2, ..., I, I1) and (I, I1, ..., Ix—1) etc. are equivalent.

Remark 1.3 When dealing with cyclically ordered partitions, we will choose the representative in which the
block containing n 4 1 appears last when written linearly.

In [5], Panina gave a regular CW structure on .#/; such that the k-cells correspond to cyclically ordered
partitions of [n 4 1] into (k 4 3) blocks, where each block of the partition is £-short. The boundary relations are
given by the partition refinement.

Motivated by above, a CW complex called cyclopermutohedron and denoted CP, 1| was introduced by G.
Panina in [6]. It is an (n — 2)-dimensional regular CW complex whose k-cells are labeled by cyclically ordered
partitions of [ + 1] into (n + 1 — k) non-empty parts, where (n + 1 — k) > 2. The boundary relations in the
complex correspond to the orientation preserving refinement of partitions.

The cyclopermutohedron is a "universal object" for moduli spaces of polygonal linkages i.e., given a generic
length vector ¢, the complex CP,, contains a subcomplex homeomorphic to .#;. An interesting question now
is what is the homotopy type of CP,,1? Is it homotopy equivalent to a wedge of spheres? In [4], using discrete
Morse theory, the authors showed that H; (CP,,41) are torsion free for i > 0 and computed their Betti numbers.
We recall their result:

Theorem 1.4 ([4, Theorem 2]) The homology groups of CP, 1 are torsion free and

2" + —2”_%”_2, i=n-—2;
rank (H; (CPn41)) = { (7). 0<i<n-—2;
0, otherwise.

The moduli space .#; admits a free Z; action, wherein each polygon is mapped to its reflection about the
X-axis. The quotient under this action is precisely .#¢. The space CP,;; mimicking this action also admits a
free Z, action. The quotient space CP),41/Z, will be called bi-cyclopermutohedron and denoted by QP,, . ;. This
quotient is the universal object for the moduli spaces .# in the same sense as described above.

The aim of this paper is to compute homology of QP, ;. The statements of our main results are:

Theorem 1.5 The Z,-homology groups of QP,, | are given as follows:
P 7, 0<i<n-2

Hi(QP, 41, Z2) = { &n,i)
0, otherwise.
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Theorem 1.6 The Z-homology groups of QP,, | are given as follows:
If n is even, then

@Zz, ifiisoddand 0 <i <n —2;

&(n.i)

H;(QP,.1,7Z) = @Z, ifiisevenand 0 <i <n — 2;
()
0, otherwise.

If nis odd, then

@Z, ifi=n—2;

@Zz, ifiisoddand 0 <i <n —2;
H;(QP, 11, 7Z) = { &n.i)
@Z, ifiisevenand 0 <i <n — 2;

0, otherwise.

In both the above theorems & (n, i) denotes the partial sum Y ;_, (Z) of binomial coefficients.

The article is organized as follows. Section 2 lists the relevant results from discrete Morse theory. We mainly
recall the construction of the Morse complex and a generic formula for the boundary homomorphisms. Next, in
Sect. 3 we introduce the cyclopermutohedron; it is a regular CW complex. The new result here is a closed form
formula for the degree of the attaching homeomorphisms in terms of the underlying combinatorics. In Sect. 4
we recall the discrete Morse function on this complex first described in [4]. We also give a different proof of the
fact that this Morse function is optimal, i.e., all boundary homomorphisms vanish in the Morse complex. This
is necessary because the strategy we employ in the reproof (and the degree formula) are used in the subsequent
work. Next in Sect. 5 we introduce the new object bi-cyclopermutohedron (denoted QP,, ) and define a discrete
Morse function on it. Using involved combinatorial arguments we show that the number of paths between any
two critical cells is either zero or two. Consequently we can compute the homology with Z; coeffecients, see
Theorem 5.13. In Sect. 6 we turn our attention to the integral homology of QP, ;. The boundary maps in the
Morse complex do not vanish. As a result the computations are quite intricate. However using the combinatorial
formula for the degree of the attaching maps, a clear description of the gradient paths and the good path lemma
(Lemma 4.5) we explictly compute the boundary homomorphisms. In Theorem 6.7 we compute the integral
homology of QP,,, | and also show that there is only 2-torsion.

2 Discrete Morse theory

In this section we quickly recall some results from discrete Morse theory that we need, see [3] for more details.
Recall that the homeomorphism type of a regular CW complex is completely determined by its face poset. Hence,
for two cells 0, T by T < 0 we mean t C . Moreover, the superscript notation t” denotes the dimension of the
cell.

Definition 2.1 A discrete vector field V on a regular CW complex K is a collection of pairs (77, oP+1) where
7 < o such that each cell is in at most one pair of V.

Definition 2.2 Given a discrete vector field V on /C, a V-path is a sequence of cells

p _p+l p _p+l _p
T, 0] e T 50 T

such that, for each i € [¢], ti+1 # T, (7i, 0;) isapairin V and o; > t;41. A path is called closed if 1] = T141.

Definition 2.3 A discrete vector field is called a discrete Morse function if there are no closed V-paths. In this
case, V-paths are called gradient paths.
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For 17 < oP*!in K, the incidence number [o : t] is the degree of the attaching homeomorphism.

Consider two distinct p-cells 71, 7o and a (p + 1)-cell o such that t; <o and 1 < 0.

Fixed orientations on 7] and o, induce an orientation on 75 so that [o : 71]-[0 : To] = —1. Let V be a discrete
Morse function on K and let C := 71,01, ..., 7, 07, Ty4+1 be a gradient path. An orientation on 77 induces an
orientation on each t; in turn, and, in particular, on t;41.

Define w(C) = 1 if the fixed orientation on 7| induces the fixed orientation on 7,4, and w(C) = —1
otherwise.

A cell 7 is critical for a discrete Morse function V/, if it is not paired in V. Let M, denote the free abelian
group generated by the critical p-cells. The Morse complex M, on K is defined as follows,

Ma:0—> =5 My =5 My -5 5 My — 0

the boundary homomorphism is given by

doPt = %" (3o, 1) 7, (1)
(3o, T) = Z[U:f] Z w(c), )
P <o cel(,1)

where, I'(7, T) denotes the set of all gradient paths from 7 to 7.

3 The cyclopermutohedron

An important problem in topological combinatorics is to compute topological invariants of combinatorially
defined complexes. For example, given a poset one would like to know whether its geometric realization is a
PL-manifold, what is its homotopy type or what are the homology groups? Interestingly, for a lot of posets their
geometric realizations are homotopy equivalent to a wedge of spheres. Cohen-Macaulay property in general and
Shellability in particular are extensively studied topics in this area. See for example [7].

For instance, consider the poset of unordered partitions of [n]. Its geometric realization has the homotopy
type of wedge of spheres. On the other hand geometric realization of the poset of ordered partitions of [n] is
the permutohedron 93,,. Recall that ‘13, is an (n — 1)-dimensional convex polytope in R” formed by taking the
convex hull of all points that are obtained by permuting the coordinates of the point (1,2, ..., n).

A natural question now is what would happen if one were to replace the linear ordering by the cyclic ordering?
What is the homotopy type of the resulting poset? To the best of our knowledge the poset of cyclically ordered
partitions first appeared in the work of Panina. She constructed a CW complex, called the cyclopermutohedron
and denoted CP,,1, whose face poset is isomorphic to the poset of cyclically ordered partitions. She showed
that it can not be realized as a polytope in any Euclidean space. However, it can be realized as a virtual polytope
(see [5,6]). Intuitively, a virtual polytope is a formal difference of two polytopes. However, the reader will see
that each closed cell is combinatorially equivalent to the product of permutohedra of appropriate dimension.

With her coauthors, Panina also computed the homology groups of CP,,4 in [4]. This was done by finding an
optimal discrete Morse function and then computing the number of critical cells. In the remaining of this section
we recall some relevant results proved in [4] and provide different proof of vanishing of boundary maps in the
Morse complex. In particular, we find a closed form formula for the degree of the attaching homeomorphisms.
We use it to establish “the good path lemma", both these results are crucial for theorems proved in subsequent
sections.

Definition 3.1 The regular CW complex cyclopermutohedron CP,,; is defined as:

e Fork =0,1,...,n — 2, the k-cells of CP, are labeled by (all possible) cyclically ordered partitions of
the set [n 4 1] into (n — k + 1) non-empty parts.

e A (closed) cell F contains a cell F' " whenever the label of F' refines the label of F. Here, by refinement we
mean orientation preserving refinement.

Figure 1 depicts the complex for n = 3.
Throughout this paper we adopt following conventions and notations when dealing with ordered partitions.
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Fig. 1 The Complex CP4

(1) A cyclically ordered partition is represented by linear partition in which the block containing n + 1 appears
last.

(2) A subset of [n + 1] containing the element n 4+ 1 will be called an (n + 1)-set. Given a partition of [n + 1],
the letter N denotes the (n + 1)-set.

(3) The triangle V denotes a (possibly empty) string of singletons arranged in decreasing order.

(4) Given two subsets I and J, the expression “/ < J” indicates thati < j foreachi € [ and j € J. Similarly,
the expression “k < V” indicates that & is less than the element in each singleton of V.

(5) The set “I — {m}” is denoted “I — m” and the braces for the singleton will be omitted i.e., the block “{s}”

is denoted by “s”.
(6) The set “{ay, az, ..., ar}” will be denoted “ajay . ..ax” when there is no ambiguity.

3.1 A formula for the incidence numbers

The aim of this section is obtain a combinatorial formula describing the degree of an attaching homeomorphism
in a cyclopermutohedron. Note that the vertices of CP,; are in bijection with the elements of the group
S,. Two vertices are joined by an edge whenever their labels differ by a transposition. Given a vertex v in
o = (I, I, ..., Ij), there are dim(«) many vertices of « that are connected to v by an edge. We call such
vertices neighbors of v and order them as follows. The first neighbor of v is obtained by interchanging the first
two entries of v that belong to the same block, the second neighbor is obtained by interchanging the second two
entries of v that belong to the same block and so on. This ordering is called an orientation of the cell with respect
to vertex v.

Definition 3.2 The principal vertex, denoted PV (), of a cell « is the vertex with the label (11, I, . .., I;), where
I; is a partition of the set /; into singletons coming in increasing order. The orientation of the cell « related to
its principal vertex PV («) is called the canonical orientation of «.

Example 3.3 Forthecella = ({1}{2, 4, 5}{3}{6, 7, 8}), the principal vertex PV («) is given by ({1}{2}{4}{5}{3}{6}
{7}{8}) and the «-neighbors of PV(«) are ordered as follows:
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v =(1,4,2,5,3,6,7,8),v2=(1,2,5,4,3,6,7,8),v3 = (1,2,4,5,3,7, 6, 8) etc.
From the description of the vertices of CP,, 1, the following result is an easy observation.

Proposition 3.4 The free and transitive action of the symmetric group S, 41 on the vertices of CP,.| preserves
the canonical ordering.

Example 3.5 Here is an example that illustrates the above Proposition. Let ¢ = (12345, 6,7) € CP7, and let
w = (24) € §7.

vo=1(1,2,3,4,5,6,7)— (1,4,3,2,5,6,7)

v=(@2,1,3,4,56,)— (4,1,3,2,5,6,7)

v =1(1,3,2,4,56"7+ (1,3,4,2,5,6,7)

v3=(1,2,4,3,5,6,7)— (1,2,3,4,5,6,7)

ve=1(1,2,3,5,4,6,7)— (1,4,3,5,2,6,7)

Given a pair of cells 77~! < ¢ in CP,,41, let v, and v, denote the principal vertices of & and 7 respectively.
Let (v1, ..., vp) be the ordering on neighbors of v, in 0. Since v, and v, also represent elements of S, there
exists a permutation g4 ; € S, such that g, v, = v;. Moreover, there is exactly one index i € {1,2,3,..., p}
such that g, - v;, is not adjacent to v; in 7.

Let A, be the free abelian group with basis the m-cells 0} of CP,,4.1. We define the boundary homomorphism
8m : A — A,_1 by specifying its values on the basis elements. Denote by (9,,0, T) the coefficient of 7! in
0,0 and define it as:

(90, T) = sign(go,c) - (=D

The remainder of the section is devoted to prove that the above integer is indeed the degree of the homeomorphism
that attaches the cell t to the boundary of .

Lemma 3.6 Leto = (1, I,...,Ix) andt = (I, ..., J1, J2, ..., Iy) be two cells with some 1 < p < k such
that I, = J1 U Jp. Foreveryi € {1,2, ..., k}, denote |I;| = r;. Then

~1
(3o, T) = (_1)Zip=| ri+Jil—(p—1) | sign(ge.<).

Proof Without loss of generality assume PV(o) = PV(r) = (1,2, ...,n 4+ 1) = vg. The neighbors of PV (o)
are ordered as follows:

vw=(,2,....,n4+1)
v=2,1,3,...,n+1)

Vo1 =L 2,...,r,rr—=1,...,n+1)
vy =2, .2+ 1,...,n4+ 1)

Urp 1+ —(p—1—1 = (L2, .o orpmr + UL rp—r + i =1, on+ 1)
Vrp 4l —(p—1) = (L2, oo rp—r + LN+ Lrpoy + il .o on+ D)

From the list, it is clear that the index i; such that v;_ is not a vertex of T is rp—1 + |J1] — (p — 1),
since the interchanging is consistent with only ¢ and not with t. A similar argument works for the case where
PV(r) # (1,2,...,n+ 1). Observe the fact that the missing index corresponding to the cell which

e has same partition structure (i.e., similar block structure) as 7,
e is contained in the boundary of o and
e has same principal vertex as o,
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(11,12, 13)
o =(J1UJ2,J3,J4,J5) = (J1,J20J3,J4,J5)
J1,J2,J3,J4,J5)
Fig. 2 The interval [t, o] in case 1
(I1,12,13)

\
/

o =(J1UJ2,J3,J4,J5,J6) o =(J1,J2,J3UJ4,J5,J6)

/
\

(J1,J2,J3,J4,J5,J¢)

Fig. 3 The interval [z, o] in case 2

is the unique index i; such that g, - v;, is not adjacent to v, in 7. Briefly, a missing index is taken to another
missing index by the permutation gg . O

.. 0, Om—1 .
Theorem 3.7 The composition A, — A1 2 A_a is zero.

Proof Let okt2 = (I, b,....,L,—1-r), k= (J1, -+ Jnt1-k), then it is enough to show that (820, ) =0.1If

7% < 6k*2 then o and T satisfy exactly one of the following relations

() 3i,j,ken+1—kland3dp € [n — 1 — k] such that J; U J; U Jp = I,
(2) 3i,j,s,te[n+1—kland3dp,q € [n — 1 —k]suchthat J; UJ; = Iy and Jx U J; = ;.

Case 1: Without loss of generality assume J; U J, U J3 = Iy, so only /; is involved in the computation of
(820, 7). We can also assume that o has the minimum number of blocks, i.e., s = 3. Thus, o = (I}, I», I3) and
t = (J1, Ja, J3, J4, J5) and we have

80’, (,()1) = sign(gl) . (_1)|11|+\12\

(

(30, wy) = sign(ga) - (=11l
(dwy, T) = sign(gz) - (=)
(3o, T) = sign(ga) - (= )IilH12I=1

where, g;’s represent the permutation involved in the comparison of principal vertices. Note that there is a unique
permutation which takes PV (o) to PV(7), so g3 o g1 = g4 o g2. This shows that (0%0,7) = 0.

Case 2: Without loss of generality assume that J; U J, = I} and J3U J4 = I, so only I} and I are involved
in the computation of (320, 7). Further assume that o has the minimum number of blocks, i.e., s = 3. Thus,
o = (11, I, ) and T = (J1, J2, J3, Ja, J5, Jg) and we have the following

(30, wy) = sign(gy) - (—1)ilTHal+1/31-1
(80, o) = sign(ga) - (=M1

(dwy, T) = sign(g3) - (=D

(dwy, T) = sign(gy) - (—IilH12l+1/51-2

where, g;’s represent the permutation involved in the comparison of principal vertices.

Note that there is a unique permutation which takes PV (o) to PV(7), so g3 o g1 = g4 o g». This shows that
(020, 7) = 0. O

We can now prove the main result of this section.

Theorem 3.8 Let 171 < o?, then

[0 : 7] = sign(go,c) - (=D 3)
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.

c=(11,1>...1,

/

Fig. 4 Possible boundaries of a 2-cell

t=(I12...J1, 2. i) In...duJa Dy p)

w=I,1r. Ty {rp 1+ 15, Ja. Ly g)

Fig. 5 .
o=011,1z,..1,-})
t=(I,12...J1,J2.d—y) (11,1, ..jl,jz...]n_k)
w:(ll,lz...jl, rp-1 T t+134,J2.0. 1)
Fig. 6 .

i.e., the coefficient of T in the image of o under the boundary homomorphism 3 is precisely the incidence number
o]

Proof We will prove this inequality using induction on the dimension of cells. If dimension of ¢ is 2, then the
boundary complex is exactly one of the following.

By computing the incidence numbers explicitly, Eq. 3 can be proven easily.

Now assume the induction hypothesis that the Eq. 3 is true for all cells of dimension less than or equal to
k.Leto = (I1, ... Iy—p),t = (I, Ir...J1, Jo... L) with J1 U Jp = I}, and |I;| = r;. Without loss of
generality we can assume that the PV(o) = (1,2,3,...,n+ 1).

Step 1: If 7 has the same principal vertex as o, in that case J| = (rp,—1 + 1, rp—1 +2,...,rp_1 + 1) and
h=Fpa+t+1Lrp g +t+2,...,71p).

Let T = (I1, D, ..., J1, o, ..., L) where J| = (rp—1 + L,rp_1 +2,...,7p_1 +1t— 1) and J» =
(rp—1+trp_1+t+1,...,7p).

By induction hypothesis we know [t : w] - [T : @] = 1. Since the square of the boundary map vanishes in
the cellular chain complex, we have [0 : t]-[o : T] = —1.Lety = (1, I} — {1}, I», ..., I,—1). Then fixing the
value of [0 : y] fixes the value for every T whose principal vertex is same as o. we fix this value to be -1.

Step 2: If PV (o) # PV(7) then it is enough to consider the cells where permutation required to take one to
the other is just a transposition.

Thent =1, L, ..., J1, 2, ..., ) where Jy = (rp 1+ Lrp 1 +2,...,rp 1+t + 1D, b =(p_1+
trp1+t42, ). Lett = (I, b, ..., Jy, Jay ooy D) where i = (rp—1+1,7p 142, ..., rp_1+1—1)
and Jo = (rp—i + 1, rp—1 +1+1,...,7p).

By induction hypothesis and step 1, we know the values [0 : 7], [t : w], [T : @] and hence we can compute
the [0 : t] by using the fact the square of the boundary map vanishes in cellular chain complex.

This should be equal to the value defined above in definition because we have already showed 32> = 0. O

Here are some examples that illustrate the proof above:
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Example 3.9 Let o = (1,23,45,6) , B = (1,2, 3,45,6). The neighbors of PV(«) are ordered as follows
vy =(1,3,2,4,5,6),

vy =(1,2,3,5,4,6),

Since PV («a) = PV(B), gu,g = Id. The vertex PV () has only one neighbor whichis (1, 2, 3, 5, 4, 6) and hence
the missing vertex is v;. This shows that (de, ) = —1

Example 3.10 Let a = (1,23,45,6), 1 = (1,2,3,45,6), o = (1,23,4,5,6) and y = (1,2,3,4,5,6).

Observe that y < Bi, 2 and B1, B2 < «. Clearly (do and B1) = —1, (da, B2) = 1 and (381, y) =
—1,(3B2,y) = —1. Thus we have (dc«, B1) - (3B1,y) = 1 and (d«, B2) - (362, y) = —1 showing that
(0%, y) = 0.

4 A discrete Morse function for the cyclopermutahedron

In this section we recall the homology computations of CP,,.1 done in [4]; most results in this section are not new.
However, we give a slightly different proof of vanishing of boundary homomorphisms in the Morse complex of
CP,,+1. The main ingredient is a technical criterion for gradient paths; it describes conditions under which two
paths induce opposite orientations (see Lemma 4.5, the good path lemma).

We begin by recalling the discrete Morse function on CP, that was introduced in [4].
Step 1. We pair together two cells

a=(C..1,I...)andB=(..1UTI...)

ifn4+1¢1.
We proceed for all 2 < k < n, assuming that the k-th step is:
Step k. We pair together two cells

a=(C..k,I..)andB=(...kUI...)
if the following holds:

(1) o and B were not paired at any of the previous steps.
2)n+1¢1.
3) k<.

Example 4.1 Thecell (2,43, 1, 56) is paired with the cell (243, 1, 56) on the second step. The cell (4, 5, 3, 1, 26)
is paired with the cell (45, 3, 1, 26) on the fourth step. The cell (4, 3, 2, 1, 56) is not paired.

Lemma 4.2 ([4, Lemma 4]) The above pairing is a discrete Morse function.

Lemma 4.3 ([4, Lemma 5]) The critical cells of the above defined Morse function are exactly all the cells of the
following two types:
Type 1 Cells labeled by (V, {n + 1, ...}), where V is a string of singletons coming in decreasing order.
Type 2 Cells labeled by (i, I,{n + 1, ...}), wherei < I.

Lemma 4.4 ([4, Lemma 9]) The following three cases describe all the gradient paths between critical cells:

1. Let B = (V/, n+1,...)anda = (V,{n+1,...}) be two cells of type 1. Then there are two gradient
paths from B to iﬁ‘V/ = VU k for some k.

2. Let B = ({i}, {j, k}, {(n+1,...}) and o = ({k}, {j}, {i}, {n + 1, ...}) be cells of type 2 and 1 respectively.
Then there are two gradient paths from B to «.

3. Let p = {i}, {j},{n+1,...Dand o = (V,{n +1,...}) be cell of type 2 and type 1 respectively. Then
there are two gradient paths from B to o iff V consists of three singletons, two of which are {i} and {j}.

Now we present the part which not only gives the different proof of the fact that boundary homomorphisms
in the Morse complex vanish but will also help us in the next section where the boundary homomorphisms are
not zero.

Lemma 4.5 [The good path lemma] Let (11, 12,0) be a triple such that 11 = (X, {k},1,Y) and 1, =
(X, I,{k}, Y) are two (p — 1)-cells in the boundary of the p-cell 0 = (X, {k} U I,Y) in CP,41, where X
and Y are sequences of sets. Then

[o:1] [0:1]=—1. 4)
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Proof Let I ={i1,...,ig}withi; <--- <i, <k <iy41 <--- <5 Then,

vo=PV(o) = (Ax,i1,.... 0, k, ir+lv---»i5’ Ay).
vy, = PV(t1) = (Ax, k. i1, ..., 0, Ay).
vrz - PV(TZ) = (AX7117 -'-’i.S‘akvAY)'

In the above expressions, given any sequence Z of sets, Az denotes the partition of Z into singletons
(such that a sequence of singletons arising from a single set is contiguous and in ascending order). Thus
8oy = (k,ir, ... iy)and go.r, = (K, 05, ..., ir41). Now,if X = A1 Ay ... Ay, then denote by || X || the quantity
Yo (IAill = 1). Then iy, = || X|| + 1 and iz, = || X|| + 5. Now we obtain

[0 : 71] = sign(ge.r,) - (—=1)P 0

=(=1)"- (_1)17+||XH+1
— (_1)P+|\X\|+r+1’

[0 : 1] = sign(ge,r,) - (1P
— (_1)S—r . (_l)p+||X||+S

— (_1)P+|\X\|—r
and the result follows. O

Definition 4.6 Suppose we have a path by, ay, by, ..., as, b;, a;+1, where each triple (a;, aj+1, b;) is as above
for 1 <i < t. We call such a path a good path.

The following lemma follows directly from the proof of Lemma 4.4.

Lemma 4.7 The gradient paths between critical cells in Lemma 4.4 are good paths.

The above results lead to a rather simple proof for the vanishing of boundary maps in the Morse complex,
which clearly mean that the homology groups of CP,, are torsion free and the Betti numbers are exactly equal
to number of critical cells.

Theorem 4.8 ([4, Lemma 7]) The boundary operators of the Morse complex vanish.
Proof From Eq. 2, recall that

(30, 1) = Z(Ba,&) Z w(c)

Gp<o cel(6,1)

Where, ' (0, 7) denote the set of all gradient paths from ¢ to 7.
By Lemma 4.7 the paths between critical cells are good paths. Hence Vo6 < o, Vc € I'(o, ), we have

w~(c) = 1. Let us denote these two paths as C := o, a1, by, ...,a;,b;, tand D = o, a1, B1, ..., %, P, T. Then
(0o, T) = (d0, ar) + (do, a). From the proof of Lemma 4.4, it is easy to verify that (a1, o1, o) also forms a
good pair. Thus, [0 : a1] - [0 : a1] = —1 implying @ = 0. O

Corollary 4.9 ([4, Lemma 6])
The integral homology groups of CP,.1 are torsion free and the Betti numbers are given as follows

o |2 EEE i=n -
L), 0<i<n-—2.

l
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5 The bi-cyclopermutohedron and its mod 2 homology

In this Section we first construct a certain quotient of CP, 4 then define a discrete Morse function on it and use
it to compute the mod-2 homology.
Consider a Z; action on CP,, 1| given by the involution.

r. CPn+1 — CPn+1
Uy, Iy oo D1, B) = (ks -0, Dy I 1),

Essentially the action identifies cyclically ordered partitions that are obtained by cyclically permuting blocks in
either direction. Clearly this action is fixed point free and we have the quotient CP,,4{/Z, which we name the
bi-cyclopermutohedron and denote it by QP,, ;. See Fig. 7 for an example when n = 3.

&)

Definition 5.1 The regular CW complex bi-cyclopermutohedron QP,, , | is defined as:

e Fork =0,1,...,n—2, the k-cells of QP,,, | are labeled by (all possible) bi-cyclically ordered partitions of
the set [n + 1] into (n — k + 1) non-empty parts. B
e A closed cell F contains a cell F/ whenever the label of F’ refines that of F.

Here, by bi-cyclically ordered partitions we mean equivalence classes of partitions of the set {1, ...,n + 1}
up to cyclic permutations and orientation reversion.
Recall that for a generic length vector £ := (I1, 2, ..., l,+1) € R’fl the moduli space of planar polygons

M, admits a natural free Z action; wherein each polygon is mapped to its reflection about the X-axis. The
quotient space .#;/Z,, denoted .# ¢, is the space of polygons viewed up to the action of all isometries. Note that
the involution defined in Equation 5 mimics the above reflection. Moreover the complex QP,, | is the “universal
object” for the moduli space %g in the same sense as CP,, | is for .Z,.

We begin by introducing some notions that are useful when dealing with equivalence classes of bi-cyclically
ordered partitions. The aim is to show how to choose a nice representative for these equivalence classes. These
ideas were originally introduced by Adhikari in his Masters’ thesis [1] written under the supervision of the first
author.

Definition 5.2 Let A = (11, I, ..., I}) be acyclically ordered partition of [z + 1]. Let j be the greatest element
outside the (n + 1)-setand j € I; for | <[ < k. Further, let i be the greatest element outside (n + 1)-set and I;
andi € I, for | <m < k and m # [. Then X is said to be of class (i, j) if m < [ and of class (j, i) otherwise.
The class of A is denoted cl(A).

Definition 5.3 Let A be a cell of class (7, j). A is called an ascending cell if i < j and descending otherwise.

Lemma 5.4 The cells of CP,41 can be partitioned into two classes: one with ascending cells and the other with
descending cells. Involution defined in Equation (5) establishes bijection between these two classes.

{AscendingCells} <— {DescendingCells}

{3}
{1} 0{4}
{2}
{3} {1}
2w 3O
{1} {2}

Fig. 7 The complex QP4
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Therefore, each cell in the quotient complex QP,,, | is an equivalence class containing an ascending cell and
a descending cell (each is the reflection of the other). Let 7 : CP,+; — QP,,, | be the quotient map and for
A € CP, we denote 7 (1) by A. Henceforth, unless otherwise mentioned, for every cell » € QP | we assume
that A, the chosen representative, is ascending.

Definition 5.5 A cell A is said to be of class {i, j} if one of the preimages under the quotient map is of class
(i, j). We denote the class by cl(}).

Now, we define an order on the cells of QP,,, ;.

Definition 5.6 Let A and A/ be two cells of class {i, j} and {i’, j’} respectively. If min{i, j} < min{i’, j'} and
max{i, j} < max{i’, j'}, then A’ is said to be higher than A.

Lemma 5.7 Ifa, f € QP,, | and a is contained in the boundary of B, then & is higher than p.

Proof Let cl(B) = {i, j}and i < j. Since @ is in the boundary of f, each block of @ is a subset of a block of
B. Therefore, the largest element in & outside the (n + 1)-set (say j) has to be greater than or equal to J, i.e.,
J' > j. Similarly, the second largest element outside the (n + 1)-set and the set containing ;" has to be greater
than or equal to i. O

Let us define a discrete Morse function on QP,, ;| inductively.
Step 1: Pairea = (..., 1,1,...)and B = (..., 1UI,...)in CP, if the following conditions hold:

(D n+1¢1.

(2) « is ascending.

(3) cl(a) =cl(p).

Note that, the conditions 2 and 3 together imply that 8 also is an ascending cell.

Step k: Pairae = (..., k,I,...)and B = (..., kU I, ...) if the following conditions hold.

) n+1¢l.
(2) o« and B have not yet been paired.
(3) « is ascending.
) cl(e) =cl(B)
After the (n — 2)™ step, we have-
The final step: If o« and 8 have been paired in CP,, 1, then match @ with 8 in QP,,.| (here & with B represents
the image of « and 8 under the map 7 : CP,4+1 — QP, ).

Lemma 5.8 [f there is a gradient path

Bo.ai, Bi,....ap,
then o), is higher than Bo.
Proof Since we only match the cells in the same class, we have cl(a;) = cl(B;) foreachi € {1,2,..., p—1}.
Moreover, using Lemma 5.7, we get that cl(a ;) > cl(8;-1) foreach j € {1, ..., p}. Thus, the result follows. O

Theorem 5.9 The pairing on QP,, ., as described above is a discrete Morse function.

Proof On the contrary, assume that the matching defined is not acyclic, i.e. there is a path
&, o, @1, i, ..., @

with p > 1 and @g = @. Since & and Bo are matched, they are in the same class, Therefore, using Lemma 5.8,
we get that cl(ap) = cl(,B_o) =cl(ay) =... =cl(ap).

We now “lift” this cycle to CP,4 . Let ag be the ascending cell such that 7 (ag) = ag. Let by the cell with
which ag is paired (in particular, 7 (bg) = ,3_0). Next, suppose a; is ascending with 7(a;) = «;. Note that
cl(ag) = cl(bg) = cl(ay) = (i, j) for some i < j.If ay is not in the boundary of by, then it must be in the
boundary of r(bg) (for otherwise a; would not be in the boundary of bg). But since cl(r(bo)) = (j, i), we have a
cell of class (i, j) in the boundary of a cell of class (j, i), which is impossible. Hence a; is in the boundary of by.
Continuing thus, we obtain a path ag, by, a1, b1, ..., ap with a; and b; ascending for each i (and, in particular,
ap = ap). Thus the cycle in QP lifts to the cycle in CP, 1. The matching on the ascending cells is, however,
a subset of the matching of CP, ;| described in Section 4, and hence the cycle cannot exist. O
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Notation: Let A denote the unique ascending representative of A € QP, +1-

Theorem 5.10 The critical cells of the discrete Morse function on QP,, . are the images under 7 of the cells of
the type (i,[LV,N) with V < i < I.

Proof Assume A = (I, I, ..., Iy) is critical and cl(A)={i, j}.
Claim 1: i € I;.
Proof. Assume, without loss of generality thati € I5.

(1) If |I;] = 1, then by construction /1 < i < I,. Hence, the cell A = (Iy, I», ..., I}) can be matched with
A =1 UIL,...,I) as they have the same class type.

(2) Let |[I1] > 1 and denote the minimum of I} by m. Then the cells A = (I}, I, ..., Iy) and ' = (m, I} —
{m}, I, ..., I}) can be matched as they have the same class type.

Claim 2: 11 = {i}

Proof. Assume on the contrary that |/;| > 1. Denote the minimum of I; be m. Then the cells A and
A = (@m, I — {m}, ..., I}) can be matched.

Claim 3: j € I>.

Proof. Assume without loss of generality that j € I5.

(1) L] =1

(a) If I, < I3, thenthe cell A = ({i}, Iz, ..., Ix) and X' = ({i}, L U I3, ..., I}) can be matched as they have the
same class type.

(b) If Iy # I3, then I3m € I3 such that m < I, The cell A = ({i}, Ib,..., Iy) and ' = ({i}, L, m, I3 —

{m}, ..., I) can be matched as they have the same class type.
(2) Let |I;| > 1 and denote the minimum of I, by m. Then the cells A = ({i}, I, ..., I;) and A/ = ({i}, m, I —
{m}, ..., Ix) can be matched as they have the same class type.

Claim4:i < I.

Proof. If3m € I suchthatm < i thenThenthecellsA = ({i}, I, ..., Ix) and A" = ({i}, m, L—{m}, ..., I})
can be matched as they have the same class type.

A similar argument shows that all other subsets I3, ..., Iy are singletons arranged in decreasing order. O

Proposition 5.11 Let @ = (i,1,V,N) and B = (j, J, V', N'). If there is a path from @ to B then either
NNJ=0@orINnJ =40.

Proof letx e NNJandt € INJ.Clearly x > j >iandt > j > i. Denote the maximum element of / by m
and m > j. Let the path from & to 8 be

_:&Ovﬂ()’(_xl’lgl""v&pyﬁpzﬂ

During the course of the path, x leaves the set N, say at B¢. Then min cl(8¢) > min{x, m} > min{x, t} > j =
min cl(B). This contradicts the fact that the class increases along a gradient path. O

The following theorem about the paths between critical cells is crucial in computing the homology of QP,,, ;.

Theorem 5.12 Leta = (i, I,V, N) and B = (j,J, V', N') be two critical cells. If there is a path from & to p,
then B takes exactly one of the following form.

(1) @IfJ =T1and N' = N —t. Then

- e ni,v,Ny, ifi<r<l,
G, I,VUL, N, ift <i.

(b) If NN=N —tand|I| = 1. Then

(I,t,i,V,N'), ift>1I,
B=11,i,V,N), ifi<t<lI,
(i,I,t UV, N, ift<i.
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(2) IfN=N'andJ =1 — j. Then

B=(,J,i,V,N).

Proof We will prove this explicitly i.e., by following the paths from & to 8. Let V be {a1}, {a2}, ..., {a;} with
ay >day > --- >4

(1) (a) Fora=(,I,V,N), B =(t,1,i,V,N")andi <t < I, we’ve the paths

@(i,I,a1,az,...,a;, N)

(i, 1,a1,az,...,a1,t,N —1t)
(t,ar,...,a1,1,i,N —1t)
(t,ar,...,a1 UIl,i,N —1t)
(t,ar,...,1,a1,i, N —1)

t,1,a;,...,a1,i, N —1t)
(ts I,Cll,...,{a],i},N_t) (6)
(t,I,a[,...,i,al,N—t)

(t’I’i7al7"'aal7N_t)
(I,I,i,al,...,{az,al},N_t)
([slvivalv"'sa()val’N_t)

(t9]aivalaa27"'aalaN_t)
and

(i’15a1’a27-”7al5N)
(i7]7a17a25""alvN_t9t)

7
(t,iUl,ay,az,...,a;, N —1t) @
(t, 1,i,a1,az,...,a;, N —1).
(ii) Fora = (i,1,V,N),B=(i,1,VUt,N')anda, > t > a,+1, we've the paths

@i, 1,a1,a2,...,a;,N)

(i51’a19a27-"7al5taN_t)

(i,I,a],a2,...,{al,t},N_t)

(islsalyazv"-9tsalvN_t)

G, Lavay... (a1, 1), a, N —1) ®)

(i517a19a27-"7{ap+1at}9'~'aalaN_t)
(i, 1,a1,az,...,t,apq1,...,a;, N —1)
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and
(i, 1,a1,az,...,a;, N)
G, 1,a1,a2,...,a;, N —1t,1)
(t,i}, I, ar1,az,...,a;, N —t)
@i,t,1,a1,az2,...,a;,, N —1t)
@i, tUl,ay,az,...,a;,, N —1)
@1, t,ar,a,...,a,,N —1) 9)
@ 1,{t,a1},a2,...,a;, N —1t)
(i,1,a1,t,ap,...,a;, N —1)

i, 1,ar,az,....{t,ap},...,a;, N — 1)
G, 1,ar,az,...,ap,t,...,a;, N —1).
(b) Fora = (i,1,V,N),B=(I,t,i,V,N')and t > I, we have paths
(i,I,a1,a2,...,a;,N)
(i,Il,ai,az,...,a;, N —t,t)
(t,i,Il,ai,ay,...,a;, N —t)
(aj,aj—1,...,a1,1,i,t, N — 1)
(aj,aj—1,...,a1,1,i Ut, N —1)
(aj,aj—1,...,a1,1,t,i, N —1t)
(aj,aj—1, ..., a1 UL, t,i, N —1t)
(aj,aj—1, ..., 1, a1, t,i, N —1t) (10)

,ai,ai—1,...,a1,t,i, N —1)
U, a,a1-1, ..., {az, a1}, t,i, N —1t)
(19a11al—17"'1al9a2t7i3N_t)

(t,1,i,ai,ay,...,a;, N —t)
and
@ lI,a1,az,...,a;, N)
(i, 1,ar,az,...,a;,t, N —{t})
(iUl,ay,aa,...,a;,t, N —{t})
(I,i,ay,ay,...,a;,t, N —{t}) (1)

(I’t7i5a17a27"'7al9N_{t})'

The proofs for the other two cases are similar to (a).

2) Fora =@, I,V,N),B=(j, I —{j},i,V,N)andi < j, we’ve the paths

(i’I’al’a27"'?al’N)

(isjsl_j7a11a27"'salsN)

iL,jhLWI—j,a;,an,...,a;, N

({. .]} .J 1, a2 1, N) (12)
(.i,I —j,ar,az,...,a;, N)

(j9iUI_j7alaa25'-"alaN)

(jal_j5i’a1’a27"'5al’N)
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and

(i, 1,ai,az,...,a;, N)
i@I1—j,j,a1,a2,...,a;,N)
(aj,ai—1,...,a1,j, 1 —j,i,N)
(a,ai-1, ... a1, j}, I — j,i, N)
(aj,aj—1,...,j,a1, I —j,i,N)

: (13)
(Jyar,aj—1,...,a1, I —j,i,N)
(J,ar,ai—1,...,a1 Ul — j, i, N)
(j,ar,a—1,...,1 —j,a1,i, N)
(G, I —j,i,a1,a2,...,a;,N).
O

The Z,-homology of QP,, ;| can be computed directly from Theorem 5.12.
Theorem 5.13 The Zy-homology groups of QP, | are given as follows:

@Zz, 0<i<n-—2;
H;i(QP, 1, Z2) = | &m,i)
0, otherwise.

i
Where, £(n, i) denotes the sum Z <n>
k=0 k

Proof One can infer from Theorem 5.12 that between any two critical cells in consecutive dimensions either
there is no path between them or there are exactly two paths. This implies that the boundary maps in the Morse
complex of QP,,, | with Z- coefficients are zero. So, the mod-2 Betti numbers are given by the number of critical
cells. Once the dimension is fixed, say i, the (n 4 1)-set completely determines the critical cell and it contains
at most 7 4 1 elements. O

6 The integral homology of QP ;

To compute the Z-homology we need a well-defined notion of orientation on the cells of QP,, ;. So, we induce
an orientation on each cell of QP | from its ascending representative in CP, 1. But, this is not sufficient to
compute the Z-homology because the paths between some critical cells involve identification of ascending and
descending cells. If {0, T} = ¢ € QP,, | and o ascending, a compatible way of inducing an orientation on the
cell o from canonical orientation of 7 is required and is defined as follows.

Let £ denote the ordered neighbors of the vertex PV () as defined in Section 3.1. The ordered vertices £’
obtained from £ by the action of r on individual elements induce a orientation on o.

Now, we need to compute the difference in the orientation induced by each representative on . The following
examples demonstrate the existence of a closed-expression for the difference in the induced orientations.

Example 6.1 Letn = 8,0 = {1,2,3}{4,5}{6,7,8,9} and t = {4, 5}{1, 2, 3}{6, 7, 8, 9} are two cells in CPq
such that ¢ = 7 in QPy.

Let £ be the permutation which takes the vertex PV (o) to the vertex r(PV(7)) ino.

Here vlf (resp. wlf ) denote the images of v; (resp. w;) under the map & (resp. r).

Comparing the orientations induced on the cell @ = 7 by the cells o and t involves exactly two permutations.
The permutation & and the permutation coming from comparing the orientation induced on o € CPg by the
vertices &(vp) and r(wyg), refer Fig. 8.
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Fig. 8 .

Neighbors of PV(0) in o

vo = ({(1H2}H3H4HSHOHTHBHID
v = (ZHBH{BHAHSHOHTHBHOD
vy = ({(IH3H2ZH4HSHOHTHBHID
v3 = ({LH2ZH3HSH4HOHTHBHOD
vg = ({(TH2HBHAHSHTHOHBHID
vs = ({LH2ZH3H4H{SHOHBHTHOD
ve = ({IH2}3HAHSHOHTHI}BY

vy = (BH2ZHIHSHAHOHBHTHE))

vy = ({2H3HIHSHAHOHBHTHG))
vy = ({3HIH2ZHSHAHOHBHTH6))
vy = (3H2HIHAHSHOHBHTHG))
vy = ((BHZHIHSHAHBHIMTHOD)
v% = (BHZHIHSHAHOHTHB}HOD
ve = ((3HZHTHSHAHIHBHOHTY

Neighbors of PV(7) in ©

wo = ((4H{SHIH2H3HO6HTHB}HD
wy = ({SHAHIH2H3HOHTHBHID
wy = ((4H{SH2ZHIH3HOHTHB}HD
w3 = ({(4H{SHIH3HZHOHTHBHID
wy = (AHSHIH2HB3HTHO}8}HOD
ws = ({(4H{SHIH2HBHOH8HTHID
we = ((4H{SHIH2H3HOHTHIH8Y

wy = (BH2ZHIHSHAHOHBHTHG))

wy = (BH2ZHIHAHSHOHBHTH6))
wy = ({3HIH2HSHAHIHBHTH6))
wy = ({(2H3HIHSHAHOHBHTH6))
wy = ((BHZHIHSHAHHBH6M T
ws = (BHZHLHSHAHONTHBHOD
we = (BH2ZHIHSHAH{BHIHTHOD

From the example, it is clear that the permutation involved in comparing the orientations induced are of the

type

(1,2,3,....0) = (kk—1,...,2,1).

and the following function is useful in computing the sign of such permutations.

Definition 6.2 Define a function, sgn :

Leto =4y, Iy, ...,

e = {(—1)3,

Ik’ Ia)) andT = r(O') = (Ik’ Ik*l? cer

(-7,

[n] U {0} — {1, —1} as follows, given s € [n] U {0}

if s is odd,
if sis even.

I, 1,) be two cells in CP,,1 1. Observe that

e The number of neighbours of a particular vertex vy in o is same as number of neighbours of vy in o.
e The neighbours of vertex vy in o are naturally in 1-1 correspondence with the neighbours r (vg) in r (o).
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Theorem 6.3 Leto = (I1, I, ..., I, I,) and © = r(o) = (Ix, Ix—1, - - ., 11, 1y). Then the difference in the
orientations induced on the cell 0 = T in QP,, | by o and t in CP, is given by the expression

k
sgn(|A] — [lo| + 1) - sgn([Lp| — 1) - nSgn(IIil) -sgn(|Lol), (14)
i=1

where |A| is the number of neighbors of PV (o).

Proof Withoutloss of generality assume PV (o) = (1,2, ..., n+1)ie, theblocks I} = {1,2,...,a1},...,I; =
{aj-1+1,a;1+2,...,a;} forevery jsuchthat 1 < j <korj=ow.

The neighbors of PV (o) are ordered as follows.

vo = ({1}{2}{3} ... {n + 1}
vi = (2ZH{1}{3} ... {n + 1})
vy = ({312} ... {n + 1}

Vaj—1 = ({1} .. . farH{ar — 1} ... {n + 1})

: (15)
Vg—k—1 = ({1} .. {ar — THax} ... {n +1})
Vag—k = ({1} .. Aax + 2Har + 1} ... {n + 1})
via = ({I1H2}...{n + 1H{n})
The neighbors of PV(7) are ordered as follows.
wo = (fag—1 + WHar—1 +2} .. AaxHak—2}.. . {n +1})
wy = ({ag—1 + 2Har—1 + 1} .. AaxHag—2} ... {n +1})
Wap—ap_, = ({ax—1 + 1Hag—1 +2}.. Aax—2 + 1Har—2}... {n + 1}
WiA|—ap—ap_1—1 = {ak—1 + THag—1 +2} ... 2H{1}.. . {n + 1} (16)

WiAl—q—1 = ({ak—1 + Hax—1 +2} .. AarH{ar — 1} ... {n + 1})
wiAl—q, = ({ar—1 + 1Har—1 +2} .. AarHax +2Hax + 1} ... {n + 1})

wjal = ({ak—1 + Hak—1 + 2} ... {n + 1}{n}).
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Now apply r on the neighbours of PV(7) to obtain an ordered collection of vertices in ¢. This would enable us
to compare the orientations induced by 15 and 16 on &.

r(wo) = (fnHn — 1} .. Aar + H{ar} .. Aak—1 + IH{n + 1}
r(wy) = ({nH{n — 1} .. Aax + a1} .. Aax—1 + IH{ax—1 +2})

r(Wap—ay) = ({n}{n — 1} .. Aax—2Hak—2 + 1} .. Aag—1 + 1}{n +1})
r(WiAl—ap—ar_1—1) = ({n}{n — 1} .. {12} .. {ax—1 + 1}{n + 1}) (I7)

r(wipl-g—1) = ((nH{n — 1} .. {a; — TH{a1}.. {ax—1 + 1}{n +1})
r(wial-q) = (n}{n — 1} .. A{ar + IHar + 2Hax} . . Aak—1 + 1}H{n +1})

r(wia) = ({n — 1}{n =2} .. A{ak—1 + 1}{n}{n + 1}).
Let & be the permutation which takes the vertex PV (o) to the vertex r(PV(7)).

E(o) = ({ai{ar — 1} ... 2H{1H{a2} ... {n + 1} .. {ax +1})
Ew) ={arH{ar =1} ... {12} ... {n+ 1} .. {ar + 1})
§(2) = ({ai{ar — 1}.. . (2}BH1} ... {n + 1} .. {ax + 1}

E(a;-1) = ({ar — a1} ... 2H1} ... {n + 1} .. Aax + 1)

(18)
§(Wa—k—1) = ({arHar — 1} .. AaxHax — 1} .. . {n + THax + 1})
§a—k) = ({laif{ar — 1} .. Aax + WHax +2} ... {n + 1H{ax + 1})
E(wia) = {aHar — 1} ... {n}{n + 1} .. Aax + 1}).
k
It is clear from above that if o = (I, I», ..., I, I,), then the sign of the permutation £ is 1_[ sgn(|L;]) -

i=1
sgn(|/,]). The sign of permutation coming from comparing the induced orientations on ¢ € CP,; by the
vertices & (vo) and r(wy) is sgn(|A| — |I,| + 1) - sgn(|1,| — 1). Thus the total sign to be taken into account is
k

sgn(|A| — [1o| + 1) - sgn([fp| — 1) - Hsgn(lhl) -sgn(|/o]). 0
i=1
The following observations are helpful in computing the Z-homology of QP,, ;.
(1) There exists no path or exactly two paths between critical cells whose dimension differ by one. Thus the
matrices corresponding to the boundary maps contain only 2’s and 0’s depending on whether the orientation

induced by the paths match or not.
(2) The paths are either good paths or the ones which involve change of orientation (given by Eq. 14).

Definition 6.4 Two rectangular matrices A, B € M,,x, (Z) are called equivalent if they can be transformed into
one another by a combination of elementary row and column operations.

Definition 6.5 (2-full rank) Let f : Z™ — 7Z" be a group homomorphism. The map f is 2-full rank, denoted
2F, if it is equivalent to a matrix with only 2’s on the main diagonal and 0’s everwhere elese.
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Proposition 6.6 The boundary maps in the Morse complex of QP, | are either 2-full rank or null maps. i.e., if
the Morse complex Mo on QP, | is

E B 3
0— My2 ™3 M, 3755 My — 0
then the boundary maps

= |0, if pisodd;
B 12F, if piseven.

Proof 1f the sign correction for the identification involved in the path is positive (resp. negative), then by
Lemmas 4.5 and 4.7 the coefficient (dc, ) = 0 (resp. (da, B) = 2).

Claim 1: 51 =0.

Proof. Leta = (i, I, V, N)and 8 = (j, J, V', N’) be two critical cells contained in M and M respectively.

I. If IN| = 1, then |I| =2 and N’ = N = {n + 1}. Otherwise there will be no path between the cells giving
(da, B) = 0. There is an identification of the cell (i, I — J, j» V, N) with its image under the map r during
the path. All the blocks of this cell are singletons, thus the sign correction given by the Eq. 14 is 1.

2. If IN| = 2, then |I| =1, N’ C N and |N’| = 1. Otherwise an argument similar to above shows that
(da, B) = 0. There is an identification of the cell (i, I, V, N —¢,t) or (i, I, V, t, N —t) with its image under
the map r during the path. All the blocks of these cells are singletons, thus the sign correction given by the
Eq. 14is 1.

Since there is no effect on the orientation induced along the paths by the action, an argument similar to Theorem 4.8
shows that 51 =0.
Claim 2: 9, = 0 when p is odd.
Proof. Let « = (i,1,V,N) and B = (j, J, V', N) be two critical cells contained in M, and M, _;
respectively. Also, let d denote the number of blocks in & which is equal to (n + 1 — ).
(1) Let N=N'and J =1 — j.
e Let |[N| = k + 1 for some k odd. There is an identification of the cell (i, I — j, j, V, N) with its image
under r during the path. From Eq. 14, the sign correction § is given by sgn(|J|) - sgn(|N|) - sgn(|J| —
1) -sgn(|N| —1).
Observe thatthe |J|=n—k—d—-3=m+1—d)—(k+4).Since (n+ 1 —d) = pisodd and (k +4)
is odd, |J| is even and

n—k—d—3

sen(l7)) = (=1)"2

Similarly,

k1
sgn(IN|) = (-1 =z,

n—k—d-5
9

sgn(|J| —1) = (=1) 2
sen(IN| — 1) = (=)'

This shows that the sign correction S is equal to 1.

e Let |N| =k + 1 for some k even. There is an identification of the cell (i, I — j, j, V, N) with its image
under r during the path. From Eq. 14, the sign correction S is given by sgn(|J|) - sgn(|N|) - sgn(|J| —
1) - sgn(|N| — 1).

Observe thatthe |J|=n—k—d—-3=m+1—d) — (k+4).Since (n+1—d) = pisodd and (k +4)
is even, |J| is odd and
n—k—d—4

sgn(|lJ)) = (=1 2.

Similarly,
X
sgn(IN[) = (=1)2,
n—k—d—4

sen(lJ|— 1) = (=)
sen(IN| — 1) = (=1)%.

This shows that the sign correction S is equal to 1.

@ Springer



On the topology of bi-cyclopermutohedra 179

(2) Let I =J and N' = N — ¢ forsome t € N.

e Let|N| = k+1 for some k odd. There is an identification of the cell (i, I, V, N—t,t)or (i, I, V,t, N —t)
with its image under the map r during the path. From Eq. 14, the sign correction S is given by sgn(|/]) -
sgn(IN']) - sgn(|7] — 1) - sgn(I|N'| = 1).

Observe thatthe |[I| =n—k—d—-2=m+1—-d)— (k+3).Since (n + 1 — d) is odd and (k + 3) is
even, |/] is odd and

n—k—d-3

sgn([/]) =(=1) ~2 .

Similarly,

’ k=1
sgn(IN')) = (=1) 2,
n—k—d—3

sen(lJ] — 1) = (=)
sen(IN'[ — 1) = (=1)'7 .

Therefore, the sign correction S is equal to 1.

e Let|N| = k+1 forsome k even. There is an identification of the cell (i, I, V, N—t,t)or (i, I, V,t, N—t)
with its image under the map r during the path. From Eq. 14, the sign correction S is given by sgn(|/]) -
sen(IN')) - sgn(|7] — 1) - sgn(IN'| — 1).

Observe thatthe |[I| =n—k—d —-2=(n+1—d) — (k+ 3).Since (n + 1 — d) is odd and (k + 3) is
odd, || is even and

n—k—d-2

sgn([/]) =(=1) ~2 .

Similarly,
k
sgn(IN']) = (—1)2,
n—k—d—4

sen(|J]— D) = (=172,
sen(IN'[ — 1) = (=1)'7.

Hence, the sign correction S is equal to 1.

From Theorem 5.10, it is clear that for a fixed (n + 1)-set, there is a unique cell of dimension . For the rest
of this section, we arrange the basis elements of M, as follows: cells are arranged in decreasing order of the
cardinality of their (n + 1)-set and if the cardinality of (n + 1)-set of two different cells is same then they are
arranged in lexicographic ordering on their (n + 1)-set.

Using the above defined ordering on the basis of M, and M, _ and from Theorem 5.12, we observe that
the matrix corresponding to the boundary map Su is lower/upper triangular with nonzero entries in the main
diagonal. We now prove that when p is even, all nonzero entries of 5M are 2.

Claim 3: 9, = 2F when 1 is even.

Proof. Let « = (i,I,V,N) and B = (j, J, V', N’) be two critical cells contained in M; and M;_;
respectively. Also, let d denote the number of blocks in & which is equal to (n + 1 — ). From Theorem 5.12
and Lemma 4.5, it is enough to show that (da, 8) = 2 whenever N = N'.

(1) Let|N| = k+1 for some k odd. There is an identification of the cell (i, I — j, j, V, N) with its image under r
during the path. From Eq. 14, the sign correction S is given by sgn(|J|) -sgn(|N|)-sgn(|J|—1)-sgn(|N|—1).
Observe thatthe |J| =n—k—d—-3=m+1—d) — (k+4).Since (n + 1 —d) is even and (k + 4) is
odd, |J] is odd and

n—k—d—4

sgn([J) =(=1) ~2 .

Similarly,
k+1
sgn(|N|) = (=D 7,
n—k—d—4

sen(|J]— 1) = (=12,
sen(IN|— 1) = (-=1)'7 .

This implies that the sign correction S is equal to -1.
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(2) Let|N| = k+1 for some k even. There is an identification of the cell (i, I — j, j, V, N) with its image under r
during the path. From Eq. 14, the sign correction § is given by sgn(]J|) -sgn(|N|) -sgn(]J|—1) -sgn(|N|—1).
Observethat |J|=n—k—d—-3=m+1—-d)— (k+4).Since (n + 1 —d) is even and (k + 4) is even,
|J| is even and

n—k—d-3

sgn(|J) = (=) —2 .

Similarly,

k
sgn(IN]) = (=12,
n—k—d—>5

sen(|J]— 1) = (—1)" 2
sen(IN| — 1) = (D).

This implies that the sign correction S is -1.

Theorem 6.7 The Z-homology groups of QP, | are given as follows:
If n is even, then

@ Z,, ifiisoddand0 <i <n —2;
E(n,i)

H;(QP,.Z) = {€PZ. ifiisevenand0<i <n—2;
()

0, otherwise.

If nis odd, then

@Z, ifi=n—2;

@Zg, ifiisoddand 0 <i <n —2;
H;(QP, |, 7Z) = { &n.i)
@Z, ifiisevenand 0 <i <n —2;

0, otherwise.

i
Where, &(n, i) denotes the sum Z <n)
k=0 k

Proof We will present the proof for the case of n being odd, the proof for the even case is similar in nature.

(1) Ati = n — 2, the terms in the Morse complex look like

0 0
02 Myg—5 My3 —> -

Then the homology at M,,_, is Z™Mn-2),
(2) Ifi is odd and i # n — 2, then the terms look like

2F 0
> Mg — M — M — -

Then the homology at M, is Zrznk(/\/l,-)_
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(3) If i is even, then the terms look like

0 2F
c— Mg — M =5 M —> -
Then the homology at M; is ZmkMi)—mk(Mi_1)
O

Remark 6.8 The authors in [4] observed that “The factor space (that is, the permutohedron with identified by
parallel translation opposite faces) is a torus, and its natural cell structure is that of CP,1; plus a number of
(n — 1)-dimensional cells. The latter correspond to facets of the permutohedron, that is, to partitions of [n + 1]
into two parts. Therefore, homologies of CP, in dimensions up to n — 3 coincide with those of a torus, and
the top homology can be extracted from Euler characteristic.” Therefore, based on their observations, it would
be interesting to find an alternate proof of our results bypassing the use of discrete Morse theory.
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