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Abstract The aim of this paper is to prove Heisenberg-type uncertainty inequalities for the Dunkl wavelet
transform, involving the the time and scale dispersions, showing that, the Dunkl wavelet transform of a nonzero
function cannot be concentrated both in time and in scale in the time-scale domain. These inequalities are
the consequences of other stronger uncertainty inequalities, which are the local and logarithmic uncertainty
inequalities for the Dunkl wavelet transform.

Keywords Time-scale concentration · Dunkl wavelet transform · Uncertainty principles

Mathematics Subject Classification 81S30 · 94A12 · 45P05 · 42C25 · 42C40

1 Introduction

Let Tj , j = 1, . . . , d be the the Dunkl operators (see [5]) associated to an arbitrary finite reflection group G, and
a nonnegative multiplicity function k. These are differential-difference operators, generalizing the usual partial
derivatives, and they play a useful role in the algebraic description of exactly solvable quantum many body
systems of Calogero-Moser-Sutherland type (see e.g. [16,22]). The Dunkl kernel K on R

d × R
d associated with

G and k has been introduced by Dunkl in [6], which generalizes the usual exponential function (to which it reduces
in the case k = 0). This kernel is especially of interest, as it gives rise to a corresponding integral transform on
R

d . The Dunkl transform FD associated with G and k, is an integral transform on R
d , with respect to the weight

measure dμk(x) = wk(x) dx (wherewk is the weight function given in (2.3)), defined on L1
k(R

d)∩ L2
k(R

d), by:

FD( f )(ξ) := ck

∫
Rd

K(−iξ, x) f (x) dμk(x), ξ ∈ R
d , (1.1)
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Heisenberg-type uncertainty inequalities 225

where ck is the Mehta-type constant given in (2.4), and L p
k (R

d) = L p(Rd , μk), 1 ≤ p < ∞, are the Banach
spaces consisting of measurable functions f on R

d equipped with the norms:

‖ f ‖p,μk
=
(∫

Rd
| f (x)|p dμk(x)

)1/p

. (1.2)

The Dunkl transform FD extends uniquely to an isometric isomorphism on L2
k(R

d), and provides a natural
generalization of the usual Fourier transform F ,

F( f )(ξ) = f̂ (ξ) = (2π)−d/2
∫

Rd
f (x)e−i〈x,ξ 〉 dx, ξ ∈ R

d , (1.3)

to which it reduces in the case k = 0. Moreover, if f (x) = f̃ (|x |) is a radial function on R
d , then

FD( f )(ξ) = Hγ+d/2−1( f̃ )(|ξ |), ξ ∈ R
d , (1.4)

where Hα , α ≥ −1/2, is the Hankel transform (also known as the Fourier-Bessel transform) defined by,

Hα( f̃ )(ξ) =
∫ ∞

0
f̃ (x) jα(xξ)

x2α+1 dx

2α�(α + 1)
, ξ ∈ R+, (1.5)

where jα (see e.g. [25]) is the spherical Bessel function, and � is the gamma function.
It is well known that the uncertainty principles limit the maximal concentration in the time-frequency (or

the time-scale) domain. The most familiar form, is the following Heisenberg-type uncertainty inequality for the
Dunkl transform (see [10,23]), in which concentration is measured by dispersions: For all f ∈ L2

k(R
d),

∥∥|x | f
∥∥2

2,μk
+ ∥∥|ξ |FD( f )

∥∥2
2,μk

≥ (2γ + d)‖ f ‖2
2,μk

, (1.6)

or equivalently ∥∥|x | f
∥∥

2,μk

∥∥|ξ |FD( f )
∥∥

2,μk
≥ (γ + d/2)‖ f ‖2

2,μk
, (1.7)

where γ = γ (k) is the index associated to the multiplicity function k given in (2.2).
Inequalities (1.6) and (1.7) are optimal, and equality cases occur, if and only if, f is a multiple of a Gaussian

function (see [10,23]). More generally, we have the following inequality, although not with the sharp constant
(see [9]): For all s, β > 0, and all f ∈ L2

k(R
d),

∥∥|x |s f
∥∥β

2,μk

∥∥|ξ |βFD( f )
∥∥s

2,μk
≥ c(s, β, k)‖ f ‖s+β

2,μk
. (1.8)

A stronger version, is the Hirschman-entropic-type uncertainty inequality (see [14]), in which concentration is
measured in term of entropy: For all f ∈ L2

k(R
d), such that ‖ f ‖2,μk = 1,

−
∫

Rd
| f (x)|2 ln

(
| f (x)|2

)
dμk(x)−

∫
Rd

|FD( f )(ξ)|2 ln
(
|FD( f )(ξ)|2

)
dμk(ξ) ≥ 0. (1.9)

In the classical setting (for the Fourier transform, when k = 0), this inequality was first proved by Hirschman in
[13], and he made the conjecture that

−
∫

Rd
| f (x)|2 ln

(| f (x)|2) dx −
∫

Rd
| f̂ (ξ)|2 ln

(| f̂ (ξ)|2) dξ ≥ d(1 − ln 2), (1.10)

which was later proved by Beckner in [1]. Moreover Beckner proved in [2] the following logarithmic uncertainty
inequality for functions in the Schwartz class,

∫
Rd

ln(|x |) | f (x)|2 dx +
∫

Rd
ln(|ξ |) | f̂ (ξ)|2 dξ ≥ C0‖ f ‖2

2, (1.11)

and its analogous for the Dunkl transform was recently proved in [12],
∫

Rd
ln(|x |) | f (x)|2 dμk(x)+

∫
Rd

ln(|ξ |) |FD( f )(ξ)|2 dμk(ξ) ≥ Ck‖ f ‖2
2,μk

, (1.12)
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226 S. Ghobber

where the proof of (1.12) is based on a sharp Pitt-type inequality in the Dunkl setting (see [12] for details).
Hirschman’s entropic uncertainty inequality (1.9) for the Dunkl transform, implies a non optimal Heisenberg-

type uncertainty relation (see [14]). Moreover, from the logarithmic uncertainty inequality (1.12), we can derive
the following sub-optimal uncertainty inequality

∥∥|x | f
∥∥

2,μk

∥∥|ξ |FD( f )
∥∥

2,μk
≥ eCk ‖ f ‖2

2,μk
, (1.13)

where, for d 
 1, eCk ≈ (γ + d/2), which is the sharp constant in Inequality (1.7).
To analyze signal structures of very different sizes it is necessary to use a wavelet-type transform, which

analyzes functions with respect to a time (or a position) parameter b ∈ R
d and a scale parameter a > 0, in the

time-scale domain (in contrast to Fourier-type and Gabor-type transforms, which analyze signals with respect to
time and frequency in the time-frequency domain).

To be more precise, let U = (0,∞)×R
d be the affine group, with the left invariant Haar measure dνk(a, b) =

a2γ+d−1 da dμk(b), and let ψ ∈ L2
k(R

d) be an admissible Dunkl wavelet, satisfying the following admissibility
condition: For almost every ξ ∈ R

d ,

0 < cψ :=
∫ ∞

0
|FD(ψ)(aξ)|2 da

a
< ∞. (1.14)

Then the Dunkl wavelet transform of a function f ∈ L2
k(R

d), denoted WD
ψ f , is the projection of f onto the

Dunkl wavelet atoms

ψa,b(x) = c
− 1

2
ψ F−1

D

(
K(ib, ·)δ 1

a
FD(ψ)

)
(x), (a, b) ∈ U, x ∈ R

d , (1.15)

where ψ is an admissible Dunkl wavelet and δλ, is the dilation operator defined on L2
k(R

d) by:

δλ f (x) = λγ+d/2 f (λx), λ > 0.

In this paper we prove that, the function WD
ψ f belongs to L p

k (U), for all function f ∈ L2
k(R

d), and all real
number p ≥ 2. In particular, its norm satisfies the following Lieb-type inequality:

‖WD
ψ f ‖p,νk ≤

(‖ψ‖2
2,μk

cψ

) 1
2 − 1

p

‖ f ‖2,μk , (1.16)

where L p
k (U) = L p(U, νk), 1 ≤ p < ∞, is the Banach spaces consisting of measurable functions F on U

equipped with the norms

‖F‖p
p,νk =

∫ ∞

0

∫
Rd

|F(a, b)|p dνk(a, b). (1.17)

Consequently, if a function f ∈ L2
k(R

d), such that its Dunkl wavelet transform satisfies,

∫
�

∣∣∣WD
ψ f (a, b)

∣∣∣2 dνk(a, b) ≥ (1 − ε)‖ f ‖2
2,μk

, (1.18)

where � ⊂ U is a subset of finite measure 0 < νk(�) < ∞, and ε ∈ (0, 1), then we have the following
Donoho-Stark-type uncertainty inequality: For all p > 2,

νk(�) ≥ cψ
‖ψ‖2

2,μk

(1 − ε)
p

p−2 . (1.19)

This means that, if WD
ψ f is almost concentrated in�, then its essential support� cannot be too small. Moreover,

we prove the following results limiting the concentration of WD
ψ f on subsets of finite measures.

Theorem A Let s, p two real number such that s > 0 and p ≥ 2.
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Heisenberg-type uncertainty inequalities 227

(1) If s < 2γ + d, then there exists a constant c(s, k, p, ψ), such that for every nonzero function f ∈ L2
k(R

d),
and every measurable subset � ⊂ U of finite measure 0 < νk(�) < ∞,

∫
�

∣∣∣WD
ψ f (a, b)

∣∣∣p
dνk(a, b) ≤ c(s, k, p, ψ) νk(�)

1
p+1 ‖ f ‖

p2

p+1 − p(2γ+d−s)
(p+1)(2γ+d+s)

2,μk

∥∥∥|(a, b)|sWD
ψ f

∥∥∥
2p(2γ+d)

(p+1)(2γ+d+s)

2,νk
.

(2) If s > γ + d/2, then there exists a constant c(s, k, ψ), such that for every function f ∈ L2
k(R

d), and every
measurable subset � ⊂ U of finite measure 0 < νk(�) < ∞,

∫
�

∣∣∣WD
ψ f (a, b)

∣∣∣p
dνk(a, b) ≤ c(s, k, ψ) νk(�)

1
4 ‖ f ‖p− 2γ+d

2s
2,μk

∥∥∥|(a, b)|sWD
ψ f

∥∥∥
2γ+d

2s

2,νk
.

This theorem extends Faris’s local uncertainty principles [8] to the Dunkl wavelet transform, which compare
the concentration of WD

ψ f on a subset of finite measure � (where a large value of the L p
k -norm of WD

ψ f on

� corresponds to a high degree of concentration) by the (time-scale)-dispersion ‖|(a, b)|sWD
ψ f ‖2,νk (where

a small value of the (time-scale)-dispersion corresponds to a high degree of concentration). In particular, for
s > γ +d/2 and β > 0 (similar results exist for 0 < s < γ +d/2), we have the following inequality, comparing
the support of WD

ψ f and the (time-scale)-dispersion ‖|(a, b)|sWD
ψ f ‖2,νk ,

νk

(
supp WD

ψ f
) ∥∥∥|(a, b)|sWD

ψ f
∥∥∥

2(2γ+d)
s

2,νk
≥ c(s, k, ψ) ‖ f ‖

2(2γ+d)
s

2,μk
. (1.20)

Moreover, for any nonzero function f , satisfying the ε-concentration condition (1.18), we have the following
inequality, comparing the essential support of WD

ψ f and the (time-scale)-dispersion,

νk(�)

∥∥∥|(a, b)|sWD
ψ f

∥∥∥
2(2γ+d)

s

2,νk
≥ c(s, k, ψ) (1 − ε)4‖ f ‖

2(2γ+d)
s

2,μk
. (1.21)

This means that, the support (or the essential support) of the Dunkl wavelet transform of a nonzero function, and
the (time-scale)-dispersion ‖|(a, b)|sWD

ψ f ‖2,νk cannot both be too small.

Our second results, will be the following Pitt-type inequality and logarithmic uncertainty inequality, extending
Inequality (1.12) to the Dunkl wavelet transform.

Theorem B (1) For all 0 ≤ β < γ +d/2, and all f in the Schwartz class ß(Rd), such that WD
ψ f (a, ·) ∈ ß(Rd),

∥∥∥a−βWD
ψ f

∥∥∥
2,νk

≤ Cβ,k(ψ)
∥∥∥|b|βWD

ψ f
∥∥∥

2,νk
. (1.22)

(2) For all f ∈ ß(Rd), such that WD
ψ f (a, ·) ∈ ß(Rd),

cψ

∫
U

ln(a)
∣∣∣WD

ψ f (a, b)
∣∣∣2 dνk(a, b)+

∫
U

ln(|b|)
∣∣∣WD

ψ f (a, b)
∣∣∣2 dνk(a, b) ≥ Ck(ψ)‖ f ‖2

2,μk
. (1.23)

Finally, from either Theorem A or Theorem B, we derive general forms of Heisenberg-type uncertainty
inequalities for the Dunkl wavelet transform, improving previous results proved in [11,18,19]. In particular, we
have the following results involving the time-dispersion ‖asWD

ψ f ‖2,νk , the scale-dispersion ‖|b|sWD
ψ f ‖2,νk and

the (time-scale)-dispersion ‖|(a, b)|sWD
ψ f ‖2,νk .

Theorem C Let s, β > 0.

(1) If s < 2γ + d, then there exists a constant c(s, β, k, ψ), such that for all f ∈ L2
k(R

d),

∥∥∥|(a, b)|sWD
ψ f

∥∥∥β
2,νk

∥∥∥|(a, b)|βWD
ψ f

∥∥∥s+γ+d/2

2,νk
≥ c(s, β, k, ψ) ‖ f ‖s+β+γ+d/2

2,μk
. (1.24)

(2) If s > γ + d/2, then there exists a constant c(s, β, k, ψ), such that for all f ∈ L2
k(R

d),

∥∥∥|(a, b)|sWD
ψ f

∥∥∥β
2,νk

∥∥∥|(a, b)|βWD
ψ f

∥∥∥s

2,νk
≥ c(s, β, k, ψ) ‖ f ‖s+β

2,μk
. (1.25)
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228 S. Ghobber

(3) There exists a constant c(s, k, ψ), such that for all f ∈ L2
k(R

d),

∥∥∥|(a, b)|sWD
ψ f

∥∥∥2

2,νk
≥ c(s, k, ψ) ‖ f ‖2

2,μk
. (1.26)

(4) There exists a constant c(s, β, k, ψ) such that, for all f ∈ L2
k(R

d),

∥∥∥asWD
ψ f

∥∥∥2

2,νk
+
∥∥∥|b|βWD

ψ f
∥∥∥2

2,νk
≥ c(s, β, k, ψ)‖ f ‖2

2,μk
. (1.27)

(5) There exists a constant c(s, β, k) such that, for all f ∈ L2
k(R

d),

∥∥∥asWD
ψ f

∥∥∥β
2,νk

∥∥∥|b|βWD
ψ f

∥∥∥s

2,νk
≥ c(s, β, k, ψ)‖ f ‖s+β

2,μk
. (1.28)

These inequalities show that, the Dunkl wavelet transform of a nonzero function, cannot be well concentrated
both in time (with respect to the b-variable) and in scale (with respect to the a-variable).

The remainder of this paper is arranged as follows, in the next section we recall some useful results associated
to the Dunkl and the Dunkl wavelet transforms. Section 3 is devoted to the study of uncertainty principles for the
Dunkl wavelet transform in subsets of finite measures. In Section 4 we prove a logarithmic uncertainty principle
for the Dunkl wavelet transform, and derive a Heisenberg-type uncertainty inequality.

2 Preliminaries

2.1 Notation

Let us denote by 〈·, ·〉 the scalar product and by | · | the Euclidean norm on R
d .

If E is a measurable subset in U, then we write 1E for the characteristic function of E , and
Ec = U \ E for its complement in U.
We denote by L∞(Rd) and L∞(U) the spaces of essentially bounded functions on R

d and U respectively,
equipped with the standard essential supremum norm ‖ · ‖∞ defined by: For all f ∈ L∞(Rd) and F ∈ L∞(U),

‖ f ‖∞ = ess sup
x∈Rd

| f (x)| and ‖F‖∞ = ess sup
(a,b)∈U

|F(a, b)|. (2.1)

We write C , c(s, k), c(s, β, k), c(s, k, p), cs,β,k(ψ) and c(s, β, k, ψ) for constants that depend on the param-
eters s, k, β, p and ψ . These constant are not sharp, and may change from line to line.

Finally, if f is a nonzero function, then we denote by supp f := {x : f (x) 
= 0} for its support.

2.2 The Dunkl transform and Dunkl translation

Let us fix some notation and present some necessary material on the Dunkl theory, which ca be found in [3,5–7].
Let G be a finite reflection group on R

d , associated with a root system R, and R+ will be the positive subsystem
of R. We denote by k a nonnegative multiplicity function defined on R, with the property that k is G-invariant.
We associate with k the index

γ := γ (k) =
∑
ξ∈R+

k(ξ) ≥ 0, (2.2)

and the weight function wk defined by

wk(x) =
∏
ξ∈R+

|〈ξ, x〉|2k(ξ). (2.3)

Further we introduce the Mehta-type constant ck by

ck =
(∫

Rd
e− |x |2

2 dμk(x)

)−1

. (2.4)
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Heisenberg-type uncertainty inequalities 229

Moreover ∫
§d−1

wk(x) dσ(x) = c−1
k

2γ+d/2−1�(γ + d/2)
= dk, (2.5)

where dσ is the Lebesgue measure on the unit sphere §d−1 of R
d .

If f ∈ L1
k(R

d) is a radial function, that is f (x) = f̃ (|x |), then function f̃ defined on R+ = [0,∞), is
integrable with respect to the measure r2γ+d−1 dr , and we have,

∫
Rd

f (x) dμk(x) =
∫ ∞

0

(∫
§d−1

wk(r y) dσ(y)

)
f̃ (r)rd−1 dr

= dk

∫ ∞

0
f̃ (r)r2γ+d−1 dr. (2.6)

Introduced by C. F. Dunkl in [5], the Dunkl operators Tj , 1 ≤ j ≤ d on R
d associated with the reflection

group G and the multiplicity function k, are the first-order differential-difference operators given by,

Tj f (x) = ∂ f

∂x j
+
∑
ξ∈R+

k(ξ)ξ j
f (x)− f (σξ (x))

〈ξ, x〉 , x ∈ R
d , (2.7)

where f is an infinitely differentiable function on R
d , ξ j = 〈

ξ, e j
〉
, (e1, . . . , ed) being the canonical basis of R

d

and σξ denotes the reflection with respect to the hyperplane orthogonal to ξ .
The Dunkl kernel K on R

d × R
d has been introduced by C. F. Dunkl in [6], that is, for ξ ∈ R

d the function
x �→ K(x, ξ) can be viewed as the solution on R

d of the following initial problem,

Tj u(x, ξ) = ξ j u(x, ξ), 1 ≤ j ≤ d; u(0, ξ) = 1. (2.8)

Therefore, for all λ ∈ C, z, z′ ∈ C
d and x, ξ ∈ R

d , we have,

K(λz, z′) = K(z, λz′), K(−iξ, x) = K(iξ, x), |K(−iξ, x)| ≤ 1. (2.9)

The Dunkl transform FD associated with G and k, is defined for an integrable function f by:

FD( f )(ξ) := ck

∫
Rd

K(−iξ, x) f (x) dμk(x), ξ ∈ R
d . (2.10)

Then, by (2.9) we have,
‖FD( f )‖∞ ≤ ck‖ f ‖1,μk

. (2.11)

Moreover, the Dunkl transform FD extends uniquely to an isometric isomorphism on L2
k(R

d) such that:

‖FD( f )‖2,μk
= ‖ f ‖2,μk

and F−1
D ( f )(ξ) = FD( f )(−ξ). (2.12)

The Dunkl translation operator f → τ D
x f is defined on L2

k(R
d) by:

τ D
x f = F−1

D (K(i x, ·)FD( f )) (2.13)

and it belongs to L2
k(R

d) with:
‖τ D

x f ‖2,μk ≤ ‖ f ‖2,μk . (2.14)

This allows to define the Dunkl convolution product by:

f ∗D g(x) =
∫

Rd
τ D

x f (−y)g(y) dμk(y), x ∈ R
d , (2.15)

which is commutative and associative. In particular, for every f ∈ L1
k(R

d) and g ∈ L2
k(R

d), the function f ∗D g
belongs to L2

k(R
d), and

FD( f ∗D g) = FD( f )FD(g). (2.16)

Moreover, for every f, g ∈ L2
k(R

d), the function f ∗D g is in L2
k(R

d), if and only if, FD( f )FD(g) ∈ L2
k(R

d)

and we have,
FD ( f ∗D g) = FD( f )FD(g). (2.17)
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230 S. Ghobber

2.3 Basic Dunkl wavelet theory

In this section we recall basic results about wavelet theory in the Dunkl setting, which is first introduced by
Trimèche in [26]. To do this we first define the usual dilation operator δλ on L2

k(R
d) by:

δλ f (x) = λγ+d/2 f (λx) , λ > 0, x ∈ R
d . (2.18)

Then we have immediately the following properties:

‖δλ f ‖2,μk = ‖ f ‖2,μk and FDδλ = δ 1
λ
FD. (2.19)

Moreover, for all x ∈ R
d , a, λ > 0 and f, g ∈ L2

k(R
d), we have,

δλτ
D
x = τ D

x
λ
δλ, δλδa = δaλ, 〈δa f, g〉μk

= 〈
f, δ1/ag

〉
μk
, (2.20)

where 〈·, ·〉μk
is the usual inner product in the Hilbert space L2

k(R
d).

Definition 2.1 An admissible Dunkl wavelet is a nonzero function ψ ∈ L2(Rd) satisfying the following admis-
sibility condition: For almost all ξ ∈ R

d

0 < cψ :=
∫ ∞

0
|FD(ψ)(aξ)|2 da

a
< ∞. (2.21)

Given an admissible Dunkl wavelet ψ ∈ L2
k(R

d) and (a, b) ∈ U = (0,∞)× R
d , we define the Dunkl wavelet

atom

ψa,b(x) = c
− 1

2
ψ τ D

b δaψ(x), x ∈ R
d , (2.22)

which is the dilation with a scale parameter a and the translation by a position (or time) parameter b of the
admissible Dunkl wavelet ψ . Then by (2.19) and (2.14) we have,

‖ψa,b‖2,μk ≤ c
− 1

2
ψ ‖ψ‖2,μk . (2.23)

Ifψ an admissible Dunkl wavelet, then the Dunkl wavelet transform (DWT for short) is defined by (see [26]),

WD
ψ f (a, b) =

∫
Rd

f (x)ψb,a(x) dμk(x) = 〈
f, ψa,b

〉
μk
. (2.24)

Like a windowed Fourier transform, the wavelet transform can measure the time-scale variations of spectral
components, but it has a different resolution compared to others time-frequency transformations. The number
b ∈ R

d acts as a translation along the time (or position) domain to the particular time of interest and the scale
a > 0 contracts or expands the wavelet to analyze the signal at different scales.

From (2.15) and (2.17), Equality (2.24) can be written as

WD
ψ f (a, b) = c

− 1
2

ψ f ∗D δaψ̌(b) = c
− 1

2
ψ F−1

D

(
FD( f )δ 1

a
FD(ψ̌)

)
(b), (2.25)

where ψ̌(x) = ψ(−x). Therefore,

FD

(
WD
ψ f (a, ·)

)
(ξ) = a−γ−d/2c

− 1
2

ψ FD( f )(ξ)FD(ψ)(ξ/a). (2.26)

The Dunkl wavelet transform satisfies also a Plancherel-type formula:
∥∥∥WD

ψ f
∥∥∥

2,νk
= ‖ f ‖2,μk

, (2.27)

and by(2.23), we have for all f ∈ L2
k(R

d),

‖WD
ψ f ‖∞ ≤ c

− 1
2

ψ ‖ψ‖2,μk ‖ f ‖2,μk . (2.28)

Finally from (2.19) and (2.20), we derive the following useful results.
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Proposition 2.2 Let ψ an admissible Dunkl wavelet, and let f ∈ L2
k(R

d). Then:

(1) For all (a, b) ∈ U, and all λ > 0,

WD
ψ δλ f (a, b) = WD

ψ f
(a

λ
, λb

)
. (2.29)

(2) For all c > 0,
cδcψ = c−2γ−d cψ and WD

δcψ
f (a, b) = cγ+d/2 WD

ψ f (ac, b) . (2.30)

(3) For all (a, b) ∈ U, and all c, λ > 0,

WD
δcψ
δλ f (a, b) = cγ+d/2 WD

ψ f
(ac

λ
, λb

)
. (2.31)

3 Uncertainty principles on subsets of finite measures for the DWT

In this section � will be a subset in U of finite measure 0 < νk(�) < ∞, and ψ will be any admissible wavelet.

3.1 Donoho-Stark type uncertainty principle for the DWT

In this subsection, we will revisit the Donoho-Stark uncertainty principles (see [4]) for the DWT, which was
proved in [18]. First we recall the following definition.

Definition 3.1 Let 0 ≤ ε < 1. Then a nonzero function f ∈ L2
k(R

d) is (ε, ψ)-concentrated in � if,

∫
�c

|WD
ψ f (a, b)|2 dνk(a, b) ≤ ε‖ f ‖2

2,μk
. (3.1)

Notice that, if ε = 0 in (3.1), then WD
ψ f is concentrated on � in the time-scale domain, and � will be the

exact support of WD
ψ f (denoted by supp WD

ψ f ). Moreover, if 0 < ε < 1, then WD
ψ f is “practically zero” outside

�, and then � may be considered as the “essential” support of WD
ψ f .

We denote by L2
k(ε, ψ,�) the set of all functions in f ∈ L2

k(R
d) that are (ε, ψ)-concentrated in �, with

ε ∈ (0, 1), and let L2
k(ψ,�) the subspace of L2

k(R
d) consists of all functions that are concentrated in �

(i.e.L2
k(ψ,�) = L2(0, ψ,�)).

Then we have the following Donoho-Stark type uncertainty relation (see [18, Proposition 4.8]): If f ∈
L2

k(ε, ψ,�), then

νk(�) ≥ cψ‖ψ‖−2
2,μk

(1 − ε). (3.2)

In particular, if f ∈ L2
k(ψ,�), then the support of WD

ψ f is included in �, and satisfies

νk(supp WD
ψ f ) ≥ cψ‖ψ‖−2

2,μk
. (3.3)

This means that, the support or the essential support of the DWT cannot be too small.
Moreover, for any subset � ⊂ U such that 0 < νk(�) < cψ‖ψ‖−2

2,μk
, we have (see e.g. [18, Theorem 5.2]),

the following result limiting the concentration of the DWT on subsets of small measures in the time-scale domain,
that is, for all f ∈ L2

k(R
d),

∫
�c

|WD
ψ f (a, b)|2 dνk(a, b) ≥

(
1 − ‖ψ‖2

2,μk

cψ
νk(�)

)
‖ f ‖2

2,μk
. (3.4)

In particular if WD
ψ f is supported in �, then f is the zero function, i.e.L2

k(ψ,�) = {0}.
Now we will prove a Lieb-type inequality for the DWT (see Lieb’s result [17] related to the classical windowed

Fourier transform).
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Theorem 3.2 Let p ≥ 1 and let ψ , φ two admissible wavelets. Then for all f, g ∈ L2
k(R

d), the function
WD
ψ f WD

φ g belongs to L p
k (U), and

‖WD
ψ f WD

φ g‖p,νk ≤
(‖ψ‖2,μk ‖φ‖2,μk√

cψcφ

)1−1/p

‖ f ‖2,μk ‖g‖2,μk . (3.5)

Proof By Cauchy-Schwartz’s inequality and the Plancherel formula (2.27), we have

∫
U

|WD
ψ f (a, b)WD

φ g(a, b)| dνk(a, b) ≤ ‖WD
ψ f ‖2,νk ‖WD

φ g‖2,νk = ‖ f ‖2,μk ‖g‖2,μk .

This implies that the function WD
ψ f WD

φ g belongs to L1
k(U), and

‖WD
ψ f WD

φ g‖1,νk ≤ ‖ f ‖2,μk ‖g‖2,μk . (3.6)

On the other hand, from (2.28), we have for (a, b) ∈ U,

|WD
ψ f (a, b)WD

φ g(a, b)| ≤ ‖ f ‖2,μk ‖g‖2,μk

‖ψ‖2,μk ‖φ‖2,μk√
cψcφ

.

Therefore, the function WD
ψ f WD

φ g belongs to L∞(U), and

‖WD
ψ f WD

φ g‖∞ ≤ ‖ f ‖2,μk ‖g‖2,μk

‖ψ‖2,μk ‖φ‖2,μk√
cψcφ

. (3.7)

Thus by (3.6), (3.7) and the Riesz-Thorin interpolation theorem we obtain the desired result. ��
In particular, for all function f ∈ L2

k(R
d), and all real number p ≥ 2, the function WD

ψ f belongs to L p
k (U),

and its norm satisfies

‖WD
ψ f ‖p,νk ≤

(‖ψ‖2
2,μk

cψ

) 1
2 − 1

p

‖ f ‖2,μk . (3.8)

Corollary 3.3 Let f ∈ L2
k(ε, ψ,�). Then for every p > 2,

νk(�) ≥ cψ
‖ψ‖2

2,μk

(1 − ε)
p

p−2 . (3.9)

Proof Let f ∈ L2
k(ε, ψ,�), such that ‖ f ‖2,μk = 1. Then by Hölder’s inequality and (3.8),

∫
�

|WD
ψ f (a, b)|2 dνk(a, b) ≤ νk(�)

1−2/p
(∫

U

|WD
ψ f (a, b)|p dνk(a, b)

)2/p

≤ νk(�)
1−2/p

(‖ψ‖2
2,μk

cψ

)1−2/p

. (3.10)

Now by Plancherel formula (2.27),

∫
�

∣∣∣WD
ψ f (a, b)

∣∣∣2 dνk(a, b) = 1 −
∫
�c

∣∣∣WD
ψ f (a, b)

∣∣∣2 dνk(a, b) ≥ 1 − ε. (3.11)

Thus by (3.8) and (3.11), we obtain (3.9). ��
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3.2 Local uncertainty inequality for the DWT

In this section, we will prove a local uncertainty inequalities (first introduced by Faris in [8] for the classical
Fourier transform), which compares the concentration of WD

ψ f around a single point in the time-scale domain

by means of the (time-scale)-dispersion ‖|(a, b)|sWD
ψ f ‖2,νk , with the concentration of WD

ψ f on a subset� ⊂ U

of finite measure 0 < νk(�) < ∞.
Some local uncertainty inequalities for the DWT have been recently proved in [20], but in this subsection,

we will follow the line of [15] to prove new uncertainty inequalities, and the main difficulties remain on the use
of dilation of functions and subsets, especially in Theorem 3.8.

Theorem 3.4 Let s, p two real number such that 0 < s < 2γ + d and p ≥ 2. Then there exists a constant
C = c(s, k, p), such that for every nonzero function f ∈ L2

k(R
d), and every measurable subset � ⊂ U of finite

measure 0 < νk(�) < ∞, we have

∥∥∥1�WD
ψ f

∥∥∥p

p,νk
≤ C νk(�)

1
p+1

(‖ f ‖2,μk ‖ψ‖2,μk√
cψ

) p2

p+1 − p(2γ+d−s)
(p+1)(2γ+d+s) ∥∥∥|(a, b)|sWD

ψ f
∥∥∥

2p(2γ+d)
(p+1)(2γ+d+s)

2,νk
. (3.12)

Proof Let f ∈ L2
k(R

d), and let Br = {(a, b) ∈ U : |(a, b)| = √
a2 + |b|2 ≤ r} the ball of U of radius r . Then

‖1�WD
ψ f ‖p,νk ≤ ‖1�∩Br WD

ψ f ‖p,νk + ‖1�∩Bc
r
WD
ψ f ‖p,νk .

By Hölder’s inequality we have,

‖1�∩BWD
ψ f ‖p

p,νk =
∫
�

|WD
ψ f (a, b)|p1Br (a, b) dνk(a, b)

=
∫

U

|WD
ψ f (a, b)| p2

p+1

(
|WD

ψ f (a, b)| p
p+1 1Br (a, b)

)
1�(a, b) dνk(a, b)

≤ ‖WD
ψ f ‖

p2

p+1∞ νk(�)
1

p+1

(∫
U

|WD
ψ f (a, b)|1Br (a, b) dνk(a, b)

) p
p+1

≤ ‖WD
ψ f ‖

p2

p+1∞ νk(�)
1

p+1

(∫
U

|(a, b)|s |WD
ψ f (a, b)|1Br (a, b)

|(a, b)|s dνk(a, b)

) p
p+1

≤ ‖WD
ψ f ‖

p2

p+1∞ ‖|(a, b)|−s1Br ‖
p

p+1
2,νk

νk(�)
1

p+1 ‖|(a, b)|sWD
ψ f ‖

p
p+1
2,νk

≤
(

dk

2s(2γ + d − s)2

) p
2(p+1)

r
p(2γ+d−s)

p+1 ‖WD
ψ f ‖

p2

p+1∞ νk(�)
1

p+1 ‖|(a, b)|sWD
ψ f ‖

p
p+1
2,νk

.

On the other hand, and by Holder’s inequality, we have

‖1�∩Bc WD
ψ f ‖p

p,νk =
∫
�

|WD
ψ f (a, b)| p(p−1)

p+1

(
|WD

ψ (a, b)| 2p
p+1 1Bc (a, b)

)
dνk(a, b)

≤ ‖WD
ψ f ‖

p(p−1)
p+1∞

∫
U

(
|WD

ψ f (a, b)| 2p
p+1 1Bc (a, b)

)
1�(a, b) dνk(a, b)

≤ ‖WD
ψ f ‖

p(p−1)
p+1∞ r− 2sp

p+1 νk(�)
1

p+1 ‖|(a, b)|sWD
ψ f ‖

2p
p+1
2,νk

.

Thus

‖1�WD
ψ f ‖p,νk ≤ ‖WD

ψ f ‖
p−1
p+1∞ νk(�)

1
p(p+1) ‖|(a, b)|sWD

ψ f ‖
1

p+1
2,νk

×
((

cs,k‖WD
ψ f ‖∞

) 1
p+1

r
2γ+d−s

p+1 + ‖|(a, b)|sWD
ψ f ‖

1
p+1
2,νk

r− 2s
p+1

)
, (3.13)

where

cs,k =
(

dk

2s(2γ + d − s)2

) 1
2

.
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Minimizing the right hand side with

r =
⎛
⎝
(‖|(a, b)|sWD

ψ f ‖2,νk

cs,k ‖WD
ψ f ‖∞

) 1
p+1 2s

2γ + d − s

⎞
⎠

p+1
2γ+d+s

, (3.14)

we obtain by (2.28) the desired result. ��
From the last theorem we deduce the following results comparing the (time-scale)-dispersion and the sup-

port (or the essential support) of WD
ψ f , which limits the concentration of WD

ψ f around a single point and its
concentration (or ε-concentration) on a subset of finite measure, in the time-scale domain.

Corollary 3.5 Let 0 < s < 2γ + d. Then:

(1) There exist a constant c(s, k) such that for all f ∈ L2
k(ψ,�),

νk

(
supp WD

ψ f
) ∥∥∥|(a, b)|sWD

ψ f
∥∥∥

4(2γ+d)
2γ+d+s

2,νk
≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

) 2γ+d+3s
2γ+d+s

‖ f ‖
4(2γ+d)
2γ+d+s
2,μk

. (3.15)

(2) There exist a constant c(s, k) such that for all f ∈ L2
k(ε, ψ,�),

νk(�)

∥∥∥|(a, b)|sWD
ψ f

∥∥∥
4(2γ+d)
2γ+d+s

2,νk
≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

) 2γ+d+3s
2γ+d+s

‖ f ‖
4(2γ+d)
2γ+d+s
2,μk

(1 − ε)3. (3.16)

Proof From the local uncertainty inequality (3.12), with p = 2, we have for all 0 < s < 2γ + d, and all
f ∈ L2

k(R
d),

(‖ f ‖2,μk ‖ψ‖2,μk√
cψ

) 2(2γ+d+3s)
3(2γ+d+s)

νk(�)
1
3 ‖|(a, b)|sWD

ψ f ‖
4(2γ+d)

3(2γ+d+s)
2,νk

≥ ‖1�WD
ψ f ‖2

2,νk
(3.17)

So, if f ∈ L2
k(ψ,�), then supp WD

ψ f ⊂ �, and by (2.27), we obtain (3.15). On the other hand, if f ∈
L2

k(ε, ψ,�), then by (3.11), we have we obtain (3.16). ��
Consequently, we have the following Heisenberg-type uncertainty inequality for the DWT involving the

(time-scale)-dispersions.

Corollary 3.6 Let s, β two real number such that 0 < s < 2γ + d and β > 0. Then there exists a constant
c(s, β, k), such that for all f ∈ L2

k(R
d),

∥∥∥|(a, b)|sWD
ψ f

∥∥∥2β

2,νk

∥∥∥|(a, b)|βWD
ψ f

∥∥∥2γ+d+s

2,νk
≥ c(s, β, k)

(
cψ

‖ψ‖2
2,μk

) β(2γ+d+3s)
2(2γ+d)

‖ f ‖2β+2γ+d+s
2,μk

. (3.18)

Proof Let 0 < s < 2γ + d, and β > 0. Then by Plancherel formula (2.27), we have

‖ f ‖2
2,μk

= ‖1Br WD
ψ f ‖2

2,νk
+ ‖1Bc

r
WD
ψ f ‖2

2,νk

≤ ‖1Br WD
ψ f ‖2

2,νk
+ r−2β‖|(a, b)|βWD

ψ f ‖2
2,νk
. (3.19)

Now by 3.4, with p = 2,

‖ f ‖2
2,μk

≤ C r
2(2γ+d)

3

(‖ f ‖2,μk ‖ψ‖2,μk√
cψ

) 2(2γ+d+3s)
3(2γ+d+s) ‖|(a, b)|sWD

ψ f ‖
4(2γ+d)

3(2γ+d+s)
2,νk

+ r−2β‖|(a, b)|βWD
ψ f ‖2

2,νk
.

Then by minimizing the right hand side over r > 0, we obtain the desired result. ��
Moreover, we derive the following Heisenberg-type uncertainty inequalities for the DWT involving the time-

dispersion ‖asWD
ψ f ‖2,νk and the scale-dispersion ‖|b|sWD

ψ f ‖2,νk , improving previous results in [11,18,19].
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Corollary 3.7 Let 0 < s < 2γ + d. Then:

(1) There exists a constant c(s, k), such that for all f ∈ L2
k(R

d),

∥∥∥|(a, b)|sWD
ψ f

∥∥∥
2,νk

≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

) s
2(2γ+d)

‖ f ‖2,μk
. (3.20)

(2) There exists a constant c(s, k), such that for all f ∈ L2
k(R

d),

∥∥∥asWD
ψ f

∥∥∥2

2,νk
+
∥∥∥|b|sWD

ψ f
∥∥∥2

2,νk
≥ c(s, d)

(
cψ

‖ψ‖2
2,μk

) s
2γ+d

‖ f ‖2
2,μk

. (3.21)

(3) There exists a constant c(s, k), such that for all f ∈ L2
k(R

d),

∥∥∥asWD
ψ f

∥∥∥
2,νk

∥∥∥|b|sWD
ψ f

∥∥∥
2,νk

≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

) s
2γ+d

‖ f ‖2
2,μk

. (3.22)

Proof If we take s = β in (3.18), we obtain (3.20). Now since |(a, b)|s = (a2 + |b|2)s ≤ 2s(a2s + |b|2s), then
(3.20) implies (3.21). Finally, since (3.21) is true for all f ∈ L2

k(R
d), then by replacing f by δλ f in (3.21), we

obtain by (2.19) and (2.29),

∫
U

a2s
∣∣∣WD

ψ f
(a

λ
, bλ

)∣∣∣2 dνk(a, b)+
∫

U

|b|2s
∣∣∣WD

ψ f
(a

λ
, bλ

)∣∣∣2 dνk(a, b) ≥ C

(
cψ

‖ψ‖2
2,μk

) s
2γ+d

‖ f ‖2
2,μk

.

Therefore a suitable change of variables leads to,

λ2s‖asWD
ψ f ‖2

2,νk
+ λ−2β‖|b|sWD

ψ f ‖2
2,νk

≥ C

(
cψ

‖ψ‖2
2,μk

) s
2γ+d

‖ f ‖2
2,μk

. (3.23)

Thus by minimizing the left hand side over λ > 0, we obtain (3.22). ��
We end this subsection with another local uncertainty inequality for the DWT.

Theorem 3.8 Let s, p two real number such that s > γ + d/2 and p ≥ 2. Then there exists a constant c(s, k),
such that for every function f ∈ L2

k(R
d), and every measurable subset� ⊂ U of finite measure 0 < νk(�) < ∞,

we have ∥∥∥1�WD
ψ f

∥∥∥p

p,νk
≤ c(s, k)

(‖ψ‖2,μk√
cψ

)p−1

‖ f ‖p− 2γ+d
2s

2,μk
νk(�)

1
4

∥∥∥|(a, b)|sWD
ψ f

∥∥∥
2γ+d

2s

2,νk
. (3.24)

Proof By Cauchy-Schwartz’s inequality, we have

‖1�WD
ψ f ‖p

p,νk ≤ ‖WD
ψ f ‖p−1∞

∫
U

(1 + |(a, b)|2s)
1
2 |WD

ψ f (a, b)| 1�(a, b)

(1 + |(a, b)|2s)
1
2

dνk(a, b)

≤ ‖WD
ψ f ‖p−1∞

(
‖ f ‖2

2,μk
+ ‖|(a, b)|sWD

ψ f ‖2
2,νk

)1/2
(∫

U

1�(a, b)

1 + |(a, b)|2s
dνk(a, b)

)1/2

≤ ‖WD
ψ f ‖p−1∞

(
‖ f ‖2,μk + ‖|(a, b)|sWD

ψ f ‖2,νk

)(∫
U

dνk(a, b)(
1 + |(a, b)|2s

)2
) 1

4

νk(�)
1
4 .

Then
‖1�WD

ψ f ‖p
p,νk ≤ cs,k νk(�)

1
4 ‖WD

ψ f ‖p−1∞
(
‖ f ‖2,μk + ‖|(a, b)|sWD

ψ f ‖2,νk

)
, (3.25)

where

cs,k =
(∫

U

dνk(a, b)(
1 + |(a, b)|2s

)2
) 1

4

< ∞, since s > γ + d/2.
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Now let

φ = δλ2ψ, g = δλ f, �λ =
{(

a

λ
,

b

λ

)
: (a, b) ∈ �

}
.

Then by (2.30) and (2.31), we have

‖WD
φ g‖∞ ≤ λ2γ+d‖WD

ψ f ‖∞, ‖|(a, b)|sWD
φ g‖2,νk = λ−s‖|(a, b)|sWD

ψ f ‖2,νk (3.26)

Moreover, we have

νk(�λ) = λ−2(2γ+d)νk(�), ‖1�λWD
φ g‖p

p,νk = λ(p−2)(2γ+d)‖1�WD
ψ f ‖p

p,νk . (3.27)

Since Inequality (3.25) is valid for every function f ∈ L2
k(R

d), every admissible wavelet ψ and every subset
of finite measure �, then by replacing f by g, ψ by φ, and � by �λ in Inequality (3.25), we obtain by (2.19),
(3.26) and (3.27),

‖1�λWD
φ g‖p

p,νk = λ(p−2)(2γ+d)‖1�WD
ψ f ‖p

p,νk

≤ cs,k λ
(p− 3

2 )(2γ+d)νk(�)
1
4 ‖WD

ψ f ‖p−1∞
(
‖ f ‖2,μk + λ−s‖|(a, b)|sWD

ψ f ‖2,νk

)
.

Therefore

‖1�WD
ψ f ‖p

p,νk ≤ cs,k νk(�)
1
4 ‖WD

ψ f ‖p−1∞
(
λγ+d/2‖ f ‖2,μk + λγ+d/2−s‖|(a, b)|sWD

ψ f ‖2,νk

)
. (3.28)

Minimizing the right hand side with

λ =
(
(2s − 2γ − d)‖|(a, b)|sWD

ψ f ‖2,νk

(2γ + d)‖ f ‖2,μk

)1/s

, (3.29)

we obtain

‖1�WD
ψ f ‖p

p,νk ≤ C(s, k)νk(�)
1
4 ‖WD

ψ f ‖p−1∞ ‖ f ‖1− 2γ+d
2s

2,μk
‖|(a, b)|sWD

ψ f ‖
2γ+d

2s
2,νk

, (3.30)

where c(s, k) = 2scs,k
2s−2γ−d

(
2s−2γ−d

2s

) 2γ+d
2s

. Thus by (2.28), we have the desired result. ��
Now, using Theorem 3.8, we obtain (with the same proofs) results similar to those proved in Corollary 3.5,

Corollary 3.6 and Corollary 3.7.

Corollary 3.9 Let s, β two real number such that s > γ + d/2 and β > 0. Then:

(1) There exist a constant c(s, k) such that for all f ∈ L2
k(ψ,�),

νk

(
supp WD

ψ f
) ∥∥∥|(a, b)|sWD

ψ f
∥∥∥

2(2γ+d)
s

2,νk
≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

)2

‖ f ‖
2(2γ+d)

s
2,μk

. (3.31)

(2) There exist a constant c(s, k) such that for all f ∈ L2
k(ε, ψ,�),

νk(�)

∥∥∥|(a, b)|sWD
ψ f

∥∥∥
2(2γ+d)

s

2,νk
≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

)2

‖ f ‖
2(2γ+d)

s
2,μk

(1 − ε)4. (3.32)

(3) There exists a constant c(s, β, k), such that for all f ∈ L2
k(R

d),

∥∥∥|(a, b)|sWD
ψ f

∥∥∥β
2,νk

∥∥∥|(a, b)|βWD
ψ f

∥∥∥s

2,νk
≥ c(s, β, k)

(
cψ

‖ψ‖2
2,μk

) sβ
2γ+d

‖ f ‖s+β
2,μk

. (3.33)
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(4) There exists a constant c(s, k), such that for all f ∈ L2
k(R

d),

∥∥∥|(a, b)|sWD
ψ f

∥∥∥
2,νk

≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

) s
2(2γ+d)

‖ f ‖2,μk
. (3.34)

(5) There exists a constant c(s, k), such that for all f ∈ L2
k(R

d),

∥∥∥asWD
ψ f

∥∥∥2

2,νk
+
∥∥∥|b|sWD

ψ f
∥∥∥2

2,νk
≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

) s
2γ+d

‖ f ‖2
2,μk

. (3.35)

(6) There exists a constant c(s, k), such that for all f ∈ L2
k(R

d),

∥∥∥asWD
ψ f

∥∥∥
2,νk

∥∥∥|b|sWD
ψ f

∥∥∥
2,νk

≥ c(s, k)

(
cψ

‖ψ‖2
2,μk

) s
2γ+d

‖ f ‖2
2,μk

. (3.36)

4 Logarithmic uncertainty inequalities for the DWT

In this subsection, ψ will be a radial admissible wavelet, such that ψ(x) = ψ̃(|x |). First we will recall the
following logarithmic uncertainty principle (also known as Beckner-type uncertainty principle) for the Dunkl
transform (see [12, Theorem 4.1]): For all function f ∈ ß(Rd) we have,∫

Rd
ln(|x |) | f (x)|2 dμk(x)+

∫
Rd

ln(|ξ |) |FD( f )(ξ)|2 dμk(ξ) ≥ Ck‖ f ‖2
2,μk

, (4.1)

where

Ck =
(

ln(2)+ �′( 2γ+d
4 )

�(
2γ+d

4 )

)
.

The proof of the last inequality is based on the following Pitt-type inequality for the Dunkl transform (see
[12,24]): For every function f in the Schwartz class ß(Rd) and 0 ≤ β < γ + d/2, we have∥∥|ξ |−βFD( f )

∥∥
2,μk

≤ Cβ,k
∥∥|x |β f

∥∥
2,μk

, (4.2)

where Cβ,k is the sharp constant given by (see [12, Theorem 3.1]),

Cβ,k = 2−β �
(
γ−β+d/2

2

)

�
(
γ+β+d/2

2

) . (4.3)

By applying the Pitt-type inequality (4.2) for the function WD
ψ f (a, ·) ∈ ß(Rd), and then by integrating with

respect to the measure a2γ+d−1 da, one can obtain the following result (see [21, Theorem 3.1] for details): For
all f ∈ ß(Rd), such that WD

ψ f (a, ·) ∈ ß(Rd),
∫

Rd
|ξ |−2β |FD( f )(ξ)|2 dμk(ξ) ≤ C2

β,k

∫
U

|b|2β
∣∣∣WD

ψ f (a, b)
∣∣∣2 dνk(a, b). (4.4)

We want that Pitt inequality (4.4) involves WD
ψ f (a, b) instead of FD( f )(ξ), that’s why we state the following

lemma.

Lemma 4.1 For all s ∈ R,

‖|ξ |sFD( f )‖2
2,μk

= cψ

M
(
|H

γ+ d
2 −1(ψ̃)|2

)
(2s)

‖asWD
ψ f ‖2

2,νk
, (4.5)

where M is the Mellin transform defined by

M( f )(z) =
∫ ∞

0
x−z f (x)

dx

x
. (4.6)

123



238 S. Ghobber

Proof By (1.4), (2.26), (2.27) we have, for all s ∈ R,

‖asWD
ψ f ‖2

2,νk
=
∫ ∞

0
a2s

(∫
Rd

∣∣∣WD
ψ f (a, b)

∣∣∣2 dμk(b)

)
a2γ+d−1 da

= c−1
ψ

∫ ∞

0
a2s

(∫
Rd

|FD( f )(ξ)|2
∣∣∣∣Hγ+ d

2 −1(ψ̃)

( |ξ |
a

)∣∣∣∣
2

dμk(ξ)

)
da

a

= c−1
ψ

∫
Rd

|FD( f )(ξ)|2
(∫ ∞

0
a2s

∣∣∣∣Hγ+ d
2 −1(ψ̃)

( |ξ |
a

)∣∣∣∣
2 da

a

)
dμk(ξ)

= c−1
ψ

∫
Rd

|ξ |2s |FD( f )(ξ)|2
(∫ ∞

0
a−2s

∣∣∣Hγ+ d
2 −1(ψ̃)(a)

∣∣∣2 da

a

)
dμk(ξ)

= c−1
ψ M

(
|H

γ+ d
2 −1(ψ̃)|2

)
(2s) ‖|ξ |sFD( f )‖2

2,μk
.

This completes the proof. ��
Hence from (4.4) and (4.5), we derive the following new Pitt-type inequality for the DWT.

Theorem 4.2 For all f ∈ ß(Rd), such that WD
ψ f (a, ·) ∈ ß(Rd), we have∥∥∥a−βWD

ψ f
∥∥∥

2,νk
≤ Cβ,k(ψ)

∥∥∥|b|βWD
ψ f

∥∥∥
2,νk

, 0 ≤ β < γ + d/2, (4.7)

where

Cβ,k(ψ) = 2−β
√

c−1
ψ M

(
|H

γ+ d
2 −1(ψ̃)|2

)
(−2β)

�
(

2γ−2β+d
4

)

�
(

2γ+2β+d
4

) . (4.8)

Moreover, the following logarithmic uncertainty inequality for the DWT has been recently obtained in [21,
Theorem 3.2]: For all f ∈ ß(Rd), such that WD

ψ f (a, ·) ∈ ß(Rd),∫
U

ln(|b|)
∣∣∣WD

ψ f (a, b)
∣∣∣2 dνk(a, b)+

∫
Rd

ln(|ξ |) |FD( f )(ξ)|2 dμk(ξ) ≥ Ck‖ f ‖2
2,μk

, (4.9)

where, its proof can be obtained directly by applying Inequality (4.1) to the function WD
ψ f (a, ·) ∈ ß(Rd), and

then by integrating with respect to the measure a2γ+d−1 da.
In the same way, the natural inequality should involves WD

ψ f (a, b) instead of FD( f )(ξ) in the last inequality.
Therefore we prove the following result.

Theorem 4.3 For all f ∈ ß(Rd), such that WD
ψ f (a, ·) ∈ ß(Rd), we have

cψ

∫
U

ln(a)
∣∣∣WD

ψ f (a, b)
∣∣∣2 dνk(a, b)+

∫
U

ln(|b|)
∣∣∣WD

ψ f (a, b)
∣∣∣2 dνk(a, b) ≥ Ck(ψ)‖ f ‖2

2,μk
, (4.10)

where

Ck(ψ) =
(

ln(2)+ �′( 2γ+d
d )

�(
2γ+d

4 )

)
−
(∫ ∞

0

ln(a)

a

∣∣∣Hγ+ d
2 −1(ψ̃)(a)

∣∣∣2 da

)
. (4.11)

Proof By (2.12), (2.21), (2.26) and (2.27), we have

cψ

∫
U

ln(a)
∣∣∣WD

ψ f (a, b)
∣∣∣2 dνk(a, b) = cψ

∫ ∞

0
ln(a)

(∫ ∞

0

∣∣∣WD
ψ f (a, b)

∣∣∣2 dμk(x)

)
a2γ+d−1 da

= cψ

∫ ∞

0
ln(a)

(∫ ∞

0
|FD( f )(ξ)|2 |FD(ψ)(ξ/a)|2

cψa2γ+d
dμk(ξ)

)
a2γ+d−1 da

=
∫

Rd
|FD( f )(ξ)|2

(∫ ∞

0
ln(a)

∣∣∣Hγ+ d
2 −1(ψ̃)(|ξ |/a)

∣∣∣2 da

a

)
dμk(ξ)

=
∫

Rd
|FD( f )(ξ)|2

(∫ ∞

0
ln(|ξ |/a)

∣∣∣Hγ+ d
2 −1(ψ̃)(a)

∣∣∣2 da

a

)
dμk(ξ)

=
∫

Rd
ln(|ξ |)|FD( f )(ξ)|2 dμk(ξ)− Cψ‖ f ‖2

2,μk
, (4.12)
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where

Cψ =
(∫ ∞

0

ln(a)

a

∣∣∣Hγ+ d
2 −1(ψ̃)(a)

∣∣∣2 da

)
. (4.13)

Then by (4.9) and (4.12) we obtain the desired inequality. ��
Remark 4.4 One can obtain Inequality (4.10) by using the Pitt-type inequality (4.7), (see e.g. [21]).

Now, using the logarithmic uncertainty principle (4.10) and Jensen’s inequality, we derive the following
Heisenberg-type uncertainty inequality for functions in the Schwartz class ß(Rd).

Corollary 4.5 If cψ = 1, then for all f ∈ ß(Rd), such that WD
ψ f (a, ·) ∈ ß(Rd), we have

∥∥∥aWD
ψ f

∥∥∥
2,νk

∥∥∥|b|WD
ψ f

∥∥∥
2,νk

≥ eCk (ψ)‖ f ‖2
2,μk

, (4.14)

where Ck(ψ) is the constant given in (4.11).

Proof Inequality (4.10) can be written as follow:

1

2

∫
U

ln(a2)

⎛
⎜⎝
∣∣∣WD

ψ f (a, b)
∣∣∣2

‖ f ‖2
2,μk

dνk(a, b)

⎞
⎟⎠+ 1

2

∫
U

ln(|b|2)
⎛
⎜⎝
∣∣∣WD

ψ f (a, b)
∣∣∣2

‖ f ‖2
2,μk

dνk(a, b)

⎞
⎟⎠ ≥ Ck(ψ), (4.15)

where by (2.27),

(∣∣∣WD
ψ f (a,b)

∣∣∣2
‖ f ‖2

2,μk

dνk(a, b)

)
is a probability measure on U.

Now since the logarithm is a concave function, then by Jensen’s inequality, we have for all nonzero function
f ∈ ß(Rd),

ln

⎛
⎜⎝
∫

U

a2

∣∣∣WD
ψ f (a, b)

∣∣∣2
‖ f ‖2

2,μk

dνk(a, b)

⎞
⎟⎠

1/2

+ ln

⎛
⎜⎝
∫

U

|b|2
∣∣∣WD

ψ f (a, b)
∣∣∣2

‖ f ‖2
2,μk

dνk(a, b)

⎞
⎟⎠

1/2

≥ Ck(ψ). (4.16)

Then

ln

⎛
⎜⎝
∥∥∥aWD

ψ f
∥∥∥

2,νk

∥∥∥|b|WD
ψ f

∥∥∥
2,νk

‖ f ‖2
2,μk

⎞
⎟⎠ ≥ Ck(ψ). (4.17)

This completes the proof. ��
Remark 4.6 By adapting the proof of the last corollary to the logarithmic uncertainty principle (4.1), we derive
a new Heisenberg-type uncertainty inequality for the Dunkl transform, that is, for all f ∈ ß(Rd), we have

∥∥|x | f
∥∥

2,μk

∥∥|ξ |FD( f )
∥∥

2,μk
≥ 2 exp

(
�′( 2γ+d

4 )

�(
2γ+d

4 )

)
‖ f ‖2

2,μk
. (4.18)

Now Since (see [27], p. 251),

�′(z)
�(z)

= ln z − 1

2z
− 2

∫ ∞

0

t

(t2 + z2)(e2π t − 1)
dt, (4.19)

then

2 exp

(
�′( 2γ+d

4 )

�(
2γ+d

4 )

)
≈ (γ + d/2), for d 
 1, (4.20)

which is the sharp constant in Heisenberg’s inequality for the Dunkl transform (1.7).
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