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Abstract Our principal interest here is in the selfcommutator and the anti selfcommutator of an automorphic
composition operator Cy, which denoted by [Cy; Cyl and {Cj; Cy}, and defined by [Cy; Cpl = C;Cp — CoCy
and {C f;; Cyl=C (’;C(p +C,C (’; respectively. In this work, we compute an explicit expression for the adjoint of
a composition operator on H? induced by a conformal automorphism and the starting point for our analysis of
[Cy; Cpl and {C;; Cy} is this formula. Also, we compute the spectrum and norm of [Cg; Cy] and {CJ; C} for
involution automorphism ¢.
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1 Introduction

Let U denote the open unit disc in the complex plane, and the Hardy space H~ 2 consisting of the functions
f) = Zn —of (n)z” holomorphic in U such that Zn —olf (n)|2 < 00, with f (n) denotlng the n-th Taylor
coefficient of f. The inner product inducing the norm of H? is givenby < f, g >:= Yoo f (n)g(n). The inner
product of two functions f and g in H? may also be computed by integration:

1 -
<fgr=g / £ dm ),
Tl AU

where m is the normalized Lebesgue measure, dU is positively oriented and f and g are defined a.e. on 9U via
radial limits.

For each holomorphic self map ¢ of U induces on H? a composition operator C, defined by the equation
Cof =fop(feH A consequence of a famous theorem of J. E. Littlewood [6] asserts that C, is a bounded
operator (see also [11] and [4]).

A conformal automorphism is an univalent holomorphic mapping of U onto itself. Each such map is linear
fractional, and can be represented as a product A.c,,, where

oy (z) = ___ZZ, (z e,
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for some fixed p € U and A € dU (see [10]). The map o, interchanges the point p and the origin and it is a
self-inverse automorphism of U.

In this paper, we compute an explicit expression for the adjoint of a composition operator on H? induced
by the conformal automorphism ¢ and the starting point for our analysis of the self-commutator and the anti
self-commutator of the automorphic composition operator C, which denoted by [C}; Cy] and {C}; Cy}, and
defined by [Cy; Cyl = C;Cy — CyCy and {Cj; Cy} = C;Cy + Cy Cyy respectively.

The study of composition operator adjoints was initiated more than twenty years ago by Carl Cowen [2],
who showed that if ¢ is linear fractional then C, the adjoint of Cyon H 2 has the form M ¢Co My, where My,
and M), are the operators of multiplication by simple rational functions g and h, bounded on U, and o is a linear
fractional self map of U.

In a 2007 paper, Hammond, Moorhouse, and Robbins [5] corrected a formula in [3] for the adjoint of a
composition operator on H? induced by a rational function ¢. The method of both papers centers on Cauchy’s
integral representations of the H2 inner product < f, C »& >, for polynomials f and g. A case-based application
of Cauchy’s theorem followed by a change of variables in a representation of the inner product involving a
generalization of the map o that figured in Cowen’s linear-fractional theorem, the difficulty being that beyond
the linear-fractional case this generalization turns out to be multiplevalued, so that its branching behavior needs
to be taken into account.

Generalizing Cowen’s result to finite Blaschke products B, McDonald [7] obtained a representation of C}; f (z)
as the value of a linear combination of products of two Toeplitz operators (not explicitly determined) and an
averaging evaluation operator depending on z. A computation for yet another specific rational symbol was given
in Wahl’s thesis [12]. Recently, Bourdon and Shapiro [1] gives an elementary proof of Hammond, Moorhouse,
and Robbins formula.

2 main results

In the next proposition we compute an explicit expression formula for the adjoint of a composition operator on
H? induced by a conformal automorphism. This computation is based on Nordgren’s formula [9].

Proposition 1 Let ¢ be a conformal automorphism of U and let f € H>. Then

. z(1 = lp0)[%) <f(<ﬂ_l(2)) - f(O)) f0)
C = = — U 1
o/ @ 1 —¢(0)z z—9(0) * 1 —¢(0)z el ()
Proof Let
P(z;u):Reu+Z; uecdl; zeU

be the usual Poisson kernel. The following formula is established in [9] for inner function ¢

dm (e~ (2)) = P(p(0); 2)dm(z),

where m is the normalized Lebesgue measure. Thus, for each f and g in H 2, we have
<Cypfg>= /U f(@(2))g(z)dm(z)
B

= /aU F(@8@ 1 (2)P(p(0); z)dm(z)
1 —[p(0)?
(z — 9(0)( — ¢(0))
1 — g0 <g<<p—1<z>))
== —— d
/aruf O s U —pm: )"
(9~1(z2)) — zg(0) + zg(0)
[ roa- <0>2>(Zg ) +: )d().
/athZ O e —sn )¢

= / f@gle~1(2) m(z)
U

@ Springer



276 M. T. Heydari
Put
_ (1= lp(0)[%) (g(go‘l(z)) - g(0)>

1—¢0)z z—¢(0) '

Therefore
<Cpfig>=<fiAg>+(I - |¢(0)|2>f f(z)( w® )dm(z)
au (z = 90)(A —¢0)z2)
_ f 1
=< f; Ag > +g(0)(1 — |(0)[? —
< f;Ag > +g(0)(1 — |p0)|7) < o0 1-300 >
=< f1Ag > +g(0) f(¢(0))
g(0)
DR T

Therefore

" £

of(@)=Af+ 1 20)-
Indeed

% z(1 = lp(0)%) (f(w‘l(z)) - f(0)> £0)
C = L - U).
0@ 1 —¢0)z z—¢(0) " 1 —¢(0)z (el
O

Let L2(3U) be the Hilbert space of square-integrable functions. A bounded measurable function g on U
defines a multiplication operator M, on L*(3U). Let P be the projection from L*(3U) onto the Hardy space

H?. The Toeplitz operator with symbol g is defined by

T, = PM,|H?,

where | means restriction. One then has f € H? if and only if f € L?(dU) and f (n) = 0foralln < 0. Note

that H? is the annihilator of {z™" : n > 1}.

Proposition 2 If ¢ = A.a, for some fixed p € U and A € 0U, is a conformal automorphism of U and

p = ¢ 10), then

CiCyf() =Ty,

and
CoCyf(2) =Ty, — Lds 3 Co,
I —1p|
where
1—|p?
f1@) = ———
11— apz|?
and
11— Pzl
h@)=—F—
1—|pl?

and Cy is the point evaluation at zero and Ty,, Ty, are Toeplitz operators of f1 and f.
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Proof By substituting from (1) and simple computation, we have the following identities:

1—1pl? 2f () — Apf (hp) N IpI?

CoCol @ =T o o) @)
and
-2(1-7 — pf( 2
CoCEf(2) = (» Z)(_Z(fz_){;?) pfO 1|_p||p|2f(0). 5)
So,
" z(1—[pP) p
cic = - _ 2
wCof (D) (1—,\pz)(z—xp)f(Z) Z_)Lpf( P)
_ L (A=1pP B Ap
-7 (Il —Ezlzf@) : (Z - kpf(kp))
=Tn — fOp)P [A—p (1 L e S )]
e Z Z

=Ty.

The last equality follows from this fact the function

2 3
g(z):A_p(Ha(k_p) +(2) )
Z Z Z Z

is in the annihilator of H? and so P(g(z)) =0.

Also,
¥ (p—2(1 —p2) p(l —pz)
CCl =" TP e Y
|1 —pz|? > (p(l —ﬁz)f(O))
=P(—= Pl
( R A Rl e Ty
0
=Th+ s f(“i'z [P(f) = P(|p|2)]
0
=Tp+ 1{;“;2 [o-PapP)]
IpI?

=T — Co.
ST
0

Corollary 3 Let ¢ be a conformal automorphism of U and p = ¢~1(0), and let f| and f> be as defined in
Equations (2) and (3). We have

crc,)=T P
[ [ (p]— f]7f2+ 1_|p|2 0,
where C is the operator of evaluation at 0.

Now we turn attention to arbitrary automorphisms of the disc. Our main result will find the spectrum of
C; Cy. Also, we compute the spectrum and norm of [C;; Cyl and {C}; C,} for involution automorphism ¢.
Before coming to the main course, it is necessary to have a lemma from C*-algebra.

Lemma 4 [f a is a nontrivial self-inverse element in C*-algebra A, then

1 1
{W’ ||a||2} Co(a*a) C [W ||a||2}
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Proof Since a*a is self adjoint and |a||®> = |la*a|| = r(a*a), the spectral radius of a*a, then there exist z €
o (a*a) suchthat |z| = |la||>,buta*a > Othenz = ||a||> € o (a*a). By o (a*a) = o (aa*) and (a*a)~' = (aa*),
i

we have o (aa®) = {% . z € o(a*a)}. Then, there exist z € o (a*a) such that% = ||a||? and then T € o(a*a).

If z € o(a*a), 1 < ||a|? then z > W O

Proposition 5 If ¢ is a conformal automorphism of U and p = ¢~1(0), then

1—1p| 1+Ip|}

(€ =o€ = [T

Proof First, the Equation (5) show that C, C ; is independent from A, indeed C, C (’; =Cqy » C (’;p , and so by Lemma
4 we have

{1—|P| 1+ 1p| 1—|p| 1+|P|}
L+1pl" 1—pl L+1pl" 1—1pl

On the other hand, C, ;C(p = Ty, with f, € C(dU). Theorem 3.5.16 of [8] implies that o (C ;C(p) is connected.
Now proof is completed. O

Theorem 6 If ¢ is an involution conformal automorphism of U and p = ¢~1(0), then

X [ —4lpl  A4lpl
7Ly Col = [1—|p|2’ - |p|2] ©
o [y 200+ 1p
U{C ,C(p} = [2, W] (7)
and
4 21 + |p|?
IC: Clll = % and (Cx: €,y = 212D ®)

I—1Ipl?

Proof Let f(z) = z— % since ¢ is an involution automorphism, C;C, and C,C}; are inverses. Also f is analytic
in a neighborhood of o (C j; Cy), because 0 is not in o (C, :; Cy). Hence, (6) follows from Proposition 5 by Spectral

Mapping Theorem. For (7), put f(z) = z + % The (8) follows immediately from the equality of the norm and
spectral radius for a self-adjoint element of a C*-algebra. O
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