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Abstract A member of Manakov–Santini (MS) hierarchy is investigated in this work using Lie group analysis
and the multiplier approach. The admitted 11-dimensional Lie algebra for the MS system has been proved to be
completely solvable on basis of the existence of chain of ideals. The optimal list of inequivalent one-dimensional
subalgebras are constructed from adjoint actions collected in a table. The method for construction of similar
list in 2-dimension has also been discussed in detail. The subalgebras so obtained are used to give out several
inequivalent reductions and subsequently some exact solutions are reported. In addition to usual Lie symmetry
analysis, the infinite set of non-trivial conservation laws are obtained.
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1 Introduction

The group invariant solution and their analysis play a vital role in the better understanding of several important
phenomena in mathematical physics. The Lie group method provides a rigorous platform for the construction
of such group invariant solutions in a systematic manner. Since L.V. Osiannikov’s book “Group Analysis of
Differential Equations”, the field of Lie symmetries has been quite active, as evidenced by his seminal work [1].
The work of Osiannikov is significant because he investigated the practical aspects of Lie symmetries. Later, in
the early 1980s, the Lie symmetry analysis gained traction thanks to the efforts of prominent authors such as Peter
Olver [2] and George Bluman [3]. Several other mathematicians made significant contributions to the field of
Lie symmetries during the same time period [4–14]. Since the year 2000, several hundred research papers on Lie
symmetry analysis have been published, with a focus on group invariant solutions and optimal systems or group
classification. A recent trend can be seen with some work on nonclassical symmetries [15], group classifications
[16,17], and classifications of infinite Lie group [18,19]. Furthermore, recent trends in the analysis of nonlocal
symmetries using conservation are quite promising, see for e.g [20,21], wherein the authors emphasised the
significance of nonlocal symmetries over local symmetries. It has been observed that one of the major drawbacks
of using local symmetry is that one cannot obtain the full solution manifold of the PDE system, and that some
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Lie symmetries, group classification and conserved quantities 313

PDE systems may admit only trivial symmetries from which no nontrivial solution of that corresponding system
can be obtained. Nonetheless, the current work focuses primarily on local symmetries and their classifications
under adjoint actions.

So in present work, we aim to apply Lie group analysis to the dispersionless integrable system also known
as MS system [22–24].

uxt + uyy + u2
x + uuxx + vx uxy − uxxvy = 0,

vxt + vyy + uvxx + vxvxy − vyvxx = 0.
(1)

The system (1) is generated from commutation condition of one parameter families of multi-dimensional vector
fields and the Lorentzian Einstein–Weyl geometry is locally identifiable by this system (see for e.g. [25,26]).
The system (1) is also important in the sense that, dispersionless Kadomtsev-Petviashvili (dKP) and Pavlov
equations can be reproduced as a particular case from it. The dispersionless integrable system (1) which was
firstly introduced by Manakov and Santini in [27] also admits zero curvature condition [L ,M] = 0 in term of
two dimensional vector fields

L = ∂y + (λ+ vx ) ∂x − ux∂λ,

M = ∂t +
(
λ2 + λvx + u − vy

)
∂x + (−λux + uy

)
∂λ.

(2)

The Lax formulation (2) is investigated for infinite Lie symmetries [28] and five spectral reductions are obtained.
Partial yet incorrect attempts have been made by Kara [29] for studying group properties of system (1), wherein
author has given wrong information about commutation relations in an infinite dimensional Lie algebra. Forv = 0,
MS system (1) reduce to following dispersionless Kadomtsev-Petviashvili(dKP) or Khokhlov–Zabolotskaya
equation:

uxt + uyy + u2
x + uuxx = 0. (3)

The equation (3) is x-dispersionless limit of famous Kadomtsev-Petviashvili. It is associated with pair of following
vector fields:

L = ∂y + λ∂x − ux∂λ,

M = ∂t +
(
λ2 + u

)
∂x + (−λux + uy

)
∂λ.

(4)

The dKP (3) is quite important, as it arise in many problems of mathematical physics [30–33] describing weakly
nonlinear and quasi 2-dimensional waves in nature. Besides this, Einstein–Weyl equations also contains this dKP
equation [34]. For u = 0, the reduction of (1) is the Pavlov equation

vxt + vyy = vyvxx − vxvxy, (5)

which arise in the study of integrable hydrodynamic chains [35] and is associated with following vector fields
[36]:

L = ∂y + (λ+ vx ) ∂x ,

M = ∂t +
(
λ2 + λvx − vy

)
∂x .

(6)

The Pavlov equation (5) is simplest example of dispersionless PDE derived from conformal symmetry of second
heavenly equation and is also particular case of Einstein–Weyl metric.

In literature, the MS system (1) has been investigated for Cauchy problem when v = 0 in [22] and for
reduction u = 0, Cauchy problem is discussed in [23]. Based on Lax-Sato formulation, Bogdanov [37] has
proved that zero order reduction of the class associated with system (1) corresponds to the dKP hierarchy. Based
intelligent construction of recursion operator Marvan and Sergyeyev [38] have obtained several local and non-
local symmetries for (N + 4)-dimensional MS system. To the best of our knowledge, the system (1) have never
been fully investigated for group classification and similarity solutions. We have also noticed that a significant
amount of work has been done on similarity reductions of PDEs under 1-dimensional optimal subalgebras, but
very little work can be found related to similarity reduction under multi-dimensional optimal subalgebras. So
keeping this in mind, we have demonstrated the construction of 2-dimensional optimal subalgebra from the
1-dimensional optimal list of subalgebra by careful selection of elements from Normalizer of elements of later
subalgebra. This paper is planned as follows:
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• In Section 2, we have exploited Lie symmetries of system (1) and exact solutions for this system have also
been constructed via similarity reductions.

• In Subsection 2.1, adjoint actions collected in Table 1 are used for simplification general element (22) in the
Lie algebra (11) to obtain 1-dimensional optimal list subalgebras (23).

• In Subsection 2.2, group invariant solutions are constructed for some of the reductions collected in Table 2.
• In Subsection 2.3, we given detailed discussion about the construction of 2-dimensional optimal list of

subalgebra and in Subsection 2.4 group invariant solutions corresponding to some of the elements in 2-
dimensional optimal list subalgebra are given.

• In Section 3, using multiplier approach, infinite set of conservation laws are obtained at (42) and finally in
Section 4 conclusion is drawn.

2 Lie group analysis of (1)

The infinitesimal criterion of PDE leads to determination of Lie point transformations under which underlying
PDE is invariant and subsequently, the invariant surfaces of group of transformations leads to determination of
similarity solutions. We seek Lie point transformation for system (1) in the form

x̃ = x + ε ξ x (x, y, t, u, v)+ O(ε2),

ỹ = y + ε ξ y(x, y, t, u, v)+ O(ε2),

t̃ = t + ε ξ t (x, y, t, u, v)+ O(ε2),

ũ = u + ε ηu(x, y, t, u, v)+ O(ε2),

ṽ = v + ε ηv(x, y, t, u, v)+ O(ε2),

(7)

where ε being usual group parameter. We consider infinitesimal generator

X = ξ x ∂

∂x
+ ξ y ∂

∂y
+ ξ t ∂

∂t
+ ηu ∂

∂u
+ ηv

∂

∂v
, (8)

of Lie point transformations (7) such that under action of prolonged generator X (2), the system (1) reduce to
following form:

ηu
xt + ηu

yy + 2uxη
u
x + uηu

xx + uxxη
u + vxη

u
xy + uxyη

v
x − vyη

u
xx − uxxη

v
y = 0,

ηvxt + ηvyy + uηvxx + vxxη
u + vxη

v
xy + vxyη

v
x − ηvyvxx − vyη

v
xx = 0,

(9)

where ηu
x , η

v
x , η

v
y, η

u
xx , η

v
xx , η

u
xy, η

v
xy, η

u
yy, η

v
yy, η

u
xt , η

v
xt are prolonged infinitesimals(see for e.g. pp.67, [3]). On

equating to zero the coefficients of various differentials, a determining system of linear PDEs in ξ x , ξ y, ξ t , ξu

and ξv can be obtained. Seeking infinitesimals as first degree polynomials, we obtain:

ξ x = c10x + c8t + c9 + c7, ξ
y = c2t + c3 y + c11, ξ

t = (2c3 − c10)t + c6,

ηu = (−2c3 + 2c10)u + c5 + c8, η
v = (2c10 − c3)v + (2c9 + c2)x + c4t + c5 y + c1.

(10)

The corresponding Lie algebra g

V1 = ∂

∂v
, V2 = t

∂

∂y
+ x

∂

∂v
, V3 = y

∂

∂y
+ 2t

∂

∂t
− 2u

∂

∂u
− v

∂

∂v
, V4 = t

∂

∂v
,

V5 = ∂

∂u
+ y

∂

∂v
, V6 = ∂

∂t
, V7 = ∂

∂x
, V8 = t

∂

∂x
+ ∂

∂u
, V9 = y

∂

∂x
+ 2x

∂

∂v
,

V10 = x
∂

∂x
− t

∂

∂t
+ 2u

∂

∂u
+ 2v

∂

∂v
, V11 = ∂

∂y

(11)
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Lie symmetries, group classification and conserved quantities 315

In (11), we find translations(from V1, V6, V7, V11), scaling(from V3, V4, V5, V9, V10) and Galilean boost(from
V2, V8). The non-zero Lie brackets of Lie algebra g are

[V1, V3] = −V1, [V1, V10] = 2 V1, [V2, V3] = −V2, [V2, V5] = V4, [V2, V6] = −V11,

[V2, V7] = −V1, [V2, V8] = −V4, [V2, V9] = V8 − V5, [V2, V10] = V2, [V3, V4] = 3,

V4, [V3, V5] = 2 V5, [V3, V6] = −2 V6, [V3, V8] = 2 V8, [V3, V9] = V9, [V3, V11] = −V11,

[V4, V6] = −V1, [V4, V10] = 3 V4, [V5, V10] = 2 V5, [V5, V11] = −V1, [V6, V8] = V7, [V6, V10] = −V6,

[V7, V9] = 2 V1, [V7, V10] = V7, [V8, V9] = 2 V4, [V8, V10] = 2 V8, [V9, V10] = V9, [V9, V11] = −V7.

(12)

It can be proved that g is indecomposable solvable Lie algebra(i.e. g can not be written as direct sum of indecom-
posable subalgebras) such that the nilradical(maximal nilpotent ideal) contained in g is {Vi , i = 1 . . . 11} which
of course is solvable. In addition to this, the solvability of algebra g implies the existence of chain of ideals as:

L1 ⊂ L2 ⊂ L3 ⊂ L4 ⊂ L5 ⊂ L6 ⊂ L7 ⊂ L8 ⊂ L9 ⊂ L10 ⊂ g, (13)

where we have

L1 = {V1} , L2 = {V1, V4} ,L3 = {V1, V4, V5} , L4 = {V1, V4, V5, V7}
L5 = {V1, V4, V5, V7, V8} , L6 = {V1, V4, V5, V7, V8, V9} ,
L7 = {V1, V4, V5, V7, V8, V9, V11} , L8 = {V1, V2, V4, V5, V7, V8, V9, V11}
L9 = {V1, V2, V4, V5, V6, V7, V8, V9, V11} , L10 = {V1, V2, V3, V4, V5, V6, V7, V8, V9, V11}

2.1 Optimal one dimensional Lie algebra and reductions of system (1)

Through the procedure of symmetry reduction, the generators (11) corresponding to Lie symmetries (10) can be
used to construct similarity solutions for MS system. Actually as mentioned in [3,39], the symmetry reduction
comes with reduction in number of independent variables in original system of PDEs and to initiate the process
of symmetry reduction one need to solve the following characteristic equations for similarity transformations.

dx

ξ x
= dy

ξ y
= dt

ξ t
= du

ξu
= dv

ξv
(14)

But there is glitch in directly solving characteristic equations (14) using infinitesimals (10) as there would be
too many group invariant solutions and most of them would be equivalent. So, first we need to reduce Lie
algebra (11) into system of one dimensional subalgebras such that any pair of distinct subalgebras give rise to
inequivalent reductions of system (1). As mentioned in [2], construction of such system of one dimensional
subalgebra is equivalent to construction of optimal system. Although, the construction of optimal system using
global adjoint matrix given by Ovsiannikov [1] is very much sophisticated but rather complicated whereas
the procedure developed by Olver [2] through adjoint action is algorithmic and straight-forward. So following
procedure developed by Olver, we have constructed following adjoint table:

2.2 Solutions for some of the reductions listed in Table 2

In this section we would like to present exact solutions corresponding to some of the reductions under 1-
dimensional optimal subalgebra �1. In literature one can find variety of methodologies for exact solutions for
PDEs, nevertheless in wake of Ref. [40] a same meromorphic structure of solutions is used in each method, so
by “Eremenko” theorem these methods can not give new solutions or results and even in this work we would
not intend to compare or claim certain method better than other. Aside from several algebraic methods, we must
see that the few of reductions listed in Table 2 are quite straightforward to solve. For example, the reduction
corresponding to subalgebra V1 + a5V5 + V8 has solution

F = − a5 (a5 + 1) ξ2

2η2 + f1 (η) ξ + f (η) , G = − (a5 − 1) ξ2 (ξ a5 + 3)

6η2 + f3 (η) ξ + f4 (η) . (15)
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In similar manner, the direct calculations yield solution for the reductions corresponding to subalgebra V4 +
a5V5 + V7 as follows:

F = − ξ2a5
2

2
+ g1 (η) ξ + g2 (η) , G = − ξ3a5

2

6
− (η a5 + 1) ξ2

2
+ g3 (η) ξ + g4 (η) , (16)

where the functions fi (η) and gi (η) for i = 1, 2, 3, 4 are arbitrary functions. Through the back substitution of
(15) and (16) into similarity transformations, the exact solutions for system (1) can be obatined.

For reduction corresponding to subalgebra V2 + a5V5 + a6V6

F Fξ,ξ + Fξ
2 + Fξ,ηGξ − Fξ,ξGη + Fη,η = 0,

a6 FGξ,ξ − a6 GηGξ,ξ + a6 GξGξ,η + a6 Gη,η + 1 = 0.
(17)

We seek following traveling wave solutions

F = U (ζ ), G = V (ζ ), ζ = ξ + c η. (18)

Subsequently, (17) reduce to following system of ODEs

c2 Uζ,ζ + UUζ,ζ + Uζ
2 = 0,

c2a6 Vζ,ζ + a6 U Vζ,ζ + 1 = 0.
(19)

It is straightforward to solve system (19) and it gives following solution for the reduction (17):

F = −c2 ±
√

c4 + 2 c1 (cη + ξ)+ 2 c2,

G = ∓
(
c4 + 2 c1 (cη + ξ)+ 2 c2

)3/2

3c1
2 a6

+ c3 (cη + ξ)+ c4.

(20)

A similar procedure can also be followed for the other subalgebras in the list (23).
Although, the Table 1 of adjoint transformations is constructed from non-zero commutations (12), neverthe-

less, we can still recover these transformations by following property

[Vi , Vj ] = d

d ε

(
Adexp(εVj )(Vi )

) ∣∣∣
ε=0

(21)

To simplify general element

V = a1V1 + a2V2 + a3V3 + a4V4 + a5V5 + a6V6 + a7V7 + a8V8 + a9V9 + a10V10 + a11V11 (22)

in Lie algebra (11), we use adjoint transformations from Table 1 to achieve simplification as much as we can.
So we arrive at following 1-dimensional optimal subalgebra �1:

(1) a3V3 + a9V9 + a10V10 + V11 (2) a3V3 + V10 (3) a2V2 + V3 + a5V5 + a8V8 + a9V9 + V10

(4) V3 + a4V4 + a5V5 + a8V8 + a9V9 + V10 (5) 2−1 V3 + a6V6 + V10 (6) a1V1 + 2V3 + V10

(7) a3V3 + V7

(8) V2 + a5V5 + a6V6 + V9 (9) a4V4 + a5V5 + a6V6 + a8V8 + V9 (10) V2 + a5V5 + a6V6 + a7V7 + V9

(11) a5V5 + a6V6 + a7V7 + V9 (12) V2 + a5V5 + a6V6 (13) a4V4 + a5V5 + a6V6 + V8

(14) V2 + a5V5 + a7V7 (15) V1 + a5V5 + V8 (16) V4 + a5V5 + a6V6 (17) V4 + a5V5 + V7

(18) V3 (19) V2 + V5 (20) V2 (21) V1 + V2.

(23)

Based on this optimal system �1 one can solve characteristics equations (14) for similarity transformations.
Making use of these similarity transformations the reductions of MS system are listed in Table 2
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2.3 Two dimensional optimal subalgebra

In order to construct two dimensional optimal subalgebra �2 we follow procedure developed by Ovsiannikov
[1](see e.g. pp. 199) and its implementation by various authors [41–44]. For �2 we list pair of 2-dimensional
subalgebras of the form H

(
wi , w j

)
, such that

[
wi , w j

] = λwi +μw j , forwi ∈ �1. For more precise selection,
w j can be selected from normalizer Norg (wi ) = {v ∈ g| [v,wi ] ∈ wi }, that is,

[
wi , w j

] = λwi . After listing all
possible 2-dimensional subalgebras H

(
wi , w j

) ∈ �2, one can go for further refinement of �2 into mutually
conjugate classes through adjoint action. As suggested by Galas [41], one can avoid occurrence of wi in w j by
selecting w j from factor algebra Norg (wi ) /wi where the normalizer Norg (wi ) can be obtained by setting

⎡
⎣wi ,

11∑
j=1

a j Vj

⎤
⎦ = λwi , (24)

where λ is arbitrary constant. From relation (24), we have calculated all possible non-zero ai ’s to construct
Norg (wi ) and Norg (wi ) /wi and they are listed in Table 3.
For final classification into optimal subalgebra �2, one would need to separate 2-dimensional subalgebra Hi
into equivalence classes under adjoint action. Thus we call two elements {w1, w2} and {w′

1, w
′
2} equivalent under

adjoint action if

w′
1 = k1Adexp(εV ) (w1)+ k2Adexp(εV ) (w2) , w′

2 = k3Adexp(εV ) (w1)+ k4Adexp(εV ) (w2) , (25)

where constants k′
i s are such that at least one of the pair (k1, k4) or (k2, k3) is non-zero and V is general element

of Lie algebra G given by (22). The inverse version of (25)

Adexp(εV ) (w1) = k1w
′
1 + k2w

′
2, Adexp(εV ) (w2) = k3w

′
1 + k4w

′
2 (26)

is more appropriate for classification of 2-dimensional subalgebra.
The full adjoint action may be expressed as

Adexp(ε2V2) Adexp(ε9V9) Adexp(ε1V1) Adexp(ε4V4) Adexp(ε5V5) Adexp(ε7V7)

Adexp(ε11V11) Adexp(ε8V8) Adexp(ε6V6) Adexp(ε3V3) Adexp(ε10V10) (V ) =
11∑

i=1

ãi Vi
(27)

where V is general element of Lie algebra (12) given by (22) and the coefficients ãi , i = 1 . . . 11 are given by
following expressions

ã1 = eε3a11ε9ε2 − 4 a3ε6ε8ε9 + 2 a10ε6ε8ε9 − 2 a3ε6ε8ε2 − a3ε11ε9ε2 + a10ε6ε8ε2 − eε10−ε3a9ε11ε2

−e2 ε10−2 ε3a8ε6ε2 + e2 ε3−ε10 a6ε8ε2 − eε10−ε3a2ε6ε9
2 − eε10−ε3a2ε6ε5 − 2 eε10−ε3a9ε7

−2 e2 ε10−2 ε3a8ε6ε9 + 2 e2 ε3−ε10 a6ε8ε9 − 2 eε10−ε3a9ε11ε9 + a1e2 ε10−ε3 − a10ε7ε2 + eε10 a7ε2

−2 a10ε1 + e2 ε3−ε10 a6ε4 − eε10−ε3a2ε7 − e3 ε10−3 ε3a4ε6 − e2 ε10−2 ε3a5ε11

−eε10−ε3a2ε6ε9ε2 + a3ε1 + eε3a11ε9
2 + 2 eε10 a7ε9

+a10ε6ε4 + eε3a11ε5 − 2 a3ε6ε4 − a3ε9
2ε11 − a3ε11ε5 − 2 a10ε7ε9

ã2 = eε10−ε3a2 − a10ε2 + a3ε2,

ã3 = a3

ã4 = −a3ε2
2ε9 + a10ε2

2ε9 − eε10−ε3a9ε2
2 + e3 ε10−3 ε3a4 − eε10−ε3a2ε8

−2 eε10−ε3a9ε8 − e2 ε10−2 ε3a5ε2 + e2 ε10−2 ε3a8ε2 + 2 a10ε5ε2

−2 a3ε5ε2 − 2 a10ε8ε2 + 2 a3ε8ε2 + eε10−ε3a2ε9
2 + 3 a3ε4 − 3 a10ε4 + eε10−ε3a2ε5

+2 e2 ε10−2 ε3a8ε9 + 2 eε10−ε3a2ε9ε2 − 4 a10ε8ε9 + 4 a3ε8ε9,

ã5 = e2 ε10−2 ε3a5 + eε10−ε3a9ε2 − 2 a10ε5 + 2 a3ε5 − a10ε9ε2 + a3ε9ε2 − eε10−ε3a2ε9,

ã6 = a10ε6 − 2 a3ε6 + e2 ε3−ε10 a6,

ã7 = −a10ε7 − e2 ε10−2 ε3a8ε6 − eε10−ε3a2ε6ε9 − eε10−ε3a9ε11

−2 a3ε6ε8 + a10ε6ε8 + eε10 a7 + e2 ε3−ε10 a6ε8 + eε3a11ε9 − a3ε11ε9,
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ã8 = e2 ε10−2 ε3a8 − eε10−ε3a9ε2 − a3ε9ε2 + a10ε9ε2 + eε10−ε3a2ε9 − 2 a10ε8 + 2 a3ε8,

ã9 = eε10−ε3a9 + a3ε9 − a10ε9,

ã10 = a10

ã11 = −eε10−ε3a2ε6 + e2 ε3−ε10 a6ε2 − 2 a3ε6ε2 + a10ε6ε2 − a3ε11 + eε3a11.

For further simplification of 2-dimensional subalgebras given in Table 3 into equivalent classes under full
adjoint action (27), we take H (1)

10 (V2 + a5V5 + a6V6 + a7V7 + V9, a5V4 + 3V5 + V8 + a6V11) as an illustrative
example. The Eqs. (26) can be written as

e2 ε10−2 ε3a5V5 + e2 ε3−ε10 V7a6ε8 − 3 eε10−ε3ε8V4 + e2 ε3−ε10 a6V6 + eε10 V7a7 + eε10−ε3 V2 + eε10−ε3 V9

= k1
(
a′

5V5 + a′
6V6 + a′

7V7 + V2 + V9
) + k2

(
a′

5V4 + a′
6V11 + 3 V5 + V8

)
(28a)

e3 ε10−3 ε3 x5V4 + 3 e2 ε10−2 ε3 V5 + e2 ε10−2 ε3 V8 + eε3 x6V11

= k3
(
a′

5V5 + a′
6V6 + a′

7V7 + V2 + V9
) + k4

(
a′

5V4 + a′
6V11 + 3 V5 + V8

)
. (28b)

For further simplification of (28), we consider all possible cases for triplet (a5, a6, a7) which are;
(a5, a6, a7) , (a5, a6, 0) , (a5, 0, a7) , (a5, 0, 0) , (0, a6, a7) , (0, a6, 0) , (0, 0, a7) , (0, 0, 0). Evidently, for last
case the subalgebra H (1)

10 is equivalent to (V2 + V9, 3V5 + V8). For remaining cases we proceed as follow:

case 2.1 (a5, a6, a7), in (28a) coefficients of V4, V8 gives k2 = 0, ε8 = 0 and coefficients of V2, V9 agrees upon
k1 = eε10−ε3 and similarly in (28b) coefficients of V2, V9 gives k3 = 0, coefficient V8 gives k4 = e2(ε10−ε3).
Subsequently, equation (28) gives a′

5 = a5 eε10−ε3 , a′
6 = a6 e3ε3−2ε10 and a′

7 = a7 eε3 , we can choose ε10 =
log (|a7|/|a5|), ε3 = log (1/|a7|) to scale a′

5 and a′
7 to ±1 and a′

6 scaled to a6|a5|2/|a7|5. Therefore, 2-dimensional
subalgebra simplifies to (V2 ± V5 + a6V6 ± V7 + V9,±V4 + 3V5 + V8 + a6V11), where a6|a5|2/|a7|5 has been
replaced by a6 for notational purpose only.

case 2.2 (a5, a6, 0), from (28a) k2 = ε8 = 0, k1 = eε10−ε3 , from (28b) k3 = 0, k4 = e2(ε10−ε3). These values
allow us write a′

5 = a5 eε10−ε3, a′
6 = a6 e3ε3−2ε10 , we choose ε3 = log (1/|a5|) , ε10 = 2 log (1/|a5|) to scale a′

5
to ±1 and a′

6 to |a5| a6 so that this case reduce to subalgebra (V2 ± V5 + a6V6 + V9,±V4 + 3V5 + V8 + a6V11).

case 2.3 (a5, 0, a7), in this case k1, k2, k3, k4 and ε8 bear same values as in previous case and a′
5 =

a5 eε10−ε3 , a′
7 = a7 eε3 , we can again choose ε10 = log (|a7|/|a5|), ε3 = log (1/|a7|) to scale a′

5 and a′
7 to

±1. This case reduce to subalgebra (V2 ± V5 ± V7 + V9,±V4 + 3V5 + V8).

case 2.4 (a5, 0, 0), the similar calculations allow us to write a′
5 = a5 eε10−ε3 , by this relation a′

5 readily scale to
±1. This case reduce to subalgebra (V2 ± V5 + V9,±V4 + 3V5 + V8).

The remaining cases (0, a6, a7), (0, a6, 0), (0, 0, a7) and (0, 0, 0) reduce to (V2 ± V6 ± V7 + V9, 3V5
+V8 ± V11), (V2 ± V6 + V9, 3V5 + V8 ± V11), (V2 ± V7 + V9, 3V5 + V8), (V2 + V9, 3V5 + V8) respectively.

Applying this procedure of simplification under full adjoint action (27) to remaining 2-dimensional subalgebras
listed in Table 3 we can find an extended list of optimal 2-dimensional subalgebras�2, which for the brevity we
avoided writing here.

2.4 Some reductions under 2-dimensional optimal subalgebra

To perform similarity reduction of MS system under 2-dimensional optimal subalgebra�2 we need to find invari-
ants corresponding to pair of vectors, so we solve two characteristics equations of type (14) for group invariant
solution. As an illustrative example we take 2-dimensional subalgebra (V2 + σV6 + V9, 3V5 + V8 + σV11), we
use notation �+

1 = V2 + V6 + V9 and �+
2 = 3V5 + V8 + V11. The characteristics equations corresponding to

algebra �+
1 may written as

dx

y
= dy

t
= dt

1
= du

0
= dv

3x
,
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upon solving these characteristics equations we get the constants of integration as

c1 = t2 − 2y, c2 = t3

3
− t y + x, c3 = u, c4 = − 5y2

2
+ 4 t2 y − t4 − 3 t x + v,

using these constants of integration, the second algebra �+
2 can re-written as −2 ∂c1 + 4 ∂c3 + c1 ∂c4 and the

corresponding characteristics equation

dc1

−2
= dc2

0
= dc3

4
= dc4

c1
,

The above characteristics equations can be further solved to give out following results:

c2 = ξ, 2 c1 + c3 = F(ξ), c2
1 + 4c4 = G(ξ). (29)

The simplification of equations (29) give following similarity transformations

ξ = t3

3
− t y + x, u = F(ξ)− 2t2 + 4y, v = 1

4
G (ξ)+ 3t4

4
− 3 t2 y + 3y2

2
+ 3 t x . (30)

The similarity transformations (30) are actually common invariants of both algebras�+
1 and�+

2 . The substitution
of equations (30) into MS system (1) give instant reduction by two independent variables as follows:

F ′2 + F F ′′ = 0,

FG ′′ + 24 = 0.
(31)

The straightforward solution to above system of nonlinear ODEs is

F = ±√
c1ξ + c2, G = ∓ 32 (c1ξ + c2)

3/2

c1
2 + c3ξ + c4. (32)

Similarly for subalgebra (V10, V3), the similarity variables may be obtained as follows:

ξ = 2xt

y2 , u = y2

2t2 F(ξ), v = y3

3t2 G(ξ). (33)

Substitution of (33) into (1) gives following reduction

F Fξ,ξ − 2 G Fξ,ξ + Fξ
2 + F − 2 Fξ + 3 Fξ,ξ = 0

3 FGξ,ξ − 6 GGξ,ξ + 2 Gξ
2 + 9 G − 12 Gξ + 9 Gξ,ξ = 0.

(34)

For 2-dimensional subalgebra (a5V5 + σV6 + V8, 3V3 + 4V10), we take a5 = 0 and σ = +1, in this way the
similarity variables

ξ = (t2 − 2x) y− 4
3 , u = t + F(ξ) y

2
3 , v = G(ξ) y

5
3 , (35)

by substituting (35) into (1), following reduction may be obtained:

8 ξ2 Fξ,ξ + 18 F Fξ,ξ − 30 G Fξ,ξ + 6 ξ Fξ + 18 Fξ
2 − 12 FξGξ − F = 0

8 Gξ,ξ ξ
2 + 18 FGξ,ξ − 30 GGξ,ξ − 6 Gξ ξ + 6 Gξ

2 + 5 G = 0.
(36)

In this way, we can list all reductions corresponding to every 2-dimensional sub-algebra in �2 but due to space
constraint, we have just listed few of such reductions. Further, one can also go for reductions under 3-dimensional
subalgebra and those reductions, of course, would be implicit algebraic expressions in u and v which sometimes
are not useful for potential physical applications. As far as the solution of reductions (34) and (36) is concerned,
one can always look for numerical techniques and reduction to quadrature by Lie group method [3] for analytic
solutions. However, the occurrence of ξ in the product in equations(36) force us to write the solution in the
following form

F = 5

24
ξ2 + 35 b1

33
ξ + 190 b1

2

121
,

G = 11

24
ξ2 + b1ξ + 78 b1

2

55
,

(37)

here, b1 is arbitrary constant.
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3 Conservation laws

In this section, we will construct local conservation laws for the system (1). The technique that we will use is
based on the direct method of Anco and Bluman [45–47](for recent applications; cf. [48–51]). The procedure
involves the determination of suitable multipliers by the use of Euler’s operator. The detailed construction of
such multiplier is given in the book [52].

Now we shall use the relevant theorem given in the book [52] to construct conservation law multipliers for
(1). We consider zero order multipliers �1(x, y, t, u, v),�2(x, y, t, u, v), and such multipliers are given by
following determining equations , so we have

Eu j

[
�1(uxt + uyy + u2

x + uuxx + vx uxy − uxxvy)+�2(vxt + vyy + uvxx + vxvxy − vyvxx )
]

≡ 0, (38)

for j = 1, 2 and Eu j is the Euler operator. The determining equations (38) splits with respect to partial derivatives
of u, v. This yields a following linear determining system for �’s:

�1x = 0, �2x = 0, �1u = 0, �2u = 0, �2v = 0,

�1v = 0, �2y = 0, �2x = 0, �1yy = 0, �1y +�2 = 0.
(39)

The system (39) can be solved by the same algorithmic method which is used to solve the determining equations
for infinitesimal symmetries. The solution of such determining equations may be written as follows:

�1 = φ(t)y + ψ(t), �2 = −φ(t) (40)

The multipliers (40) determines a local conservation law in the format Dx�1(x, y, t, u, v)+Dy�2(x, y, t, u, v)+
Dt�3(x, y, t, u, v) = 0 with the following characteristic form

�1(uxt + uyy + u2
x + uuxx + vx uxy − uxxvy)+�2(vxt + vyy + uvxx + vxvxy − vyvxx )

= Dx�1(x, y, t, u, v)+ Dy�2(x, y, t, u, v)+ Dt�3(x, y, t, u, v)
(41)

The inversion of divergence expression (41) can be carried out by 3-dimensional homotopy operator [53],
and results read as follow:

�1 = − yφ (t) uux − 1

4
yφ (t) uvxy + 1

2
yφ (t) uxvy − 1

4
yuyφ (t) vx − 1

2
yφ (t) vuxy + 3

4
φ (t) uvx

− 1

2
φ (t) vux + 3

4
φ (t) vvxy − 1

4
φ (t) vxvy − ψ (t) uux − 1

4
ψ (t) uvxy + 1

2
ψ (t) uxvy

− 1

4
ψ (t) uyvx − 1

2
ψ (t) vuxy − 1

2
yφ (t) ut + 1

2
y

(
d

dt
φ (t)

)
u + 1

2
φ (t) vt − 1

2
ψ (t) ut

+ 1

2

(
d

dt
ψ (t)

)
u − 1

2

(
d

dt
φ (t)

)
v,

�2 = 1

4
φ (t) vx

2 − 1

4
yφ (t) uxvx − 1

4
ψ (t) uxvx − 3

4
φ (t) vvxx + 1

2
yφ (t) vuxx + 1

2
ψ (t) vuxx

+ 1

4
yφ (t) uvxx + 1

4
ψ (t) uvxx − yφ (t) uy + φ (t) u + φ (t) vy − ψ (t) uy,

�3 = 1

2
φ (t) vx − 1

2
φ (t) yux − 1

2
ψ (t) ux

(42)

4 Conclusion

In this work, the MS system is discussed via Lie symmetry analysis and multiplier approach. We have consider 11-
dimensional completely solvable Lie algebra admitted by this system. A chain of ideals (13) is also constructed
for this algebra which has proved its solvability. For construction of 1-dimensional optimal subalgebra, the
suitable adjoint actions collected in Table 1 are applied for simplification of general element of Lie algebra
g. Corresponding to every element in 1-dimensional optimal subalgebra (23), 21 reductions of MS system are
obtained. Group invariant solutions: (15), (16) and (20) are presented for some of the reductions collected in

123



Lie symmetries, group classification and conserved quantities 327

Table 2. Further, the 2-dimensional optimal subalgebra which is least discussed in the literature has also been
constructed using normalizer.

The normalizer of every element in 1-dimensional subalgebra (23) aided the construction of 2-dimensional
subalgebra obtained in Table 3. Based on the relation (26), the every element of 2-dimensional subalgebra is
further simplified by applying full adjoint action (27) to give 2-dimensional optimal subalgebra�2. The invariants
of some of the elements in �2 are used for the reduction of MS system by two variables and the exact solutions
(32) and (37) have been presented for illustration purpose.

Although, exact solutions corresponding to every reduction in Table 2 and reduction for every element in�2
could have been written in this work, but we have only preferred to concentrate on Lie symmetry analysis and
multi-dimensional group classifications of (1); the topics we believe has been fully addressed. One can also go
for 3-dimensional optimal subalgebra, but that would be really wild construction for present case and we left it
for future work. Further, the zero order multipliers are found and used for constructing infinite set of nontrivial
local conservation laws.
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Appendix

χ1(x, y) =
(
a3a10 − a10

2
)

x − ya9a10 − a9

a10 (a3 − a10)
(43)

χ2 (x, y) = 1

(a3 − 2 a10) (a3 − a10)
2 (2 a3 − a10)

(
a9

((
4 a3

3 − 14 a3
2a10 + 14 a3a10

2 − 4 a10
3
)

x

+
(
−2 a3

2a9 + 5 a3a9a10 − 2 a9a10
2
)

y + 2 a3a9 − a9a10

) )
(44)

χ3 (x, y, t) = − ln (t)
(

ln (t) a8a9t + ln (t) a9
2 y − a4t − 2 xa9 − a5 y

)
(45)

χ4 (x, y, t) = t
(−8 t2a5a6 + 24 ya5a6

2 + 9 t3 − 36 t ya6 + 72 xa6
2
)

24a6
3 (46)

χ5 (x, y, t) = − t
(
4 t2a8 − 3 ta4a6 − 6 ya5a6 + 6 t y − 12 xa6

)

6a6
2 (47)

χ6 (x, y, t) = t
(−8 t2a5a6 + 24 ya5a6

2 + 9 t3 − 36 t ya6 − 36 ta7a6 + 72 xa6
2
)

24a6
3 (48)

χ7 (x, y, t) = − t (−ya5a6 + t y + a7t − 2 xa6)

a6
2 (49)

χ8 (x, y, t) = − t
(
t2a5 − 3 a5 ya6 − 3 xa6

)

3a6
2 (50)

χ9 (x, y, t) = − x (xa5t − 2 a5 ya7 − xa7)

2a7
2 (51)

α = 2a2
9

(a3 − a10)(a3 − 2a10)
, β = a9

a3 − a10
, γ = a3a9

a3 − a10
, δ = 2a2

9

a10(a3 − a10)(a3 − 2a10)
(52)

θ = a9

a10(a3 − a10)
(53)
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