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Abstract The aim of this paper is to prove Heisenberg-type uncertainty inequalities for the Dunkl wavelet
transform, involving the the time and scale dispersions, showing that, the Dunkl wavelet transform of a nonzero
function cannot be concentrated both in time and in scale in the time-scale domain. These inequalities are
the consequences of other stronger uncertainty inequalities, which are the local and logarithmic uncertainty
inequalities for the Dunkl wavelet transform.
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1 Introduction

LetT;, j =1,...,d be the the Dunkl operators (see [5]) associated to an arbitrary finite reflection group G, and
a nonnegative multiplicity function k. These are differential-difference operators, generalizing the usual partial
derivatives, and they play a useful role in the algebraic description of exactly solvable quantum many body
systems of Calogero-Moser-Sutherland type (see e.g. [16,22]). The Dunkl kernel K on R? x R? associated with
G and k has been introduced by Dunkl in [6], which generalizes the usual exponential function (to which it reduces
in the case k = 0). This kernel is especially of interest, as it gives rise to a corresponding integral transform on
R¢. The Dunkl transform Fp associated with G and , is an integral transform on R?, with respect to the weight
measure dj(x) = wy(x) dx (where wy is the weight function given in (2.3)), defined on L} (RY) N L7 (R?), by:

Fp()E) = ck AdK(—ié,X)f(X)duk(X), £eR?, (1.1)
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Heisenberg-type uncertainty inequalities 225

where ¢ is the Mehta-type constant given in (2.4), and Lf (Rd ) = L”(Rd, i), 1 < p < oo, are the Banach
spaces consisting of measurable functions f on R equipped with the norms:

1/p
Nl = (/Rd If(x)l”duk(x)) . (1.2)

The Dunkl transform Fp extends uniquely to an isometric isomorphism on L%(Rd), and provides a natural
generalization of the usual Fourier transform F,

FHE) = 7@ = @n)~"? /R STt dy, g e R (13)

to which it reduces in the case k = 0. Moreover, if f(x) = f(|x |) is a radial function on R, then

Fo(H)E) = Hyrap-1(HUED, & eRY, (1.4)
where H,, o > —1/2, is the Hankel transform (also known as the Fourier-Bessel transform) defined by,
x201+1

m, %_ € R+, (15)

Ho()(E) = /0 F) o (xE)

where j, (see e.g. [25]) is the spherical Bessel function, and I" is the gamma function.

It is well known that the uncertainty principles limit the maximal concentration in the time-frequency (or
the time-scale) domain. The most familiar form, is the following Heisenberg-type uncertainty inequality for the
Dunkl transform (see [10,23]), in which concentration is measured by dispersions: For all f € L%(Rd),

Il £[5,, + [EIFDA]S,, = @y +DIFIB,- (1.6)

or equivalently
[t 1, NEFDO],,, = & +d/DIL15,, (1.7)

where y = y (k) is the index associated to the multiplicity function k given in (2.2).

Inequalities (1.6) and (1.7) are optimal, and equality cases occur, if and only if, f is a multiple of a Gaussian
function (see [10,23]). More generally, we have the following inequality, although not with the sharp constant
(see [9]): Forall s, B > 0, and all f € L7(RY),

It £15  NEPFDH 3, = et B ONLISE. (1.8)

A stronger version, is the Hirschman-entropic-type uncertainty inequality (see [14]), in which concentration is
measured in term of entropy: For all f € L%(Rd), such that || fll2,,,, = 1,

- [ @R (1f0P) 4 - [ 17D @P (7 EF) du@ =0 19)
R4 R4

In the classical setting (for the Fourier transform, when k = 0), this inequality was first proved by Hirschman in
[13], and he made the conjecture that

- [ 1P R e - [ 1F©F (7@ de = a1~ n2), (1.10)

which was later proved by Beckner in [1]. Moreover Beckner proved in [2] the following logarithmic uncertainty
inequality for functions in the Schwartz class,

/ln<|x|)|f<x>|2dx+/ In(l£]) | F(6)1>dg > Coll f13, (1.11)
R4 R4

and its analogous for the Dunkl transform was recently proved in [12],

/R In(x) |0 dpaex) + /R (D IFn(NE P du®) = Cull £13 4, (1.12)
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226 S. Ghobber

where the proof of (1.12) is based on a sharp Pitt-type inequality in the Dunkl setting (see [12] for details).

Hirschman’s entropic uncertainty inequality (1.9) for the Dunkl transform, implies a non optimal Heisenberg-
type uncertainty relation (see [14]). Moreover, from the logarithmic uncertainty inequality (1.12), we can derive
the following sub-optimal uncertainty inequality

[t 1, NEIFDH, = e UFI5 ., (1.13)

where, for d > 1, ek ~ (y +d/2), which is the sharp constant in Inequality (1.7).

To analyze signal structures of very different sizes it is necessary to use a wavelet-type transform, which
analyzes functions with respect to a time (or a position) parameter » € R and a scale parameter a > 0, in the
time-scale domain (in contrast to Fourier-type and Gabor-type transforms, which analyze signals with respect to
time and frequency in the time-frequency domain).

To be more precise, let U = (0, oo) x R be the affine group, with the left invariant Haar measure dvg (a, b) =
a® 4=V da dug (b), and let ¥ € L%(Rd) be an admissible Dunkl wavelet, satisfying the following admissibility

condition: For almost every £ € RY,
o , da
0<cy = |Fp () (aé)| - <o (1.14)
0

Then the Dunkl wavelet transform of a function f € L,%(Rd), denoted sz f,1s the projection of f onto the
Dunkl wavelet atoms

_1
Vap() = ¢ Fp' (Kb, )81 Fo@)) @), (@b €U, x e R, (1.15)
where v is an admissible Dunkl wavelet and §;,, is the dilation operator defined on L,%(Rd ) by:

S fx) =212 r0x), A >0.

In this paper we prove that, the function sz f belongs to L,’; (U), for all function f € L,%(Rd), and all real
number p > 2. In particular, its norm satisfies the following Lieb-type inequality:

<=

1
b W13, \ 2
W3 Fllpe = |\ — 1 12,0t (1.16)

where L,I: U) = LP(U, ), 1 < p < o0, is the Banach spaces consisting of measurable functions F on U
equipped with the norms

o0
||F||£,Vk=/ /|F<a,b>|"dvk(a,b). (1.17)
0 R4

Consequently, if a function f € L,% (Rd), such that its Dunkl wavelet transform satisfies,

D 2 2
fE\W,,,f(a,b)\ dve(@,5) = (1= ) £13,,- (L18)

where ¥ C U is a subset of finite measure 0 < v, (¥) < 0o, and ¢ € (0, 1), then we have the following
Donoho-Stark-type uncertainty inequality: For all p > 2,

V(1 -y, (1.19)

() =
113,

This means that, if Wf; f is almost concentrated in X, then its essential support ¥ cannot be too small. Moreover,
we prove the following results limiting the concentration of Wli’ f on subsets of finite measures.

Theorem A Let s, p two real number such that s > 0 and p > 2.
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Heisenberg-type uncertainty inequalities 227

(1) If s <2y +d, then there exists a constant c(s, k, p, ), such that for every nonzero function f € Li(Rd),
and every measurable subset ¥ C U of finite measure 0 < vi(X) < 00,

D p 1 plef( p(12))z2+d—ds) ) D |7 ff))((ZZVt:tJiL)
=7 + + +d+s K P yrds
[ [wor@b| o) < ek pony w@TALL T @ mpwhs |7
) JVk

(2) If s > y +d/2, then there exists a constant c(s, k, ), such that for every function f € L,%(Rd), and every
measurable subset ¥ C U of finite measure 0 < v (X) < 00,

2y+d

/ WP ra. )| dwa,b) < cts. k) w1 A1,
z

(@, D)W f

2y+d
2s
2,0k

This theorem extends Faris’s local uncertainty principles [8] to the Dunkl wavelet transform, which compare
the concentration of Wﬁ f on a subset of finite measure ¥ (where a large value of the L,f -norm of WI? f on
Y. corresponds to a high degree of concentration) by the (time-scale)-dispersion |||(a, b)|* Wg fll2, (where
a small value of the (time-scale)-dispersion corresponds to a high degree of concentration). In particular, for
s >y +4d/2and B > O (similar results exist for 0 < s < y +d/2), we have the following inequality, comparing
the support ofo;f and the (time-scale)-dispersion |||(a, b)|sW$f||2,vk,

2Qy+d) 202y+d)

w (supp WP ) [1@. P WRF |, © = e k) 1Sl (1.20)

Moreover, for any nonzero function f, satisfying the e-concentration condition (1.18), we have the following
inequality, comparing the essential support of Wﬁ f and the (time-scale)-dispersion,

2Qy+d) 2Qy+d)

Vi (%) H|(a, b)|SW$fH2)U: > c(s, k, ) (1 — 8)4||f||2#; : (1.21)

This means that, the support (or the essential support) of the Dunkl wavelet transform of a nonzero function, and
the (time-scale)-dispersion |||(a, b)|SW$f||2,vk cannot both be too small.

Our second results, will be the following Pitt-type inequality and logarithmic uncertainty inequality, extending
Inequality (1.12) to the Dunkl wavelet transform.

Theorem B (1) Forall0 < 8 < y-+d/2, andall f inthe Schwartz class B(R?), such that Wﬁf(a, ) € B(RY),
frowel,, =cuw o],

(2) Forall f € B(R?), such that W) f(a,-) e B(RY),

2 2
¢y /U In(a) [WP f(a, )| dve(a, b) + /U In(lb)) [W5 f(@, b)| dvea,b) = CLp I £13,,-  (1:23)

Finally, from either Theorem A or Theorem B, we derive general forms of Heisenberg-type uncertainty
inequalities for the Dunkl wavelet transform, improving previous results proved in [11,18,19]. In particular, we
have the following results involving the time-dispersion ||aSW$ fl2,v,» the scale-dispersion || |b|‘YW5 fll2,v, and

the (time-scale)-dispersion |||(a, b)l“Wﬁ Sll2,v-
Theorem C Lets, f > 0.
(1) If s <2y +d, then there exists a constant c(s, B, k, ), such that for all f € L,%(Rd),

Jiaorwps];,, |

s+y+d/2 i
@OIPWRE| T e o AT a2

" 2, 1k

(2) If s > y + d/2, then there exists a constant c(s, B, k, V), such that for all f € L%(Rd),

i@owwps]] [iaopwhs]) = o prm s, (1.25)
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(3) There exists a constant c(s, k, V), such that for all f € L,%(Rd),

i@ o Wos]l = etk 171, (1.26)

(4) There exists a constant c(s, B, k, V) such that, for all f € L,%(]Rd),

(5) There exists a constant c(s, B, k) such that, for all f € L%(Rd),

These inequalities show that, the Dunkl wavelet transform of a nonzero function, cannot be well concentrated
both in time (with respect to the b-variable) and in scale (with respect to the a-variable).

The remainder of this paper is arranged as follows, in the next section we recall some useful results associated
to the Dunkl and the Dunkl wavelet transforms. Section 3 is devoted to the study of uncertainty principles for the
Dunkl wavelet transform in subsets of finite measures. In Section 4 we prove a logarithmic uncertainty principle
for the Dunkl wavelet transform, and derive a Heisenberg-type uncertainty inequality.

sywD 2 BwD 2 2
@WRE|,, HPWEE] |z e Bk DI (1.27)

eWr ] w2 = e pk 15 (1.28)

2 Preliminaries
2.1 Notation

Let us denote by (-, -) the scalar product and by | - | the Euclidean norm on R4,

If E is a measurable subset in U, then we write 1g for the characteristic function of E, and

E¢ =T\ E for its complement in U.

We denote by L®(R4) and L°°(U) the spaces of essentially bounded functions on R4 and U respectively,
equipped with the standard essential supremum norm || - || defined by: For all f € L®(R¢) and F € L*®(U),

[ flloo =ess sup [f(x)] and |[|[Flloc =ess sup |F(a,Db)|. (2.1)
xeRd (a,b)eU

We write C, c(s, k), c(s, B, k), c(s, k, p), cs gk () and c(s, B, k, ) for constants that depend on the param-
eters s, k, B, p and ¥. These constant are not sharp, and may change from line to line.
Finally, if f is a nonzero function, then we denote by supp f := {x : f(x) # 0} for its support.

2.2 The Dunkl transform and Dunkl translation

Let us fix some notation and present some necessary material on the Dunkl theory, which ca be found in [3,5-7].
Let G be a finite reflection group on R?, associated with a root system R, and R, will be the positive subsystem
of R. We denote by k a nonnegative multiplicity function defined on R, with the property that k is G-invariant.
We associate with k the index

y=yk) =) k@& =0, (2.2)
§ER
and the weight function wy defined by
wi(x) = [ I, 0@, (2.3)
§ERy

Further we introduce the Mehta-type constant ¢ by

) -1
k= (/ T duk(X)> .
R4
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Moreover X

/ L, we(x) do(x) = C" dr, 2.5)
§ —1

2y+d/27]1"(y +d/2) =

where do is the Lebesgue measure on the unit sphere §d _i of RY, -
If fe Li(Rd) is a radial function, that is f(x) = f(|x|), then function f defined on Ry = [0, 00), is
integrable with respect to the measure 72?+¢~! dr, and we have,

/ £ dpg(x) = / ( / wk(ry)do@)) Fort dr
Rd 0 §d—1
= dy /0 - Fryrrrtd=lgy, (2.6)

Introduced by C. F. Dunkl in [5], the Dunkl operators 7;, 1 < j < d on RY associated with the reflection
group G and the multiplicity function k, are the first-order differential-difference operators given by,

9 S (x) — f(og(x))
T = 2Ly 3 k@) """, xeR9 @.7)
0xj X (&, x)
+
where f is an infinitely differentiable function on R, & = (5 e j>, (e1, ..., eq) being the canonical basis of R4

and o: denotes the reflection with respect to the hyperplane orthogonal to &.
The Dunkl kernel K on R? x R4 has been introduced by C. F. Dunkl in [6], that is, for & € R the function
x = K(x, &) can be viewed as the solution on R4 of the following initial problem,

Tju(x,§) =§&ju(x,§), 1=<j=<d; u@5%) =1 (2.8)
Therefore, for all A € C, z, 7/ € C% and x, € € R, we have,
Kz, 7) = K(z, A7), K(—i& x) = K(i&, x), |K(—i& x)| < 1. (2.9)
The Dunkl transform Fp associated with G and k, is defined for an integrable function f by:
Fp(f)E) = ck fRd K(=i&, x) f(x) dup(x), & e RY. (2.10)
Then, by (2.9) we have,
IFD(Nloo = crll fll1 - (2.11)
Moreover, the Dunkl transform Fp extends uniquely to an isometric isomorphism on L,%(Rd) such that:
1D lapy = 1fllay  and — Fp'(HE) = Fp(f)(=6). (2.12)
The Dunkl translation operator f — 72 f is defined on L%(Rd ) by:
o f =Fp! (K(ix, )Fp(f) (2.13)

and it belongs to L,%(Rd) with:
122 2 < 15 2 (2.14)
This allows to define the Dunkl convolution product by:

fpg) = fR PP A, xeRY, 2.15)

which is commutative and associative. In particular, for every [ € L}( (R%) and g € L,%(Rd), the function f *p g
belongs to L,%(Rd), and

Fp(f *p &) = Fp(f)Fp(g). (2.16)
Moreover, for every f, g € L%(Rd), the function f *p g isin L,%(Rd), if and only if, Fp(f)Fp(g) € L,%(]Rd)
and we have,

Fp (f*p g =Fp(f)Fp(g)- 2.17)
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230 S. Ghobber

2.3 Basic Dunkl wavelet theory

In this section we recall basic results about wavelet theory in the Dunkl setting, which is first introduced by
Trimeche in [26]. To do this we first define the usual dilation operator §; on L,%(Rd) by:

) =221 0x),  A>0, xeR% (2.18)
Then we have immediately the following properties:

18 2.0 = Wfll2,p and  Fpdy =381 Fp. (2.19)
Moreover, for all x € Rd, a, . >0and f, g € L,%(Rd), we have,

0 =108, 88a=ba.  (Bafi8)y =(f.51/a8),,. (2.20)

where (-, -),,, is the usual inner product in the Hilbert space L,% (RY).

Definition 2.1 An admissible Dunkl wavelet is a nonzero function ¥ € L?(R¢) satisfying the following admis-
sibility condition: For almost all £ € R?

00 d
0<cy ;=/0 |fD(w)(ag)|27“ < 0. 2.21)

Given an admissible Dunkl wavelet y» € L,%(Rd yand (a, b) € U= (0, 00) x R?, we define the Dunkl wavelet
atom

_1
Vap(X) =, 7 8a¥(x), xR, (2.22)
which is the dilation with a scale parameter a and the translation by a position (or time) parameter b of the
admissible Dunkl wavelet ¥. Then by (2.19) and (2.14) we have,
_1
”wa,b”lu.k = sz ”1/’”2‘/1,/(- (2.23)

If ¢ an admissible Dunkl wavelet, then the Dunkl wavelet transform (DWT for short) is defined by (see [26]),

W7 f(a,b) = / £V dptg () = (£, Vap),, - (2.24)
R4

Like a windowed Fourier transform, the wavelet transform can measure the time-scale variations of spectral
components, but it has a different resolution compared to others time-frequency transformations. The number
b € R? acts as a translation along the time (or position) domain to the particular time of interest and the scale
a > 0 contracts or expands the wavelet to analyze the signal at different scales.

From (2.15) and (2.17), Equality (2.24) can be written as

WD @ b) =, f 40 80 B) = ¢, ' (Fo (D81 Fp () B, (2.25)

where 1/Vf(x) = ¥ (—x). Therefore,

_1 _
Fp (Wfi fa, '>) &) =a " 2 Fp(f)EFpW)E/a). (2.26)
The Dunkl wavelet transform satisfies also a Plancherel-type formula:
D
[wos],, = 1512 2.27)
and by(2.23), we have for all f € LZ(R%),
_1
IW2 flloo < ey 112,50 1LF 12, (2.28)

Finally from (2.19) and (2.20), we derive the following useful results.
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Proposition 2.2 Let Y an admissible Dunkl wavelet, and let f € Li(Rd). Then:
(1) Forall (a,b) € U, and all » > 0,

a
W2, fa,b) = WP s (X’ xb) . (2.29)
(2) Forall c > 0,
csy=c ey and WP, fa.b) =" WP f (ac.b). (2.30)
(3) Forall (a,b) € U, and all c, » > 0,

ac
WP, 8 f(a,b) = /> WD (7, Ab) . 2.31)

3 Uncertainty principles on subsets of finite measures for the DWT

In this section ¥ will be a subset in U of finite measure 0 < vx(X) < 0o, and ¥ will be any admissible wavelet.

3.1 Donoho-Stark type uncertainty principle for the DWT

In this subsection, we will revisit the Donoho-Stark uncertainty principles (see [4]) for the DWT, which was
proved in [18]. First we recall the following definition.

Definition 3.1 Let O < ¢ < 1. Then a nonzero function f € L,%(Rd) is (&, ¥)-concentrated in X if,
[ W2 F@ bR dvita.b) < el 13 G.0)
EC

Notice that, if ¢ = 0 in (3.1), then Wﬁ f is concentrated on ¥ in the time-scale domain, and ¥ will be the
exact support of Wf; f (denoted by supp Wﬁ f).Moreover, if 0 < ¢ < 1, then Wﬁ f is “practically zero” outside
%, and then ¥ may be considered as the “essential” support of sz f-

We denote by L,%(e, ¥, ¥) the set of all functions in f € L%(Rd) that are (e, ¥)-concentrated in X, with
g € (0,1), and let L%(w, %) the subspace of L,%(Rd) consists of all functions that are concentrated in X

(ie. Ly (Y, ) = L*(0, ¥, ¥)).
Then we have the following Donoho-Stark type uncertainty relation (see [18, Proposition 4.8]): If f €
L3(e, ¥, ), then

() = ey ¥llys, (1—e). (32)

In particular, if f € L%(w, %), then the support of sz f isincluded in ¥, and satisfies

v (supp WP ) = ey 191l - (3.3)

This means that, the support or the essential support of the DWT cannot be too small.

Moreover, for any subset ¥ C U such that 0 < v (X) < cy | ||£2k, we have (see e.g. [18, Theorem 5.2]),
the following result limiting the concentration of the DWT on subsets oi‘Psmall measures in the time-scale domain,

that is, for all f € L(RY),

2
W13,

Cy

/Z WG f(a.b)duea. b) > (1 - vk@)) 1F113, 1, - (34)

In particular if ny) f is supported in X, then f is the zero function, i.e. L% (¥, ) = {0}
Now we will prove a Lieb-type inequality for the DWT (see Lieb’s result [ 17] related to the classical windowed
Fourier transform).
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Theorem 3.2 Let p > 1 and let , ¢ two admissible wavelets. Then for all f, g € Li(Rd),
Wf;fwgg belongs to L,f U), and

I 112, 19112,
VYl

Proof By Cauchy-Schwartz’s inequality and the Plancherel formula (2.27), we have

1=1/p
WY fWEgllpw < ( > I 12, N8 12 -

/U WP f(a, ))WS g(a, b) dvi(a, b) < W) Fll2n W5 gl = I 12,0 18112.10, -
This implies that the function W1 fW2 g belongs to L; (U), and

W2 W2l e < 1 f 20 8 l2,
On the other hand, from (2.28), we have for (a, b) € U,

V112,00 19112, 0

W2 f(a, b)WPg(a, b)| <
Wy, f(a, )Wy g(a, b)| < I fll2. 0 18112, oG

Therefore, the function sz f Wg g belongs to L*°(U), and

V112, i 1D 1120
A CuCo

Thus by (3.6), (3.7) and the Riesz-Thorin interpolation theorem we obtain the desired result.

IW2 FW2 glloo < 11 112,00 18 12,00

the function

(3.5)

(3.6)

(3.7)

O

In particular, for all function f € L%(Rd), and all real number p > 2, the function Wﬁ f belongs to L}; 0),

and its norm satisfies
1 1
w3, \> ”
D .
Wy fllpw < (Tm‘ 2, -
Corollary 3.3 Let f € L,%(s, Y, X). Then for every p > 2,

Cyr L
(X)) > —=— (1 —¢g)r2.
11130

Proof Let f € L%(e, ¥, ¥), such that || |2, ., = 1. Then by Holder’s inequality and (3.8),

IA

2/p
V()P (/ IWD f(a. b)|? dvg(a, b))
U

1-2/p
w113
vk(z)l—Z/p ( 2, uk .

/ IW? f(a, b)|* dvi(a, b)
z

IA

Cyr

Now by Plancherel formula (2.27),

D 2 D 2
f ‘Wwf(a,b)‘ dve(a,b) = 1 —/ ‘W,/,f(a,b)‘ dve(a,b) > 1 —&.
) X

Thus by (3.8) and (3.11), we obtain (3.9).
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3.2 Local uncertainty inequality for the DWT

In this section, we will prove a local uncertainty inequalities (first introduced by Faris in [8] for the classical
Fourier transform), which compares the concentration of Wﬁ S around a single point in the time-scale domain

by means of the (time-scale)-dispersion || |(a, b) |SW$ fl2,1,» with the concentration of Wf; fonasubset C U
of finite measure 0 < v (X) < 0.

Some local uncertainty inequalities for the DWT have been recently proved in [20], but in this subsection,
we will follow the line of [15] to prove new uncertainty inequalities, and the main difficulties remain on the use
of dilation of functions and subsets, especially in Theorem 3.8.

Theorem 3.4 Let s, p two real number such that 0 < s < 2y +d and p > 2. Then there exists a constant
C = c(s, k, p), such that for every nonzero function f € L,%(Rd ), and every measurable subset ¥ C U of finite
measure 0 < vp(X) < 0o, we have

pQy+d—s)

P pleyrd—s) 2pQy+d)
p +I T p+FDQyFd+s) - -
1W< eyt (L2 Wl ) PTIEEE s | TR (3 19
v Pk JECy 2,vk

Proof Let f € L,%(Rd), andlet B, = {(a,b) € U : |(a, b)| = /a? + |b|* < r} the ball of U of radius r. Then
WP Fllpw < 11508, WP Fllpw + 1120 WY £l pu-
By Holder’s inequality we have,

I15nsWE fII5.0, = fz WP f(a.b)|"13, (a, b) dvi(a, b)

I’2 p
=/ W9 £, b7 (IWP (@, )| 715, (a, b)) 15(a, b) dv (@, b)
n2

< WP LT v () 7T </U|W$,’f<a,b>|13,<a,b)dvk(a,b)>”“

2
< IWE 1L we(5) 7 </ (@, DFIWY f(a, b)| 5=
2

1 P
< IWy D A1 (@, )15, I35 v (5) 7 I(a, DYFWY FI137,

_pP_
p+l1

1p,.(a,b)

d b
@ byp @ ))

2,vk 2,V
dy 2(p+1) pQy+d=s) p+21 p+1
< 30y td—)? roET WIS u(2) 7 1a, YIFWD 1137, -
On the other hand, and by Holder’s inequality, we have
D P D pp=1) D 2p
2nseWE Fllbu = | WP f@. b)] 7 (WP (a,b)[7T15¢(a, b) ) dve(a. b)
)
rp—1 2p
< W3l /(Iwif(a,b)|p+113c(a,b)> 13 (a. b) dv(a, b)
U
p(p 11) 2sp 2171
< WP fllod™ r G Vk(E)l’+1 (a, YIFWD 1177, -
Thus
p—1 L
MsWD fllp < IWE 1L Vk(E)"(”” l1(a, YW 1137,
L 2ytd—s S
x ((cgk||wwf||oo) T @ DPWE I ) (3.13)
where

1

dy 2
C = U UEEEE—— .
KT\ 22y £d—s)?
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Minimizing the right hand side with

p+l

1 2y+d+s
1@ BYPWE Fllaw \ 7T 25 '
r =
Cok IWD Flloo 2y +d—s

, (3.14)

we obtain by (2.28) the desired result. |

From the last theorem we deduce the following results comparing the (time-scale)-dispersion and the sup-
port (or the essential support) of Wf; f, which limits the concentration of Wf; f around a single point and its
concentration (or e-concentration) on a subset of finite measure, in the time-scale domain.

Corollary 3.5 Let 0 <s <2y +d. Then:
(1) There exist a constant c(s, k) such that for all f € L,%(Iﬂ, ),

2y+d+3s
;;zi;rfz Ci// 2y+d+s zzt(zz;:r_l)
v (supp WP 7) [1Ga DIWRF | = et b (o5 115 G
2, uk
(2) There exist a constant c(s, k) such that for all f € L,%(e, U, X),
2y+d+3s
;(yziﬂj cy 2y+d+s 421(21;;1) s
w(®) [1@ bW |7 = e,k e IFIZ575 a—ef. 316)
2, e

Proof From the local uncertainty inequality (3.12), with p = 2, we have for all 0 < s < 2y + d, and all
f e LR,

2y +d+3s)

1 g 19 W g\ 3075059 1 O
(# ve(E)3 (|I(@ D WP £ = 11 WD f15., (3.17)
So, if f € L(¥, ), then suppW f C %, and by (2.27), we obtain (3.15). On the other hand, if f €
L,%(e, Y, ), then by (3.11), we have we obtain (3.16). |

Consequently, we have the following Heisenberg-type uncertainty inequality for the DWT involving the
(time-scale)-dispersions.

Corollary 3.6 Let s, 8 two real number such that 0 < s < 2y +d and B > 0. Then there exists a constant
c(s, B. k), such that for all f € L}(R?),

BQRy+d+3s)

2y tdts c 2Qy+d)
i@ orewp s i mpwps] c(s,ﬂ,k)<” i ) LA @as)
2,k

Proof Let0 < s < 2y +d, and B > 0. Then by Plancherel formula (2.27), we have

1F13,, = 118, W2 £I15.,, + 11a: W) £II3.,

< 18, WD f15,, +r Pl BIFW) f13,,- (3.19)
Now by 3.4, with p =2,
+d+3s)
20pzd) (| fll2, ¥ ll2, i T -
113, <Cr3 (# (@, BYIFWE FISSTF T 4172 a, ) PWDE £13.,-
Then by minimizing the right hand side over r > 0, we obtain the desired result. O

Moreover, we derive the following Heisenberg-type uncertainty inequalities for the DWT involving the time-
dispersion ||aSW£f||2’vk and the scale-dispersion || |b|sW$f||2,Uk, improving previous results in [11,18,19].
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Corollary 3.7 Let 0 <s <2y +d. Then:
(1) There exists a constant c(s, k), such that for all f € L%(Rd),

R ¢y bz
@ DW= etk 12 (3.20)
| L X w13, e

(2) There exists a constant c(s, k), such that for all f € L%(Rd),

2 2 c ﬁ
a* WP H +HbsWD H > c(s.d v 2 321
0l e wisl,,, = co.o () ik, (321)

owgs],, e

(3) There exists a constant c(s, k), such that for all f € L%(Rd),
L, Z k) ( ) 115, - (3.22)
2 Vk

‘ 1113,
Proof If we take s = 8 in (3.18), we obtain (3.20). Now since |(a, b)|* = (a® + |b|*)* < 2°(a® + |b|*), then

(3.20) implies (3.21). Finally, since (3.21) is true for all f € L,%(Rd), then by replacing f by §, f in (3.21), we
obtain by (2.19) and (2.29),

/ a2s
U

Therefore a suitable change of variables leads to,

Wy f (;,bk)‘z duk(a,b)_i_/lezs

a 2 Cy 7+
W2 (=, b1)| dv(a,b) > C IFI13 . -
0 (o) 113, Bk

57d
_ C
W a W) fII5,, + AP IBIPWD f15,, = C (uwuﬁ ) 1713, - (3.23)
2, ke

Thus by minimizing the left hand side over A > 0, we obtain (3.22). O
We end this subsection with another local uncertainty inequality for the DWT.

Theorem 3.8 Let s, p two real number such that s > y + d/2 and p > 2. Then there exists a constant c(s, k),
such that for every function f € L,% (RY), and every measurable subset > C U of finite measure 0 < v () < o0,
we have

p Wl \" 7 -2
leW@’fHMsds,k)(# e N CNOTR o I Cet)

Proof By Cauchy-Schwartz’s inequality, we have

1x(a, b)

— T dw(a, b)
(1 + I(a, b)>)2

_ 1
=W FID . < IWDFIZ | A+ 1@ 5)*)T WD f(a. b)]
U

- 1/2 1x(a, b) 172
< W% (IIfII%,W + ll(a, b)|SW$f||%,vk) (fU 1_|_2|(a—b)|2sdvk(a’b)>

1

_ , dvi(a, b) ‘ 1
< IWE FIZ (1 f N2 + @, DIEWE £, /— we(2)4.
v J lloo ( Mk v Uk) U(l+|(a,b)|2s)2
Then | X
MWD £llp0 < csx vie(2)* W) £1I5 (IIfIIz,Mk + ll(a. b)PWf;fnz,vk) : (3.25)
where

1

d b N

Csk = </ L)z) < 00, since s >y +d/2.
U (1+[(a. b))
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Now let

b
¢ =2682%, g=6f, EA:{(%’X) : (a,b)eE}.

Then by (2.30) and (2.31), we have

IW2glloo < A7 HNWD flloo. 1@ DI WL glla, = 27" 1@, D)W fll., (3.26)
Moreover, we have

v (3) = A7), g, WRglh .y = 2P PO WD FI1D . (3.27)
Since Inequality (3.25) is valid for every function f € L,%(Rd), every admissible wavelet ¥ and every subset
of finite measure X, then by replacing f by g, ¥ by ¢, and ¥ by %, in Inequality (3.25), we obtain by (2.19),
(3.26) and (3.27),
Mg, W2glh o = AP 2D I1s WP |15,
_3 1 - _
< i ATy ) WD FIE (1 2y + 27 11@ DWW fl2)-

Therefore

1 _ _ .
s WD £11D 0 < cox i (DT IWE 11557 (Wd/znfnz,uk + A+ S|||(a,b>|°W$f||z,vk). (3.28)

Minimizing the right hand side with

1/s
(@ =2 = Dl@ WYl 39)
Cy + DIz, ’ '
we obtain
D P LoD pp-1 12 swD p ot
ILs Wy fllpay = CG DB HIWy flloe 11/ 11,,~ @, DIFWEFl, 5 (3.30)
2y+d

where c(s, k) = 252_S26;)I(_d (2s—§sy—d> * Thus by (2.28), we have the desired result. O

Now, using Theorem 3.8, we obtain (with the same proofs) results similar to those proved in Corollary 3.5,
Corollary 3.6 and Corollary 3.7.

Corollary 3.9 Let s, B two real number such that s >y +d /2 and > 0. Then:
(1) There exist a constant c(s, k) such that for all f € L]%(‘(//, %),

wP e K [—% e 331
Vg (su ,b)I > c(s, S .
(supp WP r) [1@ brwis|, = et by i) Wl (3.31)
(2) There exist a constant c(s, k) such that for all f € L,%(e, U, 2),
b 2(2};+d) cy 2 202y+d) 4
@ |l@oPwlr| Tz e (=5 ) 1l,. a-eb (3.32)
2. W13,
(3) There exists a constant c(s, B, k), such that for all f € L%(Rd),
‘I(a b)ISWDf”ﬂ Hl(a b)lﬂWDf”s > (s, k) | — o (Wb (3.33)
' V2, ’ Vol =T ||1/,||%’Mk 2, :
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(4) There exists a constant c(s, k), such that for all f € Li(Rd),

R ¢y 0D
@ bFWEF| = e b 1112 - (3.34)
| V2 w13, e
(5) There exists a constant c(s, k), such that for all f € Li(Rd),
2 2 c ﬁ
WP H n H WP H > (s, k v 2 3.35
‘ v/ 2.0 bEWy f 2,0 0 AE 112 (339

(6) There exists a constant c(s, k), such that for all f € L%(Rd),

4 Logarithmic uncertainty inequalities for the DWT

7d
sywD sywvD Cy 2
eWysl,, [wrwisl,, = eo (nwn%,) 17l G

In this subsection, ¥ will be a radial admissible wavelet, such that ¥ (x) = ¥ (|x|). First we will recall the
following logarithmic uncertainty principle (also known as Beckner-type uncertainty principle) for the Dunkl
transform (see [12, Theorem 4.1]): For all function f € B(R?) we have,

/R In(ll) £ G0 dpaex) + /R (D IFp(NEP du®) = Cull £13 4, @.1)
where
()
Cr = (1[1(2) + I‘(TT+‘1) .

The proof of the last inequality is based on the following Pitt-type inequality for the Dunkl transform (see
[12,24]): For every function f in the Schwartz class B(R?) and 0 < B < y + d/2, we have

15172 Fp (O, = CoaIIXP ., » 4.2)
where Cpg  is the sharp constant given by (see [12, Theorem 3.1]),

—B+d/2
P

=2F - 7
Co r <y+/3+a'/2)
2

(4.3)
By applying the Pitt-type inequality (4.2) for the function W{; f(a,) € B(R?), and then by integrating with

respect to the measure > 74~ da, one can obtain the following result (see [21, Theorem 3.1] for details): For
all f e B(RY), such that ng(a, ) € BRY),

2
EI7P1Fp(HE 1 dur®) < Cgy | IbPPIW] f(a.b)| dvi(a, b). (4.4)
R4 b U v
We want that Pitt inequality (4.4) involves sz f(a, b) instead of Fp(f)(&), that’s why we state the following
lemma.

Lemma 4.1 Foralls € R,

NEFFo(HIB,, = i la* W2 £13 45)
MM, g (DP) @9) "

where M is the Mellin transform defined by

o0 d
M) = /0 N 4.6)
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Proof By (1.4), (2.26), (2.27) we have, for all s € R,

' o0 2 a
la*W2 £113.,, =/0 a® (/Rd WP f(a.b) duk(b)) a2+l 4q

I |s|
o ([ o ]
= [ n©r [ ry.q0h

R 0
o' |s|25|fD(f><s>|2(f a®
R4 0

= ey ' M (17, q (D) @) NIEFFDIB,,

This completes the proof. O

Mk(é)) da
a

) dpug (&)
a

~ 2 da
g (D@ 7) djui (€)

Hence from (4.4) and (4.5), we derive the following new Pitt-type inequality for the DWT.
Theorem 4.2 For all f € B(RY), such that W7 f(a,-) e B(R?), we have

aPWYF| < Cpu) |IDIPWR S| . 0<B<y+d/2 4.7)
2,vk 2,vk

where

r (2y73ﬂ+d>

W. (4.8)

Cpaw) = 2—'3\/ ¢y M (1, g D) (=2)

Moreover, the following logarithmic uncertainty inequality for the DWT has been recently obtained in [21,
Theorem 3.2]: For all f € B(R), such that W} f (a, -) € BR?),

2
/U In(lb) [WP £ (a. b)|” dui(a, b) + /R (gD 1Fp(HEP dur®) = Cell F13 4, (49)

where, its proof can be obtained directly by applying Inequality (4.1) to the function Wg f(a,-) € BRY), and

then by integrating with respect to the measure > ¢~ da.
In the same way, the natural inequality should involves Wi f(a, b) instead of Fp (f)(&) in the last inequality.
Therefore we prove the following result.

Theorem 4.3 For all f € B(RY), such that W7 f(a,-) e B(RY), we have

2 2
cy /U In(a) WP f(a, b)|"duea, b) + /U n(lb) WP (@ b)| du(a, b) = I3, @10)
where
(2y+d * In(a) ~ 5
Ce(¥) = | In(2) + (T‘l-d) (/0 T}er%,](l/f)(a)‘ da) . (4.11)

Proof By (2.12), (2.21), (2.26) and (2.27), we have

cwfln(a) ‘Wf;f(a,b)‘zdvk(a,b)zcv, /Ooln(a) /OO ‘Wﬁf(a,b)‘zduk(x) a?r+i=14q
U 0 0
o) oo F 2
—c [ @ < [ 1o R duk@)) @7 da

2 © ~ 2da

- / Fp(H)E) ( / Ina)|H, 4, (D)1 /a) —) dpai (€)
R4 0 2 a
2 o0 ~ 2da

= [ 1Fn©r ([ moevalr, ol ) aue
R4 0 2 a

- fR NEDIFD(NEP dua® — Cyll F1B 1

@ Springer



Heisenberg-type uncertainty inequalities 239

where
 In(a) ~ 2
cv=(/ —Z M, (@] da). (4.13)
Then by (4.9) and (4.12) we obtain the desired inequality. O

Remark 4.4 One can obtain Inequality (4.10) by using the Pitt-type inequality (4.7), (see e.g. [21]).

Now, using the logarithmic uncertainty principle (4.10) and Jensen’s inequality, we derive the following
Heisenberg-type uncertainty inequality for functions in the Schwartz class B(R?).

Corollary 4.5 If cy = 1, then for all f € B(RY), such that W7 f(a,-) e B(R?), we have

ot

Ilef;fH“k > DY £113 .. (4.14)

2,k
where Ci (V) is the constant given in (4.11).

Proof Inequality (4.10) can be written as follow:

o (e o (Wesen)
E/UIH(a) —————dwi(a, b) +§fUln(|b| )| ————dw(a,b) | = Cr(¥), 4.15)

113, 113,
‘w{;f(a,b)‘z
where by (2.27), e dvi(a, b) | is a probability measure on U.
N

Now since the logarithm is a concave function, then by Jensen’s inequality, we have for all nonzero function
d
[ e B@RY),

) 172
WP f(a.b)| WP @, b)‘
fa2—2dvk(a,b) /| 2 du@.b) | =G @16
v ISR, 1£15,,
Then
|lawps],,, [ewps
In 2tk 2% S o). 4.17)
1713,
This completes the proof. O

Remark 4.6 By adapting the proof of the last corollary to the logarithmic uncertainty principle (4.1), we derive
a new Heisenberg-type uncertainty inequality for the Dunkl transform, that is, for all f € B(R?), we have

(2y+d
11715, 1181 FD (O, = 2exp (W) 1F113, 0, - (4.18)

Now Since (see [27], p. 251),

G ! 2/00 ! dr (4.19)
=lnz— — — , .
I'(z) 2z 0o @+ -1
then
(2y+d)
2 exp <W> ~(y+d/2), for d > 1, (4.20)
7

which is the sharp constant in Heisenberg’s inequality for the Dunkl transform (1.7).
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