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Abstract The non-zero component union graph � (VB) with respect to basis {α1, α2, · · · , αn} as SB =
{αi ai : ai �= 0 andαi ∈ V} such that a ∼ b if SB (a) ∪ SB (b) = B. We establish some of the results about
book thickness, Hamiltonian of the non-zero component union graph and also the planar, toroidal graphs with
dim(� (VB)) = n

m of the non-zero component union graphs of the finite dimensional vector space.
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1 Introduction

The idea of zero-divisor graph of a commutative ring with unity was introduced by Beck [1]. The formal study
of the relationship between algebra and graph at advancing level of one another to issue the colouring of the
vertices (edges). A lot of research has been done in connecting graph structures to various algebraic fields. In
1979, Kainen and Bernhart [7] laid the groundwork for the study of book embedding of graphs. Book embedding
arise in various fields such as VLSI design, parallel computing, design of fault-tolerant systems [8].

Let V be a vector space over a field F with B = {α1, α2, . . . , αn} as a basis and θ as the null vector. Then
any vector a ∈ V can be expressed uniquely as a linear combination of the form v = a1α1 + a2α2 + · · · + anαn
[3,5]. In [4], A. Das defined skeleton of v with respect to B, as SB(v) = {αi : ai �= 0, i ∈ {1, 2, . . . , n}} and a
graph(Skeleton Union Graph) �F(VB) = (V, E) (or simply �(V) or �(VB)) as follows: V = V \ {θ} and for
v1, v2 ∈ V, v1 ∼ v2 or (v1, v2)∈ E if and only if SB(v1) ∪ SB(v2) = B.

In this paper, We consider that the finite dimensional vector space V over a finite field Fq with dimF(V) = n
and also consider the finite dimensional vector space V over a finite field Fqm with dimF(V) = n

m . We establish
the non-zero component union graph has the Hamiltonian and the planar subgraph with a Hamiltonian cycle
and also the book thickness of all planar and the toridal graph. We also determine the planar, genus and the
outer-planar with the dimF(V) = n

m of the non-zero component union graph.
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2 Preliminaries

A graph G consists of two finite sets, V and E . Each elements of V is called vertices. The elements of E ,
called edges, are unordered pairs of vertices. A graph is connected if every pair of vertices can be joined by a
path. A complete graph is a simple undirected graph in which every pair of distinct vertices is connected by a
unique edge. A k-partite graph is a graph whose vertices can be partitioned into k different independent sets.
A complete k-partite graph is a k-partite graph in which there is an edge between every pair of vertices from
different independent sets. The length of a shortest cycle in graph G is called gir th and is denoted by gr (G).
A graph is said to be planar if it can be drawn in the plane so that its edges intersect only at their ends. A
graph G is called outer planar if the vertices of G can be placed in a circle and all the edges of G can be
drawn as non-intersecting chord of the circle. A graph G is planar if and only if it contains no subdivision of K5
(or) K3,3 are characterized by Kuratowski in 1950 [[2],Theorem 9.10]. A graph is outer-planar if and only if it
contains no subdivision of K4 (or) K2,3. A graph G is said to be Hamiltonian if it contains Hamiltonian cycles.
A Hamiltonian cycle of the graph G is a cycle of order n contained in G, and a Hamiltonian path of G is a path
of order n contained in G. The problem of deciding whether a graph is Hamiltonian is one of the most difficult
classical probelms in graph theory. Indeed, determine whether a graph of Hamiltonian is NP-complete.

In topological graph theory, the main object is to embed a graph in surface. In surface, a connected two-
dimesional manifolds (ie)., a connected topological space. Let Sg denote a surface of a connected sum of g tori.
Since g is called the genus of the surface and also the surface belong to the oriented cases. In a simple graph,
the graph can be embed only in Sg but not Sg−1 called genus g of a graph and it is denoted by γ (G). For more
details a reader can refer [6].

Let G be a graph then the book thickness of G are denoted by bt (G), is the smallest n such that G admits
an n-book embedding. In book, the spine are constructed and reshaped into a circle and the edges are drawn
as non-intersecting chords of the circle. The graph with book thickness at most two are discussed in [10]. The
bounds for the book thickness of a graph of genus g are not known in general. But Yannakakis [10] has shown
that all planar graphs (g = 0) have book thickness at most four and Endo [14] has also shown that all toroidal
graphs (g = 1) have book thickness at most seven. The standard book embedding probelm is difficult since both
the relative ordering of the vertices along the spine and the assignment of edges to pages must be considered. In
fact, the book thickness of the complete biparitite graph Km,n is still unknown for arbitrary m and n. For some
other families of graphs that exact book thickness is known. The problem was discussed the book embedding
in [7,9] which are embedded in a page called a book. In defintion of an n-book embedding by joining a n-half
planes at a common line called the spine and the vertices are ordered on the spine and the edges are embedded on
the pages of the book. In that no two edges are cross each other nor they cross the spine. Furthermore, the book
thickness of the planar grahs are also discussed in [9,11–13]. Using the circular view of the book, the following
theorems of Bernhart and Kainen is clear. We will provided the highlights of the theorems given below.

Theorem 2.1 [7]

(i.) For m ≥ 4, bt (Km) = ⌈m
2

⌉
.

(ii.) The book thickness of the complete bipartite graph K4,4 is equal to three.

Theorem 2.2 [15]

(i.) Let V = Fpn be a vector space over a field Fp,where p is prime and n ≥ 1. Then K(p−1)n is a subgraph of
�(VB).

(ii.) Let V = Fpn be a vector space over a field Fp, where p is prime. Then � (VB) is planar if and only if one
of the following is true: p = 2 and n ≤ 3 or p = 3 and n = 1 or p = 5 and n = 1.

(iii.) Let V = Fpn be a vector space over a field Fp, where p is prime. Then �(VB) is toroidal if and only if �(VB)

is isomorphic to F7.

(iv.) Let V = Fpn be a vector space over a field Fp. Then γ (�(VB)) = 2 if and only if the one of the followings
are true: p = 2 and n = 4 or p = 3 and n = 2.

Theorem 2.3 [6] If a graph with n vertices, m edges, girth gr , and genus γ , then

m(gr − 2)

2gr
− n

2
+ 1 ≤ γ.

Theorem 2.4 [2] If G is a connceted graph with minimum degree δ such that δ ≥ |G|
2 , then G is Hamiltonian.

Theorem 2.5 [2] If p ≥ 3 and for every pair u and v of non-adjacent points, d(u) + d(v) ≥ p, then G is
Hamiltonian.
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α1 α1 + α2 α2 α1 2α1

Γ (VB) :p = 2 and n (Γ2= VB) :p = 3 and n = 1

Fig. 1 Book Embedding graph of the � (VB)

3 Book thickness and Hamiltonian of �(VB)

In this section, we classify some of the result about the book thickness of the planar graph, toroidal graph and
the genus two graph of �(VB) are listed and also the results of Hamiltonian of �(VB).

Theorem 3.1 Let V = Fpn be a vector space over a finite field Fp,where p is prime and n ≥ 1. Then the book
thickness of �(VB) is 0 if and only if V is isomorphic to F2.

Proof The graph with book thickness zero are considered to be an isolated vertices. Clearly all such graphs are
planar. Now we consider the planar graphs of �(VB) from Theorem. 2.2 [ii]. Since isolated vertex of planar in
�(VB) is isomorphic to F2. Thus book thickness of F2 is zero. �	
Theorem 3.2 Let V = Fpn be a vector space over a finite field Fp,where p is prime and n ≥ 1. Then the book
thickness of �(VB) is 1 if and only if one of the following are true: p = 2, n = 2 (or) p = 3, n = 1.

Proof The non-zero component union graph of the finite dimensional vector space have atleast one edge, so that
they must have book thickness atleast one.
Assume that bt (�(VB)) = 1.
By using the Theorem 2.2 [ii], we get the planar graph of the �(VB). Now we expose the book thickness of the
planar graph of �(VB).
Suppose p = 5 and n ≥ 1, then by using Theorem. 2.2 [i], K4 as the subgraph of �(VB), but by using Theorem
2.1 [i], a contradiction.
Suppose p = 3 and n > 1, then by using Theorem 2.2 [i], K2 as the subgraph, by using Theorem 2.1 [i], the
book thickness of F3 is one.
Suppose p = 2 and n ≤ 3. If n = 3, consider � = {α1 + α2 + α3, α1 + α2, α1 + α3, α2 + α3}. Then the
subgraph induced by � in � (VB) contains K4 as a subgraph, by using Theorem 2.1 [i], a contradiction. Hence
n ≤ 2. If n = 1, the proof is clear by Theorem 3.1.
Converse part follows from Fig. 1. �	

Theorem 3.3 Let V = Fpn be a vector space over a finite field Fp, where p is prime and n ≥ 1. Then the book
thickness of �(VB) is 2 if and only if the one of the following are true: p = 2, n = 3 (or) p = 5, n = 1.

Proof Assume that bt (�(VB) = 2
By using the Theorem. 2.2 [ii], we gather the planar graph of �(VB).
Suppose p = 5 and n = 1, then by using Theorem 2.2 [i], we get K4 as the subgraph. Since the graph F5 is
isomorphic to K4 and by using Theorem. 2.1 [i], the book thickness of F5 is two.
Suppose p = 3 and n = 1, the proof is clear by Theorem 3.2.
Suppose p = 2 and n ≤ 3. If n ≤ 2, the proof follows from Theorem. 3.2. Now we consider
n = 3. We demonstrate that two pages are sufficient to embed the graph without any crossing. Let � =
{α1 + α2 + α3, α1 + α2, α1 + α3, α2 + α3}, which induces the subgraph of K4. By using the Theorem 2.1 [i],
we embed the set � in the two pages and the remaining two degree vertices are embed in the spine and the related
edges are drawn without any crossing in any one of the two pages. Thus the book thickness of F8 is two.
Converse part follows from Fig. 2. �	

Theorem 3.4 Let V = Fpn be a vector space over a field Fp, where p is prime. Then the �(VB) of planar
graphs have the book thickness atmost two.

Proof The proof is immediate from the Theorems 3.1, 3.2, 3.3. �	
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α1 2α1 3α1 4α1

Γ (VB) :p = 5 and n = 1

α1 α2 + α3 α1 + α3 α2 α1 + α2 α3 α1 + α2 + α3

Γ (VB) :p = 2 and n = 3

Fig. 2 Book embedding graphs of the � (VB)

α1 2α1 3α1 4α1 5α1 6α1

Γ (VB) :p = 7 and n = 1

Fig. 3 Book embedding graphs of the � (VB)

Theorem 3.5 Let V = Fpn be a vector space over a field Fp, where p is prime. Then the book thickness of
�(VB) is 3 if and only if V is isomorphic to F7.

Proof By Theorem 2.2 [iii], we obtain the toridal graph of the �(VB). It is sufficient to determine the book
thickness of toroidal grpah of �(VB). We now consider the toroidal graph �(VB) is F7 which is isomorphic
to complete graph K6. By Theorem 2.1[i], the book thickness of F7 is three. Conversely, we can show that the
graph F7 can be drawn in three pages by Fig. 3. �	

Theorem 3.6 Let V = Fpn be a vector space over a field Fp, where p is prime. Then the book thickness of
�(VB) is 4 if and only if one of the following are true: p = 2, n = 4 (or) p = 3, n = 2.

Proof By Theorem 2.2 [iv], we get the result about genus two graph of �(VB). Now we expose the book thickness
of the genus two graph of �(VB).

Suppose p = 2 and n = 4. Let �1 = {α1 + α2 + α3, α1 + α2 + α4, α1 + α3 + α4, α2 + α3 + α4, α1 + α2
+α3 + α4} be the elements of K5 set in F16. By Theorem. 2.1 [i], bt (K5) = 3. So we embed the �1 set in three
pages. Now we show that the remaining 10 vertices are embed in the spine and the related 29 edges are drawn with-
out crossing. But there are five edges e1 = {α1 + α3, α1 + α2 + α3 + α4} , e2 = {α1 + α3, α1 + α2 + α4} , e3 =
{α2 + α3, α1 + α3 + α4} , e4 = {α1 + α3 + α4, α1+ α2 + α4} , e5 = {α1 + α3 + α4, α1 + α2 + α3} are cross
each other in any one of the three pages. So we replace these five edges in the fourth page for without crossing.
Thus the book thickness of F16 is four.
Suppose p = 3 and n = 2, by using Theorem 2.2 [i], K4 as the subgraph of the �(VB), and also by using Theorem
2.1 [1], book thickness of the K4 is two. So we first embed the K4 subgraph in the two pages. Next we clarify
that the remaining four vertices and the related 20 edges are also drawn in the two pages without causing cross-
ing. But the edges e1 = {α2, α1 + 2α2} , e2 = {α1, α1 + 2α2} , e3 = {α1, 2α2} , e4 = {α1, 2α1 + 2α2} , e5 =
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a1 a14 a6 a9 a13 a2 a5 a10 a11 a4 a7 a8 a12 a3 a15

Γ (VB) :p = 2 and n = 3,where
a1 = α1, a2 = α2, a3 = α3, a4 = α4, a5 = α1 + α2, a6 = α1 + α3, a7 = α1 + α4, a8 =

α2 + α3, a9 = α2 + α4, a10 = α3 + α4, a11 = α1 + α2 + α3, a12 =
α1 + α2 + α4, a13 = α1 + α3 + α4, a14 = α2 + α3 + α4, a15 = α1 + α2 + α3 + α4.

2α1 + α2 α2 α1 α1 + α2 2α1 + 2α2 2α1 2α2 α1 + 2α2

Γ (VB) :p = 3 and n = 2

Fig. 4 Book embedding graphs of the � (VB)
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{2α2, 2α1 + 2α2} , e6 = {α1 + α2, 2α2} , e7 = {α1 + α2, 2α1} , e8 = {α1 + α2, α1 + 2α2} are cross each other
in any one of the two pages. So we replace these edges in the next page as third page. But there also an edges
e6, e7, e8 which are also cross in the third page. So repeatly relpace these edges in the next pages as the fouth
page. Thus the book thickness of the graph F9 is four.
Converse part follows from Fig.4 �	
Theorem 3.7 Let V = Fpn be a vector space over a field Fp, where p is prime. Then the book thickness of Fp

is p−1
2 .

Proof Now we consider the graph Fpn be a vector space over a field Fp, where p is prime. Let us assume that
n = 1. Now we demonstrate that the book thickness of Fp. By using Lemma. 2.2 [i], K p−1 as the subgraph of
�(VB) and by using another Theorem. 2.1 [i], that the book thickness of Fp is p−1

2 , where p is prime. For an
example when p = 2, 3, 5, 7 the proof is clear by Theorem. 3.1, 3.2, 3.3 which completes the proof. �	
Theorem 3.8 Let q be an odd prime and n ≥ 2. Then the graph �(VB) is Hamiltonian.

Proof Suppose q > 2 and the results holds for n ≥ 2. We get 2[(q − 1)n + (q − 1)n−1] − qn + 1 > 0. Then
q(q − 1)n−1 >

qn−1
2 . By Theorem 2.4 �(VB) is Hamiltonian. �	

Remark 3.9 Let V = Fpn be a vector space over a finite field Fp. If n = 1, then �(VB) is Hamiltonian.

Theorem 3.10 Let p = 2 and n ≥ 3, then the graph �(VB) is not Hamiltonian.

4 Results on �(VB) over the field F pm

In this section, we classify all finite field over a field Fpm , where m|n and m is an integer and p prime for which
�(VB) is planar, outer-planar, genus one and genus two.

Remark 4.1 Let V = Fpn be a vector space over a field F = Fpm where m|n and p is prime.
Here dim(V) = n

m .
Suppose m = 1, then the field Fp,the above results are holds. Hence we consider m > 1.
Suppose n = m, then dim(V) = 1 for any prime p, the above results are holds. Hence we consider n �= m.

Theorem 4.2 Let V = Fpn be a finite dimensional vector space over a field F = Fpm , where m|n and p is prime.
Then �(VB) is non-planar.

Proof Assume that �(VB) is planar. If p ≥ 2,
Suppose n ≥ 2 and m ≥ 2 then m|n, then by Theorem 2.2 [i], K6 is a subgraph of �(VB). Hence �(VB) is
non-planar, a contradiction. �	
Theorem 4.3 Let V = Fpn be a finite dimensional vector space over a finite field F = Fpm , where m|n and p
is prime. Then �(VB) is not a outer-planar.

Proof Assume that �(VB) is outer-planar. Suppose p ≥ 2. If n ≥ 2 and m ≥ 2, then by Theorem 2.2 [i], K4 is
a subgraph of �(VB). Hence �(VB) is not a outer-planar, a contradiction. �	
Theorem 4.4 Let V = Fpn be a finite dimensional vector space over a finite field F = Fpm , where m|n and p
is prime. Then �(VB) is not toroidal.

Proof Assume that �(VB) is toroidal. Suppose p ≥ 2. If n ≥ 2 and m ≥ 2, |V (�(VB))| ≥ 15, |E(�(VB))| ≥ 98,
gr (VB) = 3, then by Theorem 2.3 γ (�(VB)) > 1, a contradiction. �	

5 Conclusion

In this paper, we represent a finite dimensional vector space as a graph and study some of the properties of �(VB)

with respect to basis. The main goal of the discussion is to study the properties of book thickness of the planar
and the toroidal graphs of �(VB).
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