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Abstract A graph is said to be symmetric if its full automorphism group is transitive on its arcs. In this paper, a
complete classification of pentavalent symmetric graphs of order 8 p? is given for each prime p. It is shown that
a connected pentavalent symmetric graph of order 8 p? exists if and only if p = 2 or 3, and there are four such
graphs up to isomorphism.
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1 Introduction

In this paper, all graphs are assumed to be finite, simple, connected and undirected.

For a graph I',let VI, EI", A" and Autl” denote the vertex set, edge set, arc set and full automorphism
group of I', respectively. We say I is vertex transitive if Autl” is transitive on V I" and I" is arc-transitive or
symmetric if Autl™ is transitive on AI". Let s be a positive integer. An s-arc in a graph I" is an (s + 1)-tuple
(vo, v1, ..., vg) of s + 1 vertices such that (vi—1,v;) € A’ for 1 <i <sandvj_| #Zvipforl <i <s—1.
Let G < Autl', we say I is (G, s)-arc-transitive if G is transitive on the set of s-arcs of I" and I" is (G, s)-
transitive if it is (G, s)-arc-transitive but not (G, s + 1)-arc-transitive. In the case where G = AutIl", we say I
is s-arc-trnsitive or s-transitive.

Let H < G, we use Aut(G), H', Ng(H) and C; (H) to denote the automorphism group of G, the derived
group of H, the normalizer of H in G and the centralizer of H in G, respectively. Let M and N be two groups.
Weuse M : N and M x N to denote a semidirect product and direct product of M by N. For a positive integer 7,
we denote by D2y, Ay, S, Fy, Z,, and Z;; the dihedral group of order 2n, the alternating group and the symmetric
group of degree n, the Frobenius group of order n, the cyclic group of order n and the ring of integers modulo n
(and for the field of order » if n is a prime), and the multiplicative group of units of Z,,, respectively.

A group G is called a generalized dihedral group, if there exist an abelian subgroup H and an involution
7 suchthat G = H : (t) and h® = h™! for each h € H. This group is denoted by Dih(H).

The study of symmetric graphs has a long history, beginning with a seminal work by Tutte [24,25] on the
cubic case. Since then the study of symmetric graphs with restricted order has been a current topic in the literature.
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For example, all symmetric graphs of order p, 2p, 3p were determined in [3,4,26], where p is a prime. For
distinct primes p and ¢, Praeger et al. determined symmetric graphs of order pqg in [21,22].

Recently, classifying symmetric graphs with certain valency and with restricted order has received much
attention. Here we just list some pentavalent symmetric graphs. For example, the classification of pentavalent
symmetric graphs of order 8p, 12p, 16p, 18p, 30p, 36p, 40p, 2p?, 4p?> were presented in [1,7,8,10,13—
15,17,18], where p is a prime. For distinct primes p and ¢, pentavalent symmetric of order 2pq, 4pq, 2p*q
were determined in [11, 16, 19]. In this paper, we give a classification of pentavalent arc-transitive graphs of order
8p? with p a prime. Since the cases p = 2, 3, 5 have been treated in the classification of pentavalent symmetric
graphs of order 16p, 36p or 40p in [8,13,15], we only consider the case when p > 5. The main result of this
paper is the following theorem.

Theorem 1.1 For a prime p, a connected pentavalent symmetric graph I' of order 8p? exists if and only if
p = 2 or 3. Furthermore, I', AUtI" and (Autl™), are described in Table 1, where v € VI .

The following corollary is easily observed.

Corollary 1.2 There are no pentavalent symmetric graphs of order 8 p* for each prime p > 5.

2 Examples

We give the examples appearing in Theorem 1.1 in this section.

Example 1 Let G = {a) x (b) x (c) x {d) X (e) = Zg, and let § = {a, b, ¢, d, e}. Define the Cayley graph
I' = Cay(G, S). Then I is a pentavalent symmetric normal Cayley graph and isomorphic to the 5-cube Qs.
Furthermore, Aut(Qs) = Zg:S5, and by Magma [2] programming, any connected pentavalent symmetric Cayley
graph on abelian group of order 32 is isomorphic to Qs.

Let G be a finite group. The Frattini subgroup @ (G) of G is the intersection of all maximal subgroups of
G. Denote Z(G) the center of G. For a prime p, a p-group G is called extra special if G is non-abelian and
Z(G) =G = o(G) = Zp.

Example 2 Let G =DgoQg=(a,b,c,dla’> =b>=c*=d* =1,[a,b]>* =[c,d? =1, =d* =[a,b] =
[c,d] = e, eis a central element and e2 = 1, [a, c] = [a,d] = [b,c] = [b,d] = 1). Then G is an extra special
group of order 32. Define the Cayley graph: Gz, = Cay(G, {a, b, abc, abd, abcd}). Then by Magma [2], we
have that G3; is a connected pentavalent symmetric normal Cayley graph and Aut(Gs;) = G:As; furthermore,
any connected pentavalent symmetric normal Cayley graph on G is isomorphic to G3,.

By Magma [2], we give the examples of pentavalent symmetric graphs of order 72.

Example 3 Let X be an almost simple group with socle Ag. Then there is a unique arc-transitive pentavalent
graph of order 72 which admits X as an arc-transitive automorphism group; and its full automorphism group is
PGL(2,9). This graph is denoted by Q712 which satisfies the conditions in Table 1.

Example 4 There is a unique arc-transitive pentavalent graph of order 72 which admits Ag x Zy as an arc-

transitive automorphism group; and its full automorphism group is Aut(Ag) x Z;. This graph is denoted by g722
which satisfies the conditions in Table 1.

Table 1 Pentavalent symmetric graphs of order 8 p?

r Autl (Autl), P Remark

Qs 73:Ss Ss p=2 Example 1
G3o (Dg 0 Qg):As As p=2 Example 2
giz PGL(2,9) Djo p=3 Example 3
G2, Aut(Ag) x Z; Foo x Z p=3 Example 4
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3 Preliminary results

In this section, we give some technical lemmas for the subsequent discussion.

A typical method for studying vertex-transitive graphs is taking normal quotient graphs. For a G-vertex-
transitive graph I" with G < Autl", suppose G has an intransitive normal subgroup N. Denote by V Iy the
set of N-orbits in V I". The normal quotient graph I'y of I" induced by N is defined with vertex set V I'y and
two vertices B, C € V Iy are adjacent if and only if some vertex in B is adjacent in I" to some vertex in C. If
further I" and I'y have the same valency, then I is called a normal N-cover of I'y. The following Lemma [12,
Lemma 2.5] give a reduction method for studying the pentavalent symmetric graphs, which slightly improves a
nice result of Praeger in [20, Theorem 4.1].

Lemma 3.1 Let I be a G-arc-transitive graph of odd prime valency, and let N <\ G have more than two orbits
on VI, where G < AutI'. Then the following statements hold.

(1) N is semi-regular on VI, G/N < Autl'y, I'y is G/N-arc-transitive, and I' is a normal N-cover of I'y;
(2) I' is (G, s)-arc-transitive if and only if I'y is (G/N, s)-arc-transitive, where 1 <s <5ors =7,
(3) Gy = (G/N)s, wherea € VI and § € VIy.

The following Lemma determines the stabilizers of pentavalent arc-transitive graphs from [6] and [27].

Lemma 3.2 Let I" be a pentavalent (G, s)-transitive graph, where G < Autl” and s > 1. Then s < 5 and one
of the following statements holds, where « € VI

(1) s = 1, Gy = Zs, Dyg or Dap;

) s =2, Gy = Fy, Fyo X Zy, As or Ss;

3) s =3, Gy =EFyo X Zyg, Ay x As,Sq X S5 or (Ag X As):2 with Ay:2 = S4 and As:2 = Ss;
“4) s =4, Gy =ASL(2,4), AGL(2,4), AXL(12,4) or AI'L(2,4),

(5) s =5, Gy =2°:I'L(2, 4);

In particular, if G is soluble, then |G| ’ 80, and if G is insoluble, then |G| ’ 29.32.5,

By checking the 4-prime factor nonabelian simple groups listed in [9, Theorem 3], we obtain the following
proposition.

Lemma 3.3 Let p > 7 be a prime. T is a nonabelian simple group. Assume that the order of T satisfying that
22.5.p% ‘ |T| and |T | ’ 212.32.5. p2 Then T does not exist.

By [10], some information of the pentavalent symmetric graphs of order 8 p is given in the following lemma.

Lemma 3.4 Let p be a prime and let I' be a pentavalent symmetric transitive graph of order 8p. Then I is
isomorphic to one of the following graphs in Table 2.

Let p > 5 be a prime and let Dih(Z%,) =(a,d,h|a’ =dP =h*=la,d] = 1,h ‘ah =a ', h1dh =
d~") be the generalized dihedral group of order 2p?.
For 5 | (p — 1), let I be an element of order 5 in Z*, which is the multiplicative group consists of the units
in the ring Z,. Define
CgD!, = Cay(Din(Z2), {h, ah, AV G gD any).
For 5 | (p £ 1), let A ba an element in Z’; such that A2 = 5. Define

g2, = Cay(Dih(Z2). {h, ah, a2 g qd® D gpyy.

Table 2 Pentavalent symmetric graphs of order 8 p

r Autl” Remark
CLi6 73: Ss p=2
@ (As x Z3):Z> p=3
Co48 PSL(2, 31) p =31
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Table 3 Pentavalent symmetric graphs of order 2p? (p > 5)

) Auty Remark

ch%Z Dih(Z2) : Zs 5|p—1
cgDs, Dih(Z3) : Ds 5|p+1
CD,» D, : Zs 5/p—1

LetD, 2 = (a, b | a” = b2 =1,b"'ab = a~!) be the dihedral group of order 2p2. Let 5 | (p—1)and!
an element of order 5 in Z;z. Define

CD,» = Cay(Dy,n, {b, ab, al*'b, a1 +1p, ol +++1p)).

By [5] and [16] some information of pentavalent symmetric graphs of order 2p? is given in the following
lemma.

Lemma 3.5 Let X' be a connected pentavalent symmetric graphs of order 2 p2, where p > 5 is a prime. Then
X is isomorphic to one of the graphs in Table 3.

4 Proof of Theorem 1.1

In this section, we will prove the Theorem 1.1 by giving some lemmas. Now let I” be a pentavalent symmetric
graphs of order 8p2, where p is a prime. If p = 2, then |V I'| = 32, and I is isomorphic to Qs or C3; by [8].
If p = 3, then |V I'| = 72, and I is isomorphic to C, or C2, by [13]. If p = 5, then |V I"| = 200, by [15] no
graphs appear. So we suppose that p > 7 in the following.

We first give a basic lemma which is helpful to our argument.

Lemma 4.1 Ler X < Aut(I") such that X is arc-transitive on I'. Let N be an insoluble normal subgroup of X.
Then N has at most two orbits on V I, further, the following statements hold.

(1) Foreachv e VI, 5 | [Ny V),
(2) 20p* | |N|.

Proof Suppose that N has at least three orbits on VI". Then, by Lemma 3.1, N is semi-regular on V I". Hence
|N| | 8 p2. Since a group of order 8 p2 is soluble, it follows that N is soluble, which is a contradiction to our
hypothesis.

(1) For each v € VI, if N, = 1, then N is a group of order 8p? or 4p?. It follows that N is soluble, a
contradiction occurs. Thus N, # 1. Since X is transitive on VI, we have N,f ©) # 1 by the connectivity of
I. As XI'® acts primitively on I'(v) and N ) < xI'® NI is transitive on I'(v), and 5 ‘ NI,

(2) Since N has at most two orbits on VI, it follows that 4 p> | N|. By (1), 5 | |Ny|, which implies that

20p? | IN|.
O

Let A := Aut(I"). Let R(A) be the soluble radical of A, which is the largest soluble normal subgroup of A.
We first treat the case that R(A) = 1.

Lemma 4.2 Assume R(A) = 1. Then no graphs I" appear.

Proof Since R(A) = 1, A has no soluble minimal normal subgroups. Let N be a minimal normal subgroup of
A. Then N =Tj x --- x Ty = T?, where T; = T is a nonabelian simple group. We first prove that d = 1. By
Lemma 4.1, N has at most two orbits on VI" and 5 | |Ny| foreachv € VI, and so 4 - p2 -5 | |N|. It implies
thatS | |T|.Ifd > 2, then 52 | [N|. But [N| | |A| | 2!2-3% .5 p?, a contradiction. Henced = 1 and N = T..
Let C := C4(N). Then C < A, and (C, N) = C x N, which is a normal subgroup of A. If C # 1, then C is
insoluble. By Lemma 4.1, we have 5 | |C|. Noting that 5 | |N|, thus 5° | |Al, a contradiction. Hence C = 1 and
A < Aut(T) is an almost simple group. By Lemma 3.3, such nonabelian simple group T does not exist. O
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Now we consider the case R(A) # 1.
Lemma 4.3 Assume that R(A) # 1. Then no graphs I" appear.

Proof Let N be a soluble minimal normal subgroup of A. Then N = Zf with » a prime, and has at least three
orbits on VI'. By Lemma 3.1, N is semigular on V I", and so |N| ‘ 8p2. Hence N = Z,, Z?J, VR Z% or Zg. We
consider these candidates one by one in the following.

Assume that N = Z,. Then |V I'y| = 8p. By Lemma 3.4, I'y = CLj¢, ¥ or Ca4s. Suppose that I'y = CL ¢
or I, Then p = 2 or 3, which is a contradiction with the premise that p > 5. Suppose that I'y = Ca4g. Then
p = 31 and Aut(I'y) = PSL(2, 31). Since A/N is arc-transitive on Iy, we have 5-8-31 | |A/N|. It follows that
A/N = Autl'y by the subgroup structure of PSL(2, 31). Noting that A = Z,.PSL(2, 31) is a central extension,
and A’ = PSL(2, 31), which is a normal subgroup of A. By Lemma 4.1, A" has at most two orbits on VI". So
4. p* | |A’|, which is not possible.

Assume that N = Z%,. Then |V I'y| = 8, which is impossible because there are no pentavalent symmetric
graphs of order 8.

Assume that N = Z,. Then |V I'y| = 4p>. By [17], there are no pentavalent symmetric graphs of order 4 p>
when p > 7, a contradiction occurs.

Assume that N = Z%. Then |VIy| = pz. Since p > 7 is an odd prime and [y has valency five, a
contradiction occurs.

Assume that N = Z%. Then |V I'y| = 2p?. Since p > 7, by Lemma 3.5, we have that Iy is isomorphic to
one of the following graphs.

I'y Aut(I'y) Remark

cgD!, Dih(Z}) : Zs 5|p—1
cgD), Dih(Z2) : Ds 5|pEl
CD,» D, : Zs 50p—1

By the above information of Iy, we observe that A/N = Aut(/y) and the quotient graphs Iy are all normal
Cayley graphs. Further A/N contains a normal subgroup P which is isomorphic to Z?, or Z,> depending on

I'y = CQD;)2 or CD . Let X be the full preimage of P in the natural homomorphism of A to A/N. Then

X = N.P = N x P, which is normal in A. Further, P is the characteristic subgroup of X. So P is normal in
A. Now we consider the quotient graph I'p induced by P. In one hand, I'p is A/ P-arc transitive of valency five
by Lemma 3.1. In the other hand, |V I'p| = 8, and there are no pentavalent arc-transitive graphs of order 8, a
contradiction occurs. O

Combining Lemma 4.2 and 4.3, we complete the proof of Theorem 1.1.
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