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Abstract Let E = Sn (resp. E = DsSn ) be the group of all n × n signed permutation matrices (resp. the
collection of all n × n generalized substochastic matrices). In this paper we characterize those linear maps T on
the linear span of E that satisfy T (E) = E .
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1 Introduction

For A = [ai j ], B = [bi j ] ∈ Mmn , the Hadamard product (entry-wise product) of A and B is defined by:
A ◦ B = C = [ci j ] where ci j = ai j bi j , for all 1 ≤ i ≤ m, 1 ≤ j ≤ n. The following notations will be used
in the subsequent discussion. Let Mmn be the space of all real m × n matrices (where we write Mn if m = n).
A matrix A = [ai j ] ∈ Mmn is called ±1-matrix if ai j ∈ {−1,+1}, for every i(1 ≤ i ≤ m), j (1 ≤ j ≤ n).
A signed permutaion matrix is a matrix with exactly one entry +1 or −1 in each row and each column and all
other entries zero. A real matrix A = [ai j ] ∈ Mmn is called generalized substochastic if

∑m
j=1 |ai j | ≤ 1 for

every i (1 ≤ i ≤ n) and
∑n

i=1 |ai j | ≤ 1 for every j (1 ≤ j ≤ n). Let Sn be the collection of all n × n signed
permutation matrices, DsSn be the set of all n × n generalized substochastic matrices, and Pn be the group of
n × n permutation matrices. Let C be a convex set in a finite-dimensional real linear space. We use E(C) to
denote the set of all extreme points of C . For every signed permutation matrix S := [si j ], we consider πS as a
permutation where in the siπS(i) �= 0 relation is established. E pq depicts a matrix whose the entry in the pth row
and qth column equal one, and the rest of the entries equal zero, the set of such n × n matrices is shown by the
En symbol.

Theorem 1.1 [1] The set of all n × n generalized substochastic matrices is a convex set whose exterme points
are the signed permutation matrices, i.e., Sn = E(DsSn).
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220 Y. Sayyari et al.

Theorem 1.2 [3] If C is a convex compact subset of a finite dimensional linear space V and T is a linear map
on V , then T (C) = C if and only if T (E(C)) = E(C).

Theorem 1.3 [2] Let T be a linear map on span(DS(n)). The following conditions are equivalent:

(1) T (DS(n)) = DS(n).
(2) T (P(n)) = P(n).
(3) T is of the form X �−→ P X Q or X �−→ P Xt Q for some P, Q ∈ Pn.

2 Main results

Theorem 2.1 Let T be a linear map on M2. The following conditions are equivalent:

(1) T (S2) = S2
(2) T is of the form X �−→ H ◦ SX R or X �−→ H ◦ SXt R or X �−→ H ◦ S P0 X P−1

0 R where S, R ∈ Sn, and

P0 =
[

1 1
−1 1

]

.

Proof The proof of 2 ⇒ 1 is obvious, we need to prove only 1 ⇒ 2. Define the sets by

C :={T : M2 −→ M2| T is linear and T (S2) = S2},

A1 :=
{

T |T is of the form

[
a b
c d

]

�→
[ ±(a+b+c+d)

2
±(a−d)±(b−c)

2±(a−d)±(b−c)
2

±(a+d)±(b+c)
2

]}

A2 :=
{

T |T is of the form

[
a b
c d

]

�→
[±(a−d)±(b−c)

2
±(a+d)±(b+c)

2±(a+b+c+d)
2

±(a−d)±(b−c)
2

]}

,

A3 :=
{

T |T is of the form

[
a b
c d

]

�→
[±a ±b
±c ±d

]}

,

A4 :=
{

T |T is of the form

[
a b
c d

]

�→
[±b ±a
±d ±c

]}

,

A5 :=
{

T |T is of the form

[
a b
c d

]

�→
[±c ±d
±a ±b

]}

,

A6 :=
{

T |T is of the form

[
a b
c d

]

�→
[±d ±c
±b ±a

]}

,

A7 :=
{

T |T is of the form

[
a b
c d

]

�→
[±d ±b
±c ±a

]}

,

A8 :=
{

T |T is of the form

[
a b
c d

]

�→
[±b ±d
±a ±c

]}

,

A9 :=
{

T |T is of the form

[
a b
c d

]

�→
[±c ±a
±d ±b

]}

and

A10 :=
{

T |T is of the form

[
a b
c d

]

�→
[±a ±c
±b ±d

]}

.

Since T (−A) = −T (A) for all T ∈ C and all A ∈ M2 and card(S2) = 8,

card(C) ≤ 8 × 6 × 4 × 2 = 384.

We have

card(A1) = card(A2) = 128 and card(Ai ) = 16

for all i = 3, . . . , 10.
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It is easy to see that Ai
⋂ A j = ∅ for all i �= j (i, j = 1, ..., 10) and

10⋃

j=1

A j ⊆ C.

Since

card(

10⋃

j=1

A j ) =
10∑

j=1

card(A j ) = 384,

C =
10⋃

j=1

A j .

On the other hand, T ∈ A1
⋃ A2 if and only if T is of the form

X �−→ H ◦ S P0 X P−1
0 R,

T ∈ ⋃6
i=3 Ai if and only if T is of the form

X �−→ H ◦ SX R

for some S, R ∈ S2 and T ∈ ⋃10
i=7 Ai if and only if T is of the form

X �−→ H ◦ SXt R

for some S, R ∈ S2, which completes the proof. ��
Theorem 2.2 Sn includes a basis for the vector space of Mn.

Proof It is easy to see that
{[

1 0
0 1

]

,

[
1 0
0 −1

]

,

[
0 1
1 0

]

,

[
0 1

−1 0

]}

is a base of M2. Now we assume that n ≥ 3. Let 1 ≤ k, m ≤ n. We define the function γk : Nn −→ Nn as

γk(i)
n≡ k + i − 1 and 1 ≤ γk(i) ≤ n,

also define the matrices Ik,m by

[Ik,m]i j =
⎧
⎨

⎩

1 if ∃k(1 ≤ k ≤ n) j = γk(i), k �= m
−1 if j = γm(i)
0 if j �= γk(i)

.

Then {Ik,m, 1 ≤ k, m ≤ n} is a basis for the vector space Mn , because

Ekm = 3 − n

2(n − 2)
Ikm + 1

2(n − 2)

∑

l �=m

Ikl ,

where Ekm ∈ En is arbitrary. ��
Theorem 2.3 Let T (S3) = S3, then T (E pq) has at most one nonzero entry for every p, q(1 ≤ p, q ≤ n).

Proof Let T (S3) = S3. Since S3 includes a basis for the vector space of M3, T is invertible linear function. The
number of different ordered pairs like (S1, S2) ∈ S3 × S3 which E pq = 1

2 (S1 + S2) is equal to 8. So, the number
of distinct ordered pairs such as (S′

1, S′
2) ∈ S3 × S3 which T (E pq) = 1

2 (S′
1 + S′

2) := 1
2 (T (S1) + T (S2)) is equal
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to 8. We use the method of proof by contradiction. Assume that T (E pq) := [ai j ] has minimally two non-zero
entries, such as ars and akl . So one of the following conditions occurs:

ars = 1

2
=

{ 1+0
2

0+1
2

, ars = −1

2
=

{ −1+0
2

0+(−1)
2

,

ars = 1 = 1 + 1

2
, ars = −1 = (−1) + (−1)

2
.

We consider the four cases as follows.
Case 1: Let r �= k, s �= l and ars, akl ∈ {−1,+1}. In this case since the entries of rows r , k and those of

columns s and l of matrix T (S1) are specified. Hence, there will be maximally two T (S1)-like matrices, that is
a contradiction.

Case 2: Let r �= k, s �= l and ars, akl ∈ {−1
2 , +1

2 }. In this case there will be maximally six T (S1)-like
matrices, that is a contradiction.

Case 3: Let r �= k, s �= l and ars ∈ {−1,+1} and akl ∈ {−1
2 , +1

2 }. In this case there will be maximally two
T (S1)-like matrices, that is a contradiction.(Similarly, akl ∈ {−1,+1} and ars ∈ {−1

2 , +1
2 }).

Case 4: Let r = k, s �= l and ars, akl ∈ {−1
2 , +1

2 }. In this case there will be maximally four T (S1)-like
matrices, that is a contradiction.(Similarly, r �= k and s = l). ��
Theorem 2.4 Let n > 3 and T (Sn) = Sn, then T (E pq) has at most one nonzero entry for every p, q(1 ≤ p, q ≤
n).

Proof Let T (Sn) = Sn. Since Sn includes a basis for the vector space of Mn , T is invertible linear function.
The number of different ordered pairs like (S1, S2) ∈ Sn × Sn for which E pq = 1

2 (S1 + S2) is equal to
2n−1(n − 1)!. So, the number of distinct ordered pairs such as (S′

1, S′
2) ∈ Sn × Sn for which T (E pq) =

1
2 (S′

1 + S′
2) := 1

2 (T (S1)+ T (S2)) is equal to 2n−1(n −1)!. We use the method of proof by contradiction. Assume
that T (E pq) := [ai j ] has minimally two non-zero entries, such as ars and akl . So one of the following conditions
occurs:

ars = 1

2
=

{ 1+0
2

0+1
2

, ars = −1

2
=

{ −1+0
2

0+(−1)
2

,

ars = 1 = 1 + 1

2
, ars = −1 = (−1) + (−1)

2
.

We consider the two cases as follows.
Case 1: Let r �= k and s �= l.

T (S1) := [ti j ] =
⎡

⎣
trs ∗
∗ tkl

⎤

⎦ .

In this case since the entries of rows r and k and those of columns s and l of matrix T (S1) are specified, there will
be maximally 2×2×(n−2)!×2n−2 = 2n(n−2)! T (S1)-like matrices. Consequently, 2n(n−2)! ≥ 2n−1(n−1)!,
which is a contradiction.

Case 2: Let r = k and s �= l.

T (S1) =
⎡

⎣
∗ ∗ ∗

trs trl
∗ ∗ ∗

⎤

⎦ .

In this case trs = 0 and trl ∈ {−1,+1} or trl = 0 and trs ∈ {−1,+1}. Without loss of generality, we assume that
trs = 0 and trl ∈ {−1,+1}. So there is a u(1 ≤ u ≤ n) which tus �= 0. Hence, the entries of rows r and u and
those of columns s and l of T (S1) are specified. Thus, there will be maximally 2×2×(n−2)!×2n−2 = 2n(n−2)!
T (S1)-like matrices. Consequently, 2n(n − 2)! ≥ 2n−1(n − 1)!, which is a contradiction. The variant r �= k and
s = l is proved similarly. ��
Theorem 2.5 Let n ≥ 3, T (Sn) = Sn and (p, q) �= (k, l). Then (T (Ekl))i j = 0 whenever (T (E pq))i j �= 0.
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Proof We use the method of proof by contradiction. Assum that (T (E pq))i j �= 0 and (T (Ekl))i j �= 0. Let

α = (T (E pq ))i j
(T (Ekl ))i j

, thus E pq − αEkl �= 0 but T (E pq) − αT (Ekl) = 0. This is a contradiction. ��
Corollary 2.6 If n ≥ 3, T (Sn) = Sn and (T (E pq)) f (i, j) �= 0, then the function f : Nn × Nn −→ Nn × Nn is
bijective.

Theorem 2.7 If n ≥ 3, T (Sn) = Sn and (T (E pq))i j �= 0, then (T (E pq))i j = ±1.

Proof We assume that E pq ∈ En is arbitrary. Since there are different matrices like Ei i(1 ≤ i ≤ n) such that
such that E1 = E pq , Ei ∈ En and S = ∑n

i=1 Ei , the statement follows from Theorem 2.5 and T (S) ∈ Sn.. ��
Corollary 2.8 If n ≥ 3, T (Sn) = Sn, then T (E pq) = ±E f (p,q).

The next two results are immediate consequences of Corollary 2.8.

Theorem 2.9 Let n ≥ 3, H be a ±1-matrix and R = H ◦ T . Then T (Sn) = Sn if and only if R(Sn) = Sn.

Proof Since R = H ◦ T if and only if T = H ◦ R, this is an immediate consequence of Corollary 2.8. ��
Theorem 2.10 Let n ≥ 3, T (Sn) = Sn and R = H ◦ T then R(Pn) = Pn where

H := [hi j ] = [(T (Ei j )) f (i, j)].
Proof Suppose that A := [ai j ] ∈ Mn . So,

R(A) =
∑

ai j R(Ei j ) =
∑

ai j hi j T (Ei j )

=
∑

ai j h
2
i j E f (i, j) =

∑
ai j E f (i, j).

Now, let A ∈ Pn. Since R(A) ∈ Sn, R(A) = ∑
ai j E f (i, j) ∈ Pn. ��

Theorem 2.11 Let n ≥ 3 and T be a linear map on Mn. The following conditions are equivalent:

(1) T (Sn) = Sn.
(2) T (DsSn) = DsSn
(3) T is of the form X �−→ H ◦ P X Q or X �−→ H ◦ P Xt Q for some ±1-matrix H, and P, Q ∈ Pn.
(4) T is of the form X �−→ H ◦ SX R or X �−→ H ◦ SXt R for some ±1-matrix H, and S, R ∈ Sn.

Proof 1 ⇔ 2 : The equivalence of (1) and (2) follows from Theorems 1.1 and 1.2.
(1) ⇒ (3) : The proof of (1) ⇒ (3) follows from Theorems 2.10 and 1.3.
(3) ⇒ (1) : If T is of the form X �−→ H ◦ P X Q or X �−→ H ◦ P Xt Q for some ±1-matrix H , and

P, Q ∈ Pn it is easy to see that T (Sn) = Sn.
(3) ⇒ (4) : It is easy to see.
(4) ⇒ (3) : Let T be of the form X �−→ H ◦ SX R (resp. X �−→ H ◦ SXt R) where S := H ′ ◦ P, R :=

H ′′ ◦ Q ∈ Sn, H := [hi j ], H ′ := [h′
i j ] and H ′′ := [h′′

i j ] are ±1-matrices and P, Q ∈ Pn. Then X �−→ L ◦ P X Q
(resp. X �−→ L ◦ P Xt Q) where L = [Li j ] is the ±1-matrix defined by Li j = hi j h′

iπS(i)h
′′
π−1

R ( j) j
. ��
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