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Abstract In this note, some singular value inequalities on majorisation for positive semi-definite matrices are
given. First, the weak log-majorisation of the quantity f (A)g(B) ± f (B)g(A) for certain functions is obtained,
where A, B ≥ 0. As a consequence, the weak log-majorisation of the quantity Ap Bq ± B p Aq for p, q > 0 is
also obtained. Finally, different estimates for the singular values of the quantity Ap Bq ± B p Aq are deduced for
A, B > 0 and 0 < p ≤ q.
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1 Introduction

Throughout, let C
n×n be the space of n × n complex matrices. For any A ∈ C

n×n , let λ j (A) ( j = 1, 2, · · · , n),
counted with multiplicities, be the eigenvalues of A and |λ(A)| := (|λ1(A)|, |λ2(A)|, · · · , |λn(A)|) be the
vector of the moduli of eigenvalues of A with |λ1(A)| ≥ |λ2(A)| ≥ · · · ≥ |λn(A)|. The singular values
of A, denoted as σ j (A) ( j = 1, 2, · · · , n), are defined as the eigenvalues of positive semi-definite matrix

|A| = (A∗ A)
1
2 , i.e., σ j (A) = λ j (|A|) ( j = 1, 2, · · · , n), where A∗ is the conjugate transpose of A. Let

σ(A) := (σ1(A), σ2(A), · · · , σn(A)) denote the vector of the singular values of A. A norm ‖ · ‖ on C
n×n

is called a unitarily invariant norm if ‖U AV ‖ = ‖A‖ for A, U , V ∈ C
n×n with U , V are unitary matrices.

Examples in these classes are the Schatten p-norms defined by ‖A‖p = (
n∑

i=1
σ

p
i (A))

1
p (1 ≤ p ≤ +∞) and Ky

Fan k-norms defined by ‖A‖(k) =
k∑

i=1
σi (A) (1 ≤ k ≤ n). The norms ‖ · ‖(1) = ‖ ·‖∞ and ‖ · ‖(n) = ‖ ·‖1 are the

usual operator norm and trace norm, respectively. For two Hermitian matrices A, B ∈ C
n×n , A ≥ B (A > B)

means that A − B is a positive semi-definite (definite) matrix. In particular, A ≥ 0 (A > 0) means that A is a
positive semi-definite (definite) matrix. Let In denote the identity matrix in C

n×n . Let A, B, C , D ∈ C
n×n , then

the block matrix

(
A B
C D

)

∈ C
2n×2n and the direct sum of A and B, written A ⊕ B, is the block diagonal matrix

(
A 0
0 B

)

.
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Next, let us recall some definitions on majorisation. Given a real vector x = (x1, x2, · · · , xn) ∈ R
n , we

rearrange its components as x[1] ≥ x[2] ≥ · · · ≥ x[n]. For x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn) ∈ R
n , if

k∑

i=1

x[i] ≤
k∑

i=1

y[i], k = 1, 2, · · · , n,

then we say that x is weakly majorised by y and denoted as x ≺w y. If x ≺w y and
n∑

i=1
xi =

n∑

i=1
yi , then we say

that x is majorised by y and denoted as x ≺ y. Further, if x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn) ∈ R
n+ and

k∏

i=1

x[i] ≤
k∏

i=1

y[i], k = 1, 2, · · · , n,

then we say that x is weakly log-majorised by y and denoted as x ≺w log y. If x ≺w log y and
n∏

i=1
xi =

n∏

i=1
yi , then

we say that x is log-majorised by y and denoted as x ≺log y. It is well-known that if x ≺w log y, then x ≺w y.
Let f be a nonnegative continuous function on an interval [0,+∞). If A ∈ C

n×n is a positive semi-definite
matrix with eigenvalues λ j (A) ( j = 1, 2, · · · , n), then f (A) is defined as

f (A) = Udiag( f (λ1(A)), f (λ2(A)), · · · , f (λn(A)))U∗,

where A = Udiag(λ1(A), λ2(A), · · · , λn(A))U∗ is the spectral decomposition of A and U is a unitary matrix.
Recently, the authors in [1] studied the quantity ‖ f (A)g(B) ± f (B)g(A)‖ for certain functions and for every
unitarily invariant norm ‖ · ‖, where A, B ≥ 0. Firstly, they presented the following result [1, Lemma 2.6]:
Let A, B ≥ 0 and α > 0. If f , g : [0,+∞) → [0,+∞), then for every unitarily invariant norm ‖ · ‖,

‖| f (A)g(B) ± f (B)g(A)|α‖2 ≤ ‖( f 2(A) + f 2(B))α‖ · ‖(g2(A) + g2(B))α‖. (1.1)

Secondly, based on inequality (1.1), putting f (x) = x p, g(x) = xq (p, q ≥ 0), the authors obtained the
following inequality [1, Corollary 2.8]:
Let A, B ≥ 0 and p, q ≥ 0. Then for α ≥ 0 and every unitarily invariant norm ‖ · ‖,

‖|Ap Bq ± B p Aq |α‖2 ≤ ‖(A2p + B2p)α‖ · ‖(A2q + B2q)α‖. (1.2)

Finally, in the last section in [1], the authors gave different estimates for the singular values of the quantity
Ap Bq ± B p Aq [1, Theorem 2.15]:
Let A, B > 0 and 0 ≤ p ≤ q. Then, for j = 1, 2, · · · , n,

σ j (Ap Bq ± B p Aq) ≤ σ1(A2p + B2p)σ
q−p
j (A ⊕ B).

In this note, we investigate singular value inequalities on majorisation of the quantity f (A)g(B)± f (B)g(A)

for certain functions, where A, B ≥ 0. Concretely, we present a weak log-majorisation on inequality (1.1). As a
consequence, we obtain a generalization of inequality (1.2). In addition, we also give different estimates for the
singular values of the quantity Ap Bq ± B p Aq for A, B > 0 and 0 < p ≤ q.

2 Some lemmas

In this section, we list some lemmas used in the next section. These lemmas play an important role in our
discussion. The first lemma is a characterization of positive block matrices and can be found in [3, Proposition
1.3.2].

Lemma 2.1 Let A, B be positive semi-definite. Then the matrix

(
A X

X∗ B

)

is positive semi-definite if and only if

X = A
1
2 W B

1
2 for some contraction W .

The vectors of the singular values of A and B have the following relationship, which is due to Horn [6, Theorem
4.6].
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Lemma 2.2 Let A, B ∈ C
n×n. Then

σ(AB) ≺log {σi (A)σi (B)}n
i=1.

Every symmetric gauge function is convex on R
n and is monotone on R

n+. Moreover, it is strongly isotone [6,
Theorem 4.20].

Lemma 2.3 Let x, y ∈ R
n+ and x ≺w y. If �(·) is a symmetric gauge function, then �(x) ≤ �(y).

In the sequel, we give the Hölder inequality for symmetric gauge functions [4, Theorem IV. 1.6].

Lemma 2.4 Let p and q be positive real numbers with 1 = 1
p + 1

q , then for every symmetric gauge function
�(·), we have

�(|xy|) ≤ �(|x |p)
1
p �(|y|q)

1
q ,

where x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn) ∈ R
n and |xy| = (|x1 y1|, |x2 y2|, · · · , |xn yn|).

The vectors of the eigenvalues and the singular values of A have the following log-majorised relation [6, Theorem
4.10].

Lemma 2.5 Let A ∈ C
n×n. Then

|λ(A)| ≺log σ(A).

The last lemma is due to Bhatia and Kittaneh [5].

Lemma 2.6 Let A, B ∈ C
n×n. Then

2σi (A∗ B) ≤ σi (AA∗ + B B∗),

for i = 1, 2, · · · , n.

3 Main results

In this section, we mainly study singular value inequalities on majorisation. First, we have the following theorem.

Theorem 3.1 Let A, B ≥ 0 and α > 0. If f and g are two non-negative functions on [0,+∞). Then

σ(| f (A)g(B) + f (B)g(A)|α)

≺w log

{
σi

((
f 2(A) + f 2(B)

) α
2
)
σi

((
g2(A) + g2(B)

) α
2
)}n

i=1
. (3.1)

Proof Since

Z1 =
(

f (A)

g(B)

)

·
(

f (A)

g(B)

)∗
=

(
f 2(A) f (A)g(B)

g(B) f (A) g2(B)

)

≥ 0

and

Z2 =
(

f (B)

g(A)

)

·
(

f (B)

g(A)

)∗
=

(
f 2(B) f (B)g(A)

g(A) f (B) g2(A)

)

≥ 0,

then

Z1 + Z2 =
(

f 2(A) + f 2(B) f (A)g(B) + f (B)g(A)

g(B) f (A) + g(A) f (B) g2(A) + g2(B)

)

≥ 0.

By Lemma 2.1, there exists a contraction W such that

f (A)g(B) + f (B)g(A) = (
f 2(A) + f 2(B)

) 1
2 W

(
g2(A) + g2(B)

) 1
2 . (3.2)
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Since W is a contraction, according to Lemma 2.2 and equality (3.2), we get

k∏

i=1

σi ( f (A)g(B) + f (B)g(A))

≤
k∏

i=1

σi
((

f 2(A) + f 2(B)
) 1

2
)
σi

(
W (g2(A) + g2(B)

) 1
2
)

≤
k∏

i=1

σi
((

f 2(A) + f 2(B)
) 1

2
)
σi

((
g2(A) + g2(B)

) 1
2
)
, (3.3)

where k = 1, 2, · · · , n.
Inequality (3.3) implies that

k∏

i=1

σi (| f (A)g(B) + f (B)g(A)|α)

≤
k∏

i=1

σi
((

f 2(A) + f 2(B)
) α

2
)
σi

((
g2(A) + g2(B)

) α
2
)
,

where k = 1, 2, · · · , n and α > 0. The desired inequality (3.1) follows. ��
Next, we present a weak log-majorisation for the quantity f (A)g(B) − f (B)g(A) for certain functions.

Theorem 3.2 Let A, B ≥ 0 and α > 0. If f and g are two non-negative functions on [0,+∞). Then

σ(| f (A)g(B) − f (B)g(A)|α)

≺w log

{
σi

((
f 2(A) + f 2(B)

) α
2
)
σi

((
g2(A) + g2(B)

) α
2
)}n

i=1
. (3.4)

Proof We use the same notations as in the proof of Theorem 3.1. Putting U =
(

In 0
0 −In

)

, then

Z3 = U Z2U∗ =
(

f 2(B) − f (B)g(A)

−g(A) f (B) g2(A)

)

≥ 0.

Hence,

Z1 + Z3 =
(

f 2(A) + f 2(B) f (A)g(B) − f (B)g(A)

g(B) f (A) − g(A) f (B) g2(A) + g2(B)

)

≥ 0.

By Lemma 2.1, there exists a contraction W1 such that

f (A)g(B) − f (B)g(A) = (
f 2(A) + f 2(B)

) 1
2 W1

(
g2(A) + g2(B)

) 1
2 .

Then, by the same process as in that of Theorem 3.1, we get the desired inequality (3.4). ��
Basing on inequalities (3.1) and (3.4), we have the following main result.

Theorem 3.3 Let A, B ≥ 0 and α > 0. If f and g are two non-negative functions on [0,+∞). Then

σ(| f (A)g(B) ± f (B)g(A)|α)

≺w log

{
σi

((
f 2(A) + f 2(B)

) α
2
)
σi

((
g2(A) + g2(B)

) α
2
)}n

i=1
. (3.5)

Since weak log-majorisation implies weak majorisation, basing on Theorem 3.3, we obtain an inequality on the
quantity f (A)g(B) ± f (B)g(A) for all unitarily invariant norms ‖ · ‖.
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Corollary 3.4 Let A, B ≥ 0 and α > 0. If f and g are two non-negative functions on [0,+∞). Then
∥
∥
∥
∣
∣ f (A)g(B) ± f (B)g(A)

∣
∣α

∥
∥
∥

≤
∥
∥
∥
(

f 2(A) + f 2(B)
) αp

2

∥
∥
∥

1
p ·

∥
∥
∥
(
g2(A) + g2(B)

) αq
2

∥
∥
∥

1
q
, (3.6)

where ‖ · ‖ is a unitarily invariant norm and p, q are two positive real numbers with 1 = 1
p + 1

q .

Proof Since weak log-majorisation implies weak majorisation, by Theorem 3.3, we have

σ(| f (A)g(B) ± f (B)g(A)|α)

≺w

{
σi

((
f 2(A) + f 2(B)

) α
2
)
σi

((
g2(A) + g2(B)

) α
2
)}n

i=1
, (3.7)

where α > 0.
Define the function � : R

n+ → R+ by �(σ(D)) = ‖D‖ for D ∈ C
n×n , then �(·) is a symmetric gauge function

by the von Neumann’s theorem [6, Theorem 4.21]. Hence, by Lemma 2.3, inequality (3.7) gives

�
(
σ(| f (A)g(B) ± f (B)g(A)|α)

)

≤ �
({

σi
((

f 2(A) + f 2(B)
) α

2
)
σi

((
g2(A) + g2(B)

) α
2
)}n

i=1

)
, (3.8)

where α > 0.
On the other hand, by Lemma 2.4, we get

�
({

σi
((

f 2(A) + f 2(B)
) α

2
)
σi

((
g2(A) + g2(B)

) α
2
)}n

i=1

)

≤ �
(
σ
(

f 2(A) + f 2(B)
) αp

2
) 1

p
�

(
σ
(
g2(A) + g2(B)

) αq
2

) 1
q
, (3.9)

where p, q are two positive real numbers with 1 = 1
p + 1

q and α > 0.
Combining inequalities (3.8) and (3.9), we obtain

�
(
σ(| f (A)g(B) ± f (B)g(A)|α)

)

≤ �
(
σ
(

f 2(A) + f 2(B)
) αp

2
) 1

p
�

(
σ
(
g2(A) + g2(B)

) αq
2

) 1
q
,

or equivalently,
∥
∥
∥
∣
∣ f (A)g(B) ± f (B)g(A)

∣
∣α

∥
∥
∥

≤
∥
∥
∥
(

f 2(A) + f 2(B)
) αp

2

∥
∥
∥

1
p ·

∥
∥
∥
(
g2(A) + g2(B)

) αq
2

∥
∥
∥

1
q
,

where p, q are two positive real numbers with 1 = 1
p + 1

q and α > 0.
Inequality (3.6) follows. ��
Remark 3.5 Putting p = q = 2 in Corollary 3.4, we get

∥
∥
∥
∣
∣ f (A)g(B) ± f (B)g(A)

∣
∣α

∥
∥
∥

2

≤
∥
∥
∥
(

f 2(A) + f 2(B)
)α

∥
∥
∥ ·

∥
∥
∥
(
g2(A) + g2(B)

)α
∥
∥
∥,

where A, B ≥ 0, α > 0 and f and g are two non-negative functions on [0,+∞). This is just inequality (1.1).
So inequality (3.6) in Corollary 3.4 is a generalization of inequality (1.1).

Taking f (x) = x p and g(x) = xq in Theorem 3.3, we can obtain a singular value inequality on majorisation for
the quantity Ap Bq ± B p Aq .
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Corollary 3.6 Let A, B ≥ 0, p, q > 0, α > 0. Then

σ(|Ap Bq ± B p Aq |α)

≺w log

{
σi

((
A2p + B2p) α

2
)
σi

((
A2q + B2q) α

2
)}n

i=1
.

Set f (x) = x p and g(x) = xq and by applying Corollary 3.4 one can derive the following inequality:

Corollary 3.7 Let A, B ≥ 0, p, q > 0 and α > 0. Then for any unitarily invariant norm ‖ · ‖,

∥
∥
∥
∣
∣Ap Bq ± B p Aq

∣
∣α

∥
∥
∥ ≤

∥
∥
∥
(

A2p + B2p)
αp1

2

∥
∥
∥

1
p1 ·

∥
∥
∥
(

A2q + B2q) αq1
2

∥
∥
∥

1
q1 , (3.10)

where p1, q1 are two positive real numbers with 1 = 1
p1

+ 1
q1

.

Remark 3.8 Putting p1 = q1 = 2 in inequality (3.10) in Corollary 3.7, then for any unitarily invariant norm
‖ · ‖,

∥
∥
∥
∣
∣Ap Bq ± B p Aq

∣
∣α

∥
∥
∥

2 ≤
∥
∥
∥
(

A2p + B2p)α
∥
∥
∥ ·

∥
∥
∥
(

A2q + B2q)α
∥
∥
∥,

where A, B ≥ 0, p, q > 0, α > 0. This is just inequality (1.2).

To conclude, we give different estimates for the singular values of the quantity Ap Bq ± B p Aq .

Theorem 3.9 Let A, B ∈ C
n×n be two positive definite matrices and p, q be two positive real numbers with

q ≥ p > 0. Then

σ
(
(Ap Bq ± B p Aq) ⊕ 0

)

≺w log

{
σ j

((
A2p + B2p) ⊕ (A2p + B2p))σ j

(
Aq−p ⊕ Bq−p)

}2n

j=1
.

Proof Let X =
(

Ap ±B p

0 0

)

, Z =
(

Bq−p 0
0 Aq−p

)

and Y =
(

B p 0
Ap 0

)

. Using Lemmas 2.5, 2.6 and 2.2, we

obtain

k∏

j=1

σ j (Ap Bq ± B p Aq) =
k∏

j=1

σ j
(
(Z

1
2 X∗)∗(Z

1
2 Y )

)

≤
k∏

j=1

1

2
σ j

(
(Z

1
2 X∗)(Z

1
2 X∗)∗ + (Z

1
2 Y )(Z

1
2 Y )∗

)

=
k∏

j=1

1

2
σ j (Z

1
2 X̃ Z

1
2 ) =

k∏

j=1

1

2
λ j (Z

1
2 X̃ Z

1
2 )

=
k∏

j=1

1

2
λ j (X̃ Z) ≤

k∏

j=1

1

2
σ j (X̃ Z)

≤
k∏

j=1

1

2
σ j (X̃)σ j (Z)

for k = 1, 2, · · · , n, where X̃ =
(

A2p + B2p ±Ap B p + B p Ap

±B p Ap + Ap B p A2p + B2p

)

.
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Since 0 ≤ X∗ X +Y Y ∗ = X̃ ≤ 2(A2p + B2p)⊕ (A2p + B2p), then σ j (X̃) ≤ 2σ j
(
(A2p + B2p)⊕ (A2p + B2p)

)

( j = 1, 2, · · · , n). Therefore, the above inequality gives

k∏

j=1

σ j (Ap Bq ± B p Aq)

≤
k∏

j=1

σ j ((A2p + B2p) ⊕ (A2p + B2p))σ j (Aq−p ⊕ Bq−p) (3.11)

for k = 1, 2, · · · , n. On the other hand, it is obvious that σ j (D ⊕ 0) = 0 for all D ∈ C
n×n , where j =

n + 1, n + 2, · · · , 2n. Thus, we have

k∏

j=1

σ j ((Ap Bq ± B p Aq) ⊕ 0)

≤
k∏

j=1

σ j ((A2p + B2p) ⊕ (A2p + B2p))σ j (Aq−p ⊕ Bq−p), (3.12)

where k = n + 1, n + 2, · · · , 2n.
Hence, inequalities (3.11) and (3.12) give

k∏

j=1

σ j ((Ap Bq ± B p Aq) ⊕ 0)

≤
k∏

j=1

σ j ((A2p + B2p) ⊕ (A2p + B2p))σ j (Aq−p ⊕ Bq−p),

where k = 1, 2, · · · , 2n. ��
Based on Theorem 3.9 and using the same method as in Corollary 3.4, we present the following inequality for
unitarily invariant norms ‖ · ‖.

Corollary 3.10 Let A, B ∈ C
n×n be two positive definite matrices and p, q be two positive real numbers with

q ≥ p > 0. Then
∥
∥
∥
(

Ap Bq ± B p Aq) ⊕ 0
∥
∥
∥

≤
∥
∥
∥
(

A2p + B2p)p1 ⊕ (
A2p + B2p)p1

∥
∥
∥

1
p1 ·

∥
∥
∥
(

Aq−p ⊕ Bq−p)q1
∥
∥
∥

1
q1 , (3.13)

where p1, q1 are two positive real numbers with 1 = 1
p1

+ 1
q1

.

Remark 3.11 Since ‖A ⊕ 0‖∞ = ‖A‖∞, ‖A ⊕ A‖∞ = ‖A‖∞, ‖A ⊕ B‖ ≤ ‖A + B‖ and the Ando-Zhan’s
inequality ‖Ar + Br‖∞ ≤ ‖(A + B)r‖∞ ≤ ‖A + B‖r∞ in [2] for r ≥ 1, putting p1 = q1 = 2, inequality (3.13)
gives

∥
∥
∥Ap Bq ± B p Aq

∥
∥
∥∞ ≤

∥
∥
∥
(

A2p + B2p)2
∥
∥
∥

1
2

∞ ·
∥
∥
∥
(

Aq−p ⊕ Bq−p)2
∥
∥
∥

1
2

∞
≤

∥
∥
∥A2p + B2p

∥
∥
∥∞ ·

∥
∥
∥Aq−p ⊕ Bq−p

∥
∥
∥∞

≤
∥
∥
∥A + B

∥
∥
∥

2p

∞ ·
∥
∥
∥A ⊕ B

∥
∥
∥

q−p

∞
≤

∥
∥
∥A + B

∥
∥
∥

2p

∞ ·
∥
∥
∥A + B

∥
∥
∥

q−p

∞
≤

∥
∥
∥A + B

∥
∥
∥

q+p

∞ ,

where A, B > 0 and p, q are two positive real numbers with p ≥ 1
2 and q − p ≥ 1. This is just the operator

norm version of the Corollary 2.16 in [1].
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