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Abstract Let R be aring with involution . The graph S1"*(R) is obtained by letting all the elements of nonzero
zero-divisors of R to be the vertices and defining distinct vertices x and y to be adjacent if xy = 0 (or yx = 0)
and yx* = 0. The graph ST'*(R) is a generalization of the well known zero-divisor graph of R. In this paper,
some graph theoretical properties of the «—symmetric graph are studied.
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1 Introduction

The study of algebraic structures, using the properties of graph theory, tends to be an exciting research topic
in the last few decades. The idea of constructing a graph from an algebraic structure was originated by Arthur
Cayley in 1878. In recent years, assigning graphs to rings has been playing an important role. In 1988, Beck [5]
introduces the idea of a zero-divisor graph of a commutative ring R. The present definition, along with the name
for the zero-divisor graph, was introduced by Anderson and Livingston [2] in 1999, after modifying Beck’s
definition. Note that Beck [5] took all elements of the commutative ring R as vertices of the graph IH(R). In the
modified definition, the vertex set of zero-divisor graph is the set of non-zero zero-divisors of R.

There are various ways to define the zero-divisor of a non-commutative ring. But we consider the one defined
by Redmond [20]. Let R be a ring and Z(R) be its set of all zero-divisors. The zero-divisor graph of R, denoted
by I'(R), is the simple graph with vertex set Z(R) \ {0}, and two distinct vertices x and y are adjacent if either
xy = 0 or yx = 0. The concept of zero-divisor graph has been generalized to many other algebraic structures
such as commutative semigroups [10], semirings [12], modules over commutative rings [6,15], posets [16],
lattices [18], and near-rings [10]. Further, the zero-divisor graph of a commutative ring has been generalized
as the ideal-based zero-divisor graph of commutative ring [19] and annihilating-ideal graph of commutative
ring [7]. Through these constructions, the interplay between algebraic structures and graphs are studied.
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On the other side, the study of rings with involution is one of the important branches of ring theory, see [8].
A ring R is said to be a ring with an involution x if there exists a mapping * : R — R such that for all a, b € R:
(@*)* =aand (a + b)* = b* +a*, (ab)* = b*a*. A ring with an involution x is called x—ring. As a typical
example of involution, let n be a natural number, let R be any ring and consider the ring of n x n matrices over
R. The transpose is an involution on that ring. Note that identity mapping is an involution if and only if the ring
is commutative.

In 2018, Patil et al. [3] introduced the zero-divisor graph ring with involution *. The zero-divisor graph of
the #-ring R, denoted by I"*(R) is a simple undirected graph whose vertices are the nonzero left zero divisors
and two distinct vertices x and y are adjacent if and only if xy* = 0. It is worth to mention that there is a very
limited work done on graphs constructed on *—rings. Keeping this in the mind, in the stream of large study of
zero-divisor graphs and its variants, the purpose of this article is to introduce and study another variation to the
zero-divisor graphs in terms of x—rings.

2 Preliminaries

We begin the section by summarizing notations and concepts related to x—rings and simple graphs. Thereafter
we introduce and discuss some basic concepts of x—symmetric graphs which will be needed later.

Let R be a ring. The left zero divisor of R is Z;(R) = {x € R : xy = Oforsome 0 # y € R} and the
right zero divisor of R is Z,(R) = {x € R : yx = Oforsome O # y € R}. The set of all zero divisors
of Ris Z(R) = Z¢(R) U Z,(R). Let S be a non-empty subset of R. Then the left annihilator of § in R is
A¢(S) = {x € R : xS = 0} and the right annihilator of S in R is 4,(S) = {x € R: Sx = 0}.

Let R be a x—ring. Anideal / in R is called x—ideal if /* C I;thatis {x* : x € I} C I. Anelementx € R is
said to be a x—zero divisor of R if there exists 0 = y € R such that xy = 0 (or yx = 0) and yx*™ = 0. The set of
all x—zero divisor of R is denoted by Z*(R). First of all note that, in general xy* # yx™*. For instance, consider
the ring R = R; x R where R; is a commutative ring. Define involution * : (a, b) — (b, a).If x = (a, b) with
a #bandy = (1, 1), then xy* # yx*. But, an interesting fact is that xy* = 0 if and only if yx* = 0 because
xy*=0 & (xy*)* =0* & yx™ = 0. Therefore there is no meaning of left x—zero divisor and right x—zero
divisor in a x—ring. For a general reference on x—rings, we refer the reader to [17].

Byagraph G = (V, E) we mean aundirected graph with vertex set V, edge set E and without loops or multiple
edges. We denote the complete graph with n vertices by K,,, the complete bipartite graph with parts of size m and
n by K, , and the cycle graph with n vertices by C,,. Further, the degree of a vertex u in G is denoted by degg (1)
(or simply deg(u)) and the neighborhood set of a vertex u is N(u) = {v € V(G) : v is adjacent to u in G}.
For vertices u and v of G, the length of a shortest path from u to v is denoted by d(u, v). The diameter of G is
diam(G) = sup{d(u,v) : u,v € V(G)} The girth of a graph, denoted by gr(G), is the length of the shortest
cycle in the graph. Graphs G and H are said to be isomorphic to one another, written G = H, if there exists a
one-to-one correspondence f : V(G) — V(H) such that for each pair x, y of vertices of G, xy € E(G) if and
only if f(x)f(y) € E(H). The join of two graphs G and H, denoted by G + H, is a graph formed from disjoint
copies of G and H by connecting each vertex of G to each vertex of H. For general references on graph theory,
we used Chartrand [11].

Motivated by the zero-divisor graph [2,20] and zero-divisor graph with involution [3,4], we define the
s«—symmetric graph of a x—ring as follows.

Definition 2.1 Let R be a x—ring. The x—symmetric graph of R, denoted by SI"*(R), is a simple graph with
vertex set Z*(R) \ {0} and two distinct vertices x and y are adjacent provided (i) either xy = 0 or yx = 0 and
(i) yx* = 0.

We also consider Beck’s type *—symmetric graph of R, denoted by SI;"(R), a simple graph with all the
elements of R as vertices and distinct elements x and y in R are adjacent if (i) xy = O or yx = 0 and (ii) xy* = 0.
The name symmetric graph is followed from the fact that if x is symmetric (x* = x) or skew symmetric
(x* = —x), then x is a zero divisor if and only if it is a x—zero divisor. That is the neighborhood set Ng«(g)(x) =
Nr(r)(x) when x is either symmetric or skew symmetric element of R. Note that, typically, the graph ST"*(R)
is nothing but I"(R) N I"*(R). The graph SI"*(R) plays a role in the study of the zero divisor graph of the ring.
Notice that the x—symmetric graph of R is a subgraph of both zero-divisor graph I"(R) and zero-divisor
graph with involution I"*(R). At the same time, in the case of commutative ring, every zero-divisor graph I"(R)
can be realized as the «—symmetric graph SI"*(R) with the identity involution. So an interesting fact is that
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on one side ST"*(R) is a subgraph of I"(R) and on the other side more collection of graphs can be realized as
s«—symmetric graphs than zero-divisor graphs.

Example 2.2 Let us illustrate how the conditions for edges differs for each of the three graphs.

(i) Considerthering R = R x R| where R| is acommutative ring with | R{| > 3. Define involution % : (a, b) —
(b,a).Letx = (1,0), y = (0, 1) and z = (a, 0) wherea € R\ Z(R). Then x - y = 0 but x - y* # 0. Also,
x-z#0butx-z*=0.

(i1) Consider the ring R = Z4 x Z4 with the involution * : (a, b) — (b, a). In Figure 1, we illustrate the three
graphs namely zero-divisor graph I" (R), zero-divisor graph with involution I"*(R) and x—symmetric graph
ST*(R).

a0

Example 2.3 (1) Consider the ring R = { b e

. a0 N cO
"\bc ba)
x 0 . 00 . "
LetX = 0 1x,y €Zpwithx #0randY = 20 :0#z€Zp . Weclaimthat Z*(R) = XUY.

For,let A € Xand B € Y.Clearly AB =0and BA* =0.So XUY C Z*(R).Choose C € R\ (XUY). Implies

_(x1 0 . . . _ (00
that C = (x2 xs) for some x1, x2, x3 € Z, with x3 # 0. Consider the best possible case that C = (0 x3>'

) ta,b,cel p} where p is a prime integer. Define involution

a; 0
ap az
DC* = 0, we get a3 = 0 and a; = 0 respectively. Therefore a; # 0 and so CD # 0, a contradiction. Thus
DC = 0and CD* = 0 for some D € R. In a similar manner, contradiction arises. Hence the claim holds true.

Itis clear that, in S1"*(R), the subgraph induced by X has no edge and the subgraph induced by Y is complete.
Also, every element in X is adjacent to all the elements of Y in ST"*(R). Therefore SI'*(R) = K,_1 + f,,z_ »
where + denotes the join of two graphs.

(ii). Note that, by [2, Example 2.1(b)], there are 3 connected graphs of order 4, namely G, G, and G3 given
in Figure 2, which cannot be realized as zero-divisor graph of a commutative ring. Also, by [1, Theorem 13], the
graph G| = P4 cannot be realized as a zero-divisor graph of a ring (including non-commutative rings).

We now claim that the graph G| = P4 cannot be realized as a *—symmetric graph of any commutative ring
R. In contrary, assume that ST"*(R) = P4 for some commutative ring R. Then Z*(R) \ {0} = {uy, ..., uq} with
Uy — us — uz — ug is a path. If Z(R) \ Z*(R) # @, let us take Z(R) \ Z*(R) = {us, ..., ug} for some £ € ZT.
Since u is adjacent to uz in ST"*(R), uy - up = 0 and us - u7 = 0. Suppose u’f = u; fori = 2 or 3. Since u; is
adjacent to u; 41, we have u;‘ ‘uj+1 = 0and u; - uj+1 = 0. Consequently, u; - u;+1 = 0 and uT -ui+1 = 0. Thus
u1 is adjacent to u;41, a contradiction.

Suppose u} = u; for some 4 < i < £. Since u is adjacent to u;, we have uj - up = 0 and u; - up = 0.
Implies that u; - u» = 0 and ul* - upy = 0. Therefore u; is adjacent to u», a contradiction.

Thus u} = wuy. Similarly u} = u>, u3 = u3 and uj = ug4. In such cases, if u; -u; = 0for 1 <i < 4 and
5 < j < ¢, then u; is adjacent to u; in ST*(R), a contradiction. Therefore u; - uj #0forl <i < 4 and
5 < j < £.So Py is a block in the zero-divisor graph I"(R). Now, a similar proof in [2, Example 2.1(b)] leads
to SI'*(R) # Py.

Suppose that C € Z*(R). Assume that CD = 0 and DC* = 0 for some D = < ) Since CD = 0 and

We close the session by mentioning a remark.
Remark 2.4 Let Rbeax —ring anda € R. Then a € Z*(R) if and only if a* € Z*(R).

Proof Leta € Z*(R). Then there exists x € R such thatax = 0 and xa* = 0. Since ax = 0, we get (a*)*x = 0.
Therefore a*x = 0 and x(a*)* = 0. So a* € Z*(R). Conversely, let a* € Z*(R). Implies that a*x = 0 and
x(a*)* = 0 for some x € R. Since (a*)* = a, we have a € Z*(R). O

3 Properties of ST'*(R)

Let R be a commutative ring. In 1964, Ganesan [14] proved that the finiteness of zero divisors of a non integral
domain R imply the finiteness of R. Another proof for the same result was given by Anderson et al. in [2, Theorem
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2.2]. Note that, for a x—ring, the set of all x—zero divisors of R is the subset of the set of all zero divisors of R.
In this manner, the following result generalizes the result of Ganesan [14] from the set of zero divisors of R to
the set of x—zero divisors of R, in case of a x—ring R.

Theorem 3.1 Let R be a x—ring. Then Z*(R) is finite if and only if either R is finite or Z*(R) = (.

Proof Assume that SZ(R) is finite and non-empty. To prove R is finite, suppose to the contrary that R is infinite.
Choose x € SZ(R). Then there exists y € R such that xy = 0 and yx* = 0.So yR C A,(I) and Ry C A,(I*)
where I = (x) and I* = (x*). Implies that Ry* C A,(I*) and y*R C A, (I). Thus, in case of either Ry or yR
being infinite, we have the degree of x in ST"*(R) as infinite, a contradiction to the finiteness of SZ(R).

So assume that Ry is finite. Consequently, there is an z € R with A = {a € R : ay = z} infinite. So, for any
ai,ap € A, we get (a; —ap) - y = 0. Implies that (a; — ap) - yy* = 0. Therefore (yy*)* - (a1 — az)* = 0 and
s0 (yy*) - (a1 — ap)* = 0. Thus the deg(yy*) is infinite in ST"*(R), a contradiction. Thus R must be finite. O

Recall that the graph SI"*(R) is a subgraph of I"*(R). So the following result generalizes Theorem 2.1 [3].
Corollary 3.2 Let R be a x—ring. If every vertex of SI"*(R) has a finite degree, then R is a finite ring.

By Example 2.3(ii), the graph ST *(R) is not connected, in general. Now, in the next two results, we provide
some sufficient conditions for the connectedness of ST"*(R).

Theorem 3.3 Let S be a commutative ring and let R = S x S with (x, y)* = (v, x) as an involution. Then
ST'*(R) is connected and diam(ST"*(R)) < 4.

Proof Suppose that S is an integral domain. Then Z(R) = {(x,0), (0, y) : x,y € R} and so Z*(R) = #. So,
assume that S is not an integral domain. Let 0 # x € Z(S). Then there exists 0 # y € § such that xy = 0.
Clearly (x,0) € Z*(R). Choose an arbitrary element (x1, y;) € Z*(R). Implies that (x, y;)(x2, y2) = 0 and
(x2, y2)(v1, x1) = 0 for some 0 # (x2, y2) € R. In particular, x;x» = 0 and x»y; = 0. Since R is commutative,
(x,0) — (x2y,0) — (x1, y1) is a path in ST"*(R). Thus (x, 0) is connected to every vertex in SI"*(R) by a path
and so ST"*(R) is connected. Also, distance between the vertex (x, 0) and any vertex in ST"*(R) is 2 so that
diam(ST'*(R)) < 4. O

The bound given in the above theorem is sharp.

Example 3.4 Consider the ring R = Zpgrs1 X Zipgrst With (x, y)* = (y, x) as an involution where p, g, r, s and
t are distinct primes. Clearly (prs, grs), (gs, grs) € Z*(R). Then the shortest path between (prs, grs) and
(gs, qrs)in ST*(R) is (prs, qrs) — (pg*t%, 0) — (prs, 0) — (pqrt?, 0) — (gs, grs) and so diam(ST*(R)) = 4.

Theorem 3.5 Let Ry, Ry be two x—rings with Z*(Ry) # @ and Z*(Ry) # @. Let R = R| & R, be a x—ring
with a componentwise involution. Then ST'*(R) is connected and diam(ST'*(R)) < 4.

Proof Letx = (x1,x2), ¥y = (b1, y2) € Z*(R). Implies that x,y € Z(R) and, x1, y; € Z*(R}) and x2, yp €
Z*(Ry). Note that Z(R) = (Z(R1) ® R») U (R; ® Z(R»)) . Therefore either x; € Z(Ry) or x € Z(R3).
Without loss of generality, let us assume that x; € Z(Ry).

Suppose x1 € Zy(Ry) and y; € Z,(Ry). By the fact x; € Z*(Ry) and y» € Z*(R;), we have x17; =
0, zix{ =0and z2y2 = 0, y2z5 = O forsome z; € R;, where i = 1, 2. Therefore (x1, x2) — (z1,0) — (0, z2) —
(¥1, y2) is a path joining x and y in ST"*(R).

Suppose x1 € Z¢(Ry) and y» € Z;(R>). Then there exist z3 € Ry, z4 € Ry such that x;z3 = 0, z3x] =0
and y2z4 = 0, z4y; = 0. Consequently, y,z; = 0. So (x1, x2) — (z3,0) — (0, 2}) — (x2, y2) is a path between
x and y in ST"*(R).

Suppose x1 € Z¢(Ry) and y2 ¢ Z(R2). Then x1z5 = 0 and z5xi" = 0 for some z5 € R;. Since y» ¢ Z(R»),
we have y; € Z(Rj). Let y; € Z,(R1). So z6y; = 0 and ylzg = 0 for some z¢ € R;. Therefore the path
(x1, x2) — (25, 0) — (0, x2) — (26, 0) — (y1, y2) is joining x and y in SI"*(R). Let y1 € Z¢(Ry). Then yiz7 =0
and z7y} = 0 for some z7 € Ry. Therefore (x1, x2) — (25, 0) — (0, x2) — (25, 0) — (y1, y2) is a path in ST"*(R).

Similarly, one can prove the case when x; € Z,(Rj). Thus SI"*(R) is connected and diam (ST *(R))
<4. m|

4 Properties of ST (R)

In this section, we consider the Beck’s type *—symmetric graph of a *-ring R, denoted by ST7;"(R). Recall that
the graph ST7;(R) is a simple graph with all the elements of R as vertices and distinct element x and y in R is
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adjacent if (i) xy = 0 or yx = 0 and (ii) xy* = 0. We start the section by mentioning some trivial facts about
ST (R).

Remark 4.1 Let R be a x—ring.

(1) The vertex 0 € R is adjacent to all the other elements of R. So degg ro*(R)(O) = |R| — 1, the distance
d(0,x) = 1 and d(x, y) < 2 for all non-zero x, y € R. In particular, diam (ST (R)) < 2.
(i) If 0 # x € Z*(R), then there exists 0 # y € R such that x and y are adjacent in ST;(R). So the subgraph
induced by {0, x, y} is a triangle in ST;"(R).
(a) The graph ST;"(R) is a tree or a star or a bipartite graph if and only if Z*(R) = #.
(b) The girth gr (ST (R)) = 3 when Z*(R) # 0.
(iii) Every element of R \ Z*(R) is an end vertex in ST{(R).
(a) The graph ST;(R) is complete if and only if Z*(R) = R.
(b) If Z*(R) # R, then ST (R) is not Hamiltonian and not Eulerian.

A x—ring R is said to be x—prime if for any symmetric ideals / = I* and J = J* of R, IJ = 0 implies
I =0orJ = 0. Thatis, fora,b € R, aRb = aRb* = 0 implies that either « = 0 or b = 0. Note that every
prime ring in R is x—prime but the converse is not true, in general.

Let S be the set of all symmetric elements (x = x*) of R, T be the set of all traces (r + ¢t*) of R and N be
the set of all norms (#2*) of R. Note that T U N C §. The x—ring R is said to be «—compressible if for any
x € T UN and n equal to a power of 2, ax"b = 0 implies axb = 0 fora, b € R, see [21]. By [21, Proposition
2], R is x-compressible if and only if every nonzero symmetric element in 7 U N is not a zero-divisor of R.

The next result provides equivalent conditions for the graph ST7;(R) to be a tree when R is a x—prime ring.

Theorem 4.2 If R is a x—prime ring, then the following conditions are equivalent:

(1) R is a x—compressible ring.
(i) ST (R) is a star graph.
(iii) STy (R) is a tree.

Proof (i) = (ii) Suppose ¢ = xy € E(SIj(R)) for some non-zero elements x, y € R. Then xy = 0 (or
yx = 0) and yx* = 0. Since R is x—compressible, by [13, Proposition 2.4], we get either x = 0 or y = 0. So
ST*(R) is a star graph.

(i) = (iii) is trivial.

(iii) = (i) Assume that STi;(R) is a tree. Suppose R is not x—compressible. Then, by [21, Proposition
2], there exists nonzero symmetric zero-divisor x in R. That is xy = 0 for some 0 = y € R and x* = x. So
x*y = 0 implies that y*x = 0. Therefore the vertices 0, x and y form a cycle in SI7;(R), a contradiction. O

Next, we look into the number of cycles of length 3 in ST;"(R). To do this, the following concepts are
required.

Definition 4.3 [9]

(1) Let I and J be two ideals of a ring R such that J € I. We say that J is essential in / if whenever an ideal
K of Rwith K € I and J N K = (0), then K = (0). We write itas J <, I.

(2) Anideal I of R is called uniform if J is a nonzeroidealof Rand J C I = J <, I.

(3) A ring R has finite dimension on ideals (FDI) if R does not contain a direct sum of infinite number of
nonzero(two sided) ideals of R.

Proposition 4.4 [9, Theorem 4.4] Suppose that R has FDI. Then the following conditions hold.

(1) There exist uniform ideal Uy, U,, . .., U, whose sum is direct and essential in R.
(2) If Vi, 1 <i <k, are uniform ideals of R whose sum is direct and essential in R, then k = n.

Lemma 4.5 Ler I) and I be two ideals of a x—ring R. If I is x—ideal and 1) N I, = (0), then the sets {0, x1, x2}
form a cycle in SI"O*(R) where O # x1 € J1 and 0 # x> € Ja.

Proof Since I is a right and left «—ideal, we have x;x € I; and xzx]k € I. Since I is a left and right ideal,
we have x1x3 € I and xox] € I>. So x1x2, x2x] € I1 N I = (0). Thus 0 — x; — x2 — 0 is a cycle of length 3 in
STy (R). |

In what follows, we find the number of cycles of length 3 in ST (R). The existence of uniform *—ideals in
the following statement is granted by Proposition 4.4.
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Theorem 4.6 Let R be a x—ring, dim R = k and Uy, ..., Uy be a collection of uniform x—ideals whose sum
is direct and essential in R. Then the number of cycles of length 3 in ST (R) is at least Z;‘:l ni(Z];:i+1 nj)
where nj = |Uj| — 1 for 1 <i <k.

Proof Since sum of U;’s are direct, we have U; NU; =0 forall 1 <i # j < k.

By Lemma 4.5, the subgraph induced by the set {0, a;, a;}, where a; € U; \ {0} and a; € U; \ {0},1is C3 in
SFO*(R). We now calculate the number of such triangles that can be formed in SFO*(R). If we fix i = 1, then
there are ny + ... + ny choices for a;. So the number of C3 formed by using an element of Uy is n| Zﬁ:z nj.

Similarly, the number of C3 formed by using an element of U, is nj Z§=3 n;. If we continue this procedure,

eventually, we get that the number of C3 in ST (R) is greater than Y5 n; (le‘:i an j>. O

The study of properties of zero-divisor graph of R/I where I is an ideal of R is one of the active topics in the
field. Now we close the paper by discussing the graph SI7;(R/I). Specifically, we give a constructed method to
retrieve the graph SI;(R/I) from the graph ST(R) when [ is a prime ideal of R.

In what follows, for a simple graph G with u, v € V(G), we mean the merge of # and v by replacing the
two vertex u and v with a single vertex, say x, such that the open neighborhood of x in the resulting graph is
Ng(u) U NG (v), where Ng (1) and Ng (v) are the open neighborhoods of # and v in G respectively.

Definition 4.7 Let R be a x—ring and / be an ideal of R. The graph H; is the graph obtained from ST7j(R) by
merging all pairs of vertices u and v in ST (R) whenu —v € I.

The following result is an efficient tool to construct the graph SI7"(R/1) in the case of prime ideal /.
Theorem 4.8 Let R be a x—ring and I be a prime ideal of R. Then Hy and ST (R/I) are isomorphic.

Proof Defineamap f : V(H;) — V(SFO*(R/I)) by f(x) =x + I forx € V(Hj). Clearly f is well-defined
and onto. To prove fis 1 —1,let f(x) = f(y) forsomex,y € V(Hj). Thatisx+1 =y+landsox —y € I.
Therefore x and y are merged in H; so that x and y becomes a single vertex in H;. Thus f is bijection.

Suppose two distinct vertices x and y are adjacent in H;. Implies that x —y ¢ I andsox + 1 # y + 1.
Note that the adjacency of Hj is obtained from the adjacency of ST"*(R). So xy = 0 (or yx = 0) with yx* = 0.
Consequently (x +I)(y+ 1) =xy+1 =1Tand (y+I)(x*+ 1) = yx*+ 1 = I. Therefore f(x) = x + I and
f(y) =y + I are adjacent in ST (R/1).

Suppose there is an edge between two distinct elements f(x) = x + [ and f(y) = y + I in ST (R/1).
Then f(x)f(y) = (x+ I)(y+ 1) =1 and so xy € I. Since [ is prime, either x € I or y € I. Suppose that
xel.Ifyel, then f(x) =1 = f(y), acontradiction. Therefore y ¢ I. So y and 0 are not merged in H;. We
know that O is adjacent to y in ST"*(R). Therefore O is adjacent to y in H;. Note that 0 and x are merged in H;
because x € /. Thus x and y are adjacent in H;. Hence H = ST f(R/I). O

Acknowledgements We thank the referee for the valuable suggestions.
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