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Abstract In this paper, we consider the following fractional Choquard equations with competing potentials:

{
ε2α(−�)αu + V (x)u = εμ−N f (x, u), in R

N

u ∈ Hα(RN ),

where f (x, u) =
(∫

RN
K (y)|u(y)|p

|x−y|μ dy
)

K (x)|u|p−2u +
(∫

RN
Q(y)|u(y)|q

|x−y|μ dy
)

Q(x)|u|q−2u, ε > 0 is a parameter,

α ∈ (0, 1), 0 < μ < N , N > 2α, 2N−μ
N < q < p < 2N−μ

N−2α , V (x) and K (x) are positive smooth functions with

V (x) bounded from below, K (x) bounded, and Q(x) is a bounded function that allowed to be sign–changing.
By using the minimax theorems and the Nehari manifold techniques, we establish the existence of a ground state
solution uε for the above system when ε is small enough. Moreover, uε concentrates around a global minimum
point of the least energy function as ε → 0.
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1 Introduction

In this paper, we are concerned with the existence and concentration of nontrivial solutions for the following
fractional Choquard equation:

{
ε2α(−�)αu + V (x)u = εμ−N f (x, u), in R

N ,

u ∈ Hα(RN ),
(P)

where f (x, u) =
(∫

RN
K (y)|u(y)|p

|x−y|μ dy
)

K (x)|u|p−2u +
(∫

RN
Q(y)|u(y)|q

|x−y|μ dy
)

Q(x)|u|q−2u, ε > 0 is a parameter,

α ∈ (0, 1), 0 < μ < N and 2N−μ
N < q < p < 2N−μ

N−2α . The fractional Laplacian (−�)α can be defined by the
Fourier transform (−�)αu = F−1(|ξ |2αFu), where F is the usual Fourier transform in R

N .
When α = 1, ε = 1, N = 3, p = 2, K (x) ≡ 1, Q(x) ≡ 0 and V (x) ≡ V1, where V1 is a positive constant,

Eq. (P) reduces to the well-known Choquard-Pekar equation:

− �u + V1u =
(∫

RN

|u(y)|2
|x − y|2 dy

)
u in R

3, (1.1)

which can be dated back to [24]. Eq. (1.1) appears in several physical contexts, such as the standing waves for the
Hartree equation [24], the quantum theory of a polaron at rest [24], the model by Choquard of an electron trapped
in its own hole [18], and the coupling of the Schrödinger equation under a classical Newtonian gravitational
potential [15,16]. Recently, more and more mathematical researchers have focused on their attentions on the
existence, multiplicity and the qualitative properties of solutions for the following nonlinear Choquard equation:

− �u + V (x)u =
(∫

RN

|u(y)|p

|x − y|2 dy

)
|u|p−2u in R

N . (1.2)

For instance, Moroz and Van Schsftingen [21] obtained the existence of ground state solutions for Eq. (1.2) with

p ∈ ( N
N+α ,

N+α
N−2 ) and V (x) ≡ 1. Moreover, they established the qualitative properties of solutions for Eq. (1.2),

such as the regularity, positivity and radial symmetry decay behavior at infinity.
In [1], Alves et al. considered the following nonlinear Choquard equation:

− ε2�u + V (x)u =
(∫

RN

Q(y)G(u(y))

|x − y|μ dy

)
Q(x)g(u) in R

3, (1.3)

where 0 < μ < 3, ε is a positive parameter, V, Q are two continuous real function on R
3 and G is the

primitive of g which is of critical growth due to the Hardy-Littlewood-Sobolev inequality. Under some suitable
conditions on V (x) and g(x), the authors established the existence of ground states for Eq. (1.3) with constant
coefficients. Moreover, the existence, multiplicity and the concentration behavior of semi-classical solutions were
also obtained by them. When ε ≡ 1, Q(x) ≡ 1 and R

3 is replaced by R
N , N ≥ 4, Gao and Yang [12] obtained

the existence of nontrivial solutions for Eq. (1.3) by using the critical point theory and variational methods. For
other related results about Eq. (1.3), we refer the reader to [2,7,13,22,26] and the references therein.

When α ∈ (0, 1), ε = 1, K (x) ≡ 1 and Q(x) ≡ 0, Eq. (P) is reduced to the following nonlocal problem:
⎧⎨
⎩
(−�)αu + V (x)u =

(∫
RN

|u(y)|p

|x − y|2 dy

)
|u|p−2u in R

N ,

u ∈ Hα(RN ),

(1.4)

which has been widely studied in the past several decades years. For instance, when p ∈ (
2N−μ

N ,
2N−μ
N−2α ) and

V (x) ≡ λ, where λ is a parameter, d’Avenia et al. [9] established the existence and properties of ground state
solutions for Eq. (1.4). Moreover, the regularity, multiplicity and the nonexistence of nontrivial solutions for Eq.
(1.4) were also obtained by the authors. In particular, when α = 1

2 , Eq. (1.4) has also been used to model the
dynamics of pseudo-relativistic boson stars. If α = 1

2 , V (x) ≡ 1, μ = 1 and p = 2, Eq. (1.4) becomes:

√
(−�)u + u =

(∫
RN

|u(y)|2
|x − y|dy

)
u in R

N . (1.5)
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184 G. Che et al.

In [11], Frank and Lenzmann proved the analyticity and radial symmetry of ground state solutions for Eq. (1.5). In
[10], it was shown that the dynamical evolution of boson stars is effectively described by the nonlinear evolution
equation with mass parameter m ≥ 0:

i∂tψ =
√
(−�)+ m2ψ −

(∫
RN

|ψ(y)|2
|x − y| dy

)
ψ in R

N , (1.6)

for the wave field ψ : [0, T ] × R
3 → C. In fact, this dispersive nonlinear L2 critical PDE displays a rich variety

of phenomena such as stable or unstable traveling solitary waves and finite-time blowup.
In [23], Mukherjee and Sreenadh studied the Brézis-Nirenberg type problem of nonlinear Choquard equation

involving the fractional Laplacian:⎧⎪⎨
⎪⎩
(−�)αu − β(x)u =

(∫
RN

|u(y)|2∗
μ

|x − y|μ dy

)
|u|2∗

μ−2u in R
N ,

0 in R
N \
,

(1.7)

where α ∈ (0, 1), μ ∈ (0, N ),
 is a bounded domain, 2∗
μ = 2N−μ

N−2α is the critical exponent in the sense of Hardy-
Littlewood-Sobolev inequality. By dint of variational methods, the authors obtained the existence, multiplicity,
regularity and the nonexistence results of solutions for Eq. (1.7). Later, Ma and Zhang [20] considered Eq. (1.7)
when 
 and −β(x) is replaced by R

N and λV (x) − β, respectively, where λ, β ∈ R
+. Under some suitable

assumptions on the potential, the authors got the existence and multiplicity of weak solutions for Eq. (1.7). For
more details about the fractional Choquard equations, we refer the reader to [6,8,27] and the references therein.

Motivated by the above works, in this paper, we are concerned with the existence and concentration of ground
state solutions to problem (P)with competing potentials. Note that there is a competition between the potentials
V (x), K (x) and Q(x), i.e., V (x)would attract ground states to its minimum points, whereas K (x), Q(x)would
attract ground states to their maximum points. In particular, it will become quite difficult to find the concentration
points when Q(x) is sign-changing. As far as we are concerned, there is no work concerning this case.

In this paper, we assume that the functions V (x), K (x) and Q(x) satisfy the following hypotheses:

(V ) V ∈ C(RN ) ∩ L∞(RN ) and inf
x∈RN

V (x) = V0 > 0.

(H1) K ∈ C(RN ) ∩ L∞(RN ) is a positive function.
(H2) Q ∈ C(RN ) ∩ L∞(RN ) and Q(x) is allowed to be sign–changing in R

N .

To state our main result, we need the following two auxiliary problems. For each η ∈ R
N , we consider the

following equation:

(−�)αu + V (η)u =
(∫

RN

K 2(η)|u(y)|p

|x − y|μ
)

|u|p−2u +
(∫

RN

Q2(η)|u(y)|q
|x − y|μ

)
|u|q−2u in R

N . (P)η

Note that in Eq. (P)η, η is regarded as a parameter instead of an independent variable, which plays a crucial
role in our results and analysis (see Section 2 for the precise definition). The ground-energy function, which is
the least energy of Eq. (P)η, is defined by C(η) = c(V (η), K (η), Q(η)). In addition, we also consider the limit
problem associated with Eq. (P)η as η → +∞ as follows:

(−�)αu + V∞u =
(∫

RN

K 2∞|u(y)|p

|x − y|μ
)

|u|p−2u +
(∫

RN

Q2∞|u(y)|q
|x − y|μ

)
|u|q−2u in R

N , (P)∞

and denote the energy functional of problem (P)∞ by I∞ and the least energy by c∞ = c(V∞, K∞, Q∞),
where

V∞ := lim|x |→+∞ V (x), K∞ := lim|x |→+∞ K (x) and Q∞ := lim|x |→+∞ Q(x).

Now we state our main results.

Theorem 1.1 Let the conditions (V ) and (H1) − (H2) hold and suppose that 0 < μ < 2α and 2 < q < p <
2(N−μ)
N−2α . If

inf
η∈RN

C(η) < c∞, (1.8)

then for any ε > 0 sufficiently small, we have:
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Existence and concentration result for fractional Choquard... 185

(1) problem (P) possesses a ground state solution uε ∈ Hα(RN );
(2) if additionally V (x), K (x) and Q(x) are uniformly continuous, then uε has a maximum point yε ∈ R

N such
that

lim
ε→0

C(yε) = inf
η∈RN

C(η).

Moreover, there exists a point y0 ∈ R
N such that yε → y0 as ε → 0. Set vε(x) = uε(εx + yε), then vε converges

to a ground state solution v0 for the following equation:

(−�)αu + V (y0)u =
(∫

RN

K 2(y0)|u(y)|p

|x − y|μ
)

|u|p−2u +
(∫

RN

Q2(y0)|u(y)|q
|x − y|μ

)
|u|q−2u.

Remark 1.1 Note that in our assumptions, we do not require the potentials have a minimum or maximum value,
therefore, some previous results such as those in [4,5] cannot be applied to problem (P) even when Q = 0.
However, the Nehari manifold is still well defined even if Q(x) is sign-changing.

Remark 1.2 Similar to the arguments of [4,5], we make the hypotheses that 0 < μ < 2α and 2 < q < p <
2(N−μ)
N−2α in Theorem 1.1. In fact, to obtain the existence result of problem (P)η, we can eliminate the above

restrictions and just need to require that 0 < μ < N and 2N−μ
N < q < p < 2N−μ

N−2α . However, to obtain the
concentration behavior of nontrivial solutions for problem (P), we need the above restrictions to ensure that the
nonlocal parts 1

|x |μ ∗ |u|p and 1
|x |μ ∗ |u|q are bounded.

Remark 1.3 We would like to point out that the condition (1.8) will hold in some cases. If one of the following
hypotheses holds, then for small ε > 0, (1.8) holds.

(i) V∞ = sup
x∈RN

V (x), K∞ = inf
x∈RN

K (x) and V∞ = inf
x∈RN

Q(x);

(i i) there exists a point s0 ∈ R
N such that

V∞ ≥ V (s0), K∞ ≤ K (s0) and Q∞ ≤ Q(s0),

with one of the above inequalities being strict;
(i i i) there exists a point s0 ∈ R

N such that

V (2αp+6−3p−μ)/(2αp−2α)∞
K 2/(p−1)∞

≥ V (2αp+6−3p−μ)/(2αp−2α)(s0)

K 2/(p−1)(s0)

and

V
(3+2α−μ)(q−p)

2αp−2α∞ K
2(1−q)

p−1∞ Q2∞ ≤ V
(3+2α−μ)(q−p)

2αp−2α (s0)K
2(1−q)

p−1 (s0)Q
2(s0),

with one of the above inequalities being strict;
(iv) K∞ = 0 and Q∞ < 0. In this case, ε > 0 doesn’t need to be small.

The main obstacles to deal with the existence and concentration of nontrivial solutions for problem (P) lie
in two aspects. Firstly, the difficulty is caused by the lack of compactness since the problem is dealt with in
the whole space. Secondly, the appearance of the fractional Laplacian operator (−�)α brings about additional
difficulties for problem (P). Compared with the local operator −�, the operator (−�)α with α ∈ (0, 1) on R

N

is nonlocal, which can be expressed as follows: the quantity (−�)αu(x) depends on not only the values of u in
a neighborhood of x (as is the case for the Laplacian), but also the values of u at any point y ∈ R

N , and it is
expected that the standard techniques for −� cannot be used directly.

Notation Throughout this paper, we shall denote | · |r the Lr -norm and C various positive constants, which may

vary from line to line. 2∗
α = 2N

N−2α is the critical Sobolev exponent. S = inf
u∈Dα,2(RN )

‖u‖2
Dα,2

|u|2
2∗
α

is the best Sobolev

constant from the embedding of Dα,2(RN ) into L2∗
α (RN ). Br (x) denotes a ball centered at x with radius r . Also

if we take a subsequence of a sequence {un}, we shall denote it again by {un}. We use on(1) to denote any quantity
which tends to zero as n → ∞.

This paper is organized as follows. In Section 2, some preliminary results are presented. In Section 3, we
study the autonomous problem. In Section 4, we are devoted to proving Theorem 1.1.
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186 G. Che et al.

2 Preliminaries

In this section, we recall some preliminary results which will be useful along the paper. First, we give some
useful facts of the fractional order Sobolev spaces.

The fractional Sobolev space Wα,p is defined for any p ∈ [1,+∞) and α ∈ (0, 1) as

Wα,p(RN ) =
{

u ∈ L p(RN )
∣∣ ∫

RN

∫
RN

|u(x)− u(y)|p

|x − y|αp+N
dxdy < ∞

}
.

This space is endowed with the Gagliardo norm

||u||Wα,p =
(∫

RN
|u|pdx +

∫
RN

∫
RN

|u(x)− u(y)|p

|x − y|αp+N
dxdy

) 1
p

.

When p = 2, these spaces are also denoted by Hα(RN ).
If p = 2, an equivalent definition of the fractional Sobolev space is possible, based on Fourier analysis.

Indeed, it turns out that

Hα(RN ) =
{

u ∈ L2(RN )
∣∣ ∫

RN
(1 + |ξ |2α)|û|2dξ < ∞

}
,

where û = F(u), and the norm can be equivalently written by

||u||Hα =
(

|u|22 +
∫

RN
|ξ |2α|û|2dξ

) 1
2

.

Furthermore, by Plancherel’s theorem, we have |u|2 = |û|2 and∫
RN

|(−�)α2 u|2dx =
∫

RN

∣∣ ̂
(−�)α2 u(ξ)

∣∣2dξ =
∫

RN

∣∣|ξ |α û(ξ)
∣∣2dξ

=
∫

RN
|ξ |2α û2dξ < ∞, ∀ u ∈ Hα(RN ).

Then

‖u‖Hα =
(∫

RN

(
u2 + |(−�)α2 u|2

)
dx

) 1
2

.

Considering the change of variable x = εz in Eq. (P), we can rewrite Eq. (P) as the following equivalent
problem:

(−�)αu + V (εx)u

=
(∫

RN

K (εy)|u(y)|p

|x − y|μ dy

)
K (εx)|u|p−2u

+
(∫

RN

Q(εy)|u(y)|q
|x − y|μ dy

)
Q(εx)|u|q−2u in R

N . (2.1)

From the condition (V ), we know the norm

‖u‖ε =
(∫

RN

(
|(−�)α2 u|2 + V (εx)u2

)
dx

) 1
2

and

‖u‖η =
(∫

RN

(
|(−�)α2 u|2 + V (η)u2

)
dx

) 1
2

are equivalent in Hα(RN ).
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The space Dα,2(RN ) is defined as follows:

Dα,2(RN ) =
{

u ∈ L2∗
α (RN )

∣∣∣∣|ξ |α û(ξ) ∈ L2(RN )

}
,

which is defined as the completion of C∞
0 (R

N ) under the following norm

||u||Dα,2 =
(∫

RN
|ξ |2α û2dξ

) 1
2 =

(∫
RN

|(−�)α2 u|2dx

) 1
2

.

Problem (2.1) is variational and its solutions are the critical points of the functional Iε defined in Hα(RN ) by

Iε(u) = 1

2
‖u‖2

ε − 1

2p

∫
RN

∫
RN

K (εy)|u(y)|p

|x − y|μ K (εx)|u(x)|pdxdy

− 1

2q

∫
RN

∫
RN

Q(εy)|u(y)|q
|x − y|μ Q(εx)|u(x)|qdxdy. (2.2)

From (H1) and (H2), we know that Iε ∈ C1(Hα(RN ),R) with

〈I ′
ε(u), v〉 =

∫
RN
((−�) α2 u(−�) α2 v + V (εx)uv)dx

−
∫

RN

∫
RN

K (εy)|u(y)|p

|x − y|μ K (εx)|u(x)|p−2u(x)v(x)dxdy

−
∫

RN

∫
RN

Q(εy)|u(y)|q
|x − y|μ Q(εx)|u(x)|q−2u(x)v(x)dxdy. (2.3)

Define

Nε = {u ∈ Hα(RN ) \ {0} : 〈I ′
ε(u), u〉 = 0}.

Then Nε is a Nehari manifold associated to Iε. In view of the Implicit Function Theorem, we know that Nε

is a manifold of C1. Moreover, it is not difficult to verify that Iε is bounded from below on Nε. Thus, we can
consider the following minimization problem:

cε = inf
u∈Nε

Iε(u).

In this paper, we shall make use of the Hardy-Littlewood-Sobolev inequality from [17].

Lemma 2.1 (Hardy-Littlewood-Sobolev inequality) Let r, s ∈ (0,∞) and μ ∈ (0, N ) with 1
r + μ

N + 1
s = 2.

Then there exists a sharp constant C(r, N , μ, s) such that for all f ∈ Lr (RN ) and g ∈ Ls(RN ),
∫

RN

∫
RN

f (x)g(y)

|x − y|μ dxdy ≤ C(r, N , μ, s)| f |r |g|s .

The sharp constant satisfies

C(r, N , μ, s) ≤ N

N − μ

1

rs
α(N )

μ
N

[(
μ/N

1 − 1/r

)μ/N

+
(
μ/N

1 − 1/s

)μ/N ]
,

where α(N ) is the volume of unit sphere in R
N . If r = s = 2N/(2N − μ), then

C(N , μ) = π
μ
2

(N/2 − μ/2)


(N − μ/2)

[

(N/2)


(N )

]−1+μ/N

.

Set

D(u) =
∫

RN

∫
RN

|u(x)|t |u(y)|t
|x − y|μ dxdy.
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188 G. Che et al.

Then from Lemma 2.1, we have the estimate of D(u) as follows:

|D(u)| ≤ C(α)|u|2t
t · 2N

2N−μ
, (2.4)

where t = p or t = q and 2Nt
2N−μ ∈ (2, 2∗

α) for 2N−μ
N < q < p < 2N−μ

N−2α . Since Hα(RN ) → Lr (RN ), r ∈ [2, 2∗
α]

is continuous, then D(u) is well defined in Hα(RN ). Furthermore, similar to the proof of Lemma 2.3 in [29],
we get that D(u) ∈ C1(Hα(RN ),R).

Lemma 2.2 (i) For any u ∈ Hα(RN ) \ {0}, there exists a unique tε := tε(u) > 0 such that tεu ∈ Nε and
Iε(tεu) = max

t>0
Iε(tu).

(ii) Nε is bounded away from 0, and there exists τ > 0 such that tε ≥ τ for each u ∈ Nε.
(iii) For each compact subset W ⊂ Sε, there exists CW > 0 such that tε ≤ CW for all u ∈ W .

Proof (i) For any fixed u ∈ Hα(RN ) \ {0}, let

hε(t) = Iε(tu) = t2

2
‖u‖2

ε − t2p

2p

∫
RN

∫
RN

K (εy)|u(y)|p

|x − y|μ K (εx)|u(x)|pdxdy

− t2q

2q

∫
RN

∫
RN

Q(εy)|u(y)|q
|x − y|μ Q(εx)|u(x)|qdxdy, t > 0.

It follows from (H1) and (H2) that hε(t) > 0 when t is small enough, and hε(t) < 0 when t is sufficiently
large. Then there exists tε > 0 such that hε(t) has maximum points at tε > 0 and h′

ε(tε) = 0. Set

g(t) = At2p−2 + Bt2q−2, t > 0,

where A = ∫
RN

∫
RN

K (εy)|u(y)|p

|x−y|μ K (εx)|u(x)|pdxdy and B = ∫
RN

∫
RN

Q(εy)|u(y)|q
|x−y|μ Q(εx)|u(x)|qdxdy. Then

∫
RN

(
|(−�) α2 u|2 + V (εx)u2

)
dx = g(tε) > 0.

On the other hand, it is elementary to show that

g(t) is strictly increasing on any interval where g(t) > 0.

Hence, h′
ε(t) = t (‖u‖2

ε − g(t)) = 0 has a unique solution in the set {t > 0 : g(t) > 0}.
(i i) Set u ∈ Nε, then it follows from (2.3), (2.4) and the Sobolev inequality that

0 = 〈I ′
ε(u), u〉 = ‖u‖2

ε −
∫

RN

∫
RN

K (εy)|u(y)|p

|x − y|μ K (εx)|u(x)|pdxdy

−
∫

RN

∫
RN

Q(εy)|u(y)|q
|x − y|μ Q(εx)|u(x)|qdxdy

≥ ‖u‖2
ε − C(‖u‖2p

ε + ‖u‖2q
ε ).

Since p, q > 1, then there exists τ > 0 such that

‖u‖ε ≥ τ, ∀ u ∈ Nε. (2.5)

(i i i) Suppose by contradiction that {un} ⊂ W satisfying tn := tε(un) → +∞ as n → +∞. Since W is
compact, then there exists u0 ∈ Hα(RN ) such that un → u0 as n → +∞. Thus, u ∈ W ⊂ S1, it follows
from (2.2), (H1) and (H2) that

0 ≤ Iε(tnun)

t2
n

= 1

2
‖u‖2

ε − t2p−2
n

2p

∫
RN

∫
RN

K (εy)|u(y)|p

|x − y|μ K (εx)|u(x)|pdxdy

− t2q−2
n

2q

∫
RN

∫
RN

Q(εy)|u(y)|q
|x − y|μ Q(εx)|u(x)|qdxdy

→ −∞, as n → +∞,

which is a contradiction. The proof is complete.
��
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Existence and concentration result for fractional Choquard... 189

Lemma 2.3 There exists ρ > 0 such that inf{Iε(u), ‖u‖ε = ρ} > 0.

Proof It follows from (2.2), (2.4) and the Sobolev embedding inequality that

Iε(u) = 1

2
‖u‖2

ε − 1

2p

∫
RN

∫
RN

K (εy)|u(y)|p

|x − y|μ K (εx)|u(x)|pdxdy

− 1

2q

∫
RN

∫
RN

Q(εy)|u(y)|q
|x − y|μ Q(εx)|u(x)|qdxdy

≥ 1

2
‖u‖2

ε − C(‖u‖2p
ε + ‖u‖2q

ε ), (2.6)

then there exists 0 < ρ < min

{
1, 1

(2
√

C)
1

q−1

}
such that inf {Iε(u), ‖u‖ε = ρ} > α, where α = 1

2ρ
2 −2Cρ2q >

0. The proof is complete. ��
From Lemma 2.2(i) and Lemma 2.3, we can easily get the following result.

Corollary 2.1 cε = inf
u∈Nε

Iε(u) ≥ inf‖u‖ε=ρ
Iε > 0, where ρ is given in Lemma 2.3.

Define the mapping mε : Sε → Nε by mεu = tεu, where tε is given in Lemma 2.2(i). Similarly to [25,
Proposition 3.1], we can obtain the following result.

Lemma 2.4 The mapping mε is a homeomorphism between Sε and Nε.
Now we define the function

ψε : Sε → R

by ψε(ω) = Iε(mε(ω)). Similar to [25, Corollary 3.3], we have the following result.

Proposition 2.1 ([25, Corollary 3.3]) Suppose that hypotheses (V ) and (H1)− (H2) hold. Then

(i) If {ωn} is a (P S) sequence of ψε, then mε(ωn) is a (P S) sequence of Iε. If {ωn} ⊂ Nε is a bounded (P S)
sequence of Iε, then m−1

ε (ωn) is a (P S) sequence of ψε.
(ii) ω is a critical point of ψε if and only if mε(ω) is a critical point of Iε. Moreover, corresponding critical

values coincide and

inf
Sε
ψε = inf

Nε

Iε.

As in [25], we have the following variational characterization of the infimum of Iε over Nε:

cε = inf
u∈Nε

Iε(ω) = inf
ω∈Hα(RN )

max
t>0

Iε(tω) = inf
ω∈Sε

max
t>0

Iε(tω) > 0.

Remark 2.1 From Proposition 2.1, we will use the differential structure of Sε to find the (P S) sequence of Iε.
We would like to point out that Nε is indeed a C1 regular manifold, and one can use the differential structure of
Nε to find the (P S) sequence for Iε.

Lemma 2.5 Suppose that {un} is a (P S)cε sequence for Iε, i.e.

Iε(un) → cε and I ′
ε(un) → 0, as n → ∞.

Then {un} is bounded in Hα(RN ).

Proof If {un} is a (P S)cε sequence, then it follows from (2.2), (2.3) and 1 < q < p that

cε + on(1)+ ‖un‖ε ≥ Iε(un)− 1

2q
〈I ′
ε(un), un〉

=
(

1

2q
− 1

2p

)∫
RN

∫
RN

K (εy)|un(y)|p

|x − y|μ K (εx)|un(x)|pdxdy

+
(

1

2
− 1

2q

)
‖un‖2

ε

≥
(

1

2
− 1

2q

)
‖un‖2

ε, (2.7)

which implies that {un} is bounded in Hα(RN ). The proof is complete. ��
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3 The autonomous problem

In this section, we consider the autonomous problem (P)η, which is given in Section 1. The corresponding
functional Iη of (P)η is defined by :

Iη(u) = 1

2
‖u‖2

η − 1

2p

∫
RN

∫
RN

K 2(η)|u(y)|p

|x − y|μ |u(x)|pdxdy − 1

2q

∫
RN

∫
RN

Q2(η)|u(y)|q
|x − y|μ |u(x)|qdxdy.

For any η ∈ R
N , it is easy to know that Iη ∈ C1(Hα(RN ),R) with

〈I ′
η(u), v〉 =

∫
RN
((−�) α2 u(−�) α2 v + V (η)uv)dx −

∫
RN

∫
RN

K 2(η)|u(y)|p

|x − y|μ |u(x)|p−2u(x)v(x)dxdy

−
∫

RN

∫
RN

Q2(η)|u(y)|q
|x − y|μ |u(x)|q−2u(x)v(x)dxdy.

The Nehari manifold related to (P)η is defined by:

Nη = {u ∈ Hα(RN ) \ {0} : 〈I ′
η(u), u〉 = 0},

and the least energy energy C(η) is defined as follows:

C(η) = inf
u∈Nη

Iη(u) = inf
u∈Hα(RN )\{0}

Iη(u). (3.1)

Defined the mapping mη : Sη → Nη by mη(ω) = t (ω)ω and ψη(ω) = Iη(mη(ω)). Replace Iε, ψε, mε and Sε
by Iη, ψη, mη and Sη, Proposition 2.1 holds.

Proposition 3.1 For any η ∈ R
N , problem (P)η has a positive ground state solution u with Iη(u) = C(η).

Proof Assume that {ωn} ⊂ Sη is a minimizing sequence satisfying ψη(ωn) → inf
Sε
ψε as n → +∞. It follows

from the Ekeland variational principle [28] that ψ ′
η(ωn) → 0 as n → +∞. From Proposition 2.1, we know that

I ′
η(un) → 0 and Iη(un) → cη, where un = m(ωn) ∈ Nη. Similar to the proof of Lemma 2.5, we know that {un}

is bounded in Hα(RN ). Then there exists u ∈ Hα(RN ) such that un ⇀ u in Hα(RN ), un → u in L2
loc(R

N ) and
un → u a.e. on R

N . Suppose that un is vanishing, that is,

lim
n→+∞ sup

y∈RN

∫
BR(y)

|un|2dx = 0, ∀ R > 0.

Then it follows from Lions vanishing Lemma [28] that un → 0 in L p· 2N
2N−μ (RN ) and Lq· 2N

2N−μ (RN ). From (2.4),
we can easily get that C(η) = 0, which is a contradiction with Corollary 2.1. Therefore, un is non-vanishing,
thus, there exist yn ∈ R

N and σ > 0 such that∫
B1(yn)

u2
ndx > σ.

Without loss of generality, we may assume that yn ∈ R
N , then from the invariance of translation, we know that

{yn} is bounded. Hence, u �= 0, u ∈ Nε and Iη(u) ≥ C(η). On the other hand, it follows from (2.7) and Fatou’s
Lemma that

Iη(u) ≤ lim inf
n→∞

(
Iε(un)− 1

2q
〈I ′
ε(un), un〉

)
= C(η).

Then Iη(u) = C(η). The proof is complete. ��
Lemma 3.1 η → C(η) is continuous.

Proof We shall mainly borrow the idea of [3] to give the proof. Let ηn, μn be two sequences in R
N such that

(i) ηn → η and for any n ∈ N, C(ηn) ≥ C(η).

123



Existence and concentration result for fractional Choquard... 191

(i i) νn → η and for any n ∈ N, C(νn) ≤ C(η).
Note that if we prove C(ηn), C(νn) → C(η), then the conclusion holds. First, we show that C(ηn) → C(η)
as n → +∞. It follows from Proposition 3.1 that there exists ω ∈ Hα(RN ) such that I ′

η(ω) = 0 and
Iη(ω) = C(η). Let tn > 0 be such that tnω ∈ Nηn , then it follows from ω ∈ Nη that tn → 1 as n → +∞,
thus Iηn (tnω) → Iη(ω). Then

lim sup
n→+∞

C(ηn) ≤ lim sup
n→+∞

Iηn (tnω) = Iη(ω) = C(η).

On the other hand, in view of C(ηn) ≥ C(η), we have lim inf
n→+∞ C(ηn) ≥ C(η). Thus, we obtain C(ηn) → C(η) as

n → +∞. Next, we show that C(νn) → C(η) as n → +∞. Let {ωn} ⊂ Nμn be such that Iνn (ωn) = C(νn) and
I ′
νn
(ωn) = 0. By a similar argument to that used in the proof of Lemma 2.5, we know that {ωn} is bounded in

Hα(RN ), up to a subsequence, ω ⇀ ω0 in Hα(RN ). It follows from ωn → η and Lemma 2.1 that I ′
η(ωn) = 0,

thus, we can obtain I ′
η(ω0) = 0. In view of Lemma 2.2(ii), we know that {ωn} is non-vanishing. Then similar to

the arguments of Lemma 3.1, we know that ω0 �= 0. It follows from (2.7) and Fatou’s Lemma that

C(η) ≤ Iη(ω0) ≤ lim inf
n→+∞ Iνn (ωn).

On the other hand, from (i i), we know that lim sup
n→+∞

C(νn) ≤ C(η). Then C(νn) → C(η) as n → +∞. The proof

is complete. �
Next we give a detail expression of C(η), which enables us to state C(η) explicitly in terms of V (η), K (η)

and Q(η).
Let u be a ground state solution of problem (P)η. Then I ′

η(u) = 0 and Iη(u) = C(η). Substituting u = tω(sx)

with V (η) = s2α , t2 = V (η)
2α+3−μ
2α(p−1) K

2
1−p (η) and

α(η) = V
(2α+3−μ)(q−p)

2α(p−1) (η)K
2(1−q)

p−1 (η)Q2(η)

into Eq. (P)η, we obtain:

(−�)αω + ω =
(∫

RN

|ω(y)|p

|x − y|μ dy

)
|ω|p−2ω + α(η)

(∫
RN

|ω(y)|q
|x − y|μ dy

)
|ω|q−2ω. (P∗)

Denote the corresponding energy functional of Eq. (P∗) by Iα(η)(ω). Then

Iα(η)(ω) = 1

2
‖ω‖2

Hα − 1

2p

∫
RN

∫
RN

|ω(y)|p

|x − y|μ |ω(x)|pdxdy

− 1

2q
α(η)

∫
RN

∫
RN

|ω(y)|q
|x − y|μ |ω(x)|qdxdy, (3.2)

and

〈I ′
α(η)(ω), v〉 =

∫
RN
(−�) α2 ω(−�) α2 vdx −

∫
RN

∫
RN

|ω(y)|p

|x − y|μ |ω(x)|p−2ω(x)v(x)dxdy

−α(η)
∫

RN

∫
RN

|ω(y)|q
|x − y|μ |ω(x)|q−2ω(x)v(x)dxdy, ∀ v ∈ Hα(RN ). (3.3)

From (2.2), (3.2), u = tω(sx) and u is a ground state solution of problem (P)η, we can easily obtain

C(η) = Iη(u) = V
2αp+6−3p−μ

2α(p−1) (η)K − 2
p−1 (η)Iα(η)(ω) = V

2αp+6−3p−μ
2α(p−1) (η)K − 2

p−1 (η)cα(η), (3.4)

where cα(η) := c(1, 1, α(η)) is the least energy function associated with problem (P)∗.
From the above statement, we can easily obtain the following result.

Proposition 3.2 cα(η) is a decreasing function of α(η) and

C(η) = V
2αp+6−3p−μ

2α(p−1) (η)K − 2
p−1 (η)cα(η).

From Proposition 3.2, we have the following Corollary.

123



192 G. Che et al.

Corollary 3.1 By Proposition 3.2, if there exists s0 ∈ R
N such that

V (2αp+6−3p−μ)/(2αp−2α)∞
K 2/(p−1)∞

≥ V (2αp+6−3p−μ)/(2αp−2α)(s0)

K 2/(p−1)(s0)

and

V
(2α+3−μ)(q−p)

2αp−2α∞ K
2(1−q)

p−1∞ Q2∞ ≤ V
(2α+3−μ)(q−p)

2αp−2α (s0)K
2(1−q)

p−1 (s0)Q
2(s0),

with one of the above inequalities being strict, then (1.8) holds.

4 Proof of Theorem 1.1

In this section, we will give the proof of Theorem 1.1. Firstly, by a nonlocal version of Brézis-Lieb lemma [28]
and [30, Lemma 4.1], we give the following result.

Lemma 4.1 For any ε > 0, let {un} be a bounded (P S)c sequence for Iε with c > 0. Then there exists
u ∈ Hα(RN ) with I ′

ε(u) = 0 such that

(i) Iε(un − u) → c − Iε(u).
(ii) I ′

ε(un − u) → 0.

Lemma 4.2 Let ε > 0 be fixed, 0 < μ < 2α and 2 < q < p < 2(N−μ)
N−2α . Then for any (P S)c sequence {un} for

Iε with un ⇀ u in Hα(RN ), either un → u in Hα(RN ) or

c − Iε(u) ≥ c∞.

Proof Denote vn = un − u and suppose that vn � 0 in Hα(RN ). Let tn > 0 be such that tnvn ∈ N∞, where

N∞ = {u ∈ Hα(RN ) \ {0} : 〈I ′∞(u), u = 0〉}.
We claim that lim sup

n→∞
tn ≤ 1. Otherwise, there exists δ > 0 such that tn ≥ 1 + δ for all n ∈ N.

First, we claim that:
∫

RN
(|(−�) α2 vn|2 + V (εx)v2

n)dx =
∫

RN
(|(−�) α2 vn|2 + V∞|vn|2)dx + on(1), (4.1)

∫
RN

∫
RN

K (εy)|vn(y)|p

|x − y|μ K (εx)|vn(x)|pdxdy =
∫

RN

∫
RN

K 2∞|vn(y)|p

|x − y|μ |vn(x)|pdxdy + on(1), (4.2)

and

∫
RN

∫
RN

Q(εy)|vn(y)|q
|x − y|μ Q(εx)|vn(x)|qdxdy =

∫
RN

∫
RN

Q2∞|vn(y)|q
|x − y|μ |vn(x)|qdxdy + on(1). (4.3)

Below, we only prove (4.2), and (4.1), (4.3) can be proved similarly. Note that

∫
RN

∫
RN

K (εy)|vn(y)|p

|x − y|μ K (εx)|vn(x)|pdxdy −
∫

RN

∫
RN

K 2∞|vn(y)|p

|x − y|μ |vn(x)|pdxdy

=
∫

RN

∫
RN

(K (εx)− K∞)K (εy)|vn(x)|p|vn(y)|p

|x − y|μ dxdy

+
∫

RN

∫
RN

(K (εy)− K∞)K∞|vn(x)|p|vn(y)|p

|x − y|μ dxdy

:= L1 + L2.
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From (H1), vn ⇀ 0 in Hα(RN ), vn → 0 in Lr
loc(R

N ) for 2 ≤ r < 2∗
α and the Hardy Littlewood Sobolev

inequality, for some R > 0 large enough, we have

∣∣L1
∣∣ ≤ C

(∫
RN

|K (εx)− K∞| 2N
2N−μ |vn|

2N p
2N−μ dx

) 2N−μ
2N

×
(∫

RN
|K (εx)| 2N

2N−μ |vn|
2N p

2N−μ dx

) 2N−μ
2N

≤ C

(∫
RN

|K (εx)− K∞| 2N
2N−μ |vn|

2N p
2N−μ dx

) 2N−μ
2N

= C

(∫
BR(0)

|K (εx)− K∞| 2N
2N−μ |vn|

2N p
2N−μ dx

) 2N−μ
2N

+ C

(∫
Bc

R(0)
|K (εx)− K∞| 2N

2N−μ |vn| 2N p
2N−μ dx

) 2N−μ
2N

→ 0 as n → ∞.

Thus, L1 → 0 as n → +∞. In a analogously way, we can prove that L2 → 0 as n → +∞. Hence, (4.2) holds.
Analogously, (4.1) and (4.3) holds.

From Lemma 4.1, (4.1)-(4.3) and 〈I ′
ε(vn), vn〉 = on(1), we obtain

∫
RN
(|(−�) α2 vn|2 + V∞v2

n)dx =
∫

RN

∫
RN

K 2∞|vn(y)|p

|x − y|μ |vn(x)|pdxdy

+
∫

RN

∫
RN

Q2∞|vn(y)|q
|x − y|μ |vn(x)|qdxdy + oε(1).

Combining with tnvn ∈ N∞, we obtain

(t2p−2q
n − 1)

∫
RN

∫
RN

K 2∞|vn(y)|p

|x − y|μ |vn(x)|pdxdy

+(1 − t2−2q
n )

∫
RN
(|(−�) α2 vn|2 + V∞|vn|2)dx

= on(1). (4.4)

If {vn} is vanishing, then it follows from Lions vanishing lemma [28] that un → 0 in L p· 2N
2N−μ (RN ) and

Lq· 2N
2N−μ (RN ). On the other hand, in view of 〈I ′

ε(vn), vn〉 = on(1), we obtain vn → 0 in Hα(RN ), which is a
contradiction with the above assumption. Then there exist yn ∈ R

N and δ > 0 such that∫
B1(yn)

|vn|2dx ≥ δ. (4.5)

Set ṽn = vn(x + yn), then we may assume that ṽn ⇀ ṽ in Hα(RN ) and ṽn → ṽ a.e. in R
N . Then it follows

from (4.5) that ṽ �= 0. Then there exists a subset 
 ⊂ R
N such that |ṽ(x)| > 0 for all x ∈ 
, where | · | denotes

the Lebesgue measure. In view of (4.4) and tn ≥ 1 + δ, letting n → +∞, we obtain

0 <
∫



∫



|ṽ(x)|p|ṽ(y)|p

|x − y|μ dxdy = 0,

which is impossible. Thus, tn ≤ 1. Next, we distinguish the following two cases:

• lim sup
n→+∞

tn = 1.

In this case, up to a subsequence, tn → 1 as n → +∞. It follows from Lemma 4.1(i) that

c − Iε(u)+ on(1) = Iε(vn)+ c∞ − I∞(tnvn) ≥ on(1)+ c∞.

Consequently, c − Iε(u) ≥ c∞.
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• lim sup
n→+∞

tn = t0 < 1.

In this case, without loss of generality, we may assume that tn → t0 < 1. Then by a similar argument that
used in the proof of Lemma 2.5, we obtain

c∞ ≤
(

1

2
− 1

2q

)
t2
0

∫
RN
(|(−�) α2 vn|2 + V∞v2

n)dx

+
(

1

2q
− 1

2p

)
t2p
0

∫
RN

∫
RN

K 2∞|vn(y)|p

|x − y|μ |vn(x)|pdxdy

≤
(

1

2
− 1

2q

)∫
RN
(|(−�) α2 vn|2 + V∞v2

n)dx

+
(

1

2q
− 1

2p

)∫
RN

∫
RN

K 2∞|vn(y)|p

|x − y|μ |vn(x)|pdxdy

=
(

1

2
− 1

2q

)∫
RN
(|(−�) α2 vn|2 + V (εx)v2

n)dx

+
(

1

2q
− 1

2p

)∫
RN

∫
RN

K (εy)|vn(y)|p

|x − y|μ K (εx)|vn(x)|pdxdy

= Iε(vn)− 1

2q
〈I ′
ε(vn), vn〉

= c − Iε(u)+ on(1),

which implies that c − Iε(u) ≥ c∞. The proof is complete.

��
From Lemma 2.5 and Lemma 4.2, we have the following result.

Corollary 4.1 Iε satisfies the (P S)c condition with c < c∞.

Lemma 4.3 lim sup
ε→0

cε ≤ inf
η∈RN

C(η).

Proof Since for each η ∈ R
N , problem (P)η has a positive ground state solution, then we can take u ∈ Nη such

that Iη(u) = C(η) and I ′
η(u) = 0. Thus, for sufficiently small ε > 0, we have
∫

RN

(
|(−�) α2 u|2 + V (εx + η)|u2|

)
dx

=
∫

RN

∫
RN

K (εy + η)|u(y)|p

|x − y|μ K (εx + η)|u(x)|pdxdy

+
∫

RN

∫
RN

Q(εy + η)|u(y)|q
|x − y|μ Q(εx + η)|u(x)|qdxdy + oε(1), (4.6)

where oε(1) denotes any quantity which tends to zero as ε → 0. Set vε(x) = u(x − η
ε
), it follows from (4.6)

that

〈I ′
ε(vε), vε〉 = oε(1). (4.7)

Then there exists tε > 0 such that tεvε ∈ Nε, i.e., 〈I ′
ε(tεvε), tεvε〉 = 0. In view of (4.7), we obtain that tε → 1

as ε → 0. Thus,

cε ≤ Iε(tεvε) = Iε(ωε) = C(η)+ oε(1). (4.8)

Since η is arbitrary, it follows from (4.8) that lim sup
ε→0

cε ≤ inf
η∈RN

C(η). The proof is complete. ��

Corollary 4.2 If (1.8) holds, then from Lemma 4.1, we have lim sup
ε→0

cε ≤ c∞. Then there exists ε0 > 0 such that

for any ε ∈ (0, ε0), there holds:

cε < c∞. (4.9)

123



Existence and concentration result for fractional Choquard... 195

Lemma 4.4 The minimax value cε is achieved if ε > 0 is small enough. Therefore, for small ε > 0, problem
(2.1) has a positive ground state solution.

Proof Suppose that {ωn} ⊂ Sε satisfies that ψε(ωn) → inf
Sε
ψε as n → +∞. It follows from the Ekeland

variational principle [28] that ψ ′
ε(ωn) → 0 as n → +∞. From Proposition 2.1, we know that I ′

ε(un) → 0
and Iε(un) → cε, where un = m(ωn) ∈ Nε. It follows from (4.9), Corollary 4.1 that there exists ũε such that
un → ũε in Hα(RN ). Then Iε(ũε) = cε and I ′

ε(ũε) = 0. The proof is complete. ��
Lemma 4.5 Assume that 0 < μ < 2α, 2 < q < p <

2(N−μ)
N−2α and V (x), K (x) and Q(x) are uniformly

continuous. Let uε be the positive ground state solution obtained in Lemma 4.4. Then there exists yε ∈ R
N such

that

lim
ε→0

C(εyε) = inf
η∈RN

C(η).

Moreover, there exists y0 ∈ R
N such that εyε → y0 as ε → 0. Setting vε(x) = uε(εx + yε), then vε converges

to a ground state solution v0 for the following problem:

(−�)αu + V (y0)u =
(∫

RN

K 2(y0)|u(y)|p

|x − y|μ dy

)
|u|p−2u +

(∫
RN

Q2(y0)|u(y)|q
|x − y|μ dy

)
|u|q−2u. (4.10)

Proof Let un be the positive ground state solution of problem (2.1). Similar to the arguments of Lemma 2.5,
we know that {un} is bounded in Hα(RN ). Furthermore, since cεn ≥ c(V0, |K |∞, |Q|∞), it is easy to know that
{un} is non-vanishing. Then there exists δ > 0 such that∫

B1(yn)

|un|2dx ≥ δ. (4.11)

Setting vn(x) = un(x + yn), Ṽεn (x) = V (εn x +εn yn), K̃εn (x) = K (εn x +εn yn) and Q̃εn (x) = Q(εn x +εn yn),
then vn solves the following problem:

(−�)αu + Ṽεn (x)u =
(∫

RN

K̃εn (y)|u(y)|p

|x − y|μ dy

)
K̃εn (x)|u|p−2u

+
(∫

RN

Q̃εn (y)|u(y)|q
|x − y|μ dy

)
Q̃εn (x)|u|q−2u. (4.12)

Since {vn} is bounded in Hα(RN ), from (4.11), we may assume that vn ⇀ v �= 0 in Hα(RN ).
Claim 1. The sequence {εn yn} is bounded.
Otherwise, if εn yn → ∞ as n → +∞, then V (εn yn) → V∞, K (εn yn) → K∞ and Q(εn yn) → Q∞. Since

V (x), K (x) and Q(x) are uniformly continuous functions, then for R > 0 and |x | ≤ R, there holds:

|Ṽεn (x)− V∞| ≤ |V (εn x + εn yn)− V (εn yn)| + |V (εn yn)− V∞| → 0, as n → ∞.

Analogously,

|K̃εn (x)− K∞| → 0, as n → ∞.

and

|Q̃εn (x)− Q∞| → 0, as n → ∞.

For each ϕ ∈ C∞
0 (R

N ), we claim that∫
RN

Ṽεn (x)vnϕdx →
∫

RN
V∞vϕdx, (4.13)

∫
RN

∫
RN

K̃εn (y)|vn(y)|p

|x − y|μ K̃εn (x)|vn(x)|p−2vn(x)ϕ(x)dxdy

→
∫

RN

∫
RN

K 2∞|v(y)|p

|x − y|μ |v(x)|p−2v(x)ϕ(x)dxdy, (4.14)
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and

∫
RN

∫
RN

Q̃εn (y)|vn(y)|q
|x − y|μ Q̃εn (x)|vn(x)|q−2vn(x)ϕ(x)dxdy

→
∫

RN

∫
RN

Q2∞|v(y)|q
|x − y|μ |v(x)|q−2v(x)ϕ(x)dxdy. (4.15)

Below, we only prove (4.14), since (4.13), (4.15) can be proved similarly. Note that

∫
RN

∫
RN

K̃εn (y)|vn(y)|p

|x − y|μ K̃εn (x)|vn(x)|p−2vn(x)ϕ(x)dxdy

−
∫

RN

∫
RN

K 2∞|v(y)|p

|x − y|μ |v(x)|p−2v(x)ϕ(x)dxdy

=
∫

RN

∫
RN

K̃εn (y)|vn(y)|p − K∞|v(y)|p

|x − y|μ K̃εn (x)|vn(x)|p−2vn(x)ϕ(x)dxdy

+
∫

RN

∫
RN

K∞|v(y)|p

|x − y|μ
(

K̃εn (x)|vn(x)|p−2vn(x)ϕ(x)− K∞|v(x)|p−2v(x)ϕ(x)
)

dxdy

:= I1 + I2.

For I1, since vn(x) → v(x) a.e. on R
N , then for any x ∈ R

N , K̃εn (x)|vn|p → K∞|v|p as n → ∞, hence,

K̃εn (x)|vn|p converges weakly to K∞|v|p in L
2N

2N−μ (RN ). It follows from the Hardy-Littlewood-Sobolev inequal-

ity that the convolution term 1
|x |μ ∗ ω(x) ∈ L

2N
μ (RN ) for all ω ∈ L

2N
2N−μ (RN ). Thus,

∫
RN

K̃εn (y)|vn(y)|p

|x − y|μ dy ⇀
∫

RN

K∞|v(y)|p

|x − y|μ dy in L
2N
μ (RN ).

On the other hand, in view of the Hölder inequality, we obtain

∫
RN

|v p−1
n ϕ| 2N

2N−μ dx ≤
(∫

RN
|vn| 2N p

2N−μ dx

) p−1
p
(∫

RN
|ϕ| 2N

2N−μ dx

) 1
p

= ∣∣vn
∣∣ 2N (p−1)

2N−μ
2N p

2N−μ

∣∣ϕ∣∣ 2N
2N−μ
2N p

2N−μ
< +∞,

where 2N p
2N−μ ∈ (2, 2∗

α), since 2N−μ
N < q < p < 2N−μ

N−2α . Thus, I1 → 0 as n → +∞.

Note that K̃εn (x)|vn|p−2vnϕ → K∞|v|p−2vϕ in L
2N p

(2N−μ)(p−1)
loc (RN ). It follows from the Hardy-Littlewood-

Sobolev inequality that

I2 ≤ C
∣∣v∣∣ 2N p

2N−μ

∣∣ϕ∣∣ 2N p
2N−μ

∣∣K̃εn (x)|vn|p−2vn − K∞|v|p−2v
∣∣ 2N p

2N−μ ,

→ 0, as n → +∞,

where 
 = supp ϕ. Thus, (4.14) holds. Similarly, (4.13) and (4.15) holds.
From (4.13), (4.14) and (4.15), we know that v solves the following problem:

(−�)αu + V∞u =
(∫

RN

K 2∞|u(y)|p

|x − y|μ dy

)
|u|p−2u

+
(∫

RN

Q2∞|u(y)|q
|x − y|μ dy

)
|u|q−2u.
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Denote Ĩεn by the energy functional of problem (4.12). Then by v ∈ N∞, Fatou’s Lemma and the invariance of
translation, we obtain

c∞ ≤ I∞(v)− 1

2q
〈I ′∞(v), v〉

=
(

1

2
− 1

2q

)∫
RN

(
|(−�) α2 v|2 + V∞v2

)
dx

+
(

1

2q
− 1

2p

)∫
RN

∫
RN

K 2∞|v(y)|p

|x − y|μ |v(x)|pdxdy

≤
(

1

2
− 1

2q

)
lim inf
n→+∞

[ ∫
RN

(
|(−�) α2 vn|2 + Ṽεn (x)v

2
n

)
dx

+
(

1

2q
− 1

2p

)∫
RN

∫
RN

K̃εn (y)|v(y)|p

|x − y|μ K̃εn (x)|vn(x)|pdxdy

]

= lim inf
n→+∞

[
Ĩεn (vn)− 1

2q
〈 Ĩ ′
εn
(vn), vn〉

]

= lim inf
n→+∞ cεn , (4.16)

which is a contradiction with lim sup
n→+∞

cεn < c∞. Therefore, {εn yn} is bounded and we may suppose that εn yn → y0

as n → +∞.
Claim 2. C(y0) = inf

η∈RN
C(η) and vn converges strongly to v in Hα(RN ).

In fact, it follows from Claim 1 that v is a solution of problem (4.10). Denote Iy0 by the energy functional of
problem (4.10), then it follows from Fatou’s Lemma and the invariance of translation that

C(y0) ≤ Iy0(v)− 1

2q
〈I ′

y0
(v), v〉

=
(

1

2
− 1

2q

)∫
RN

(
|(−�) α2 v|2 + V (y0)v

2
)

dx

+
(

1

2q
− 1

2p

)∫
RN

∫
RN

K 2(y0)|v(y)|p

|x − y|μ |v(x)|pdxdy

≤
(

1

2
− 1

2q

)
lim inf
n→+∞

[ ∫
RN
(|(−�) α2 vn|2 + Ṽεn (x)v

2
n)dx

+( 1

2q
− 1

2p
)

∫
RN

∫
RN

K̃εn (y)|v(y)|p

|x − y|μ K̃εn (x)|vn(x)|pdxdy

]

= lim inf
n→+∞

[
Iεn (vn)− 1

2q
〈I ′
εn
(vn), vn〉

]

= lim inf
n→+∞ cεn . (4.17)

On the other hand, from Lemma 4.4, we obtain lim sup
n→+∞

cεn ≤ lim inf
η∈RN

C(η). Hence,

lim inf
η∈RN

C(η) = C(y0) = lim
n→+∞ cεn .

It follows from (4.17) that

lim
n→+∞

∫
RN

(
|(−�) α2 vn|2 + Ṽεn (x)v

2
n

)
dx =

∫
RN

(
|(−�) α2 vn|2 + V (y0)v

2
n

)
dx,

which implies that vn → v in Hα(RN ). By (4.17), we know that Iy0(v) = C(y0). Thus, v is a ground state
solution of problem (4.10). The proof is complete. ��
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Lemma 4.6 Assume that 0 < μ < 2α, 2 < q < p <
2(N−μ)
N−2α and V (x), K (x) and Q(x) are uniformly

continuous. Set vn := un(x + yn), where un is the ground state solution obtained in Lemma 4.4 and yn is given
in Lemma 4.5. Then:

(i) there exist δ0 > 0 and M0 > 0 such that δ0 ≤ |vn|∞ ≤ M0 for all n ∈ N;
(ii) lim|x |→+∞ vn(x) = 0 uniformly in n ∈ N.

Proof From Lemma 4.5, we know that vn is the solution of

(−�)αu + Ṽεn (x)u =
(∫

RN

K̃εn (y)|u(y)|p

|x − y|μ dy

)
K̃εn (x)|u|p−2u

+
(∫

RN

Q̃εn (y)|u(y)|q
|x − y|μ dy

)
Q̃εn (x)|u|q−2u,

and vn → v �= 0 in Hα(RN ). As a consequence of the above limit, we obtain

lim
R→+∞

∫
|x |≥R

(v2
n + |vn|2∗

α )dx = 0, uniformly for n ∈ R
N . (4.18)

Since 0 < μ < 2α and 2 < q < p < 2(N−μ)
N−2α , then similar to the arguments of [4, Lemma 2.4], we obtain that

there exists M > 0 such that

∣∣∣∣
∫

RN

K̃εn (y)|u(y)|p

|x − y|μ dy

∣∣∣∣∞ ≤ C and

∣∣∣∣
∫

RN

Q̃εn (y)|u(y)|p

|x − y|μ dy

∣∣∣∣∞ ≤ C.

Using [19, Proposition 2], we obtain that vn ∈ Lr (RN ) for all r ≥ 2. Then for r = 4N
N−μ , v p−1

n and vq−1
n ∈

L
r
2 (RN ) for all n ∈ N. Observe that

(−�)αu ≤
(∫

RN

K̃εn (y)|u(y)|p

|x − y|μ dy

)
K̃εn (x)|u|p−2u +

(∫
RN

Q̃εn (y)|u(y)|q
|x − y|μ dy

)
Q̃εn (x)|u|q−2u.

In view of [14, Theorem 8.17], we obtain

sup
B1(y)

vn(x) ≤ C
(
|vn|L2(B2(y)) + |v p−1

n |
L

r
2 (B2(y))

+ |vq−1
n |

L
r
2 (B2(y))

)
. (4.19)

Thus, vn is uniformly bounded. By (4.11), there holds:

δ ≤
∫

B1(yn)

|vn|2dx ≤ |B1||vn|∞. (4.20)

It follows from (4.20) that there exists δ0 > 0 such that |vn|∞ ≥ δ0 for all n ∈ N. Furthermore, from (4.18), we
obtain lim|x |→+∞ vn(x) = 0 uniformly in n ∈ N. The proof is complete. ��

Proof of Theorem 1.1 It follows from Lemma 4.4 that there exists ε0 > 0 such that, for each ε ∈ (0, ε0), problem
(2.1) has at least a positive ground state solution vε. From Lemma 4.6 and ωε = vε(x + yε), we deduce that there
exists R > 0 such that the global maximum point of ωε, denoted by ξε, is located in BR(0). Clearly, the global
maximum point of vε, given by zε = yε + ξε, satisfies εzε = εyε + εξε. Observe that uε(x) = vε(

x
ε
), then we

see that uε(x) is a positive ground state solution to problem (P) with ε > 0 and has a global maximum point of
βε = εzε. In view of Lemma 4.5 and Lemma 4.6, we know that lim

ε→0
V (βε) = V0. The proof is complete. ��
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