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Abstract In this article, we consider the resistance matrix of a connected graph. A connected graph is said to
be resistance regular if all the row(column) sums of its resistance matrix are equal. We establish some necessary
and sufficient conditions for a simple connected graph to be a resistance regular graph. Also, we find some
relationship between the Laplacian matrix and the resistance matrix in the case of weighted graphs where all
edge weights are positive definite matrices of given order.
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1 Introduction

Throughout the article all our graphs are finite, undirected, connected and simple. By order of a graph we mean
the number of vertices in the graph. If i, j € V(G) in a graph G then we write i ~ j orij € E(G) to mean that
is adjacent to j in G. If i is a vertex of a graph G then by N (i) we denote the set of all vertices in G adjacent to i
and we call it the neighbourhood of i. The degree of a vertex i € V(G) is the cardinality of N (i) and is denoted
by d;. A graph G is said to be regular or degree regular if all the vertex degrees are equal. In that case if all the
vertex degrees are equal to d then we call the graph as d — regular graph. If V| € V(G) and E; € E(G), then
by G — V| and G — E;| we mean the graphs obtained from G by deleting the vertices in V| and the edges E
respectively. In particular case when V| = {u} or E| = {e}, we simply write G — V; by G —u and G — E| by
G — e respectively. A tree is a connected graph having no cycles and a k — forest is a union of k disjoint trees.

By M, », we denote the class of matrices of size m x n with all real entries. Also by M, we denote the
class of all square matrices of order n with real entries. For M € M, we write m;; or M;; to denote the ij — th
element of M. We set [n] = {1, 2,...,n}. For § C [n], we write M (S) to denote the submatrix of M obtained
by removing rows and columns corresponding to S. By eigenpair (4, X) of a square matrix M we mean that
A is an eigenvalue of M with corresponding eigenvector x. For any symmetric matrix, by an eigenvector we
always mean the normalized eigenvector and when we talk about all the eigenvectors of a matrix we consider
them as normalized and mutually orthogonal. By J and 1l we mean the matrix of all one’s and vector of all one’s
respectively of suitable order. We will mention its order wherever its necessary. Adjoint of a matrix M € M,
will be denoted by adj (M) and the transpose of M will be denoted by M” .
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300 D. Sarma

Definition 1.1 The adjacency matrix of a graph G denoted by A = A(G) is defined as

A — 1 if(i,j)eE
Y710 otherwise.

Definition 1.2 The degree matrix of a graph G denoted by D = D(G) is a diagonal matrix such that D;; = d;.
Definition 1.3 The Laplacian matrix of a graph G denoted by L = L(G) is definedas L = D — A.

Definition 1.4 Moore-Penrose inverse of M € M,, ,, is defined as a matrix M € M,, ,, satisfying the following
four conditions

i) MM*t™M =M,

(i) MTMM*T =M™,
(i) (MMHT = MM and
iv) MTM)T =M+t M.

For A € M, , if the matrix C satisfies (i) of Definition 1.4, then we say C to be a (1)-inverse of A and we
write it by C = AD,

Definition 1.5 The resistance distance denoted by r;; between vertices v; and v; of a graph is defined as the
effective resistance between the two vertices computed with Ohm’s law, when the graph is viewed as an electrical
network with each edge carrying unit resistance and attaching a battery at vertex v; and v;.

Definition 1.6 If S is a set then a function p : § x S — R is said to be distance function if p satisfies the
following conditions for any x, y,z € S

@ plx,y) =0
(i) p(x,y) =0 x=y
(i) p(x,y) = p(y,x)
(iv) p(x,y) + p(y.2) =z p(x, 2).

If G(V, E) is a connected graph, then the function f : V x V — R defined by f(v;, v;) = r;; is a distance
function. The resistance matrix of a connected graph G of order n is defined to be R(G) = (r;;), where r;; is
the resistance distance between the vertices i and j in G. We call a connected graph G to be resistance regular
if all the row sums of R(G) are equal.

We now outline the contents of this article. In section 2, we establish some necessary and sufficient conditions
for a connected graph to be resistance regular. Also we discuss some properties of resistance regular graphs in
that section. In section 3 we study weighted connected graphs where all the weights are positive definite matrices
of the same order. We consider the Laplacian matrix and resistance matrix and establish some relationships
between them for matrix weighted connected graphs. Also we show that a matrix weighted tree is completely
determined by its resistance matrix.

2 Resistance regular graphs

For a vector x;, we write x;; to denote the j—th component of x;.

Lemma 2.1 [5] Let M be a square matrix of order n and (Ag, ck); k =1, ..., n be its eigenpairs, then

n
MI.JJT = Zg(kk)ckickj, where
k=1

1 -
5 e #0
gOx) = | M :
0, otherwise.
Lemma 2.2 [5] For any connected graph G with n vertices,
1 2
rij= Y. E(Cki — Ckj)
A #0

where (A, cx) is an eigenpair of L(G) fork = 1,2, ..., n.
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A study on the resistance matrix of a graph 301

Definition 2.3 The Kirchhoff index K y(G) of a connected graph G is defined by
1
Ky (G) = 2 Z Tij-
i,jeV(G)
Lemma 2.4 [9] Let G be a connected graph of order n with Ay as eigenvalue of L(G) fork = 1,...,n. Then

K/ (G) —nZ—

M £0 M

Theorem 2.5 For a connected graph G, if R; denote the i — th row sum of R(G) and L;’; denote the i — th
diagonal entry of L*(G), then R; = KJT(G) + nL?leor eachi € V(G).
Proof If (Ag, ci) is an eigenpair of L(G), then we have from Lemma 2.2
1 2
rij = Z E(Cki — Ckj)”
A #0
Therefore we get

Z Z _(Ckl - ij

JEV(G) )»k#()

—Z( > —(Ckz—ij )

A #0 JEV(G)

pldr ¥ od ¥ el
0

JjeV(G) JEV(G)

# [
1
= Z |:A_ (nc,%i +1—2c¢1; X O)i|, since ¢y is orthogonal to 1
a0 LK
1
= —+n
Yy @

A #0 keV(G)
K¢ (G
= f( ) + nle', using Lemmas 2.4 and 2.1.
n

As a corollary to Theorem 2.5 we get the following result.
Corollary 2.6 [9] A graph G of order n is resistance regular if and only LfL11 =...=L}.

Lemma 2.7 (Matrix-Tree Theorem) [2] Let G be a graph and W C V (G), then det L(W) equals the number
of spanning forests of G with |W| components in which each component contains one vertex of W.

Lemma 2.8 [2] If G is a connected graph with n vertices and L = L(G), then

det L(i, j
rj =L+ LY —oLh =0T @.J)
i det L(i)

Theorem 2.9 For any connected graph G of order n, if L?; denote the i—th diagonal entry of L™ where
L = L(G) and t denote the number of spanning trees in G, then in G the number of spanning forests having

P . (Ks(G) T
exactly two components with i in one of the components is t(T + nLl.l.>.
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302 D. Sarma

Proof If R; denote the i — th row sum of R(G) then from Lemma 2.8 we have

Ri= Y r,-,-=% Y LG

JeV(G) JjeV(G)

Now by Matrix-Tree Theorem det L (i, j) represents the number of spanning forests in G with two components
with i in one of them and j on the other. Hence on using Theorem 2.5, we are done. O

Lemma 2.10 /2] In a connected graph G resistance distance is a distance function on the set V (G).

Lemma 2.11 /3] Let G be a connected graph with a cut vertex k. If vertices i and j lie in different component
of G — k then rij = Fik + Tkj.

Theorem 2.12 Resistance regular graphs cannot have cut vertices.

Proof If possible suppose G is a resistance regular graph with a cut vertex v. Let H; be a component of G — v
with minimum number of vertices and H, = G — H; — v. We consider u € H; such that u ~ v.
Since v is a cut vertex, we have from Lemma 2.11 and Lemma 2.10.

Tux = T'vx + 1y forallx € Hy 2.1
Tyy +1uy =1y forall x € Hy 2.2)

Now

Ry, = eru

xeG

=ruyy + E T'xu

xeH\UH>
> rwt Y (e —Fw) + Y (e + 1), using (2.1) and(2.2)

xeH; xeH;

=rw+ Y, Feutrw (V(H)| = [V(HD])
xeH|UH,

>ruw+ Ry, as |V(H)| = |V(HI

> R,, a contradiction.

Hence the result holds. ad

Theorem 2.13 If R = (r;;) is the resistance matrix of a connected graph G with R; as the i-th row sum of R,

+ Ri+R;  K;(G)
thenL[j(G)sz_f_z_T./'

Proof From Theorem 2.5 we have

Now

rij = L;+ij —2ij'.
Ri+R; 2K (G)

T nz ZL:;
Therefore L;; _ R ;;le _ Kj;l(zG) B %
O
Corollary 2.14 If G is a resistance regular graph, then LZT;(G) = KQ_(zG) _ %

@ Springer



A study on the resistance matrix of a graph 303

2K (G)
n

Proof In Theorem 2.13, putting R; = R; = we get

L+_4Kf(G) _ K¢ (G) _Tij
U7 nx2n n? 2

K7 (G)
n2

i
2
O

In Theorem 2.13 taking summation over the neighbourhood of any given vertex i € V(G) of a graph G and
using Z R; =2 K y(G) we get the following corollary.
ieV(G)

Corollary 2.15 If R; is the i — th row sum of R(G) for a connected graph G, then
di[Ri K¢(G)
+ i f . B
T =R HOT Y - ¥ ]
JEN() JEN() JEN()
where N (i) is the set of all vertices in G adjacent to i.

Lemma 2.16 [2, page 47, Lemma 4.5] Let G be a graph of order n and the eigenvalues of L(G) be Aj > A
. > An—1 > Ay = 0, then for any a € R the eigenvalues of L +aJ are L1, Ay, ..., Ay—1 and na.

v

Lemma 2.17 [2, page 49, Theorem 4.11.] If G is a graph of order n and the eigenvalues of L(G) be A1 > A2
. > Ap—1 > Ay = 0, then the number of spanning trees of G equals M

v

Lemma 2.18 /2, page 119] If G is a connected graph with L = L(G) then
-1
Lt = (L + Q) - g
n n

Corollary 2.19 If R; isthei —th row sum of R(G) for a connected graph G, thenthe i j —th cofactor of (L + %)
equals

R,‘—i-Rj B Kf(G) B nrij:l

11
[+ 2 n 2

where t is the number of spanning trees in G.

Proof From Lemma 2.18 we have

-1
(L + Q) 43 (2.3)
n n
Again from Lemma 2.16 and Lemma 2.17, we get
J
det (L T —) —in (2.4)
n
where ¢ is the number of spanning trees of G.
Now using (2.4) in (2.3) we get
adj (L + 2 1
adi(L+3) _ L+ - (2.5)
tn J ' n

Applying Theorem 2.13 in (2.5),

Ri + R; _ Kf(G) _ nr,‘j:l

det (L n %)(i, i) = (—1)"*%[1 +—= . .

Hence the result follows. O
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304 D. Sarma

Theorem 2.20 [f G is a k resistance regular graph of order n, then LIT; (G) = %(% - %), where t is the number
of spanning trees in G and s;; is the number of spanning 2 — forests in G separating i and j.

Proof If G is k resistance regular graph of order n, then K s (G) = k—z" and therefore from Corollary 2.14, we
get

L _KrG) _ k

i ) ™ foralli € [n] (2.6)

Now by Lemma 2.7,
Sij =detL(i, j). 2.7
Also from Lemma 2.8 and Lemma 2.7 for any connected graph we have r;; = M and from Corollary

2.6 for resistance regular graph r;; = 2 (L;lf — L;;). Comparing these we get

detL(, j) k  sij .
ij =L} - —, =5 ﬁ using (2.6) and (2.7).

Hence the result follows. |

Definition 2.21 A connected graph G is said to be equiarboreal if the number of spanning trees containing a
given edge in G is independent of the choice of that edge.

Lemma 2.22 [8] A connected graph G is equiarboreal if and only if r;j = ry, for any ij, uv € E(G).
Lemma 2.23 [9] A connected graph G of order n with R = R(G) is resistance regular if and only if
2.
Y rj=2-= VieV(G).
j~i "
Theorem 2.24 An equiarboreal graph is resistance regular if and only if it is degree regular.
Proof If G be an equiarboreal graph, then let k = r;; forij € E(G). Thus we have
Zri./ = d,' k
j~i
Now if R; denote the i — th row sum of R(G), then using Lemma 2.23 we get
Ri =R & Zrij = Zrzj & di =d.
j~i i~
Hence the result. O

Note that in general, a degree regular graph need not be resistance regular. For example, the graph G in
Figure 1 is a graph which is degree regular but not resistance regular. In fact, using computer programming it
can be verified that G is the connected graph of smallest order with this property. The resistance matrix of that
graph G is given by

0l 11311313
2 2 30 30 30 30
LoglBBBB
2 2 30 30 30 30
1l gB1BBB
2 2 30 30 30 30

_ 13 13 13 8 2 8
RGO =1353% 91 515
BBBS g8 2
30 30 30 15 15 5
B3I 238 58
30 30 30 5 15 15
B1BBS 28

30 30 30 15 5 15
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Fig. 1 Regular graph which is not resistance regular

Lemma 2.25 [6, page 54, Theorem 1.2.16] For M € M, the sum of the principal minors of M of order s € [n]
equals the sum of the products of the eigenvalues of M taken s at a time.

Lemma 2.26 [2, Theorem 4.7] Let G be a connected graph of order n and L = L(G). If M is any proper
principal sub-matrix of L, then M~ exists and is entry-wise non-negative matrix.

Lemma 2.27 [5, Lemma 2 and Lemma 3] If G is a connected graph of order n and L = L(G) then

LTJ=0=JLT", LL+=I—£
n

=LTL.

Definition 2.28 By bottleneck matrix at vertex v of a graph G with L = L(G) we mean the matrix (L(v))_1
i.e. the inverse of the principal submatrix of L obtained by removing row and column corresponding to v.

Theorem 2.29 For a connected graph G of order n if L = L(G) and (A, ci) are eigenpairs of L for k =
1,2, ..., n, then the following are all equivalent.

(i) G is resistance regular.
(i) L:(G) = X9 foralli € v (G).
(iii) rij + 2L+(G) is constant for all i, j € V(G).
(iv) R=2(L{,J —L™).
(v) lIBilly is constantfor alli € V(G), where B; is the bottleneck matrix of G at vertex i and ||M||;, is the sum
ofall entries of M.

(vi) Z is constant for all i € V(G), where Ay is a eigenvalue of L(G) with corresponding eigenvector
1i#0
(Cls v cn) T
(vii) All principal minors of L + % of order n — 1 are equal to t (1 +
treesin G.
(viii) Z L(G) =

JEN()

@), where t is the number of spanning

GO 4 1 foralli € V(G).

Proof We first prove that [(i) < (ii)]. From Corollary 2.6 we have (ii) = (i). Again from the same Corollary
2.6, (i) implies

L, =...=L}, =lGsay).
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306 D. Sarma

Then

k

Thus (i) = (ii).
[(i) < (iii)] : First (iii) implies
rij + ZL?J'.(G) =c(say) foralli, j € V(G)
= Zrij+2 ZL;’;: Zc
JeV(G) JeV(G) JEV(G)
=R +0=cn, asLt]=0 by Lemma 2.27

This implies (i). Again using Corollary 2.6, (i) implies
L, =...=L}, =l(say).
Therefore, we have

rij =L + L], = 2L} =20 — L})
= rjj +2LIT; =21, aconstant Vi, j € V(G).

Now (iii) < (iv) is obvious from the proof of (i) < (iii).
[(Gv) < (v)] : From [4] we have

L=+ - %J (2.8)
n

Again for a non singular matrix M, we have from [2]
det (M +J) =det M(1 + 1" M~ 1) (2.9)

Therefore using (2.8) in Corollary 2.6 we get that G 1is resistance regular if and only if all principal minors of
order n — 1 of L + J are equal.

& (L+ D), i) is constant Vi € V(G)
& t(1+||Billy) is constant Vi € V(G) by (2.9) and Lemma 2.26
& ||Bil|;, is constant Vi € V(G).

(i) < (vi) Immediately follows from Corollary 2.6 and Lemma 2.1.
[(G) & (ii)] : If A = Ay > ... > Ay—1 > X, = 0 are the eigenvalues of L then from Lemma 2.16 we see

that eigenvalues of L + % are Ay, A2, ..., Ay—1, 1. Again from Lemma 2.18 we have
-1
Lt = (L + J) _d
n n

@ Springer



A study on the resistance matrix of a graph 307

Now using (2.10) in Corollary 2.6 we observe that a graph is resistance regular if and only if all principal
minors of L + % of order n — 1 are equal (k, say). Then using Lemma 2.25 we get

n—1
n—1 Hki

i=1
kn = ZT +tn
i=1

n—1
1
:Z)\—n—i—tn, by Lemma 2.17
i=1 i

k=145 L) =i (14 KO
i=1""

[(ii) < (viii)] : From Lemma 2.27 we have for any graph

LLT=1— ﬂ which gives

n
1
+ +

diLf— > Li=1--
JEN (@)
Therefore the result holds. O
From Theorem 2.29 we immediately get the following results.
Corollary 2.30 If G is a resistance regular graph, then
L > ij foralli, j, k € V(G) with j # k.

Corollary 2.31 A d — regular graph G of order n is resistance regular if and only if
L, d 1 )
Z Li=—=Ksi(G)+——1 foralli € V(G)
o2 n
JEN(i)
where N (i) is the set of vertices adjacent to i.

Corollary 2.32 A resistance regular graph G is regular if and only if Z L;; is constant for alli € V(G)
JEN ()
where N (i) is the set of vertices adjacent to i.

Theorem 2.33 Let u and v be any two vertices of a graph G of order n and suppose that

g [t k[T
LG +==| k do+1]y
" X y | P

If P is invertible then G is resistance regular if and only if dy — d,, = yT' P~'y — xT P~ 1x.

Proof From (3.1) and Corollary 2.6 we have

. . L . J
G is resistance regular < all the principal minors of L 4+ — are equal.
n
& (dy 4+ DdetP — yT (adjP)y = (dy, + 1)detP — xT (adjP)x
& (dy —dy)detP = yT (adjP) — xT (adjP)x
s dy—d, = yTPfly —xT'p~1x.
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3 Resistance matrix for matrix weighted graph

In this section we consider connected graphs with every edge associated with a positive definite matrices of
given order. We call such a graph to be matrix weighted graph. If G is a connected graph of order n and W;; is
the weight (positive definite matrix of order k) of the edge connecting vertices i and j in G, then the Laplacian
matrix of G is defined as the n k x n k matrix (block matrix) whose i j — th block is given by

dowgl iti=

—w! ifi #jandi~ j
0 ifi # jandi ~ j

Also if LV is any (1) — inverse of L(G) then the ij — th block of the resistance matrix R(G) of the graph G
is defined as R;; = Ll(il) + L;-i-) — LE}) — L;?.

If M = (M;;) € M, , and N = (N;j) € M, , are two block matrices with same block partition then by
MXN = (M;;jN;;) € M, , we mean the block matrix whose i j —th block is given by the matrix product M;; N;;,
where M;; and N;; are ij — th block of the respective matrices. Again for any two matrices M = (m;;) € M, ,
and N = (npg) € M, by M @ N = (m;jN) € M1, nx we mean the tensor product of M and N which is the

block matrix withij — th block as m;; N, where m;; is the ij — th entry of the matrix M. If M is a block matrix
with all blocks of same order then by ||M|| we mean the sum of all blocks of M, i.e. ||[M|| = Z M;;, where the

summation runs over all blocks of M. By Mg we mean the block transpose of M, i.e. the ij — th block of Mg
is the ji — th block of M. Also we write tracep (M) to denote the sum of all diagonal blocks of M. From [1,
Theorem 2.1] we see that rank(L) = (n — 1)k for any matrix weighted connected graph G. Thus the following
is a generalization of Lemma 2.16.

Lemma 3.1 If G is a matrix weighted connected graph of order n and the eigenvalues of L(G) are
A A2, o A=k, 0, ..., 0 with A; # 0 fori = 1,..., (n — 1)k then for any real a the eigenvalues of

(L +al, ® Ik) are M, A2, ..., Au—1)k, R4, ..., na

Proof Let P be the matrix whose columns are the normalized eigenvectors of L(G). Then upto permutation
similarity we have PTLP = diag(A1, A2, ..., A(u—1)k, 0,...,0) and J, P = [0, 1 Dukescnk—k]. Therefore we
get PTIpP = diag(A1, A2, ..., A@u—1)k, na, ..., na). Hence the result. O

—1 ~
From Lemma 3.1 we see that (L + %,]],, ® Ik) is non singular. Let X = (L + %Jn ® Ik) and X be a block
matrix with

~ X ifi=j
v 0, otherwise.

Then it can be easily verified that R;; = X;; + X;; — X;; — Xj; and R = )N((.J]n QL+ U Ik))? - X - XE.

Theorem 3.2 If G is a matrix weighted connected graph of order n with L = L(G), then
1
LT"=X—--J,® Ik
n
where each weight is a positive definite matrix of order k.

—1
Proof Since X = (L + %Jn ® Ik) we get

1 1
x(L+ 1, ® ) =t = (L + ~J,® I)X

1 1
@LX:M—;@MMWHMXL:W—;M&®&)
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Now

4x-§wa@L=QX—%uL®@ﬁL=@m—%h®mm—®L

1 1 1
=L —Un @ IWXL=L— = ® (I = ~ U ® 1))
n n n

1 1 1 1
=L——Jn®lk+—2(«]]n®lk)2=ll__Jn®lk+_2n(Jn®Ik)=L
n n n n
Similarly the other three conditions of Moore-Penrose inverse can also be easily established. O

Theorem 3.3 For any connected matrix weighted graph G with L = L(G)
+ 1 +
LLY =Ip—-J, @k =LTL=LX
n
where each weight is a positive definite matrix of order k.
Proof From definition of the matrix X, and Theorem 3.2 we have
X 1 1
LL =L<X— —J,,®Ik) —LX— L ® I
n n
1
=LX—-0= Iy — ;(Jn ® I X
1
= Iy — —J, ® Iy, asblock column sums of X are all equal to /.
n

Similarly it can be shown that LT L = I, — %J,, Q I. O

Definition 3.4 The matrix Kirchhoff index K ;(G) of a connected matrix weighted graph G is defined by

1 . .
K (G) = 2 Z Z R;j, where R;j is the ij — th block of R(G).
ieV(G) jeV(G)

Theorem 3.5 For matrix weighted connected graph G of order n with L = L(G)

K;(G)=n Z L

ieV(G)
Proof By definition we have
2Kp(G)= Y Ry
i,jeV(G)
+ + + + + +
= ) Wg+Li-Lj—Ljp=2m—1) ) Li-2) L}
i,jeV(G) ieV(G) i#j
=2m—1) Y LE+2 > Li=2 ) L}
iV (G) i€V (G) ieV(G)
Hence the result follows. m]

Theorem 3.6 For matrix weighted connected graph G of order n with L = L(G) and R = R(G)
ILX R[] = —2(n — DI

where each weight is a positive definite matrix of order k.
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310 D. Sarma

Proof We have
1
(L+ T @ k)X = I
‘ 1
= X;Lijxji + ;Zj =1"Xji =1 VieV(G)
=
- 1
=Y LiXi+—-Ii=1I VieV(G
Z ij ]z+n k k l (G)

j=1

n
|
= L~-X--=(1——)1 Vi e V(G
~ ijaNji n k 1 ( )

||L®X||=n<1—%)]k 3.1)

Now
R=XU,®I)+J® )X - X — X}

- 1
SLR=X(J,® L) — I, @Iy —~J, @I —k) — LX5 using Theorem3.3and L(J ® ) = 0
n

Again
IL®R|| = > LijR;
i,jeVv(G)
= traceg(LR)

~ 1
= ||LX]|| 4+ 0 — tracep (I, ® Iy — ZJn ® I) — [IL K X||

= i(iLij>X.ij - ”(1 - %)Ik - n(l - %)Ik using (3.1)

j=1 i=1
=0-2(n—1I.

Hence the result. O

For matrix weighted connected graph G of order n with L = L(G) and R = R(G) let us define 7; =
20 + Z LijR;jand T = (71, 12, ..., ‘(,,)T.
JEV(G)

Theorem 3.7 If G is a matrix weighted connected graph of order n with L = L(G) and R = R(G), then
(]lT ® Ik)t = 2 Iy, where each weight matrix is of order k and t is as defined above.

Proof We have

T =20 + Z LijRij
JEV(G)

n
=Y n=2nh+|LER||
i=1
= (1" @ It)t =2nly —2(n — 1)1, using Thoerem 3.6
= 21I;.
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Lemma 3.8 [I] If T is a matrix weighted tree on n vertices such that each weight matrix is of order k, then
rank of L(T) is (n — 1)k.

Similar to ( [9] Theorem (9) ) we get the following for matrix weighted graph.

Luw)~'0

Theorem 3.9 If G is a matrix weighted tree of order n, then < 0 0

) isa (1) —inverse of L, where u is
the vertex corresponding to the last row(column) of L.

L)™' x

Proof Let L = ( < 7 > , where L,;, = Ly;,. By Schur complement formula we have
uu

rank(L) = rank(L(u)) + rank(Ly, — x” (L(u))"'x).

But from Lemma 3.8 we see that rank(L) = (n — 1)k = rank(L (u)) and therefore

Luw = x L)~ 'x. (3.2)
Now
I Lw) 0\ [ Ip—x O
0 [0) \x"Lw™'o
Which implies
Lw)~'0\, (L X
L( 0 0>L_ xI xTLw)~'x
= L. using (3.2)
Hence the result. O

Theorem 3.10 A matrix weighted tree is completely determined from its resistance matrix.

Luw)~'[0
0 0
Now if R is known then from the relation R;; = Lg) + L;lj) — LS) — L;li), L(u)~" is known. Thus L (x) is
determined by R.

Again as L J,x = 0 = J L, the structure of G and edge weights of G are completely known from R upto
isomorphism. o

Proof If G is a matrix weighted tree then from Theorem 3.9 we have as a (1)-inverse of L(G).
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