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Abstract In this paper, we use a supercharacter theory for IF%, induced by the action of a subgroup of GL, (IF,) to
express the fifth and seventh power moments of Kloosterman sums in terms of traces of Frobenius endomorphism
for certain families of elliptic curves.
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1 Introduction

Throughout the paper, let p be an odd prime and [, the finite field with p elements. For any a € F, there
corresponds an additive character 6 : I » — C given by

p 2mwiat
O, (1) := exp .
p

With this notation, the classical Kloosterman sum K (a), for a € F*, is defined by

K(a) = Z 0 ()08 (x71).

xeF,
Let V,, denote the nth power moment of the Kloosterman sum K (@), then
Vo= Y K(a)".
aEF;

From [7,12], it is well-known that

Vi=1, Va=p*—p—1, v3:(§) 240p 41,
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and
Vi=2p>—3p>—3p—1.
The formula for V5 can be found in [13,14] as
V5=4(§)p3+(oép~l-5)p2+4p+l, for p > 5, (L.1)
where the integer «, is given by

2p — 12x2, ifp = 3x2 4+ 5y2;
ap = { 4x? —2p, ifp = x>+ 15y%; (1.2)
0, if p=7,11, 13, or14 (mod15).
In [11], Hulek, Spandaw, van Geemen, and van Straten showed that

Vo = 5p* —10p> — (b, +9)p* — 5p — 1, for p > 7,

where b, is an integer with [b,| < 2 p%. In [5,6], Evans conjectured formulas for V; and Vg in terms of Hecke
eigenvalues of a weight-3 newform of I'g(525) with quartic nebentypus of conductor 105 and Hecke eigenvalues
of a weight-6 newform on I'g(6) with trivial nebentypus, respectively. These conjectures are recently proved by
Yun [15] attaching Galois representations to moments of Kloosterman sums. In [2], Brumbaugh et al. showed
that the Kloosterman sums appear as supercharacter values of a supercharacter theory on the group F2 induced
by the action of certain subgroup I" of the group GL,(IF,). Following the work of [2,8], Chédvez and Todd [3]
used supercharacter theory to express the fourth-degree mixed moments,

Z K (K (at)K (bt)K (ct)
teF,

in terms of traces of Frobenius endomorphism of a family of elliptic curves over IF,,. Following the approach
used in [9] for Ramanujan sums, Garcia and Todd [10] used supercharacter theory to relate Vg with traces of
Frobenius endomorphism of a family of elliptic curves over IF,,. Motivated by these, we here use supercharacter
theory to relate fifth and seventh power moments of Kloosterman sums with elliptic curves. Here and throughout
the paper, we consider the elliptic curves

Ej:y*=g;(x)
and
Eij:y* = fi(Hgj(x),

where g;(x) = (4j)c3 + (2 —6j —3)x2+ 4x) and f;(j) = j2 =20+ Dj+ (G — D2 Itis easy to see that
fi(j) = fj(i), and this symmetry will be used repeatedly in the paper. For an elliptic curve

E:y* = f(x),

and a prime p of good reduction, we define an integer a,(E), called trace of Frobenius endomorphism for E,

given by the character sum
p—1
f(x)
ap(E)=—-Y_ ( ,
x=0 p

where (F) is the usual Legendre’s symbol modulo p. For our convenience, we take a,(E) = 0if f(x) = 0.

Theorem 1.1 For p > 5, we have

Vs=4p+ap+1+p7 (L) (3p-1- (%)) - »? S i
i=2,i7#9
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Remark 1.2 The exclusion of i = 1 and 9 is obvious due to the fact that these values provide the non-elliptic
curves y2 = —12x(x — 1)? and y? = 180x(3x + 1)2, respectively. However, we have not excluded i = 4 even
though it also gives the non-elliptic curve y?> = 0. This is because it contributes 0 to a p(E1,;) as our notation.

Comparing the expressions of Vs from (1.1) and Theorem 1.1, we obtain the following corollary.
Corollary 1.3 For p > 5, we have

p—1

Z ap(E1x) = —ap — (g) (P +1+ (%)) -1,

k=1,k#9
where ap is as (1.2).

Theorem 1.4 For p > 5, we have

V7:8p3+7p2+6p+1+<§>p2<8p2—6p—7)—p2(4p—2)(1£5)+p (p)

35
p—1 P p—1
2 2
+G—4p)p> Y ap(Eirx)+2p (g) Y ap(Eop)
k=2,k9 k=2,k9

P pl p—1 p-1
+p’ Z Z ap(Ei)ap(Ei,j)+pZZ Z a,(Ei ).

i=2,i#9 j=2,j#9 i=2 j=2,j#9

In [6, (1.17)], Evans provided a conjectural expression for V7 as
V; = pc, +6pa, + 14 (g) p*+14p* +14p2 + 6p + 1 with | ¢, |< 3p%,

which was later proved by Yun [15]. Using this and Theorem 1.4, we have the following immediate corollary.

Corollary 1.5 For p > 5, we have

cp=—6p—7—(§) (6p% +6p +7) — 6pa, — (4p —2) (11)_5)+(%)

p—1 p—1
+G=4p) Y ap(E)+2(5) X apEon

k=2,k#9 k=2 k7é9
1 p—1

p—
+ Z Z aP(E)aP(ElJ)+Z Z ap(E; j),

i=2,i#9 j=2,j#9 i=2 j=2,j#9

where a is as (1.2).

2 Supercharacters and Kloosterman sums
Building upon the work of André [1] on characters, Diaconis and Isaacs [4] introduced the concept of superchar-
acters as generalization of basic characters.

Definition 2.1 [4] Let G be a finite group, let X’ be a partition of the set IrrG of irreducible characters of G, and
let Y be a partition of G. We call the ordered pair (X', ))) a supercharacter theory if

(i) Y contains {1}, where 1 denotes the identity element of G,
(1) [X] = VI,
(iii) for each X € X, the character

ox =y x(hx
xeX

is constant on each Y € ).
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The characters oy are called supercharacters and the elements ¥ € ) are called superclasses. It is easy to see
that if (X', )) is a supercharacter theory on G, then each Y € ) must be a union of conjugacy classes of G.

Diaconis and Isaacs [4] studied supercharacter theory in a more general context. However, we are here only
concerned about the supercharacter theory for abelian groups in which the results are much simpler. In [2,8,9],
a number of exponential sums of number theoretical importance have been expressed as supercharacter values
in supercharacter theories on the abelian group (Z/nZ)¢ induced by the action of certain subgroups of the group
GL;(Z/nZ). The action of a subgroup I" of GL; (Z/nZ) that is closed under the transpose operation on (Z/ nZz)?
induces a supercharacter theory on (Z/nZ). In particular, we are interested in a supercharacter theory from [2]

for (Z/ pZ)? which arises from the action of I' = Hdiag(u, uNH:ue IF; } on (Z/ pZ)?. Before proceeding, we
recall a few preliminaries on construction of a supercharacter theory (&X', ) of (Z/ nz)4.

Let I' be a symmetric (i.e. I'7 = I') subgroup of GL;(Z/nZ). The orbits I'y in (Z/ nZ)? under the action
yA := Ay of I are the superclasses Y € ). Note that Irr(Z/nZ)d ={Yy:x € (Z/nZ)d}, where

Ye(y) =07 (x - y),
in which x - y denotes the formal dot product of two elements of (Z/nZ)%. Thus the action of I" on Irr(Z/nZ)¢
given by
w}? = VIA*TX

yields orbits X € X. One can identify ¥, with the corresponding vector x so that the set X is stable under the
action x — A~ Tx of I". Consequently, since '’ = T, the orbits in (Z/ nZ)? under the actions x — Ax and
x — A~Tx must be same, and hence X = ). For each X € X, the characters

ox( =Y 0fx-y)
XeX

are constant on each Y € )/, and hence are called supercharacters on (Z/ nZ)d. Since ox are constants on each
superclass Y, we write oy (Y) without confusion. Let X1, X», ..., Xy areelementsof ¥ = Yandoy, 02, ...,0N
are the corresponding supercharacter, then define the matrix

s [axxpm}’v

Vel | VIXI

From [2, Lemma 1], it follows that U is unitary and symmetric. The following lemma classify all N x N matrices
T that satisfy TU = U D, for some diagonal matrix D.

Lemma 2.2 [2, Theorem 2] Let T = I'T be a subgroup of GL4(Z/nZ), let {X1, X», ..., X,,} denote the set of -
orbits in G = 7Z/nZ induced by the action of T', and let 01, 02, . . ., o denote the corresponding supercharacters.
For each fixed z in Xy, let ¢; j . denote the number of solutions (x;, y;) € X; X X to the equation

i,j=1

X+y=2z.

(@) ci,jk is independent of the representative z in Xy that is chosen.
(b) The identity

N
oi(XDoj(X1) =Y ci jkok(X))
k=1
holds for 1 <i, j,k < N.
(c) The matrices Ty, T», ..., Ty whose entries are given by
(1 = S
’ VIX1
each satisfy
T;U = UD;
in which D; =diag(o;(X1), 0i(X2), ...,0i(Xn)). In particular, the T; are simultaneously unitarily diago-

nalizable.
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Table 1 Supercharacter table for Ff) induced by the action of I' = {diag(u, uil) Tu € IF‘;}

(Z/pZ)* X X E Xp-i Xp Xp+1 Xps2
r (1, 1) (1,2) (Lp—=1 0,1 (1,0) 0,0)
# p—1 p—1 p—1 p—1 p—1 1

o1 K(1) K(Q2) K(p—1 1 1 p—1
o) K(2) K4) KQ2(p-1) -1 -1 p—1
op1 K(p—1) KQ(p—1) K(p—1)? —1 —1 p—1
op -1 -1 -1 p—1 -1 p—1
Ot -1 -1 -1 —1 p—1 p—1
Opi2 1 1 1 1 1 1

(d) Each T; is a normal matrix and the set {Ty, T», ..., Ty} forms a basis for the commutative algebra of all

N x N complex matrices T such that U*T U is diagonal.
If we take d = 2 and n = p, then the action of the subgroup

r= [diag(u, wDiue F;]

of GL;(F ) induces a superchacharacter theory for ]Ff,. In this supercharacter theory, there are p +2 superclasses
with corresponding supercharacter table given in Table 1.
Noting that

diag(K (i), K(2i), ..., K((p — i), —1,—1,p—1), ifl<i<p-—1;

b, — |diag(=1, =1, =Lp—1,—1,p—1), ifi = p;
P =) diag(—1,-1,...,—1,—1,p—1,p— 1), ifi = p+1;
diag(1,1,...,1,1,1, 1), ifi=p+2:

we have from Lemma 2.2 that

Tt ti2 oo tp—1 004/p—17

11 o o+ Dp-l 11 0
131 32 -+ 13,p-1
T = : : : D : i 2.1)
tp-11 tp—12 - tp1p-1 11 0
1 .- 1 01 0
0 1 .- 1 10 0
Jp—1 0 - 0 00 0
where
(i
tij = 1+ <M> .
p
From these, Garcia and Todd [10] noticed that
Vo= p N2+ 2= = (p— )" (22)

3 Proof of the results

It is easy to see from (2.2) that calculation of V,, depends on the evaluation of sums and products of Legendre
symbols and higher powers of the matrix 7. For #; ;, we here recall the following result from [10].

Lemma 3.1 [10, Lemma 13] Fork =1,2,...,p — 1,

”Z (ﬂ(x)) _ .

x=0 p
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Following [10], we define the following character sum

p—1
o — Z <f] (x)fk(X)> '

x=0 p

This sum appears in evaluation of higher powers of 77, and will eventually connect power moments of Klooster-
man sums to traces of Frobenius endomorphism of certain families of elliptic curves. The following results are
known from [10].

Lemma 3.2 [10, Lemma 16]

61=p—2and69=—1—(—

WIS
~—

Lemma 3.3 [10, Lemma 17]

We now express the character sum ¢; in terms of traces of Frobenius endomorphism for certain families of elliptic
curves.

Lemma 3.4 We have

p—1
p—1 : 1+ (%) - (%) (%) - Z ap(Eij), ifi =1
¢ <M) _ J=2.779 3.1)
P
=2 g 2+ (%) - (%) (%) - jzzzi#gap(Ei,j)s ifi #1.

and

p—1 p-1 p—1 p—1 p—1 p—1
Yo @apEp=— Y > apEp— Y. Y ap(Eap(Ei))
i=2 j=2,j#9 i=2,i#9 j=2,j#9 i=2,i#9 j=2,j#9

— (1 n (g)) | pZ a,(Eo. ). 3.2)

J=2.j#9

Proof For j # 1,9, we have from [10, Lemma 20] that

p—1 )
=1+ (—g-’;x)) . (3:3)
x=0

As a result, for a fixed i, we have

1

p—1 . p—1 . p—1 p-
fi(])) B (fi(])) (gJ(X)ﬁ(J))
€i|l——)=— — | +
> o ) 0

J=2.j#9 p j=2jz0 N P J=2.j#9 x=

We first observe that ( ) = 0and ( ) = 1fori # 1, and hence Lemma 3.1 yields

p—1

j - p—1
, 9 2+ (%) + (#) - Z ap(E;j), ifi #1.

J=2.j#9
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Using Lemma 3.2, we add €9 (%) on both to obtain (3.1) because of the fact that f; (j) = f; (@) forall 7, j.

Again from (3.3), we have

p—1 p—1 p—1 p—1 p—1
dle Y apEijy= Y (~l=apE)) Y ap(Eij)+e > ap(Eg).
i=2  j=2,j#9 i=2,i#9 J=2,j#9 J=2,j#9
Hence (3.2) follows. o

Using these, we evaluate certain higher powers of 77 that shall be used in the proofs of our main results.

Lemma 3.5 Fori =1,2,...,p+2,

p—1
PP=4p+10+(5)CGp =D = ()~ D apEr). ifi=L
j=2,{7&9
(111}, =1 2 P AT fi@ L .
T s B rer-(B)+ e () wi=23p-t
j=2
(p—3)7% ifi=p,p+1;
Bp—-6)vp—1, ifi =p+2.
Proof From [10, Lemma 22], we have that, fori = 1,2, ..., p + 2,
3p—6, ifi =1;
2 ) p—4+e, ifi =2,3,...,p—1;
[Tl]l,i “1p-3- (%) , ifi =p,p+1; (3.4

(1+(§5)Vp—=T1, ifi=p+2.
It is easy to see that

p+2

(T3, =Y 01 4 [Tk -

i=1

and hence using (3.4) and (2.1), we have

p—1 p—1
[Tl]?,i =@p-06)[T1];+(p—4 Z [T1]; + Z ex [T1lg;
k=2 k=2

+(p=3= (%)) (M1 +1T0p0) + (14 (5)) VP =TT

Clearly,

p—1
(11T}, =Gp —6) (1 + (ﬂ;”» Fp-nY {1 + <f"]§”>}

k=2

B (-G

=~

and hence using Lemmas 3.1, 3.3, and (3.1), we obtain

p—1
(11} =p* —4p+10+(£)Bp=D = (F) = X apErp.
J=2,j#9
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Fori =2,3,..., p— 1, note that

; p—
(7113 ; =(3P_6)<1+<f1(l)>>+(p 4) { <fk(l))}
P k=2 p

p—1
+ Ek{1+

k=2

,_.

Thus Lemmas 3.1 and 3.3 yield

Ifi = p, p+1,then

(11 =Gp=6)-0+(p—H(p-2+4+(5)=p+p-3-(5) = r-3"

-1

=

J=2

Finally,

[Tl]l p+2 = =@3p— 6)\/

completing proof of the lemma. O

We are now in a position to prove Theorem 1.1.
Proof of Theorem 1.1. Putting n = 5 in (2.2), we have

Vs(p) = p*[Th1} | +2— (p — D*.
Thus we complete the proof of the theorem because of Lemma 3.5. (]
Lemma 3.6 We have

(1115, =p* — 6p° + 15p? —1op+13+( )(sp —6p—8)— (%)(4;7—4)

SN
—(4p—4) Z ap<E1,)+ZZl,( ’]>

i=2,i#9 i=2 j=2
Proof Noting that
p+2

[T, =Y 0L, [T
i=1
we use (3.4) and Lemma 3.5 to obtain

p—1
[T, =Gp =6 [T11}  + (p — 4)Z[m,l+zel [T}

i=2 i=2
A St p—

=p* —5pP+Tp% +19p — 44+( )(9p 12p — 14)

p—1 .
~Gr-0(f5)-Gr-9 Z ap(Eri) +Q2p=2(p—4) ) (ﬁ;))

i=2,i#9 i=2

+(p—4)[§ej§<f’;i)) +(p2—4p+8— <§>)§e

j=2 =2
p-l p—lp—
J1@) Ji(j) (J)
rer-n 50 (10) 55 (4
i=2 i=2 j=2
Using Lemmas 3.1, 3.3, and (3.1), and then simplifying, we complete the proof of the lemma. O
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Proof of Theorem 1.4. Putting n = 7 in (2.2), we have
Vi(p) = p* IV}, +2— (p = 1)°.

Using Lemma 3.6, we obtain
—10n3 _ 92 PN 2402 o (P
Vip) =10p* = 2p> +-6p+ 1+ (£ ) P28p” = 6p = 8) — (12 ) ’(4p = 4)

= e
—@p—=Hp* Y ap(Er)+p° Y ) e ,( e ) (3.5)

i=2,i#9 i=2 j=2 p
We now evaluate the quadratic character sum
—1 .
X Ji(j)
P B
ij=2 p

in terms of traces of Frobenius endomorphism for certain families of elliptic curves. For a fixed i # 1, we have

from (3.1) that
p—1 . p—1
Ji@@) Ji(1) IAYRAS))
o () =+ (50) -G () - X e

=2 J=2.#9

~.

Therefore,

1

Slfeiq(f’(”> 22 +Z (ﬁ“)) <):2E’(ﬁ(9))

i=2 j=2

p—1 p-1
—Z Z eiap(E,-,j).

i=2 j=2,j#9
Thus Lemma 3.3, (3.1), and (3.2) yield
p—1p—1 s p—1
3 e ULT0) D SO (3) —2(3) + (ﬁ) — 3 apEr)
— £ D 3 15 35 =
i=2 j=2 i=2,i#9
D p—1 p—1 p-1
+2<§) Y apEo+ Y. > ap(Eij)
i=2,i#9 i=2 j=2,j#9
p—1 p—1
+ >0 > ap(Enay(E .
i=2,i#9 j=2,j#9
Hence the proof of the theorem follows from (3.5). U
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