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Abstract The aim of this paper is to introduce and investigate generalization of π -regular seminear-rings. We
determine the structural property of regular constant clean, the generalization of π -regular and strongly π -regular
seminear-rings. Moreover, we give a new definition of Utumi seminear-rings based on the constant elements.
Then we show that such seminear-rings contain the above structure of seminear-rings despite certain conditions.
Assuming that I is an ideal of a regular constant clean seminear-ring S, we prove that S/I is a quotient of
seminear-rings. We find the relation between regular constant clean seminear-rings and their quotients.

Keywords Constant element · Constant clean · Regular constant clean · Strongly regular constant clean ·
Weakly constant clean

1 Introduction

Various algebraic and combinatorial tools have played an essential role in developing computer science and its
application. The theory of formal languages, motivated both by linguistic studies and by the development of
computer languages in the 1950s, led to fruitful connection with mathematics, where there are algebraic tools
such as semigroups. The main problem with computer science about formal languages became the question of
semigroups. We explore and generalize the algebraic tool of seminear-rings (a possible extension of semigroups
to tree structures) as a first step to address concrete problems in the computer science part. In this paper we focus
mainly on the algebraic properties of seminear-rings.

Our main aim in this paper is to introduce the constant part of seminear-rings such as this concept in near-
rings. We know that for a right near-ring N , Nc = {n ∈ N | n0 = n} is called the constant part of N . But
due the lack of zero element in a seminear-ring S, we define this concept with the use of an idempotent element
of S. Then we would like to use constant elements of seminear-rings, so we can present new concepts and
definitions to achive the new results in seminear-rings, that are a generalization of similar results in rings. We
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A generalization of π -regular seminear-ring 211

have defined the concept of regular constant clean , using these elements and we have shown in Theorem 1 that
this is a generalization of π -regular. This theorem shows that constant elements are a good alternative to nilpotent
elements in seminear-rings, that don’t have the neutral additive element.

In [9] Sardar and Mukherjee have defined the quotient seminear-rings. In Theorem 4 we show that for a
k-ideal I of S, that contain the constants of S, seminear-ring S

I is regular constant clean if and only if S is also
regular constant clean.

In the last part of this paper, based on the fact that seminear-rings don’t have inverse additive element,
we defined the concepts of constant clean seminear-rings, weakly constant clean seminear-rings and Utumi
seminear-rings, by using constant elements.

2 Preliminaries

Throughout this paper S denotes a right seminear-ring, N denotes a right near-ring and R denotes a ring. We
use C(S), Se

c , I d(S) and Con(S) to denote the center, the constant part, the set of multiplicatively idempotent
elements and the set of constant elements of S. Also we use Nil(R) to denote the set of nilpotent elements of R.
Refer to [10] and [6] for the definitions of right near-ring and semiring.

A right seminear-ring is a nonempty set S with two binary operations + and ·, such that both (S,+) and
(S, ·) are semigroups and for all r, s, z ∈ S the equality (r +s)z = r z +sz holds. Moreover, a right seminear-ring
(S,+, ·) is called distributive seminear-ring if for every r, s, z belonging to S the equality z(r + s) = zr + zs
holds [9].

Seminear-rings are generalizations of semirings and near-rings. The standard examples of seminear-rings
typically have the form of M(G), that is the set of all mappings on a semigroup (G,+) with identity zero,
pointwise addition, and composition of mappings. The theory of seminear-rings has some applications in other
areas of mathematics. In particular, seminear-rings appear naturally in theoretical computer science [9].

Every near-ring is a seminear-ring, but there are many examples showing that, a seminear-ring is not a
near-ring. For instance if Z+ denote the set of all non neagative integers, then

S =
{ (

a b
0 0

)
| a, b ∈ Z+

}
is a seminear-ring with matrix addition and matrix multiplication. It is

shown that this seminear-ring is not a near-ring because (S,+) is not a group (see [1]) and another example of
seminear-ring which is not a near-ring is (P(X),∪,∩), where P(X) denotes the power set of an arbitrary set
X �= φ.

Let N be a right near-ring, then since N is not left-distributive, one cannot conclude that for every n ∈ N ,
n0 = 0. Some concepts, such as N0 = {n ∈ N | n0 = 0} and Nc = {n ∈ N | n0 = n}, have been identified
in the theory of near-rings.

A right near-ring N is called a right constant near-ring if we have N = Nc, that Nc is constant part of N and
it is called a right zero-symmetric near-ring, if the equality N = N0 holds, that is, the zero-symmetric part of N .

In this paper, we have tried to generalize the concept of Nc in the seminear-rings, using idempotent elements.

Definition 1 Let S be a seminear-ring and e ∈ I d(S). Put Se
c := {a ∈ S | ae = a}. It is easy to verify that

e ∈ Se
c , which implies Se

c �= ∅. This set is called a constant part of S. In fact, the set of all elements that are
members of the set Se

c is called the set of constant elements and is denoted by con(S).

If S has no additive netural element or is not distributive, then every ideal of S has the structure of rings and
semi-rings. More precisely a subgroup I of (S,+) is a left (right) ideal if ri ∈ I (ir ∈ I ), for every r ∈ S and
i ∈ I , [9].

Now we prove that Se
c is a left ideal of S.

Lemma 1 Let S be a seminear-ring and e ∈ I d(S), then Se
c is a left ideal.

Proof For a, b ∈ Se
c , the equalities a + b = ae + be = (a + b)e imply a + b ∈ Se

c . Moreover, for any r ∈ S,
we have (ra)e = r(ae) = ra, which implies that ra ∈ Se

c . ��
Given a seminear-ring (S,+, ·), a left (right) k-ideal is a left (right) ideal of S if a + b ∈ I and a ∈ I imply

that b ∈ I . Then I is a k-ideal if it is both a right and a left k-ideal. Moreover, a left (right) k-ideal I of S is
called a full left (right) k-ideal if we have that I d(S) ⊆ I .

Because of the absence of additive neutral and inverse elements in seminear-rings, we cannot give a definition
for the nilpotent elements and for notions such as nil clean, weakly nil clean, regular nil clean, and Utumi in
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seminear-rings. This paper will introduce a different decomposition of elements in a seminear-ring, which uses
constant elements instead of nilpotent elements. We also introduce the notions of constant clean, weakly constant
clean, regular constant clean, and Utumi seminear-rings. Thus, we can present a generalization of the π -regular
seminear-ring using the new elements we will define later.

The π -regular ring is a generalization of the von Neumann ring, introduced by McCoy [8]. A ring R is called
π -regular if for every a ∈ R there exists such a positive integer n that an ∈ an Ran . Moreover, strongly π -regular
is a generalization of π -regular introduced by Badawi et al. [2]. An element x ∈ R is said to be strongly π -regular
if there exist y ∈ R and a positive integer n such that xn = xn+1 y and xy = yx .

According to Diesl [2], an element of a ring is called (strongly) nil clean if it is a sum of an idempotent and
a nilpotent element (which commute with each other), and a ring is called (strongly) nil clean if every element
of that ring is (strongly) nil clean [5]. One can see that the (strongly) nil clean ring has a close connection to the
strongly π -regular ring and to the Boolean ring, which are rings for which a2 = a, for every element a.

Lemma 2 Every strongly nil clean ring is strongly π -regular.

Proof See [7], Lemma 2.3. ��
The nil clean rings have been specially extended to weakly nil clean rings [7]. A ring R is called weakly nil

clean if for every a ∈ R there exist e ∈ I d(R) and q ∈ Nil(R) such that a − q − e ∈ eRa [4]. A ring R is called
regular if for every a ∈ R there exists such an x ∈ R that a = axa. In fact, this is an excellent generalization of
regular rings. Suppose the ring R has an identity element, then R is called regular nil clean if for every a ∈ R
there exists such an e ∈ Ra ∩ I d(R) that a(1 − e) = a − ae ∈ Nil(R), [3]. Moreover, if for any a ∈ R,
ae = ea, we say that both a and R are strongly regular nil clean. Danchev [3] has shown that every regular nil
clean is a left-right symmetric one (see Proposition 1.2). Moreover, they proved that every π -regular ring is a
regular nil-clean ring, and every strongly π -regular ring is regular nil-clean (see Proposition 2.2). This gives us
the following diagram:

(I) Strong nilclean ⇒ Strongly π -regular ⇒ π -regular ⇒ Regular nilclean.

π-regular

Regular nilclean

Strong nilclean

Strongly π-regular

Utumi dealt with such rings in [11] and established that for every x ∈ R, there exists a y ∈ R which depends
on x such that x − yx2 belongs to C(R). Utumi also showed that x − yx2 ∈ C(R). Danchev [3] calls a ring an
Utumi ring if for every x ∈ R there is a y ∈ R which depends on x such that x − x2 y ∈ Nil(R), but the proof
that it is symmetric is still open. He also showed that every regular nil clean ring is an Utumi ring, so by the last
diagram, the Utumi ring contains all such rings (see Proposition 2.5).

3 Regular constant clean Seminear-rings

In this paper, all following definitions and results, the seminear-ring S is considered to be right such that for
every e ∈ I d(S) and a ∈ S the equality ea = eae holds.

In this part, we will follow two main aims. we will first try to describe the properties of regular constant
clean seminear-rings and show that the regular constant clean seminear-ring is a generalization of the π -regular
seminear-ring.

Finally, by using a congruence relation on the Se
c , we show that this generalization will also hold for S

I .

Definition 2 A seminear-ring S is called regular constant clean if for every a ∈ S there exists an element
e ∈ Sa ∩ I d(S) such that a ∈ Se

c . Moreover, S is called strongly regular constant clean if ae = ea.
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A generalization of π -regular seminear-ring 213

In the following we give some examples of regular constan clean seminear-ring.

Example 1 (1) Let S be a regular seminear-ring. Then for every a ∈ S there is e ∈ I d(S) such that Sa = Se, so
e is in Sa ∩ I d(S). Since S is regular, for every a ∈ S there is an x ∈ S such that a = axa, and this implies
that a ∈ Se=xa

c . Then S is a regular constant clean.
(2) Let S be a Boolean seminear-ring. Then we have a2 = a and a ∈ Sa ∩ I d(S) such that a ∈ Se=a

c , a ∈ S.
(3) Let S = {0, a, b} and let the operation of addition and multiplication on the elements of S be defined as

follows:

+ 0 a b
0 0 0 0
a a a a
b a a a

· 0 a b
0 a 0 0
a 0 a a
b 0 a a

it is easy to see that (S,+, ·) is a distributive seminear-ring such that a0 = a0a and ab = aba, for a ∈ I d(S).
It is straightforward to verify that 0 is a regular constant clean element of S.

In the following we show that for an e ∈ I d(S) of a regular constant clean seminear-ring S, subseminear-ring
Se is also regular constant clean.
Furthemore we show that C(S) is regular constant clean too.

Proposition 1 Let S be a regular constant clean seminear-ring. Then for every e ∈ I d(S), Se is a regular
constant clean seminear-ring.

Proof For every a ∈ S, there exists f ∈ Sa ∩ I d(S) such that a f = a. On the other hand, for every r ∈ S we
have re ∈ S and f ∈ Sre. Since for every a ∈ S the equality a f = a holds, we have e f = e and re f = re,
where the equality re f = re means that re is an element of S f

c , which concludes the proof. ��
Result Let S be a distributive regular constant clean seminear-ring. Then for every e ∈ I d(S), eSe is a

regular constant clean seminear-ring.

Proposition 2 For a regular constant clean seminear-ring S, we have that C(S) is also a regular constant clean.

Proof For a c ∈ C(S), there exists an e ∈ Sc ∩ I d(S) such that c ∈ Se=rc
c , for r ∈ S, then crc = c = rc2. Now

we show that e = rc commutes with all other elements of S. Then, for any s ∈ S, we see that

s · rc = s · rcrc = csrcr = rc2srcr = rcsrcrc = rcsrc,

rc · s = rcrcs = rcrsc = rcrsrc2 = rcrcsrc = rcsrc.

It follows that s · rc = rc · s ⇒ se = es. ��
The purpose of presenting Propositions 3 and 4, is not only to use them in other propositions, but also to

show that regular constant clean elements are not equal to regular elements.

Proposition 3 Every regular constant clean seminear-ring is a left strongly regular.

Proof Let S be a regular constant clean seminear-ring for any a ∈ S, there exists an e ∈ Sa ∩ I d(S) such that
a ∈ Se=ra

c , for some r ∈ S. So ae = a implies ara = a. It follows from the hypothesis that:

ar = arar = a · rarra �⇒ ara = ar2a2 �⇒ a = ar2a2.

Let z = ar2 and a = za2. ��
Note that in the theory of seminear-rings, every strongly π -regular is π -regular.
In this part of paper we investigated the relation betwen the π -regular and strongly π -regular seminear-ring

with regular constant clean.
Put, in the first step we give two following useful lemmas.

Lemma 3 Let S be a left strongly π -regular. Then the equality bn+1 = bn implies that b = b2, for all b ∈ S
and n ∈ N.
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Proof By definition, there exist z ∈ S and m ∈ N such that bm = zbm+1. Now we have

bm = z · bm · b = z · zbm+1 · b = z2bm+2 = · · · = znbm+n .

Since the equality bn+1 = bn holds, we have bm = znbm ·bn+1 = znbm+n ·b. On the other hand, we have shown
that bm = znbm+n , which implies that bm = znbm+n · b = bm · b = bm+1. Thus, the equality bm = bm+1 holds.
Moreover, the following equations can be derived:

– b2m−1 = bm · bm−1 = bm+1 · bm−1 = b2m ,
– bm−1 = b2m−m−1 = b2m−1−m = b2m−m = bm .

So we have bm+1 = bm = bm−1. From the equality bm = bm−1, we can obtain the equations b2m = bm · bm =
bm−1 · bm−1 = b2m−2. So we have

bm−2 = b2m−m−2 = b2m−2−m = b2m−m = bm

and given the equations b2m = bm · bm = bm−1 · bm−2 = b2m−3, we have

bm−3 = b2m−m−3 = b2m−3−m = b2m−m = bm .

Consequently, we obtain that b = b2. ��
Lemma 4 For a given left strongly π -regular seminear-ring, the equality ab = e implies

ba = (ba)2 = · · · = (ba)n = (ba)n+1 = bea,

where a �= b ∈ S, e ∈ I d(S), and n ∈ N.

Proof If the equality ab = e holds, then we have (ba)n+1 = baba · · · ba = b(ab)na = bena = bea. On the
other hand, there is a z ∈ S such that (ba)n = z(ba)n+1 = zbea, so we have (ba)n+1 = (ba)n ·ba = zbea ·ba =
zbe · ab · a = zbea. Therefore, the equality (ba)n = (ba)n+1 = bea holds. Applying Lemma 3 now concludes
the equalities ba = (ba)2 = . . . = (ba)n = (ba)n+1 = bea. ��
Theorem 1 Every π -regular seminear-ring is regular constant clean seminear-ring.

Proof It follows from the hypothesis that for every a ∈ S there exists r ∈ S and n ∈ N such that an = anran .
This means that ran is an idempotent element and ran ∈ Sa, so we have ran = r ′a, for some r ′ ∈ S. This
implies that r ′a ∈ Sa ∩ I d(S). It is enough to show that a ∈ Se=ran=r ′a

c and r, r ′ ∈ S. Following the definition
of the π -regular seminear-ring and the hypothesis, we conclude that:

anr = anranr = an · ranrran �⇒ anran = anr2anan �⇒ an = anr2an−1an+1.

Let z = anr2an−1. It follows that an = zan+1 and a is a left strongly π -regular, moreover r ′a = e ∈ I d(S).
Now by Lemma 4, we obtain that ar ′ ∈ I d(S). Assume that a �= ar ′a = x , where x ∈ S, then we have a �= x
and r ′ar ′a = r ′a implies r ′x = r ′a, which implies ar ′x = ar ′a = x . So the equality ar ′ar ′ = ar ′ implies
xr ′ = ar ′, which in turn implies xr ′a = ar ′a = x . Thus, it is easy to observe that ar ′a = xr ′x and

xr ′x = ar ′a · r ′ · ar ′a = ar ′ · ar ′a · r ′a = ar ′ · x · r ′a = ar ′ · x = x .

Furthermore, since xr ′x = x �= a �= ar ′a holds, we have xr ′x �= ar ′a, which contradicts the equality
ar ′a = xr ′x . So we have a = ar ′a = x and a ∈ Sr ′a

c . ��
Proposition 4 Let S be a regular constant clean seminear-ring, then there exists f ∈ aS ∩ I d(S) such that
a f = f a = a.

Proof Since for every a ∈ S there is an e ∈ Sa ∩ I d(S) such that a ∈ Se=ra
c , then we have f = ar ∈ aS ∩ I d(S).

It follows that f a = ara = ae = a and we conclude that ar · a = ar · a · ar �⇒ a = a2r �⇒ a f = a. ��
Theorem 2 A seminear-ring S is a strongly π -regular if and only if it is a strongly regular constant clean
seminear-ring.
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Proof For every a ∈ S, there exist x ∈ S and n ∈ N such that an = an+1x and ax = xa. Then we have

an = an+1x = a · an · x = a · an+1x · x = an+2x2

= . . . = a2n xn = an xnan ⇒ an = an xnan .

The equalities an xn · an xn = an xnan · xn = an xn imply that an xn is an idempotent element. Let e = an xn .
Also, the equalities exa = an xn xa = an+1x · xn = an xn = e imply e = exa ∈ Sa. So there exists r ′ ∈ S such
that an xn = r ′a ∈ Sa ∩ I d(S). Now it suffices to show that a ∈ Se=an xn=r ′a

c . By Lamma 4 ar ′ is an element
of I d(S) and by the argument of Theorem 1 we obtain the equality ar ′a = a. Therefore a is an element of Sr ′a

c
and since the equality ax = xa holds, S is a strongly regular constant clean seminear-ring. Let a ∈ S and S be a
strongly regular constant clean, then there exists e ∈ Sa ∩ I d(S) such that a ∈ Se=ra

c , with r ∈ S and ae = ea.
From this we can conclude that

a = ae = ea �⇒ a = ara = ra2 �⇒ an = ran+1.

On the other hand, there exists f = ar ∈ I d(S), so using Proposition 4 we have that

a = f a = a f �⇒ a = ara = a2ran = an+1r.

So we conclude that an ∈ an+1S ∩ San+1, which completes the proof. ��
If S is a unitry seminear-ring, in the following theorem we show that every principal right ideal Sa is regular

constant clean if and only if S is regular constant clean.

Theorem 3 Let S be a seminear-ring. Then the following statements are equivalent,

1) S is regular constant clean,
2) for every a ∈ S there is h ∈ aSa ∩ I d(S) such that ah = a ∈ Sh

c .

Proof 1 −→ 2) For every a ∈ S, there exists an element e in Sa ∩ I d(S) such that a ∈ Sra
c , r ∈ S, then

ae = a and ara = a. It is easy to observe that f = ar ∈ aS ∩ I d(S) and f e f ∈ I d(S). On the other hand,
f e f = f e = arra ∈ aSa, so h = f e f ∈ aSa ∩ I d(S). Now we just need to show that a ∈ Sh= f e f

c . Since
ae = a and e f ∈ I d(S), then ah = a f e f = ae f e f = ae f = a f and by Proposition 4, a f = a. Thus we
have

ah = a f e f = a f = a ⇒ a ∈ Sh= f e f
c .

2 −→ 1) Suppose that for a ∈ S there exists an h ∈ aSa ∩ I d(S) such that ah = a ∈ Sh=ara
c , r ∈ S. This

implies that h = ara ∈ aSa ⊆ Sa. Thus h = ara = r ′a, for some r ′ ∈ S. Finally, we have that a ∈ Sr ′a
c

and S is a regular constant clean seminear-ring.
��

The quotient seminear-ring cannot be defined in the usual way, but Sardar and Mukherjee [9] have presented
a definition of the quotient seminear-ring by defining a congruence relation. Let δ be a congruence on a seminear-
ring (S,+, ·), then

S

δ
:=

{
[s] | [s] is the congruence class of s ∈ S, with respect to δ

}

is a seminear-ring. The operations of addition and multiplication satisfy the following conditions: For [s], [t] ∈ S
δ

,
the equalities [s] + [t] = [s + t] and [s][t] = [st] hold.

Proposition 5 Let S be an abelian regular constant clean seminear-ring and let Se
c be a k-ideal of it. Then let

the relation δ is defined on S be defined by

aδb ⇐⇒ a + b ∈ Se
c ,

which is a left congruence on S.
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Proof Under the hypothesis, for any element a in S there is an element e in Sa ∩ I d(S) such that a is an element
of Se=ra

c , for some r ∈ S. Since Se
c is a left k-ideal of S, then a + a ∈ Se=ra

c , r ∈ S, which implies aδa. Suppose
that aδb, then a + b ∈ Se=ra

c . Since Se
c is a left k-ideal and a ∈ Se=ra

c , then b ∈ Se=ra
c , where r ∈ S. From

this follows b + a ∈ Se=ra
c , so bδa. Now suppose that aδb and bδc, then we have a + b, b + c ∈ Se=ra

c , for
some r ∈ S. So a + c ∈ Se=ra

c ⇒ aδc and δ is an equivalence relation on S. We now show that δ is a left
congruence. Suppose that aδb and cδd, then we show that c + aδd + b and caδdb. Since aδb and cδd, then
a + b, c + d ∈ Se=ra

c , which by assumption, b ∈ Se=ra
c , for some r ∈ S. On the other hand, (S,+) is abelian

and c + a + d + b ∈ Se=ra
c ⇒ c + aδd + b. Since Se=ra

c is a left ideal, this implies that ca and db belong to
Se=ra

c . Then ca + db is an element of Se=ra
c , so caδdb, as required. ��

Definition 3 Let S be a seminear-ring, and I be its ideal. The ideal I is called constant if every element of it is
a constant element. More precisely, for every a ∈ I there is e ∈ I d(I ) such that a ∈ Se

c .

Example 2 Every regular and idemepotent ideals are constant.

Proposition 6 For a given regular constant clean seminear-ring S, every left ideal is constant.

Proof Suppose I is a left ideal of S, then for every a ∈ I there exists e ∈ Sa ∩ I d(S) such that a ∈ Se=ra
c , r ∈ S.

Since e = ra ∈ I , so we easily see that e ∈ I d(I ). ��
Theorem 4 Given an abelian seminear-ring S, with a left ideal I and a k-ideal Se

c . Then S is a regular constant
clean seminear-ring if and only if S/I is also a regular constant clean seminear-ring.

Proof For every a ∈ S, there exists an element e of Sa ∩ I d(S) such that, a ∈ Se
c , which implies ae = a.

By the definition of the constant ideal, we have that I ⊆ Se
c ⊆ Sa. Moreover, for any [a] ∈ S

I , it holds that

[e] ∈ S
I [a] ∩ I d( S

I ) such that [a] ∈ Se
c
I , so [ae] = [a]. The converse of the theorem is easy to prove. ��

4 Constant clean, Weakly constant clean and Utumi Seminear-rings

Throughout the section, 0 is the identity element of the seminear-ring S for which a +0 = 0+a = a and 0a = 0
hold, for any a ∈ S.

Definition 4 Let S be a seminear-ring. Then an element a ∈ S is said to be constant clean, if for e ∈ I d(S) and
p ∈ Se

c , a = e + p. Moreover, if pe = ep, then a is a strongly constant clean element.

Lemma 5 Let S be any seminear-ring, then for every e ∈ I d(S), S0
c ⊆ Se

c .

Proof For an element a of S0
c , we have that a = a0, which implies ae = a0e = a0 = a, which in turn implies

a = ae, so that a is an element of Se
c . ��

Example 3 Every constant element of a seminear-ring S with con(S) ⊆ S0
c , and also every idempotent element

of it, are constant clean. For every a ∈ con(S), we have a0 = a. On the other hand, 0 ∈ I d(S) and a = 0 + a.
Therefore, a is a constant clean element. Also for e ∈ I d(S), we have 0e = 0 ⇒ 0 ∈ Se

c , which implies
0 ∈ con(S) and then e = e + 0.

Proposition 7 Suppose a ∈ S is a strongly constant clean element and con(S) ⊆ S0
c , then the following

statements hold:

I. If S is a distributive seminear-ring, then a ∈ S is a strongly π -regular element.
II. a ∈ S is a regular constant clean element.

III. there exists a unique decomposition of a ∈ S, for e ∈ I d(S) and p, p′ ∈ cons(S).

Proof I. Let a ∈ S. There exist e ∈ I d(S) and p ∈ con(S) such that a = e + p. Since a ∈ S is a distributive
and strongly constant clean element, then ae = ea = a. Consequently, we have

a = e + p ⇒ a2 = ea + pa ⇒ a0a = ea + pa ⇒ a0 = ea + pa ⇒ a0a = ea2 + pa2

⇒ a0 = ea2 + pa2 ⇒ a = (e + p)a2 ⇒ a ∈ Sa2 ⇒ an ∈ San+1.
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Because of the distributivity of S we have

a = e + p ⇒ a2 = ae + ap ⇒ a0a = ae + ap ⇒ a0 = ae + ap ⇒ a20 = a2e + a2 p

⇒ a0a0 = a2(e + p) ⇒ a0 = a2(e + p)

⇒ a = a2(e + p) ⇒ a ∈ a2S ⇒ an ∈ an+1S.

Therefore an ∈ an+1S ∩ San+1.
II. Let a = e + p, where e ∈ I d(S) and p ∈ con(S). Then can conclude that

a = e + p = (e + p)e ⇒ a = ae ⇒ a ∈ Se
c .

To complete the proof, it suffices to show that e ∈ Sa. Under the assumption e ∈ S0
c , we obtain

ea = e0a = e0 = e ⇒ e = ea ∈ Sa.

III. Suppose that there is no unique decomposition for a ∈ S. Let a = e + p and a′ = e + p′, where e ∈ I d(S)

and p, p′ ∈ con(S). Since we have

a = e + ep = e + e0p = e + e0 ⇒ a = e + e

and analogously

a′ = e + ep′ = e + e0p′ = e + e0 = e + e ⇒ a′ = a,

then the following diagram is obtained:

distributive strongly constant clean ⇒ strongly π − regular ⇒ π − regular ⇒ regular constant clean.

��
Corollary 1 Let S be a abelian seminear-ring.

1) If S is a distributive strongly constant clean seminear-ring, with a k-ideal Se
c , then S/I is also a distributive

strongly constant clean.
2) If S is a π -regular and strongly π -regular seminear-ring, with a k-ideal Se

c , then S/I is also a π -regular and
strongly π -regular.

Definition 5 An element a ∈ S is weakly constant clean in S if there exist e ∈ I d(S) and p ∈ Se
c such that

a + e + p ∈ eSa. Also S is weakly constant clean if every element of it is weakly constant clean in S.

Example 4 Every idempotent element of a distributive seminear-ring S with 0 ∈ S, is weakly constant clean.
Because 0 ∈ Se

c implies that for any e ∈ I d(S), e + e + 0 = e(e + e)e ∈ eSe.

Example 5 Let S be a distributive seminear-ring, for which con(S) is strong. Then every a ∈ con(S) is weakly
constant clean. Because for e ∈ I d(S) we have ae = ea = a, which implies a + e + a = ea + ee + ea =
e(e + e + e)a ∈ eSa.

Example 6 If S is a distributive seminear-ring, then every strongly constant clean seminear-ring is also weakly
constant clean. Sinec S is a strongly constant clean so ea = a, because for a ∈ S, e ∈ I d(S) and p ∈ Se

c we
have,

a = e + p = ee + ep = e(e + p) = ea.

There fore

a + e + p = a + a = ea + ea = e(e + e)a ∈ eSa

Proposition 8 Every left full ideal of a weakly constant clean seminear-ring S, is also weakly constant clean.

Proof Let I be a left full ideal of S and a ∈ I . Then there exist e ∈ I d(S), p ∈ Se
c and x ∈ S such that

a + e + p = exa. Now we are to show that e, p and exa belong to I . Since I is full, e belongs to I , and since I
is a left ideal, exa belongs to I , and pe = p ⇒ p ∈ I . On the other hand, if I is a full k-ideal, then it is weakly
constant clean. ��
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Proposition 9 Every distributive strongly regular constant clean seminear-ring is weakly constant clean.

Proof For every a ∈ S there exists e ∈ Sa ∩ I d(S) that a ∈ Se=ra
c , r ∈ S, then a belongs to con(S). Consider

a = p. Since a = ea, then

a + e + p = a + e + a = ea + ee + ea = ea + era + ea = e(e + r + e)a ∈ eSa.

This implies a + e + p ∈ eSa. ��
Proposition 10 Suppose that the subset con(S) of a distributive π -regular seminear-ring S, is strongly. Then S
is weakly constant clean.

Proof Using Theorem 2, for every a in S there exists ran in Sa ∩ I d(S) such that a ∈ Se=ran

c , r ∈ S. This
implies that ae = a and hence a ∈ con(S). Moreover, we have ae = ea = a. Now consider that a = p, then
we have a + e + p = a + e + a = ea + eran + ea = e(e + ran−1 + e)a ∈ eSa, as required. ��
Proposition 11 Every distributive strongly π -regular seminear-ring is weakly constant clean.

Proof By Theorem 2, S is a strongly regular constant clean. So there exists e = an xn in Sa ∩ I d(S) such that
a ∈ Se=an xn

, for any x ∈ S, then ae = a and ea = a. So we conclude that a belongs to con(S), if a = p, then
we have

a + e + p = a + e + a = ea + ee + ea = ea + ean xn + ea

= ea + ean−1xna + ea = e(a + an−1xn + e)a ∈ eSa.

This completes the proof. ��
Here we define an Utumi seminear-ring, and the next two results are the necessary conditions for S to be an

Utumi seminear-ring.

Definition 6 A seminear-ring S with 0 ∈ S, is called Utumi if for every a ∈ S, there exists f ∈ aS such that
a ∈ S f

c · S f
c is not an empty set because 0 ∈ S f

c .

Proposition 12 Let S be a distributive strongly constant clean seminear-ring with a ∈ S and e ∈ S0
c . Then a is

an Utumi element of S.

Proof Suppose that every a ∈ S is equal to a + p, for every e ∈ I d(S) and p ∈ Se
c . It is easy to observe that

a = ae implies a ∈ S0
c . Since a is a strongly constant clean, then ea = a and a = ea = e0a = e0 = e, showing

that e ∈ aS. This concludes the proof. ��
Proposition 13 Every regular constant clean seminear-ring is Utumi.

Proof Let S be a regular constant clean seminear-ring. For every a ∈ S, there exists e ∈ I d(S) ∩ Sa such that
a ∈ Se=ra

c , r ∈ S, then a = ara. Moreover, f = ar belongs to aS ∩ I d(S). Also due to Proposition 4, a = a2r ,

which implies a ∈ S f
c . ��

Therefore, by Proposition 7, we see that Utumi seminear-rings satisfy all obtained results about seminear-
rings.
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