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Abstract In this paper, we establish the direct method of moving planes for the fractional p-Laplacian system
with negative powers. The key theorems are decay at infinity and a boundary estimate in the direct method
of moving planes. Moreover, we apply the direct method of moving planes to obtain the radial symmetry and
monotonicity of the positive solutions for the fractional p-Laplacian system with negative powers in the whole
space. We also give one special case.
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1 Introduction

In this paper, we consider the fractional p-Laplacian system with negative powers

⎧
⎪⎨

⎪⎩

(−�)s
pu(x) = f (u(x), v(x)), x ∈ R

n,

(−�)t
pv(x) = g(u(x), v(x)), x ∈ R

n,

u(x) > 0, v(x) > 0, x ∈ R
n,

(1.1)

with

(−�)s
pu(x) = Cn,sp lim

ε→0

∫

Rn\Bε(x)

|u(x) − u(y)|p−2[u(x) − u(y)]
|x − y|n+sp

dy

= Cn,sp PV
∫

Rn

|u(x) − u(y)|p−2[u(x) − u(y)]
|x − y|n+sp

dy,
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A direct method of moving planes 345

where Cn,sp is a normalization positive constant depending on n, s, p and s ∈ (0, 1), p > 2. PV stands for the
Cauchy principle value.

In order that the fractional p−Laplacian is well-defined, we require that

u ∈ C1,1
loc ∩ Lsp, v ∈ C1,1

loc ∩ Ltp

with

Lsp =
{

u ∈ L1
loc(R

n)

∣
∣
∣
∣

∫

Rn

|u(x)|p−1

1 + |x |n+sp
dx < +∞

}

,

Ltp =
{

u ∈ L1
loc(R

n)

∣
∣
∣
∣

∫

Rn

|u(x)|p−1

1 + |x |n+tp
dx < +∞

}

.

In fact, from u ∈ Lsp and u ∈ C1,1
loc , we have PV

∫

Rn\B1(x)
|u(x)−u(y)|p−2[u(x)−u(y)]

|x−y|n+sp dy < +∞ and

PV
∫

B1(x)
|u(x)−u(y)|p−2[u(x)−u(y)]

|x−y|n+sp dy < +∞ respectively. Interested readers may find the details in the proof of

Lemma 5.2 in the Appendix in [11]. On the regularity assumption C1,1
loc , one can see Remark 1 on page 411 in

[12] and line 19-27 on page in [14].
In the special case when p = 2, (−�)s

p becomes the well-known fractional Laplacian (−�)s . To investigate
the properties of solutions of equations involving nonlocal operators such as fractional Laplacian, Caffarelli and
Silvestre [4] introduced an extension method that transformed nonlocal problems involving fractional Laplacian
to high-dimensional local problems. This method has been successfully used to study the fractional Laplacian
equations, and has achieved a variety of meaningful results (see [5,16,18,20–23,28,30,36–39] and the references
therein). However, this method technically requires that 1

2 ≤ s < 1. Later, Chen, Li and Ou [17] removed this
restriction and developed the integral equations method. The key ingredients of this method are to introduce
the method of moving planes in an integral form, and establish the equivalence between fractional Laplacian
equation and integral equation. The details can be found in [7–9,15,19,21,26,27,31,32,34,40,42,43]. As we
know, when considering the nonlinear equations involving the fractional Laplacian, the method of moving planes
on the integral equations needs to impose extra conditions such as the monotonicity properties of nonlinear terms.

The above two methods not only need some additional conditions, but also render powerless to the following
equations involving fully nonlinear nonlocal operators

Fα(u(x)) = Cn,α lim
ε→0

∫

Rn\Bε(x)

G(u(x) − u(z))

|x − z|n+α
dz = f (u(x), v(x)). (1.2)

To circumvent these problems, a direct method of moving planes for the fractional Laplacian was introduced
by Chen, Li and Li in [12]. This method has played a significant role in studying the symmetry, monotonicity
and non-existence properties of solutions for various semilinear equations involving fractional Laplacian. Later,
Chen, Li and Li [13] improved the direct method of moving planes so that it can be applied to fully nonlinear
non-local problems (1.2). For more details, we refer readers to [6,10,25,31,33,35].

In this paper, we study the direct method of moving planes for the fractional p-Laplacian system with negative
powers. In [12] and [13], the methods rely heavily on the non-degeneracy of G(·) which means that G(·) satisfies

G ′(t) ≥ c0 > 0.

However, one difficulty arises that the fractional p-Laplacian is degenerate for p > 2 and singular for p < 2, we
cannot directly apply these methods to the fractional p-Laplacian. In order to overcome this difficulty, inspired by
the ideas from [11] and [15,41], we generalized their results and establish the corresponding two theorems- decay
at infinity and a boundary estimate in the direct method of moving planes. Futhermore, all works introduced
above relate to the system with positive powers. In [6], Cai and Ma gave the direct method of moving planes
for nonlinear fractional Laplacian equation with negative powers. To the best of our knowledge, there are no
corresponding results for p-Laplacian system with negative powers.

Our main results are as follows:

Theorem 1.1 Assume that u ∈ C1,1
loc (Rn) ∩ Lsp(R

n), v ∈ C1,1
loc (Rn) ∩ Ltp(R

n) are positive solutions of (1.1).
Suppose m1, m2 > 0,

u(x) ∼ |x |m1 , v(x) ∼ |x |m2 , as |x | su f f iciently large, (1.3)
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346 M. Qie et al.

with

max

{
sp

−α1
,

tp

−β1

}

< m1 < 1, max

{
sp

−α2
,

tp

−β2

}

< m2 < 1, (1.4)

where α1, α2, β1, β2 < 0 and f , g are continuous functions satisfying

− C1aα1 ≤ fx (a, b) < 0, 0 < gx (a, b) ≤ C2aβ1 , f or f i xed b, (a > 0);
0 < fy(a, b) ≤ C3bα2 , −C4bβ2 ≤ gy(a, b) < 0, f or f i xed a, (b > 0),

(1.5)

Ci > 0, i = 1, 2, 3, 4 and C1, C2 are independent of b, C3, C4 are independent of a. Then u(x) and v(x) must
be radially symmetric and monotone increasing about some point in R

n.

Remark 1 Regarding condition (1.3), we are inspired by [6], please see Theorem 1 and Remark 1 in [6]. Similar
conditions can also be found in [24,29].

Remark 2 If u(x) ∼ |x |m1 , v(x) ∼ |x |m2 as |x | sufficiently large, due to u ∈ Lsp and v ∈ Ltp, m1 , m2 must
be smaller than sp

p−1 , tp
p−1 respectively. Therefore, if 0 < sp ≤ 1 and 0 < tp ≤ 1, we have 0 <

sp
p−1 ≤ 1 and

0 <
tp

p−1 ≤ 1. Meanwhile, our assumptions on m1 , m2 becomes max{ sp
−α1

,
tp

−β1
} < m1 < 1 , max{ sp

−α2
,

tp
−β2

} <

m2 < 1.

In order to prove Theorem 1.1, we establish the following Decay at infinity and A Boundary Estimate theorems.
Firstly, we introduce some basic notations. Let

Tλ = {x ∈ R
n|x1 = λ}, �λ = {x ∈ R

n|x1 < λ},
xλ = (2λ − x1, x2, · · · , xn),

and

uλ(x) = u(xλ), vλ(x) = v(xλ),

Uλ(x) = u(x) − u(xλ), Vλ(x) = v(x) − v(xλ).

Theorem 1.2 (Decay at infinity) Let 	 be an unbounded domain in �λ. Assume that u ∈ C1,1
loc (	) ∩ Lsp(R

n),

v ∈ C1,1
loc (	) ∩ Ltp(R

n) are lower semi-continuous on 	̄. If

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(−�)s
pu(x) − (−�)s

puλ(x) + c11(x)Uλ(x) + c12(x)Vλ(x) ≥ 0, x ∈ 	,

(−�)t
pv(x) − (−�)t

pvλ(x) + c21(x)Uλ(x) + c22(x)Vλ(x) ≥ 0, x ∈ 	,

Uλ(x) ≥ 0, Vλ(x) ≥ 0 , x ∈ �λ\	,

Uλ(xλ) = −Uλ(x), Vλ(xλ) = −Vλ(x), x ∈ �λ,

(1.6)

with

c11(x), c12(x) ∼ o(
1

|x |sp
), c21(x), c22(x) ∼ o(

1

|x |tp
) f or |x | su f f iciently large, (1.7)

and

c11(x) > 0, c12(x) < 0, c21(x) < 0, c22(x) > 0,

then there exists a constant R0 > 0 (depending on ci j (x), but is independent of Uλ, Vλ), such that if

Uλ(x̄λ) = min
	

Uλ(x) < 0 and Vλ(x̃λ) = min
	

Vλ(x) < 0,

then
|x̄λ| ≤ R0 or |x̃λ| ≤ R0. (1.8)

Remark 3 The assumption of the minimum of Uλ(x) and Vλ(x)) in Theorem 1.2 is actually used in Theorem 1.1
under the conditions lim|x |→∞ Uλ(x) = 0, and lim|x |→∞ Vλ(x) = 0, the existence of the minimum can be guaranteed.
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A direct method of moving planes 347

Theorem 1.3 (A Boundary Estimate) Assume that Uλ0(x) > 0, x ∈ �λ0 . Suppose λk ↘ λ0 and xk ∈ �λk such
that

Uλk (xk) = min
�λk

Uλk (x) ≤ 0 and xk → x0∈ ∂�λ0 ,

let

δk = dist (xk, ∂�λk ) ≡ |λk − xk
1 |,

then

lim
δk→0

1

δk

{
(−�)s

pu(xk) − (−�)s
puλk (xk)

}
< 0. (1.9)

In Section 2, we present the proofs of Theorem 1.2 and 1.3. The symmetry and monotonicity of the positive
solutions with negative powers in R

n are established in Section 3. Finally, we will consider the following special
cases of (1.1) in Section 4:

Example 1

⎧
⎪⎨

⎪⎩

(−�)s
pu(x) = u−p1(x) − v−q1(x), x ∈ R

n,

(−�)t
pv(x) = v−p2(x) − u−q2(x), x ∈ R

n,

u(x) > 0, v(x) > 0, x ∈ R
n,

(1.10)

where p1, p2, q1, q2 > 0.

Theorem 1.4 Assume that u ∈ C1,1
loc (Rn) ∩ Lsp(R

n), v ∈ C1,1
loc (Rn) ∩ Ltp(R

n) are positive solutions of (1.10).
Suppose m1, m2 > 0,

u(x) ∼ |x |m1 , v(x) ∼ |x |m2 , as |x | su f f iciently large,

with

max

{
sp

p1 + 1
,

tp

q2 + 1

}

< m1 < 1, max

{
sp

q1 + 1
,

tp

p2 + 1

}

< m2 < 1.

Then u(x) and v(x) must be radially symmetric and monotone increasing about some point in R
n.

2 Proof of Theorem 1.2 and 1.3

To estimate I2, we need the following lemma in [11].

Lemma 2.1 [11] For G(t) = |t |p−2t , it is well-known that by the mean value theorem, we have

G(t2)−G(t1) = G ′(ξ)(t2−t1),

then there exists a constant c0 > 0, such that

|ξ | ≥ c0 max{|t2|, |t1|}.

Proof of Theorem 1.2 Assume that there exists a point x̄ ∈ 	̄ such that

Uλ(x̄) = min
	̄

Uλ(x) < 0. (2.1)
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348 M. Qie et al.

For simplicity of writing, we denote G(t) = |t |p−2t . Obviously, G(t) is a strictly increasing function and
G ′(t) = (p − 1)|t |p−2 ≥ 0. Then

(−�)s
pu(x̄) − (−�)s

puλ(x̄)

= Cn,sp PV
∫

Rn

G(u(x̄)−u(y))−G(uλ(x̄)−uλ(y))

|x̄−y|n+sp
dy

= Cn,sp PV
∫

�λ

G(u(x̄)−u(y))−G(uλ(x̄)−uλ(y))

|x̄−y|n+sp
dy

+Cn,sp PV
∫

�λ

G(u(x̄)−uλ(y))−G(uλ(x̄)−u(y))

|x̄−yλ|n+sp
dy

= Cn,sp PV
∫

�λ

[
1

|x̄−y|n+sp
− 1

|x̄−yλ|n+sp

]

[G(u(x̄)−u(y))−G(uλ(x̄)−uλ(y))]dy

+Cn,sp PV
∫

�λ

G(u(x̄)−u(y))−G(uλ(x̄)−uλ(y))+G(u(x̄)−uλ(y))−G(uλ(x̄)−u(y))

|x̄−yλ|n+sp
dy

= Cn,sp{I1 + I2}. (2.2)

For I1, since (1.6) and (2.1), we have

[u(x̄)−u(y)]−[uλ(x̄)−uλ(y)] = Uλ(x̄)−Uλ(y) ≤ 0, but �≡ 0,

for all y ∈ �λ.

Then it follows from the strict monotonicity of G(·) that

G(u(x̄)−u(y))−G(uλ(x̄)−uλ(y)) ≤ 0, but �≡ 0,

for all y ∈ �λ.

Hence, from the fact that 1
|x̄−y| > 1

|x̄−yλ| , ∀ x̄, y ∈ �λ, we obtain

I1 < 0. (2.3)

By using the mean value theorem, there exist ξ(y), η(y) satisfying u(x̄)−u(y) < ξ(y) < uλ(x̄)−u(y),
u(x̄)−uλ(y) < η(y) < uλ(x̄)−uλ(y) such that

I2 =
∫

�λ

G(u(x̄)−u(y))−G(uλ(x̄)−u(y))+G(u(x̄)−uλ(y))−G(uλ(x̄)−uλ(y))

|x̄−yλ|n+sp
dy

= Uλ(x̄)

∫

�λ

G ′(ξ(y))+G ′(η(y))

|x̄−yλ|n+sp
dy.

From u(x̄)−u(y) < ξ(y) < uλ(x̄)−u(y), one has F(y) := |u(x̄)−u(y)|p−2 + |uλ(x̄)−u(y)|p−2 > 0.

By the continuity of F(y) in B̄λ|x̄ |(x1) ⊂ �λ, where Bλ|x̄ |(x1) is the reflection of B|x̄ |(x1) ⊂ R
n\�λ with

x1 = (3|x̄ | + x̄1, (x̄)′) about the plane Tλ, there exists m > 0 such that F(y) ≥ m for any y ∈ B̄λ|x̄ |(x1).
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A direct method of moving planes 349

Hence, from the fact that G ′(t) = (p − 1)|t |p−2 ≥ 0 and Uλ(x̄) < 0, Lemma 2.1, one has

I2 ≤ Uλ(x̄)

∫

�λ

G ′(ξ(y))

|x̄−yλ|n+sp
dy

≤ Uλ(x̄)

∫

�λ

c0(p − 1)F(y)

2|x̄−yλ|n+sp
dy

≤ c0(p − 1)

2
Uλ(x̄)

∫

B̄λ|x̄ |(x1)

F(y)

|x̄−yλ|n+sp
dy

≤ mc0(p − 1)

2
Uλ(x̄)

∫

B̄λ|x̄ |(x1)

1

|x̄−yλ|n+sp
dy

= mc0(p − 1)

2
Uλ(x̄)

∫

B̄|x̄ |(x1)

1

|x̄−y|n+sp
dy

≤ mc0(p − 1)

2
Uλ(x̄)

∫

B̄|x̄ |(x1)

1

4n+sp|x̄ |n+sp
dy

≤ c1

|x̄ |sp
Uλ(x̄).

(2.4)

Where c1 = mcc0(p−1)
2 .

Combining (2.2)-(2.4), we have

(−�)s
pu(x̄) − (−�)s

puλ(x̄) ≤ c1

|x̄ |sp
Uλ(x̄), (2.5)

and

0 ≤ (−�)s
pu(x̄) − (−�)s

puλ(x̄) + c11(x̄)Uλ(x̄) + c12(x̄)Vλ(x̄)

≤
(

c1

|x̄ |sp
+ c11(x̄)

)

Uλ(x̄) + c12(x̄)Vλ(x̄).
(2.6)

Due to c11(x̄) > 0 and c12(x̄) < 0, from (2.6), we deduce that

Vλ(x̄) < 0, (2.7)

and

Uλ(x̄) ≥ −c12(x̄)|x̄ |spVλ(x̄)

c1 + c11(x̄)|x̄ |sp
. (2.8)

Moreover, by the assumption of Vλ(x), there exists x̃ ∈ 	̄ such that

Vλ(x̃) = min
	̄

Vλ(x) < 0,

then similar to (2.5), we have

(−�)t
pv(x̃) − (−�)t

pvλ(x̃) ≤ c2

|x̃ |tp
Vλ(x̃) < 0. (2.9)
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Combining (1.6), (2.8) and (2.9), for λ sufficiently negative, we derive that

0 ≤ (−�)t
pv(x̃) − (−�)t

pvλ(x̃) + c21(x̃)Uλ(x̃) + c22(x̃)Vλ(x̃)

≤
(

c2

|x̃ |tp
+ c22(x̃)

)

Vλ(x̃) + c21(x̃)Uλ(x̃)

≤
(

c2

|x̃ |tp
+ c22(x̃)

)

Vλ(x̃) + c21(x̃)Uλ(x̄)

≤ c2 + c22(x̃)|x̃ |tp

|x̃ |tp
Vλ(x̃) − c12(x̄)|x̄ |spc21(x̃)

c1 + c11(x̄)|x̄ |sp
Vλ(x̄)

≤ c2 + c22(x̃)|x̃ |tp

|x̃ |tp
Vλ(x̃) − c12(x̄)|x̄ |spc21(x̃)

c1 + c11(x̄)|x̄ |sp
Vλ(x̃)

=
[

c2 + c22(x̃)|x̃ |tp

|x̃ |tp
− c12(x̄)|x̄ |spc21(x̃)

c1 + c11(x̄)|x̄ |sp

]

Vλ(x̃)

=
[
(c2 + c22(x̃)|x̃ |tp)(c1 + c11(x̄)|x̄ |sp) − c12(x̄)c21(x̃)|x̃ |tp|x̄ |sp

|x̃ |tp(c1 + c11(x̄)|x̄ |sp)

]

Vλ(x̃)

< 0.

The last inequality follows from assumption (1.7). This contradiction shows that (1.8) must be true for at least
one of x̄ and x̃ .

This completes the proof of Theorem 1.2. ��
Proof of Theorem 1.3 Similar to (2.2), we derive that

1

δk

{
(−�)s

pu(xk) − (−�)s
puλk (xk)

}

= Cn,sp

δk
PV

∫

�λk

[
1

|xk −y|n+sp
− 1

|xk −yλk |n+sp

] [
G(u(xk)−u(y))−G(uλk (xk)−uλk (y))

]
dy

+Uλk (xk)

δk
Cn,sp PV

∫

�λk

G ′(ξ(y))+G ′(η(y))

|xk −yλk |n+sp
dy

= Cn,sp PV {I1k + I2k}, (2.10)

here

u(xk)−u(y) < ξ(y) < uλk (xk)−u(y),

u(xk)−uλk (y) < η(y) < uλk (xk)−uλk (y).

Obviously, from (2.10),
I2k ≤ 0. (2.11)

Next, we estimate I1k . Applying the mean value theorem yields

1

δk

[
1

|xk −y|n+sp
− 1

|xk −yλk |n+sp

]

= 1

δk

[

− n + sp

2|ηk(y)|n+sp+2

] (
|xk −y|2−|xk −yλk |2

)

= 1

δk

[

− n + sp

2|ηk(y)|n+sp+2

]

(−4)(y1−λk)
(

xk
1 −λk

)

= 2(n + sp)(λk −y1)

|ηk(y)|n+sp+2

→ 2(n + sp)(λ0−y1)

|η0(y)|n+sp+2 , as k → ∞,

(2.12)
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here

|xk −y| ≤ |ηk(y)| ≤ |xk −yλk |,
|x0−y| ≤ |η0(y)| ≤ |x0−yλ0 |,

and

ηk(y) = |xk −y| + θ
(
|xk −yλk | − |xk −y|

)
,

η0(y) = |x0−y| + θ
(
|x0−yλ0 | − |x0−y|

)
.

Obviously, the last term in (2.12) is strictly positive in �λ0 (it may be +∞ at some point y).
Meanwhile, by the fact that

[
u(x0)−u(y)

]
−

[
uλ0(x0)−uλ0(y)

]
= Uλ0(x0)−Uλ0(y) < 0,

for all y ∈ �λ0 , and the strict monotonicity of G(·), we have

G(u(xk)−u(y))−G(uλk (xk)−uλk (y)) → G(u(x0)−u(y))−G(uλ0(x0)−uλ0(y)) < 0,

as k → ∞.
Therefore,

lim
k→∞ I1k < 0. (2.13)

Combining (2.10), (2.11) and (2.13), we arrive at (1.9).
This completes the proof of Theorem 1.3. ��

3 Symmetry and Monotonicity in R
n

Proof of Theorem 1.1 Let xλ, uλ(x), vλ(x), Uλ(x), Vλ(x), Tλ, �λ as defined in Section 1. Notice that, |x | ≥ |xλ|
for x ∈ �λ, λ ≤ 0. We first show that for x ∈ �λ,

lim|x |→∞ Uλ(x) = 0, (3.1)

and
lim|x |→∞ Vλ(x) = 0. (3.2)

Recall Uλ(x) ∼ |x |m1 −|xλ|m1 , for |x | large, we need the following lemma in [6] to estimate |x |m1 −|xλ|m1 .
��
Lemma 3.1 [6] For any σ > 1 and e < f , there exists N = N (σ ) > 0 such that

eσ − f σ ≤ (e − f )N (σ )(eσ−1 + f σ−1).

From Lemma 3.1, for λ ≤ 0, taking e = |xλ|m1 , f = |x |m1 , σ = 1
m1

, we have

|xλ|2 − |x |2
|xλ|m1 − |x |m1

= e2σ − f 2σ

e − f
= (eσ + f σ )(eσ − f σ )

e − f
≥ N (σ )(eσ−1 + f σ−1)(eσ + f σ ).

Then

0 ≤ |x |m1 − |xλ|m1 = f − e ≤ f 2σ − e2σ

N (σ )(eσ−1 + f σ−1)(eσ + f σ )

= f σ − eσ

N (σ )
· 1

eσ−1 + f σ−1

= |x |2 − |xλ|2
|x | + |xλ| · 1

N (σ )(eσ−1 + f σ−1)

= 4λx1 − 4λ2

|x | + |xλ| · 1

N (σ )(eσ−1 + f σ−1)

→ 0, as |x | → ∞.
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The last terms follows from the fact that 4λx1−4λ2

|x |+|xλ| is bounded for fixed λ ≤ 0.
Therefore, for λ ≤ 0, we have

lim|x |→∞ Uλ(x) = 0.

Similarly, let a = |xλ|m2 , b = |x |m2 , σ = 1
m2

, we can also derive that for λ ≤ 0,

lim|x |→∞ Vλ(x) = 0.

Thus, (3.1) and (3.2) hold. It implies that if Uλ(x), Vλ(x) are negative somewhere in �λ, then the negative
minimum of Uλ(x), Vλ(x) must be attained in the interior of �λ.

In the following, by employing the method of moving planes, we carry out the proof in two steps.
Step 1. We show that for λ sufficiently negative,

Uλ(x), Vλ(x) ≥ 0, x ∈ �λ. (3.3)

If not, we can assume that there exists some x̄ ∈ �λ such that

Uλ(x̄) = min
�λ

Uλ(x) < 0.

On one hand, similar to (2.5), we can get

(−�)s
pu(x̄) − (−�)s

puλ(x̄) ≤ C1

|x̄ |sp
Uλ(x̄) < 0. (3.4)

On the other hand, we have

(−�)s
pu(x̄) − (−�)s

puλ(x̄)

= f (u(x̄), v(x̄)) − f (uλ(x̄), vλ(x̄))

= f (u(x̄), v(x̄)) − f (uλ(x̄), v(x̄)) + f (uλ(x̄), v(x̄)) − f (uλ(x̄), vλ(x̄))

= fx (ξλ(x̄), v(x̄))Uλ(x̄) + fy(uλ(x̄), ηλ(x̄))Vλ(x̄),

(3.5)

here ξλ(x̄) between u(x̄) and uλ(x̄), ηλ(x̄) between v(x̄) and vλ(x̄).
Similarly, for x̄ ∈ �λ, we can also deduce that

(−�)t
pv(x̄) − (−�)t

pvλ(x̄)

= gx (ξ̂λ(x̄), v(x̄))Uλ(x̄) + gy(uλ(x̄), η̂λ(x̄))Vλ(x̄),
(3.6)

here ξ̂λ(x̄) between u(x̄) and uλ(x̄), η̂λ(x̄) between v(x̄) and vλ(x̄).
Combining (3.5) and (3.6), for x̄ ∈ �λ, we have the following system of equations

{
(−�)s

pu(x̄) − (−�)s
puλ(x̄) + c11(x̄)Uλ(x̄) + c12(x̄)Vλ(x̄) = 0,

(−�)t
pv(x̄) − (−�)t

pvλ(x̄) + c21(x̄)Uλ(x̄) + c22(x̄)Vλ(x̄) = 0,
(3.7)

where

c11(x̄) = − fx (ξλ(x̄), v(x̄)), c12(x̄) = − fy(uλ(x̄), ηλ(x̄)),

c21(x̄) = −gx (ξ̂λ(x̄), v(x̄)), c22(x̄) = −gy(uλ(x̄), η̂λ(x̄)).

Using (3.4) and (3.5), we obtain

0 >
C1

|x̄ |sp
Uλ(x̄) ≥ fx (ξλ(x̄), v(x̄))Uλ(x̄) + fy(uλ(x̄), ηλ(x̄))Vλ(x̄).

It follows from (1.5) that
Vλ(x̄) < 0. (3.8)

123



A direct method of moving planes 353

Then, (3.8) implies that there exists some x̃ such that

Vλ(x̃) = min
�λ

Vλ(x) < 0.

Through a similar proof, one can show that

Uλ(x̃) < 0,

and for x̃ ∈ �λ, we derive that
{

(−�)s
pu(x̃) − (−�)s

puλ(x̃) + c11(x)Uλ(x̃) + c12(x̃)Vλ(x̃) = 0,

(−�)t
pv(x̃) − (−�)t

pvλ(x̃) + c21(x̃)Uλ(x̃) + c22(x̃)Vλ(x̃) = 0,
(3.9)

here
c11(x̃) = − fx (ξλ(x̃), v(x̃)), c12(x̃) = − fy(uλ(x̃), ηλ(x̃)),

c21(x̃) = −gx (ξ̂λ(x̃), v(x̃)), c22(x̃) = −gy(uλ(x̃), η̂λ(x̃)).

According to (1.3), (1.4) and (1.5), for |x | sufficiently large, one can get

c11(x), c12(x) ∼ o(
1

|x |sp
),

c21(x), c22(x) ∼ o(
1

|x |tp
).

Here we only give the proof of c11(x̄) ∼ o
(

1
|x̄ |sp

)
for |x̄ | sufficiently large.

In fact, from Uλ(x̄) < 0, one has u(x̄) < ξλ(x̄) < uλ(x̄), and then by (1.5) and (1.3), one can get

c11(x̄) = − fx (ξλ(x̄), v(x̄)) < C1uα1(x̄) ≤ CC1|x |α1m1 .

Hence by (1.4), it follows that

0 ≤ lim|x |→∞
c11(x̄)

|x |−sp
≤ lim|x |→∞

|x |α1m1

|x |−sp
= lim|x |→∞ |x |α1m1+sp = 0.

Namely, c11(x̄) ∼ o( 1
|x̄ |sp ) for |x̄ | sufficiently large.

Now, taking 	 = �λ, by Theorem 1.2 (Decay at infinity), for λ sufficiently negative (Less than −R0 in
Theorem 1.2), it holds that one of Uλ(x) and Vλ(x) must be positive in �λ. Without loss of generality, we assume
that

Uλ(x) ≥ 0, x ∈ �λ. (3.10)

In the following, we prove that for λ sufficiently negative,

Vλ(x) ≥ 0, x ∈ �λ. (3.11)

If (3.11) is false, from (3.1), Vλ(x) must attain its negative minimum in �λ. Then there exists x0 ∈ �λ such
that

Vλ(x0) = min
�λ

Vλ(x) < 0.

From the previous argument, we have

(−�)t
pv(x0) − (−�)t

pvλ(x0) ≤ C ′
1Vλ(x0)

|x0|tp
< 0,

and
(−�)t

pv(x0) − (−�)t
pvλ(x0) = gx (ξ̂λ(x0), v(x0))Uλ(x0) + gy(uλ(x0), η̂λ(x0))Vλ(x0)

> 0.

This contradiction shows that (3.11) must be true for λ sufficiently negative.
Combining (3.10) and (3.11), we arrive at (3.3). This completes Step 1.
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Step 2. Step 1 provides a starting point to move the plane Tλ. Now we move the plane to the right as long as
(3.3) holds to its limiting position. More precisely, define

λ0 = sup{λ ≤ 0|Uμ(x), Vμ(x) ≥ 0, x ∈ �μ, μ ≤ λ}.
Now we want to prove u and v are symmetric about the limiting plane Tλ0 , or

Uλ0(x) ≡ 0, Vλ0(x) ≡ 0, x ∈ �λ0 . (3.12)

If (3.12) is false, then Uλ0(x) �≡ 0 or Vλ0(x) �≡ 0, x ∈ �λ0 . Futhermore, through the following two claims,
we derive that

Uλ0(x) > 0, Vλ0(x) > 0, x ∈ �λ0 . (3.13)

Claim 1 If Uλ0(x) ≡ 0, then Vλ0(x) ≡ 0. If Vλ0(x) ≡ 0, then Uλ0(x) ≡ 0.

Proof If Vλ0(x) ≡ 0, then v(x) ≡ vλ0(x). According to the definition of fractional p-Laplacian,

(−�)t
pv(x) − (−�)t

pvλ0(x)

= Cn,sp PV
∫

Rn

G(v(x)−v(y))−G(vλ0(x)−vλ0(y))

|x−y|n+tp
dy

= 0.

(3.14)

Similar to (3.6), we have

(−�)t
pv(x) − (−�)t

pvλ0(x)

= gx ( ˆξλ0(x), v(x))Uλ0(x) + gy(uλ0(x), ˆηλ0(x))Vλ0(x).
(3.15)

By (3.14) and the assumption (1.5), we have Uλ0(x) ≡ 0. Similarly, we can prove the first conclusion. ��
Claim 2 If Uλ0(x) �≡ 0 or Vλ0(x) �≡ 0, x ∈ �λ0 , then

Uλ0(x) > 0 and Vλ0(x) > 0, x ∈ �λ0 .

Proof Without loss of generality, we assume that Uλ0(x) �≡ 0, x ∈ �λ0 .
In Step 1, we have obtained

Uλ0(x) ≥ 0 and Vλ0(x) ≥ 0, x ∈ �λ0 . (3.16)

In the following, we prove Uλ0(x) > 0, x ∈ �λ0 .
If not, then there exists a point x0 ∈ �λ0 such that

Uλ0(x0) = 0. (3.17)

On one hand, similar to (2.2), we derive that

(−�)s
pu(x0) − (−�)s

puλ0(x0)

= Cn,sp PV
∫

�λ0

[
1

|x0−y|n+sp
− 1

|x0−yλ0 |n+sp

]

[G(u(x0)−u(y))−G(uλ0(x0)−uλ0(y))]dy

+Cn,sp PV
∫

�λ0

G(u(x0)−u(y))−G(uλ0(x0)−uλ0(y))+G(u(x0)−uλ0(y))−G(uλ0(x0)−u(y))

|x0−yλ0 |n+sp
dy

= Cn,sp{I1 + I2}. (3.18)

For I1, combining (3.16) and (3.17), we have

[u(x0)−u(y)]−[uλ0(x0)−uλ0(y)] = Uλ0(x0)−Uλ0(y) ≤ 0, but �≡ 0.

It follows from the strict monotonicity of G(·) that

G(u(x0)−u(y))−G(uλ0(x0)−uλ(y)) ≤ 0, but �≡ 0.
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Hence, from the fact that

1

|x0−y| >
1

|x0−yλ0 | , x0, y ∈ �λ0 .

we obtain
I1 < 0. (3.19)

Next, we estimate I2. According to (3.17), we have

I2 =
∫

�λ0

G(u(x0)−u(y))−G(uλ0(x0)−u(y))+G(u(x0)−uλ0(y))−G(uλ0(x0)−uλ0(y))

|x0−yλ|n+sp
dy

= 0. (3.20)

Combining (3.18), (3.19) and (3.20), we can deduce that

(−�)s
pu(x0) − (−�)s

puλ0(x0) < 0.

On the other hand, by (1.1) and (1.5), we have

(−�)s
pu(x0) − (−�)s

puλ0(x0)

= fx (ξλ0(x0), v(x0))Uλ0(x0) + fy(uλ0(x0), ηλ0(x0))Vλ0(x0)

≥ 0.

This contradiction shows that
Uλ0(x) > 0, x ∈ �λ0 . (3.21)

Next, we prove Vλ0(x) > 0, x ∈ �λ0 . According to the second conclusion of Claim 1 and (3.21), we have
Vλ0(x) �≡ 0. Repeating the above process of Claim 2, one can easily get

Vλ0(x) > 0, x ∈ �λ0 .

Therefore, we complete the proof of Claim 2. ��
By the definition of λ0, there exists a sequence λk ↘ λ0 and xk ∈ �λk such that either Uλk (xk) < 0 or

Vλk (xk) < 0. Without loss of generality, we assume that Uλk (xk) < 0 and regard xk as its minimum point, then
we have

Uλk (xk) = min
�λk

Uλk (x) < 0 and ∇Uλk (xk) = 0, (3.22)

and

(−�)s
pu(xk) − (−�)s

puλk (xk)

= fx (ξλk (xk), v(xk))Uλk (xk) + fy(uλk (xk), ηλk (xk))Vλk (xk). (3.23)

For the sequence {xk}∞k=1, there are two possible cases:
Case 1 The sequence {xk}∞k=1 contains a bounded subsequence. Then there exists a subsequence of {xk} (for

convenience, we still denote {xk}) that converges to some point x0, i.e. lim
k→∞ xk = x0. According to (3.22) and

the continuity of Uλ(x) and its derivative with respect to both x and λ, we have

Uλ0(x0) ≤ 0, (hence x0 ∈ ∂�λ0 = Tλ0) and ∇Uλ0(x0) = 0. (3.24)

Also, (3.22) implies

0 = ∂

∂x1
Uλk (xk)

= ∂u

∂x1
(xk

1 , (xk)′) + ∂u

∂x1
(2λk − xk

1 , (xk)′). (3.25)
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Taking k → ∞ in (3.25), and by (3.24), we deduce that

∂u

∂x1
(x0) = 0. (3.26)

Dividing both sides of (3.23) by δk = |λk − xk
1 | = λk − xk

1 , we derive that

lim
k→∞

1

δk
{(−�)s

pu(xk) − (−�)s
puλk (xk)}

= lim
k→∞{ fx (ξλk (xk), v(xk))

Uλk (xk)

δk
+ fy(uλk (xk), ηλk (xk))

Vλk (xk)

δk
}. (3.27)

Noticing that as k → ∞, we have

δk → 0, xk → x0,

fx (ξλk (xk), v(xk)) → fx (u(x0), v(x0)), fy(uλk (xk), ηλk (xk)) → fy(u(x0), v(x0)), (3.28)

and
Uλk (xk)

δk
=u(xk

1 , (xk)′) − u(2λk − xk
1 , (xk)′)

|λk − xk
1 |

=
∂u
∂x1

(θk, (xk)′) · 2(xk
1 − λk)

λk − xk
1

= −2
∂u

∂x1
(θk, (xk)′) → 0,

(3.29)

here θk is between xk
1 and 2λk − xk

1 .
Furthermore, we can obtain

lim
δk→0

Vλk (xk)

δk
= lim

δk→0

∂v
∂x1

(ζ k, (xk)′) · 2(xk
1 − λk)

λk − xk
1

= −2
∂v

∂x1
(x0), (3.30)

here both 2λk − xk
1 and ζ k are between xk

1 and 2λk − xk
1 .

Since Vλ0(x) > 0 if x ∈ �λ0 and Vλ0(x) = 0 if x ∈ Tλ0 , then we have
∂Vλ0
∂x1

(x0) ≤ 0. It implies that

0 ≥ ∂Vλ0

∂x1
(x0) = 2

∂v

∂x1
(x0). (3.31)

Combining (1.5), (3.28)-(3.31), we have

lim
δk→0

1

δk
{(−�)s

pu(xk) − (−�)s
puλk (xk)} ≥ 0,

which contradicts with Theorem 1.3 (A Boundary Estimate).
Thus,

Uλ0(x) ≡ 0, Vλ0(x) ≡ 0, x ∈ �λ0 .

Case 2 The sequence {xk}∞k=1 is an unbounded subsequence. We can express it as lim
k→∞ |xk | = ∞. In this

case, there exists N > 0 such that for all k > N , |xk | sufficiently large.
From (3.22), combining the definition of fractional p-Laplacian and (1.1), we have

0 >(−�)s
pu(xk) − (−�)s

puλ(xk)

= fx (ξλk (xk), v(xk))Uλk (xk) + fy(uλk (xk), ηλk (xk))Vλ(xk).

It follows from assumption (1.5) that for k > N ,

Vλk (xk) < 0.
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Hence, there exists yk ∈ �λk such that

Vλk (yk) = min
�λk

Vλk (y) < 0.

Repeating the process of Step 1, we know that xk and yk satisfy the conditions in Theorem 1.2 (Decay at infinity).
Thus,

|xk | ≤ R0 or |yk | ≤ R0,

here R0 > 0 (independent of Uλ and Vλ). However, because of the assumption of |xk | sufficiently large, we only
have |yk | ≤ R0. It yields that {yk}∞k=N+1 contains a bounded subsequence.

Similar to Case 1, we can also get a contradiction in this case.
Since the x1 direction can be chosen arbitrarily, we actually indicate that u(x) and v(x) are radically symmetric

about some point x0. Also, the monotonicity of solutions follows easily from the argument.
Thus, we complete the proof of Theorem 1.1.

4 Application to the p-Laplacian system

Proof of Theorem 1.4 Taking

α1 = −p1 − 1, α2 = −q1 − 1, β1 = −q2 − 1, β2 = −p2 − 1,

and letting

f (u(x), v(x)) = u−p1(x) − v−q1(x), g(u(x), v(x)) = v−p2(x) − u−q2(x),

through some direct calculations, we obtain f and g satisfying the assumption (1.5). Then from Theorem 1.1,
u(x) and v(x) must be radially symmetric and monotone increasing about some point in R

n . ��
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