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Abstract In this paper, we present the fast computational algorithms for the Jacobi sums of orders /> and 2/ with
odd prime / by formulating them in terms of the minimum number of cyclotomic numbers of the corresponding
orders. We also implement two additional algorithms to validate these formulae, which are also useful for the
demonstration of the minimality of cyclotomic numbers required.
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1 Introduction

Jacobi has many remarkable contributions to the field of mathematics like formulations of Jacobi symbol, Jacobi
triple product, Jacobian, Jacobi elliptic functions etc. Among these, Jacobi sums have appeared as one of the
most important findings. Many people have attempted to calculate the Jacobi sums of certain order in terms of
the solutions of the corresponding Diophantine system. It has also been observed that the level of complexity in
dealing with a Diophantine system increases with the increment in the concerned order, which has been observed
as a challenge for the computation of Jacobi sums of higher orders.

Algorithms for Jacobi sums has much shorter history in the literature. The objective of this paper is to develop
a fast computational algorithms for calculation of Jacobi sums. The algorithms performs computation of Jacobi
sums with the use of minimal number of requisite cyclotomic numbers. It tends to establish that for increasing
values of / the actual numbers of cyclotomic numbers are drastically decreasing as compared to the required
numbers of cyclotomic numbers.

Let p € Z be an odd prime and ¢ = p” with r > 1 an integer. Let ¢ > 2 be an integral divisor of ¢ — 1, then
q = ek + 1 for some positive integer k. Let y be a generator of the cyclic group F}. For ¢, a primitive e-th root
of unity, we define a multiplicative character y, of order ¢ on Fj by xe(y) = &. Also for v € Fz, ind, (v) is
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defined to be a positive integer m < g — 1 such that v = y"". We now extend x, to F, by taking x.(0) = 0. For
0 <i,j <e— 1, the Jacobi sums of order e is defined by

Tl ) =Y xiwxd w+1).

veF,

For 0 < a,b < e — 1, the cyclotomic numbers (a, b), of order e are defined as follows:

(@, b)e :=#{v € Fylxe(v) =&, xe(w + 1) = £}

=#v eF,\{0,—-1} |indyv =a (mod e), ind, (v + 1) =b (mod e)}.

In view of the definitions of Jacobi sums and cyclotomic numbers, over a given finite field F,, Jacobi sums
(resp. cyclotomic numbers) of order e mainly depend on two parameters, therefore these values could be naturally
assembled into a matrix of order e. Thus, the Jacobi sums J, (i, j) and the cyclotomic numbers (a, b), are well
connected by the following relations [22,23]:

3> @byt ™ = 1 . (1)
a b

and

YN ) = a. b @)

4 J

Jacobi [13] introduced the Jacobi sums of orders 3, 4 and 7. In the literature, problem concerning to computation
of Jacobi sums of a particular order also has been studied as the possible minimization in relations between Jacobi
sums and cyclotomic numbers of that order, like for e < 6, ¢ = 8§, 10 and 12 the relations were established by
Dickson [9]. Later, he also studied the relations for e = 9, 14, 15, 16, 18, 20, 22, 24, which are recorded
in [10,11]. Muskat [18] established the relation of order 12 in terms of the fourth root of unity to resolve the
sign ambiguity which was occuring in the Dickson’s relation and here he also studied for e = 30. He [19]
also provided complete results for order 14. Complete methods of e = 16 and 20 exist in Whiteman [26] and
Muskat [20] respectively. In fact Western [25] determined Jacobi sums of orders 8, 9, 16 earlier than Dickson.
Baumert and Fredrickson [7] gave corrections and removed the sign ambiguity in the Dicksons’s work for
e =9, 18. Zee [27,28] found relations for orders 13, 22 and 60. Zee and Muskat [21] provided the relations
for e = 21, 28, 39, 55 and 56. Berndt and Evans [5] obtained sums of orders 3, 4, 6, 8, 12, 20 and 24 and
they also determined sums of orders 5, 10 and 16 in [6]. Parnami, Agarwal and Rajwade [22] obtained certain
relationships for Jacobi sums of odd prime orders upto 19. Furthermore, Katre and Rajwade [14] extended their
work for Jacobi sums of general odd prime orders.

Over the most recent couple of years, fast computation of Jacobi sums is one of the essential enthusiasm
among researchers, in perspective of its applications to primality testing, cryptosystems and so forth [1,8, 15—
17]. As illustrated in [12], Jacobi sums could be used for estimating the number of integral solutions to certain
congruences such as x> + y> = 1 (mod p). These estimates played a key role in the advancement of Weil
conjectures [24]. Jacobi sums could be used for the determination of a number of solutions of diagonal equations
over finite fields [4].

In perspective of equations (1) and (2), to determine a Jacobi sum of order e, one needs to determine all
the cyclotomic numbers of order e. The cyclotomic numbers of order /% have been formulated by Shirolkar and
Katre [23], where as Ahmed, Tanti and Hoque [2] have established the formulae for e = 2/ 2

In this paper, we present algorithms for fast computation of Jacobi sums of orders /> and 2/? with [ a prime
> 3. The idea used behind this paper is to compute all the Jacobi sums of a particular order in terms of the
minimal number of cyclotomic numbers of that order as hinted from [3]. Here we derive explicit expressions
for Jacobi sums of orders /2 and 2/? in terms of the minimal numbers of cyclotomic numbers of orders /%> and
217 respectively. We implement two algorithms (see algorithms 1 and 2) to validate these expressions for the
minimality. The implementation of algorithms has been carried out at a computing lab in the Department of
Computer Sciences and Technology, Central University of Jharkhand.

The paper is organized as follows: Section 2 presents some well known properties of cyclotomic numbers
of order e. Section 3 presents algorithms for equality of cyclotomic numbers of orders /> and 2/2. Section 4
contains the expressions of Jacobi sums of orders /> & 2/2. The fast computational algorithms for Jacobi sums
are in section 5. Finally, section 6 presents complexity analysis for computation of Jacobi sums followed by
conclusion in section 7.

@ Springer
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2 Some useful expressions

It is clear that (a, b). = (a’, b’), whenevera = a’ (mod e) and b = b’ (mod e) where as (a, b), = (e —a, b —
a).. These imply the following identities:

| b, a) ifkisevenorqg = 2",
(@, b)e = { (b+e/2,a+e/2), otherwise. )

Applying these facts, it is easy to see that

e—1e—1

Y Y @be=q-2. )

a=0b=0

and

e—1
> (a,b)e =k —nq, (5)
b=0

where n, is given by

1 ifa=0,2lkorifa=e/2,2 Jk.
a =10 otherwise.

3 Algorithms for equality of cyclotomic numbers

Solution of cyclotomy of order e, does not require to determine all the cyclotomic numbers of order e [3]. The
objective is to avoid the redundancy in calculations by dividing the cyclotomic numbers into classes as hinted
from [3], which certainly boost up the overall efficiency.

This section, presents two algorithms which shows the equality relations of cyclotomic numbers of orders
12 and 21? respectively. These algorithms exactly determine which cyclotomic numbers are enough for the
determination of all the Jacobi sums of orders /> and 2/ respectively. Thus, it helps us to faster the computation
of these Jacobi sums. Also, these algorithms play a major role to validate the expressions for Jacobi sums of
orders /% and 2/? in terms of the minimum number of cyclotomic numbers of orders /> and 2/? respectively.
The expressions in Theorem 1 gets validated by ‘Algorithm 1°, and those in Theorems 2 and 3 get validated by
‘Algorithm 2’.

Algorithm 1 Determination of equality of cyclotomic numbers of order /2.

1: START

2: Integer variable p, q,r,1,i, j,il, j1,al,bl, flag.

3: 1is odd prime and ¢ = [?

4: Declare an array of size ¢ x e, where each element of array is 2 tuple structure (i.e. ordered pair of (a, b), where a and b are
integers).

5: for p = all prime number within 2 to ¢ do

6:  for all r within 1 to ¢ do

7 if ¢ is not equal to p” then

8

: INPUT ¢
9: else if (¢ — 1)%e == 0 then
10: UPDATE_TABLE(A)
11: else
12: INPUT ¢
13: end if
14:  end for
15: end for

Here INPUT g means input is an integer > 2 and UPDATE_TABLE(A) means each entry (a, b),> of the table
will be updated by applying the relations (a, b);2 = (b, a)p = (a—b, —=b)p = (b—a, —a)p = (—a,b—a)p =
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(=b,a — b)p2. Further, if entries of the updated table are non-negative, then each entry should be replace by
(mod [2), otherwise add 2.

Algorithm 2 Determination of equality of cyclotomic numbers of order 2/2.

1: START
2: Declare Integer variable p, g, r, 1,1, j, k,il, j1,al,bl, flag.
3: 1is odd prime and e = 2/2
4: Declare an array of size e x e, where each element of array is 2 tuple structure (i.e. ordered pair of (a, b), where a and b are
integers).
: for p = all prime number within 2 to ¢ do
for all r within 1 to ¢ do
if ¢ is not equal to p" then
INPUT ¢
else if (¢ — 1)%e == 0 then
k=(g—1)/e
else
INPUT ¢
if k even then
UPDATE_TABLE(E)
else
UPDATE_TABLE(O)
end if
end if
end for
20: end for

R,
CEITuELRoSTEANIY

Here INPUT g means input is an integer > 2. UPDATE_TABLE(E) means each entry (a, ), of the table will
be updated by applying the relations (a, b),2 = (b, a)y2 = (a—b, =b)yp = (b—a, —a)yp = (—a,b—a)yp =
(=b,a — b),p2, and UPDATE_TABLE(O) means each entry (a, b),,2 of the table will be updated by applying
the relations (a, b),2 = (b+12,a+1?)y2 = (1> +a—b, —b)yp = (> +b—a, 1> —a)yp = (—a,b—a)yp =
(I>=b,a— b),2. Further, if entries of the updated table are non-negative, then each entry should be replace by
(mod 2/?), otherwise add 272

The above algorithms demonstrate that for the determination of Jacobi sums of orders 2/> and /> with prime
[ > 5, it is adequate to determine 2/ + (21> — 1)(21> — 2)/6 and I*> + (1> — 1)(I*> — 2) /6 cyclotomic numbers
of orders 2/% and [? respectively. However for [ = 3, it is sufficient to ascertain 64 and 19 cyclotomic numbers
of orders 2/% and /2 respectively. Thus, it reduces the complexity of order I% to [* — {I* + (I*> — 1)(I> — 2)/6} for
I > 3and*—19 (i.e. 62) for [ = 3 and of order 2/ to 41* — {212 + (21> — 1)(2I*> — 2)/6} for [ > 3 and 4/* — 64
(i.e. 260) for I = 3. So, it could be easily observed that, for a large value of /, complexity for the determination
of Jacobi sums reduces drastically. Detail analysis is presented in section 6.

4 Expressions for Jacobi sums in terms of cyclotomic numbers

Here, we present the expressions for Jacobi sums of orders /> and 2/2, [ an odd prime, in terms of the minimum
number of cyclotomic numbers of orders /2 and 212 respectively.

Theorem 1 Let [ be an odd prime and p a prime. For some positive integers r and k, let ¢ = p" = %k + 1.
Then forl > 5

2—112-1

Jp(ln) =" (a.b)pgs™

a=0 b=0
>—1 1?2 >3
= (0,0)2 4+ > (0, bl +¢h + 2" ) + { S b+ @by
b=1 b=2 b=4
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2—4 @*-2)/3

+Y Gbp++ Y (P=1)3, b)Zz}< A A
b=6 b=(212-2)/3

+§12 b(n+l)+g_lan b(n+1)+é.lbn a(n+1) +é_b a(n+l)> (6)

and forl =3
8 8
Jo(l,m) =" "(a.b)ots™"
a=0b=0

= (0,0)9 + (3, 6)9(§3+6n 6+3n) i Z(O b)g(zg +§9 +& —b(it1)y
b=1

N é_émfa(nJr]) Jrghéza(n+1)). 7)

Proof Cyclotomic numbers (a, b);2 of order / 2 over F, is defined in [23] as:
(a,b)p :=#{v € F,\ {0,~1} |indyv=a (mod /%), ind,(v+1)=b (mod [*))}.
In [23], it was proved that (a, b), has the following properties:
(a,b)e = (e—a,b—a), (a,b)e = (b,a)e, 2)korqg=2" (8)

and
(a,b)e = ((b+e/2,a+e/2), (a,b)e = (e—a,b—a),, otherwise. ©)

For g = [’k + 1 for some positive integer k, it is natural to see that k is always even. Now to permute only (8),
one gets

(a,b)p =0, a)p=@—-b,=b)p=0b—-a,—-a)p =(—a,b—a)p =(=b,a—D)p. (10)
We know that (a, b);2 and Jp2 (1, n) are well connected by the following relations:

12—112-1

Ja(ln) =" (@ bpgit” (11)

a=0 b=0

Thus by (10), cyclotomic numbers (a, b),2 of order /2 partition into group of classes. For prime / > 5, cyclotomic
numbers (a, b);2 of order 12 forms classes of singleton, three and six elements. (0, 0),2 form singleton class,
(=a,0)p, (a,a)p, (0, —a),> forms a classes of three elements forevery 1 <a < 12—1 (mod [?) and rest of the
cyclotomic numbers forms classes of six elements. For / = 3 there are classes of singleton, second, three and six
elements. The exception is (6, 3)9 = (3, 6)9 which is grouped into a class of two elements. Hence expression
(6) and (7) directly follows by the relation (11). O

The following result gives an analogous expression for / = 3.

Theorem 2 Let p be a prime. For some positive integers r and k, let g = p" = 18k + 1. Then for 21k,

Jig(1,n) = ZZ(a b)isei "

a=0b=0

= (0,0)18 + (6, 12)1g(§6+12” 12"’6") + Z(O b)18(§13 + CIS + é_lgb(nJrl))
b=1
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16
{Z(l b)ig +Z(2 b)lg+2(3 b>1s+2<4 b)is + Z(s b)ls}{;“"”’
b=2 b=8 b=10
+§.a+bn+§.18 b(n+1)+§.1un b(n+1) +§1b§1 u(n+1)+é_b a(n+1)} (12)
and for 2 Jk,
17
Jig(1n) = ZZ(a b)isti "
a=0b=0

= (0,9)18¢7% + (6, )15 " + ¢fg T + { Z(o b)is + Z(o bns}{gfg

b=10
+§f§n+1)+b +§9 b(n+l)} {Z(l b)1g + Z(l b)1g +Z(2 b)is + Z(z b)1s
b=0 b=12 b=14
+Z(3 b)ig + Z (3,b)13 + 2(4 b)i1g + Z(S b)lS}{§a+bn é_art-+-17—+-9(n+l)
b=0 b=16
+§1;a b(n+l)+§.l(n+l)9+b a(n+l)+;bn a(n+1)+é.9+an b(n+l)} (13)

Proof We recall the following from [2]:
(a,b)13 :==#{v e Fy \ {0, -1} |indyjv =a (mod 18), ind,(v+1)=b (mod 18)}.

The following properties were derived in [2]:

(a,b)1s = (I8—a,b—a)g, (a,b)1g = (b,a)s, if 2k, (14)
and
(a,b)yig = b+9a+915, (a,b)1g = (A8—a,b—a)g, if2 Jk. (15)
We permute (14) and (15) to get
(a,b)18 = (b,a)1s =(a—b,—b)1g =(b—a,—a)ig = (—a,b—a)is = (—b,a —b)g (16)
and
(a,b)1g =b+9,a+9135=0O+a—b,—b)ig=0O+b—a,9—a)s
=(-a,b—a)ig= O —Db,a—Db)g (17)
respectively.

It is easy to see that (a, b)1g and Jig(1, n) are well-connected by the following:

17 17

Jig(ln) =" (@, byistig™". (18)

a=0b=0

Thus by (16) and (17), cyclotomic numbers (a, b)g of order 18 partition into classes. If 2|k, (16) gives classes
of singleton, two, three and six elements. (0, 0)g forms a singleton class, (—a, 0)13, (a, a)13, (0, —a)13 forms
classes of three elements for every 1 < a < 17 (mod 18), (6, 12)1g = (12, 6)1g which is grouped into a class of
two elements and rest of the cyclotomic numbers forms classes of six elements. Hence expression (12) directly
follows from the relation (18).

Now, if 2 fk, (17) gives classes of singleton, two, three and six elements. (0, 9)13 forms a singleton class,
0, a)18, (@ + 9,913, (9 — a, —a)3 forms classes of three elements for every 0 < a # 9 < 17 (mod 18),
(6,3)18 = (12, 15)18 which is grouped into a class of two elements and rest of the cyclotomic numbers forms
classes of six elements. Hence expression (13) directly follows by the relation (18). O
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Remark 1 1f 2|k, then the sumof all (a, )13,0 < a,b < 17isequal to {(0, 0)18+2(6,12)13+3 2}77:1(0, b)1s+
6(2},&(1, byis + Y 4 (2. b)1s + Ypt (3. b)is

+ 3@, b)is 4+ Y2106, b)lg>} = g — 2. Also, if 2 /k, then the sum of (a, b)13,0 < a,b < 17 is
equal to {(0, 9)18 +2(6,3)1s + 3(22:0<0, b)ig + Y5 1000, b)ls)

+6( Yhoo(l b)is + 3L (1 b + Y )_o(2. b)is + 31142, bis + Y p_o(3. b)is

+ 211;16(3, b)1g + ZZ=0(4, b)1g + Zzzl(i b)lS)} =q—2.

Theorem 3 Let [ > 5 and p be primes. For some positive integers r and k, let ¢ = p" = 2%k + 1.
Then for 2|k,

212—1217—1
Dp(n)y =" Y (@, bypgsd™
a=0 b=0
2121 2122 2123
= (0,002 + > (0,52 (E23 + 3 + L “’*”H{ Db+ Y @by
b=1 b=2 b=4
2024 (412 —4) /341
+ Y Gbptt Y ((212—2)/3,b)212}{§2“,’2’*b+§551’”
b=6 b=(412—4)/3
LITHOHD | pansboeeD | b “("+1)+§2}’,za("+”} (19)
and for 2 Jk,
202—1217—1
Lp(ln)y = Y Y (a,byypgsy™
a=0 b=0
21 2021 )
= (0. )l + {Z(O by + Y (0, bh;z}{zf,’%ﬂ;ﬂ"“” +¢bs “"*”}
b=12+1
2—1 2121 ) 2171 ?-3
{2(1 byp+ Y (Lb)p + Z(z byyp + Y (2.b)yp + 2(3 b)yp
b=12+3 b=I2+5
2121 12—(?=3)/2 221
+ Y @bopto+ Y (P =D/ —Lbyp+ Y (P =1)/2) = 1.b)yp
b=I2417 b=0 b=2I2-2
?=3)/2 ((?=3)/2)—1
+ Y (@ =D2+1Lbup+ Y. ((P=1)/2)+2,b)y
b=1 b=3
(12=3)/2)-2 ((-3)/2)-3
+ ) (@ =D/ 43 b+ Y ((P=1)/2) +4.b)ye
b=5 b=7
((12=3)/2)—((*=7)/6)
+oo > (> = 1)/2) + (* = 1)/6), b)2

b=((1*=3)/2)~((1?=7)/6)~1
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+1)/2

2 2
+ Y W@ -2, b)zlz}{gz“;b" + g DiTkan ] razbtl)
b=0
b HI2- 1 1 2 b(n+1
+§21J2r(n+ N —a(n+1) + Cyza(rH» ) + é_212thm (n+ )} (20)

Proof The cyclotomic numbers (a, b),,2 of order 212 over F, is defined in [2] as follows:
(a,b)yp :=#{v € Fy\ {0, —1} | ind,v =a (mod 2/%), ind,(v+1)=b (mod 2/%)}.
We now recall the following properties of (a, b),,> from [2]:
(a,byr = QP —ab—ayp, (a,bypr = (b,a)p, if2lk 1)

and
(a, by = b+12a+1%0,  (a.b)yp = QP> —ab—a)p, if2 Jk. (22)

By permuting (21) and (22), we obtain
(a, b)212 = (b, Cl)212 = (Cl — b, _b)212 = (b —da, _Cl)212 = (_a, b — a)212 = (_b, a — b)212 (23)
and

(a,byp =+ a+1P)p=0+a—b,—byyp=0+b—a,l”>—ayp
= (—a,b—a)p = (1*—b,a—b)yp. (24)

We know that (a, b),,2 and J5,2(1, n) are well connected by the following:

212-1212—1

() =Y > (a.b)yptst™ (25)

a=0 b=0

Thus by (23) and (24), cyclotomic numbers (a, b),;2 of order 2/ 2 partition into group of classes. If 2|k, (23) gives
classes of singleton, three and six elements. (0, 0),;2 forms a singleton class, (—a, 0)52, (a, a)y2, (0, —a),p2
forms classes of three elements for every 1 < a < 202 —1 (mod 212) and rest of the cyclotomic numbers forms
classes of six elements. Hence expression (19) directly follows by the relation (25).

Now, when 2 [k, (24) forms classes of singleton, three and six elements. (0, 12)212 forms a singleton class,
0, a)yp2, (a + 12, 12)212, (12 — a, —a),2 forms classes of three elements for every 0 < a # 12 <22 -1
(mod 2/?) and rest of the cyclotomic numbers forms classes of six elements. Hence expression (20) directly
follows by the relation (25). O

Remark 2 1f2|k andl > 5, then the sum of all (a, b),;2,0<a, b <211 is equal to { (0, 0)p2+3 th (0, b)ypo+

417 —4) /341
6( 22200 b)e + 3232, by + 32 *‘(3,b)2,2+...+sz:(4ﬂj()/3 ((212—2)/3,b)2lz>} =g —2. Also,
when 2 fk and [ > 5, then the sum of (a, b)zﬂ, 0<a,b <2I*> — lisequal to

{(0 )y + 3<Zb 0. by + 50 12+1(0 b)212> + 6(21; S0 (L b)op

+y 0 12+3(1 bhap + Y32, b)zﬂ + Zb L5 (2, b)op + S5 G b
+y ,2+7<3 by -+ Y ((02 1)/2) = 1.b)

+y2E 2(((12—1)/2) 1,b) g + X2 (2 + 1)/2,b).

S (N R zL; Y2 (2 4 1)/2) +2.b),

-3)/2 (12=3)2)—(2=7)/6
F T (@) e e g DY (@)

+(*=7)/6),b), + Z(l I (@ =Dy2, b)zﬂ)} =q—2.
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5 Fast computational algorithms for Jacobi sums

In a given finite field F,, Jacobi sums of order e, mainly depend on two parameters. Therefore, these values
could be naturally assembled into a matrix of order e. For ¢ = I* or 2/%, we know that by knowing the Jacobi
sums J.(1,n),0 < n < (e — 1), one can readily determine all the Jacobi sums of the respective order [2]. We
implement algorithms for fast computation of Jp2 (1, n) and J5,2 (1, n).

Throughout the algorithms, structure of individual term of a polynomial is by means of class structure “
TERM"(which is of the form ¢ g“f; e = [? or 2/%) and a different structure for a polynomial by means of a
class structure “ POLY”. Further “ POLY xp,” is a variable pointing to the resulting polynomial or say the
master polynomial, “ POLY xp,” is again a variable pointing to keep a polynomial temporarily. The function
ADD_POLY adds two polynomial expression or add a term with a polynomial.

Algorithm 3 Determination of Jacobi sums of order /2, [ > 3

1: START

2 Declare integer variable itr=0, ¢, n, min=1, max=/ 2 _1,a=0,b,1
3 POLY *pg, *p; //A Master and Temporary polynomial

4 INPUT value of (0,0) —> ¢

5: TERM ¢; //Declare a term

6: t; .coff=c

7: ADD_POLY (py, t;) // add a term in polynomial

8: while itr'=(/> — 1)/3 + 1 do

9:  for b=min to max and b++ do

10: INPUT value of (a,b) —> ¢

11: Set limit=3

12: TERM t[6] // Declaring a term array

13: t[0].coff=t[1].coff=t[2].coff=t[3].coff=t[4].coff=t[5].coff=c
14: t[0].exp=an+b, t[1].exp=a+bn, t[2].exp=a-b(n+1)

15: if min>1 then

16: t[3].exp=an-b(n+1), t[4].exp=bn-a(n+1), t[5].exp=b-a(n+1)
17: Set limit=6

18: end if

19: for i=0 to (limit-1) and i++ do

20: t[i]. CHECK_SIGN_OF_EXPO()

21: t[i]. CHECK_BREAK_REPLACE (p;[i])

22: ADD_POLY (pg, p:lil)

23: end for

24:  end for

25:  if minis equal to 1 then

26: min <— min + 1

27:  else

28: min <— min + 2

29:  endif

30: max <— max - 1, itr <—itr+1,a<—a+1
31: end while

**Implemented computational code for Jacobi sums of order /2 is shown in Appendix B (see Algorithm 3).

Every time we declare a TERM, we need to assign the value of its coefficient and exponent. The function
CHECK_SIGN_OF_EXPO() will check the sign of each of the exponent of input expression and if it has been
found to be negative then add 2/ (for input expression of order 2/2) or [ (for input expression of order [2) to
the corresponding exponent.

Further function CHECK_BREAK_REPLACE(), first checks whether the term has exponent greater than or
equals to [(/ — 1), if so then breaks the exponent into a power of /(/ — 1) and then replaces each of the polynomial
whose exponent is equal to /(! — 1) by polynomial *p,, where

1- C,lz + 4.1221 - 51321 4+ = 112(1—2) expression is of order 2,

1(1-2)

*pr = o
—1+¢l, =+ + -+, 7 expression is of order 2/.
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Algorithm 4 Determination of Jacobi sums of order 2/ 2 if 2lkandl > 3

1: START

2 Integer variable itr=0, ¢, n, min=1, max=2/2 — 1, a=0, b,
3 POLY *pg, *p; //A Master and Temporary polynomial

4 INPUT value of (0,0) —> ¢

5: TERM t; //Declare a term

6 t; .coff=c

7 ADD_POLY(py, t;) // add a term in polynomial

8

: while itr'=22-2 4 1 do

9:  for b=min to max and b++ do

10: INPUT value of (a,b) — ¢

11: Set limit=3

12: TERM t[6] // Declaring a term array

13: t[0].coff=t[1].coff=t[2].coff=t[3].coff=t[4].coff=t[5].coff=c
14: t[0].exp=an+b, t[1].exp=a+bn, t[2].exp=a-b(n+1)

15: if min>1 then

16: t[3].exp=an-b(n+1), t[4].exp=bn-a(n+1), t[5].exp=b-a(n+1)
17: Set limit=6

18: end if

19: for i=0 to (limit-1) and i++ do

20: t[i]. CHECK_SIGN_OF_EXPO()

21: t[i]. CHECK_BREAK_REPLACE (p;[i])

22: ADD_POLY (pg, p:lil)

23: end for

24:  end for

25:  if min is equal to 1 then

26: min <— min + 1

27:  else

28: min <— min + 2

29:  endif

30: max <— max - 1, itr «<—itr+1,a<—a+1
31: end while

**Implemented computational code for Jacobi sums of order 2/> when 2|k is shown in Appendix B (see
Algorithm 4).
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Algorithm 5 Determination of Jacobi sums of order 2/ 292 fkand! > 3

1: START

2 Integer variable count1=0, count2=0, ¢, n, min1=0, max1=/? — 1, min2=/? + 1, max2=2/% — 1, a=0, b,
3 POLY *pg, *p; //A Master and Temporary polynomial
4 INPUT value of (0,/%) — ¢

5: TERM t; //Declare a term

6 t; .coff=c

7 1;.exp=I*n

8: t;.CHECK_BREAK_REPLACE (p;)

9: ADD_POLY(py, p;) // add two polynomial

10: while count1!=(1> — 1)/2 + (1> — 1)/6 + 1 do

11:  if countl!=(2 — 1)/2 4+ (I* — 1)/6 + 1 then

12: for b=min1 to max1 and b++ do

13: INPUT value of (a,b) —> ¢

14: Set limit=3

15: TERM t[6] // Declaring a term array

16: t[0].coff=t[1].coff=t[2].coff=t[3].coff=t[4].coff=t[5].coff=c
17: t[0].exp=a+bn, t[l],exp:an+b+lz(n+1), t[2].exp:12+a-b(n+l)
18: if a>1 then

19: t[3].exp:lz(n+1)+b—a(n+l), t[4].exp=bn-a(n+1), t[5].exp:12+an—b(n+1)
20: Set limit=6

21: end if

22: for i=0 to (limit-1) and i++ do

23: t[i].CHECK_SIGN_OF_EXPO()

24; t[i].CHECK_BREAK_REPLACE (p,[i])

25: ADD_POLY((pg, p:lil)

26: end for

27: end for

28: countl++

29: if a==0 then

30: maxl=max1, min1=0

31: else if countl== (/2 — 1)/2 then

32: max1=(/2 — 3)/2, minl=1

33: else if countl> (/% — 1)/2 then

34: max1l=max]1-1, minl=minl+2

35: else

36: maxl=max1-1, min1=0

37: end if

38:  endif

39:  if count2!=(/2 — 1)/2 then

40: for b=min2 to max2 and b++ do

41: INPUT value of (a,b) —> ¢

42: Set limit=3

43: TERM t[6] // Declaring a term array

44 t[0].coff=t[1].coff=t[2].coff=t[3].coff=t[4].coff=t[5].coff=c
45: t[0].exp=a+bn, t[1].exp=an+b+/%(n+1), t[2].exp=/2+a-b(n+1)
46: if a>0 then

47: t[3].exp:lz(n+1)+b-a(n+l ), t[4].exp=bn-a(n+1), t[S].exp:lz+an-b(n+1)
48: Set limit=6

49: end if

50: for i=0 to (limit-1) and i++ do

51: t[i]. CHECK_SIGN_OF_EXPO()

52: t[i]. CHECK_BREAK_REPLACE (p;[i])

53: ADD_POLY(pa, p:[il)

54: end for

55: end for

56: min2=min2+2, count2++

57:  endif

58: a<«—a+1l
59: end while

**Implemented computational code for Jacobi sums of order 2/%, when 2 /k is shown in Appendix B (see
Algorithm 5).
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Table 1 Number of reduced computation for Jacobi sums
Corresponding ~ Order /> Order 27>
values of /
Required number of Number of reduced com- Required number of Number of reduced com-
cyclotomic numbers putations for cyclotomic cyclotomic numbers putations for cyclotomic
need to determine numbers (resp. Jacobi need to determine numbers (resp. Jacobi
sums) sums)
[=3 81 62 324 260
=5 625 508 2500 2058
=17 2401 1976 9604 7954
[=11 14641 12140 58564 48682
=13 28561 23716 114244 95034

6 Computational Complexity

This section presents the comparison between the required number of cyclotomic numbers needed to be deter-
mined and the actual number of cyclotomic numbers determined by the proposed algorithms. Figure 1 presents
such comparison for /2 followed by figure 2 for 2/2. In figure 1 and figure 2, red lines indicate the required num-
bers of cyclotomic numbers to be determined by utilization of definition of cyclotomic number and blue lines
indicate the actual numbers of cyclotomic numbers needed to compute all the cyclotomic numbers (resp. Jacobi
sums) by the proposed algorithms. Also, table 1 presents quantitatively, the reduced computational complexity
for Jacobi sums of orders /% and 2/2.

For [ = 3, naively summing the definition, we need to evaluate 81 & 324 numbers of cyclotomic numbers
of orders 9 & 18 (i.e, [ & 2I?) respectively to determine the Jacobi sums of respective orders. Algorithms 1
& 2 validate that it is sufficient to evaluate only 19 & 64 numbers of cyclotomic numbers of orders 9 & 18
respectively. Thus the complexity of implementing algorithms for Jacobi sums reduces by 62 & 260 respectively.
Similarly, for I = 5, by the definition, the required number of cyclotomic numbers required to determine Jacobi
sums are 625 & 2500 respectively of orders 25 & 50 (i.e, > & 21?) respectively. As proposed algorithms validate
that it is sufficient to evaluate only 117 & 442 numbers of cyclotomic numbers of orders 25 & 50 respectively.
Therefore the complexity of implementing algorithms for Jacobi sums reduces by 508 & 2058 respectively and
so on. Therefore it could be easily observed that in table 1 for a little bit increase in the value of /, the actual
number of the cyclotomic numbers determined drastically decreases as compared to the required number of
cyclotomic numbers. Reduction in complexity to determine all the Jacobi sums could be easily visualized form
figure 1, figure 2 and table 1. Consequently, efficiency of our algorithms 3, 4, 5 increases as value of / rises.

Further, asymptotic complexity of algorithms demonstrate their computational efficiencies. The time com-
plexity of algorithm 1 in worst case would be O(g*). It can be easily visualized that in algorithm 1, the outer
for loop for prime p would iterate maximum for g times and the inner for loop for the value of r would also
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iterate maximum for g times. Therefore the total iteration/run time for the values p & r simultaneously would
be g.q = g times. Further, the condition in the line number 9 gets satisfied, it will construct an array of size
e x e. Therefore it is required to execute two for loop simultaneously each of maximum e time iteration. Thus
the total iteration would be e.e = ¢%. Hence the total complexity of algorithm 1 is of order ¢2.e>. We know that
q = ek + 1, that implies e = "k;l, therefore

q%.¢* = ¢? u)2 = q_4) =0@G"Y (e, order g% (26)
. . k k2 . b .

Since for the large values of g corresponding to small values of e, value of k increases. Thus k minimizes Z—;,
therefore the complexity would be less than O(¢*). Further, Z—: would take maximum value when the value of ¢
isequal to e+ 1, (i.e, when k = 1), therefore the complexity would be maximum of (’)(q4). Hence the worst-case
complexity would be of O(¢g*). Similarly, for algorithm 2 worst-case complexity would be of O(g*) also.

Finally, algorithms 3, 4 & 5 have worst case complexity O(g*). It can be observed in the algorithm 3 that
while loop and subsequent for loop will iterate for maximum /> times, and hence run together for order O(/*).
The inner for loop (in line number 19) will run for constant time, which do not participate to increase the
worst-case running time. The statement ADD_POLY() in inner for loop that contains a master polynomial and a
temporary polynomial each would have order /(I —2). Therefore ADD_POLY () can take maximum /* iterations.
Hence altogether the algorithms 3 can take order up to O(/%). Since e = {2 (or 2?), therefore

4 4
B=e*= (Clk;1> = (%) = C’)(q4) (i.e, order q4). 27

Similarly, for algorithm 4 & 5 have worst-case complexity of O(g*) also.
Since the worst-case running time is a polynomial, therefore presented procedures could be viewed as fast
in both reduction of computation and complexity of running time.

7 Conclusion

In this paper, we exhibited some fast computational algorithms for determination of all the Jacobi sums of orders
17 & 21% with [ > 3 aprime. To increase the efficiency, we presented explicit expressions for Jacobi sums of orders
1> & 21? in terms of the minimum numbers of cyclotomic numbers of respective orders, which has been utilized
in implementing the algorithms. Also, we implemented two additional algorithms to validate the minimality of
these expressions and discussed the computational complexity analysis which assure the strength of our claim.

Acknowledgements The authors acknowledge Central University of Jharkhand, Ranchi, Jharkhand for providing necessary and
excellent facilities to carry out this research.
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