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Abstract Hybrid numbers, whose components are defined as real numbers, are a mixture of complex numbers,
dual numbers and hyberbolic numbers. These structures are frequently used both in pure mathematics and in
many areas of physics. In this paper, by the help of the Fibonacci divisor numbers, we introduce the Fibonacci
divisor hybrid numbers that generalize the Fibonacci hybrid numbers defined by Szynal-Liana and Wloch. We
obtain miscellaneous algebraic properties of the Fibonacci divisor hybrid numbers. We also give an application
related to the Fibonacci divisor hybrid numbers in matrices. Finally, using the character of the Fibonacci divisor
hybrid numbers, we show that these numbers are spacelike.
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1 Introduction

The well-known Fibonacci and Lucas sequences are defined by the following recurrence relations: for n ≥ 0,

Fn+2 = Fn+1 + Fn,

Ln+2 = Ln+1 + Ln, (1.1)

where F0 = 0, F1 = 1, L0 = 2 and L1 = 1, respectively. The Binet formulas for the Fibonacci numbers and
Lucas numbers as

Fn = αn − βn

α − β
, (1.2)

and

Ln = αn + βn, (1.3)

where α and β are the roots of the characteristic equation x2 − x − 1 = 0.
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280 C. Kizilateş, T. Kone

Table 1 Multiplication table for K

. 1 i ε h

1 1 i ε h
i i −1 1 − h ε + i
ε ε h + 1 0 −ε

h h −ε − i ε 1

Many generalizations of Fibonacci and Lucas numbers have been examined by many mathematicians in
the literature. One of these generalizations is the Fibonacci divisor, conjugate to Fk (or-higher order Fibonacci
numbers) defined by Pashaev and Özvatan (see, for details, [1,2]; see also the closely-related earlier works cited
therein). The Fibonacci divisor, conjugate to Fk are defined for k ≥ 1 integer, as follows:

F (k)
n = Fnk

Fk
= (αk)n − (βk)n

αk − βk
. (1.4)

Since Fnk is divisible by Fk , the ratio Fnk
Fk

is an integer. Thus, all Fibonacci divisor, conjugate to Fk , namely,

F (k)
n are integer. For example when k = 1, higher order Fibonacci number F (1)

n , turns into ordinary Fibonacci
number. The Fibonacci divisor numbers F (k)

n give factorization of Fibonacci numbers with factorized index nk :
Fnk = Fk .F

(k)
n . (1.5)

For k = 1, 2, 3, 4, 5 and n = 1, 2, 3, 4, . . . , the first few numbers of the Fibonacci divisor F (k)
n ; as follows:

k = 1; F (1)
n = Fn = 1, 1, 2, 3, . . .

k = 2; F (2)
n = F2n = 1, 3, 8, 21, . . .

k = 3; F (3)
n = 1

2
F3n = 1, 4, 17, 72, . . .

k = 4; F (4)
n = 1

3
F4n = 1, 7, 48, 329, . . .

k = 5; F (5)
n = 1

5
F5n = 1, 11, 122, 1353, . . . .

Pashaev [1] gave some important properties of Fibonacci divisor numbers and also applied to some physical
examples for these numbers. For more details related to Fibonacci (or-Fibonacci like numbers), please see [2–7].

Complex, hyperbolic and dual numbers are well known two dimensional number systems. Geometric, math-
ematical and physical applications of these numbers have been studied by many researchers. For the first time
Özdemir [8] defined the set of hybrid numbers denoted by K which contains complex, dual and hyberbolic
numbers. He also gave miscellaneous theorems, properties and matrix form regarding to hybrid numbers. A
hybrid number is defined as

K =
{

a + bi + cε + dh : a, b, c, d ∈ R, i2 = −1, ε2 = 0, h2 = 1, ih = hi =ε+i
}

.

We can perfom some properties and operations with the hybrid numbers. Namely, taking two hybrid numbers
Z1 = a1 + b1i + c1ε + d1h and Z2 = a2 + b2i + c2ε + d2h, we get

(1) Z1 = Z2, if and only if, a1 = a2, b1 = b2, c1 = c2, d1 = d2 (Equality),
(2) Z1 + Z2 = (a1 + a2) + (b1 + b2) i+ (c1 + c2) ε+ (d1 + d2) h (addition),
(3) Z1 − Z2 = (a1 − a2) + (b1 − b2) i+ (c1 − c2) ε+ (d1 − d2) h (subtraction),
(4) kZ1 = ka1 + kb1i + kc1ε + kd1h (multiplication by scalar k ∈ R).

The hybrid product is obtained by distributing the terms to the right, preserving the order of multiplication of
the units and then writing the values of the following substituting each product of units by the equalities i2 = −1,

ε2 = 0, h2 = 0, ih = −hi =ε+i. From these equalities, we can obtain the product of any two hybrid units. The
multiplication table of the basis of hybrid numbers are given as in Table 1.
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Fibonacci divisor hybrid numbers 281

Let Z = a + bi+c ε+ dh be any hybrid number. The conjugate of Z is defined by

Z̄ = a − bi−c ε− dh.

The real number

C (Z) = ZZ̄ = Z̄Z =a2 + (b − c)2 − c2 − d2 = a2 + b2 − 2bc − d2,

is called as the character of the hybrid number Z. According to character of Z, hybrid numbers are classified
as spacelike, timelike and lightlike. That is, a hybrid number Z is spacelike, timelike or lightlike if C (Z) < 0,

C (Z) > 0 or C (Z) = 0, respectively. Additionally, the multiplication operation of the hybrid numbers is not
commutative, but it has the property of associativity. The set of the hybrid numbers form a non-commutative
ring with respect to the addition and multiplication (see, for details, [8]).

Recently, the hybrid numbers whose components are special integer sequence have been studied by many
researchers. For example, in [9], for the first time, Szynal-Liana and Wloch defined the Fibonacci hybrid numbers
and obtained some properties of this numbers. In [10,11], the authors also introduced and examined the Jacosthal
and Jacosthal–Lucas hybrid numbers and the Pell and Pell–Lucas hybrid numbers respectively. In [12], Szynal-
Liana generalized their results and defined the Horadam hybrid numbers. In [13], Kızılateş defined the another
generalization of hybrid numbers which called the q−Fibonacci hybrid numbers and q−Lucas hybrid numbers.
Moreover, the author gave some important algebraic properties of these numbers. For more information related
to hybrid numbers whose components are special numbers and polynomials, please refer to [14–21] and closely
related references therein.

Motivated by some of the above-cited recent papers, in the present paper, we introduce new Fibonacci divisors
hybrid numbers whose components are Fibonacci divisor, conjugate to Fk . With this definition, we generalize
the Fibonacci hybrid numbers defined by Szynal-Liana and Wloch [9]. According to special values of k and
n, new hybrid numbers with integer coefficients can be obtained. We obtain various results for the Fibonacci
divisor hybrid numbers included Binet formula, generating function, exponential generating function, Vajda’s
identity, Catalan’s identity, Cassini’s identity, d’Ocagne’s identity respectively. Moreover, we give an application
of Fibonacci divisor hybrid numbers in matrices. We also prove that Fibonacci divisor hybrid numbers are
spacelike.

2 Fibonacci divisor hybrid numbers

In this part of the paper, we introduce the Fibonacci divisor hybrid numbers and obtain some new identities
related to Fibonacci divisor hybrid numbers such as Binet formula, generating function, generalized generating
function, exponential generating function and recurrence relation.

Definition 2.1 The Fibonacci divisor hybrid numbers are defined by

FH
(k)
n = F (k)

n + F (k)
n+1i + F (k)

n+2ε + F (k)
n+3h. (2.1)

where F (k)
n is the n−th Fibonacci divisor, conjugate to Fk .

Note that for k = 1, Fibonacci divisors hybrid number turns into Fibonacci hybrid number defined by
Szynal-Liana and Wloch [9].

The conjugate of the Fibonacci divisors hybrid numbers FH
(k)
n is denoted by FH

(k)
n as

FH
(k)
n = F (k)

n − F (k)
n+1i − F (k)

n+2ε − F (k)
n+3h.

We shall give the Binet formula, generating function, exponential generating function and the recurrence relation
for the Fibonacci divisors hybrid numbers.

Theorem 2.2 The Binet formula for the Fibonacci divisors hybrid numbers FH
(k)
n is

FH
(k)
n = α̃(αk)n − β̃(βk)n

αk − βk
, (2.2)
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where α̃ = 1 + (
αk
)

i + (
αk
)2

ε + (
αk
)3

h and β̃ = 1 + (
βk
)

i + (
βk
)2

ε + (
βk
)3

h.

Proof By using the (2.1) and (1.4), we have

FH
(k)
n = F (k)

n + F (k)
n+1i + F (k)

n+2ε + F (k)
n+3h

=
(

(αk)n − (βk)n

αk − βk

)
+
(

(αk)n+1 − (βk)n+1

αk − βk

)
i+
(

(αk)n+2 − (βk)n+2

αk − βk

)
ε+

(
(αk)n+3 − (βk)n+3

αk − βk

)
h

= 1

αk − βk

[
(αk)n

(
1 +

(
αk
)

i +
(
αk
)2

ε +
(
αk
)3

h
)

− (βk)n
(

1 +
(
βk
)

i +
(
βk
)2

ε +
(
βk
)3

h
)]

= α̃(αk)n − β̃(βk)n

αk − βk
.

��
Theorem 2.3 The generating function for the Fibonacci divisors hybrid numbers FH

(k)
n is

∞∑
n=0

FH
(k)
n xn = (α̃ − β̃) − x(α̃βk − β̃αk)

(αk − βk)(1 − Lk x + (−1)k x2)
. (2.3)

Proof Let

g(k) (x) =
∞∑

n=0

FH
(k)
n xn

be the generating function of FH
(k)
n . Using (2.2) and (1.3), we find that

g(k) (x) = 1

αk − βk

∞∑
n=0

((αk)nα̃)xn − 1

αk − βk

∞∑
n=0

((βk)nβ̃)xn

= α̃

αk − βk

1

1 − αk x
− β̃

αk − βk

1

1 − βk x

= α̃ − α̃βk x − β̃ + β̃αk x

(αk − βk)(1 − αk x)(1 − βk x)

= (α̃ − β̃) − x(α̃βk − β̃αk)

(αk − βk)(1 − Lk x + (−1)k x2)
.

��
Theorem 2.4 For m ∈ Z

+ and n ∈ N, the generating function of the Fibonacci divisors hybrid numbers FH
(k)
n+m

is

∞∑
n=0

FH
(k)
n+m xn = FH

(k)
m + x(−1)k+1 FH

(k)
m−1

1 − Lk x + (−1)k x2
.

Proof Using (2.2), we have

∞∑
n=0

FH
(k)
n+m xn =

∞∑
n=0

(
α̃(αk)n+m − β̃(βk)n+m

αk − βk

)
xn

= 1

αk − βk

( ∞∑
n=0

α̃(αk)m+n xn −
∞∑

n=0

β̃(βk)m+n xn

)

= 1

αk − βk

(
α̃(αk)m

∞∑
n=0

(αk)n xn − β̃(βk)m
∞∑

n=0

(βk)n xn

)
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= 1

αk − βk

(
α̃(αk)m 1

1 − αk x
− β̃(βk)m 1

1 − βk x

)

= 1

αk − βk

(
α̃(αk)m(1 − βk x) − β̃(βk)m(1 − αk x)

(1 − αk x)(1 − βk x)

)

= 1

αk − βk

(
α̃(αk)m − α̃(αk)mβk x − β̃(βk)m + β̃(βk)mαk x

1 − Lk x + (−1)k x2

)

= α̃(αk)m − β̃(βk)m

αk − βk

1

1 − Lk x + (−1)k x2
− αkβk x(α̃(αk)m−1 − β̃(βk)m−1)

(αk − βk)(1 − Lk x + (−1)k x2)

= FH
(k)
m

1

1 − Lk x + (−1)k x2
− (α̃(αk)m−1 − β̃(βk)m−1)

(αk − βk)

(−1)k x

(1 − Lk x + (−1)k x2)

= FH
(k)
m

1 − Lk x + (−1)k x2
− FH

(k)
m−1(−1)k x

1 − Lk x + (−1)k x2

= FH
(k)
m + x(−1)k+1 FH

(k)
m−1

1 − Lk x + (−1)k x2
.

��
Theorem 2.5 The exponential generating function for the Fibonacci divisors hybrid numbers FH

(k)
n is

∞∑
n=0

FH
(k)
n

xn

n! = α̃eαk x − β̃eβk x

αk − βk
.

Proof Using the Binet formula for the Fibonacci divisors hybrid numbers, we have

∞∑
n=0

FH
(k)
n

xn

n! =
∞∑

n=0

(
α̃(αk)n − β̃(βk)n

αk − βk

)
xn

n!

= 1

αk − βk

(
α̃

∞∑
n=0

(αk)n

n! xn − β̃

∞∑
n=0

(βk)n

n!

)
xn

= 1

αk − βk

(
α̃eαk x − β̃eβk x

)

= α̃eαk x − β̃eβk x

αk − βk
.

So the proof is completed. ��
Theorem 2.6 Recurrence relation for Fibonacci divisors hybrid numbers as

FH
(k)
n+1 = Lk FH

(k)
n + (−1)k+1 FH

(k)
n−1.

Proof By using (2.2) and (1.3), we have

FH
(k)
n+1 = α̃(αk)n+1 − β̃(βk)n+1

αk − βk

= 1

αk − βk

(
α̃(αk)nαk − β̃(βk)nβk

)

= 1

αk − βk

[
(α̃(αk)n − β̃(βk)n)αk + β̃(βk)nαk − β̃(βk)nβk

]

= 1

αk − βk
(α̃(αk)n − β̃(βk)n)αk + 1

αk − βk

(
β̃(βk)nαk − β̃(βk)nβk

)
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= FH
(k)
n αk + 1

αk − βk

(
β̃(βk)nαk − β̃(βk)nβk

)

= FH
(k)
n (αk + βk) − FH

(k)
n βk + 1

αk − βk

[
β̃(βk)nαk − β̃(βk)nβk

]

= FH
(k)
n Lk + 1

αk − βk

(
β̃(βk)nβk − α̃(αk)nβk + β̃(βk)nαk − β̃(βk)nβk

)

= Lk FH
(k)
n + 1

αk − βk

[
β̃(βk)nαk − α̃(αk)nβk

]

= Lk FH
(k)
n + (αβ)k

αk − βk

[
β̃(βk)n−1 − α̃(αk)n−1

]

= Lk FH
(k)
n − (−1)k

[
α̃(αk)n−1 − β̃(βk)n−1

αk − βk

]

= Lk FH
(k)
n + (−1)k+1 FH

(k)
n−1.

��
Now, we get some identities involving Fibonacci divisors hybrid numbers such as Vajda’s identity, Catalan’s

identity, Cassini’s identity, d’Ocagne’s identity. To derive these identities, we will give the following lemma.

Lemma 2.7 The following identities hold for:

α̃β̃ = θ − �
(
(−1)kω − ε

)
, (2.4)

and

β̃α̃ = θ + �
(
(−1)kω − ε

)
, (2.5)

where θ = 1 + (−1)k Lk + Lk i + L2kε + L3kh, � = αk − βk and ω = F (k)
2 i+F (k)

2 ε − h.

Proof We first prove the Equation (2.4). Due to Table 1, after some calculations, we have

α̃β̃ =
((

1 +
(
αk
)

i +
(
αk
)2

ε +
(
αk
)3

h
)(

1 +
(
βk
)

i +
(
βk
)2

ε +
(
βk
)3

h
))

= 1 + (−1)k βk + (−1)k αk +
(
βk + αk + (−1)k β2k − (−1)k α2k

)
i

+
(
β2k + (−1)k β2k + α2k − βk − (−1)k α2k + αk

)
ε +

(
β3k − (−1)k βk + (−1)k αk + α3k

)
h

= 1 + (−1)k Lk +
(

Lk + (−1)k+1
(
α2k − β2k

))
i +

(
L2k + (−1)k+1

(
α2k − β2k

)
+
(
αk − βk

))
ε

+
(

L3k + (−1)k
(
αk − βk

))
h.

So, we get

α̃β̃ = θ − �
(
(−1)kω − ε

)
.

Equality (2.5) can be obtained similarly like (2.4). ��
Theorem 2.8 (Vajda’s identity) For any integers n, m, and r, we have

FH
(k)
n+m FH

(k)
n+r − FH

(k)
n FH

(k)
n+m+r = (−1)nk F (k)

m

[
θ F (k)

r +
(
(−1)kω − ε

)
Lkr

]
.
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Proof Using Binet formula for the Fibonacci divisors hybrid numbers, we have

FH
(k)
n+m FH

(k)
n+r − FH

(k)
n FH

(k)
n+m+r

= 1(
αk − βk

)2

⎡
⎣
(
α̃(αk)n+m − β̃(βk)n+m

) (
α̃(αk)n+r − β̃(βk)n+r

)

−
(
α̃(αk)n − β̃(βk)n

) (
α̃(αk)n+m+r − β̃(βk)n+m+r

)
⎤
⎦

= 1(
αk − βk

)2
[
−α̃β̃(αk)n+m(βk)n+r − β̃α̃(αk)n+r (βk)n+m + α̃β̃(αk)n(βk)n+m+r + β̃α̃(αk)n+m+r (βk)n

]

= 1(
αk − βk

)2
[(

αkβk
)n (−α̃β̃(αk)m(βk)r − β̃α̃(αk)r (βk)m + α̃β̃(βk)m+r + β̃α̃(αk)m+r

)]

= (−1)nk

(
αk − βk

)2
[
−α̃β̃(βk)r

(
(αk)m − (βk)m

)
+ β̃α̃(αk)r

(
(αk)m − (βk)m

)]

= (−1)nk

(
αk − βk

)2
[(

(αk)m − (βk)m
) (

β̃α̃(αk)r − α̃β̃(βk)r
)]

= (−1)nk F (k)
m

αk − βk

[
β̃α̃(αk)r − α̃β̃(βk)r

]

= (−1)nk F (k)
m

αk − βk

[(
θ + �

(
(−1)kω − ε

))
(αk)r −

(
θ − �

(
(−1)kω − ε

))
(βk)r

]

= (−1)nk F (k)
m

αk − βk

[
θ
(
(αk)r − (βk)r

)
+ �

(
(−1)kω − ε

) (
(αk)r + (βk)r

)]

= (−1)nk F (k)
m

αk − βk

[
θ�F (k)

r + �
(
(−1)kω − ε

)
Lkr

]

= (−1)nk F (k)
m

[
θ F (k)

r +
(
(−1)kω − ε

)
Lkr

]
.

So the proof is completed. ��
From Theorem 2.8, we get the following results.
If we set m → −r,we get Catalan’s identity for the Fibonacci divisors hybrid numbers as follows:

FH
(k)
n−r FH

(k)
n+r −

(
FH

(k)
n

)2 = (−1)nk F (k)
−r

[
θ F (k)

r +
(
(−1)kω − ε

)
Lkr

]
.

If we set r = −m = 1, we obtain Cassini’s identity for the Fibonacci divisors hybrid numbers as follows:

FH
(k)
n−1 FH

(k)
n+1 −

(
FH

(k)
n

)2 = (−1)nk+k+1
[
θ +

(
(−1)kω − ε

)
Lk

]
.

If we set r → j − n,and m = 1,we have the d’Ocagne’s identity for the Fibonacci divisors hybrid numbers
as follows:

FH
(k)
n+1 FH

(k)
j − FH

(k)
n FH

(k)
j+1 = (−1)nk

[
θ F (k)

j−n +
(
(−1)kω − ε

)
Lk( j−n)

]
.

We shall derive the matrix representation of the Fibonacci divisors hybrid numbers. We first introduce two
matrix Q(k) and P(k) as follows:

Q(k) =
(

Lk (−1)k+1

1 0

)
,

and

P(k) =
(

FH
(k)
2 FH

(k)
1

FH
(k)
1 FH

(k)
0

)
,

where Lk are the Lucas numbers. Now we give the following theorem regarding our result.
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Theorem 2.9 For n ≥ 0, the following equality holds:

(
Q(k)

)n
P(k) =

(
FH

(k)
n+2 FH

(k)
n+1

FH
(k)
n+1 FH

(k)
n

)
. (2.6)

Proof For the proof, we use induction method on n. The equality holds for n = 0. Assume that our assertion
holds for n. Namely,

(
Q(k)

)n
P(k) =

(
FH

(k)
n+2 FH

(k)
n+1

FH
(k)
n+1 FH

(k)
n

)
.

Then for n + 1, we have

(
Q(k)

)n+1
P(k) =

(
Lk (−1)k+1

1 0

)n+1
(

FH
(k)
2 FH

(k)
1

FH
(k)
1 FH

(k)
0

)

=
(

Lk (−1)k+1

1 0

)(
FH

(k)
n+2 FH

(k)
n+1

FH
(k)
n+1 FH

(k)
n

)

=
(

FH
(k)
n+3 FH

(k)
n+2

FH
(k)
n+2 FH

(k)
n+1

)
.

So the proof is completed. ��
We give the another type Cassini’s identity for the Fibonacci divisors hybrid numbers in the following

theorem.

Theorem 2.10 For n ≥ 1, we have

FH
(k)
n+1 FH

(k)
n−1 −

(
FH

(k)
n

)2 = (−1)kn−k
(

FH
(k)
2 FH

(k)
0 −

(
FH

(k)
1

)2
)

. (2.7)

Proof If we take the determinant of both sides of Equation (2.6), we find that
∣∣∣∣∣

FH
(k)
n+1(x) FH

(k)
n (x)

FH
(k)
n (x) FH

(k)
n−1(x)

∣∣∣∣∣ =
(

det
(

Q(k)
))n−1

det
(

P(k)
)

FH
(k)
n+1 FH

(k)
n−1 −
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��
Remark 2.11 Note that, by virtue of

{
F (k)

n

}∞
n=1

is an increasing sequence, the character of the Fibonacci divisors

hybrid numbers are as follows:
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FH
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FH
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< 0. (2.8)

Thus, from (2.8), Fibonacci divisors hybrid numbers are spacelike.
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3 Conclusion

In our present research, we defined and examined Fibonacci divisors hybrid numbers which are defined by dint
of the Fibonacci divisor, conjugate to Fk . We also derived several fundamental properties of these Fibonacci
divisor hybrid numbers. All results obtained in the article can be varied according to the different integer values
of n and k. For example, in the main results we have obtained, the special case of k = 1 gives various results
about Fibonacci hybrid numbers defined and studied by Szynal-Liana and Wloch [9]. On the other hand, recently
Polatli [22] defined hybrid numbers with Fibonacci hybrid number coefficients as follows:

Fn = F Hn + F Hn+1i + F Hn+2ε + F Hn+3h,

where F Hn = Fn + Fn i + Fnε + Fnh. Indeed, for the interested readers of this work, results presented here
have the potential to motivate further researches of the subject of the hybrid numbers with respect to k parameter
whose coefficients are Fibonacci divisor hybrid numbers.
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