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Abstract In this work, we introduce the concept of relative annihilator of a subset of a bounded commutative
residuated lattice L with respect to an ideal and investigate related properties. We show that the relative annihilator
of an ideal J with respect to an ideal I is the pseudo-complement of J with respect to I within the lattice of all
ideals of L . We also study essential ideals, involutory ideals with their properties, and give some characterizations
of prime ideals.

Keywords Bounded commutative residuated lattice · Ideal · Prime ideal · Relative annihilator · Essential ideal ·
Involutory ideal

1 Introduction

Non classical logic is closely related to logical algebraic systems and it is well-known that the algebraic study of
logical systems plays a significant role in artificial intelligence - see for instance [16,19]. Such systems are usually
modeled as partially ordered sets together with suitable operations reflecting their properties. The residuation,
for example, is a fundamental concept on ordered structures, and residuated lattices are obtained by adding a
residuated monoid operation on lattices. The study of such objects originated in the context of the set of ideals
in ring theory in the 1930’s [20], since the collection of all two-sided ideals of a ring forms a lattice upon which
one can impose a natural monoid structure turning this object into a residuated lattice.

Previous works on residuated lattices including [6,11,15,18] were more focused on filters, while the notion
of ideal has only recently been developed in residuated lattices. Indeed, it was in 2013 that Lele and Nganou [12]
presented the notion of ideal in BL-algebras as a natural generalization of ideal in MV-algebras, which made it
possible to study ideals in residuated lattices. In 2015, Busneag et al. [4] defined the notion of ideal in residuated
lattices, generalizing that of BL-algebras. A year later, Luo [14] pursued by giving some characterizations of ideals
and by building a congruence relation induced by an ideal. This congruence relation was later on revised by Liu
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360 A. G. Tallee Kakeu et al.

et al. [13], who set forth the concept of fuzzy ideals in residuated lattices. Recently, Piciu [17] defined a spectral
topology on ideals of residuated lattices. Since ideals and filters are not dual notions in bounded commutative
residuated lattices, this work seeks to expand the investigation on some classes of ideals in residuated lattices
by introducing relative annihilators (which is not the dual notion of relative co-annihilators). This enable us to
characterize essential relative ideals , and study involutory ideals, along with their properties; we find out that
the set of involutory ideals endowed with suitable operations is a boolean algebra. We note that the definition of
relative annihilators in bounded commutative residuated lattices (Definition 3.1) generalize the one given in BL-
algebras [21]. Moreover, using the congruence relation stated by Liu et al. in [13], we give some characterizations
of prime ideals, then define annihilators in the quotient set of a bounded commutative residuated lattice.

The paper is divided into 4 sections: The first section describes bounded commutative residuated lattices,
defines key terms and properties. In section 2, we introduce the notion of relative annihilators in a bounded
commutative residuated lattice and present some related properties. Next, we define and characterize essential
relative ideals. Afterwards, in section 3, we define involutory ideals of a bounded commutative residuated lattice
and provide a set of examples followed by an outline of some of their properties. Based on these, we show that
the set of all involutory ideals relative to an ideal I , endowed with some operations forms a Boolean algebra. We
begin the last section with some characterizations of prime ideals, and finally define annihilators in the quotient
set of a bounded commutative residuated lattice.

2 Preliminaries

In this section we recall necessary notions and results for the sequel of the paper. Recall that a bounded commu-
tative residuated lattice [20] is an algebraic structure (L ,∨,∧,�,→, 0, 1) of type (2, 2, 2, 2, 0, 0), satisfying
the following three conditions:

L1) (L ,∨,∧, 0, 1) is a bounded lattice;
L2) (L ,�, 1) is a commutative ordered monoid;
L3) For every x, y, z ∈ L , x ≤ y → z iff x � y ≤ z.

The main examples of bounded commutative residuated lattices can be built from the unit interval [0, 1]
endowed with the structure induced by continuous t-norms. We recall that for all x in a bounded commutative
residuated lattice L , we define x ′ := x → 0, and X ′ := {x ′ : x ∈ X}, for any nonempty subset X of L .
For the following notions see [6,12,14].

Definition 2.1 We define

• an MTL-algebra as a bounded commutative residuated lattice L satisfying (x → y) ∨ (y → x) = 1, for all
x, y ∈ L (this is called prelinearity);

• an BL-algebra as an MTL-algebra where x ∧ y = x � (x → y), for all x, y ∈ L (this is called divisibility).

Following [12] we also say that a bounded commutative residuated lattice L is regular if for all x in L , x ′′ = x
(double negation) holds. Moreover, an MV-algebra is a regular BL-algebra - see [1,12].
Let L be a bounded commutative residuated lattice. For all x, y, z ∈ L , we have the following useful axioms,
see [4,6,14,20]:

(P1) x ≤ y iff x → y = 1, x � y ≤ x ∧ y, x � y ≤ x → y;
(P2) x → (y → z) = (x � y) → z = y → (x → z);
(P3) x → y ≤ (x � y′)′, x � (y → z) ≤ y → (x � z) ≤ (x � y) → (x � z);
(P4) If x ≤ y, then y → z ≤ x → z , z → x ≤ z → y, x � z ≤ y � z, y′ ≤ x ′;
(P5) x � (x → y) ≤ y, x ≤ (x → y) → y and ((x → y) → y) → y = x → y;
(P6) 1 → x = x, x → x = 1, x → 1 = 1, x ≤ y → x, x → y ≤ y′ → x ′, x ≤ x ′′, x ′′′ = x ′;
(P7) x � x ′ = 0, x � y = 0 iff x ≤ y′;
(P8) (x � y)′ = x → y′ = y → x ′ = x ′′ → y′, (x ∧ y)′ ≥ x ′ ∨ y′, (x ∨ y)′ = x ′ ∧ y′, 0′ = 1 and 1′ = 0;
(P9) x � (y ∨ z) = (x � y) ∨ (x � z), x � (y ∧ z) ≤ (x � y) ∧ (x � z),

x ∨ (y � z) ≥ (x ∨ y) � (x ∨ z);
(P10) x → (y ∧ z) = (x → y) ∧ (x → z), (x ∨ y) → z = (x → z) ∧ (y → z),

(x ∧ y) → z ≥ (x → z) ∨ (y → z), x → (y ∨ z) ≥ (x → y) ∨ (x → z);
(P11) x ′ � y′ ≤ (x � y)′, x ′′ � y′′ ≤ (x � y)′′, x ′ � y′ ≤ (x ′ → y)′.
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It is now immediate that in any bounded commutative residuated lattice L , the operation ⊕ defined by
x ⊕ y := (x ′ � y′)′, for all x, y ∈ L , is commutative, associative and compatible with the order [4].
However, the same does not hold for the operation � defined for every x, y ∈ L as x � y := x ′ → y. In fact,
one easily sees that the operation � verifies the following properties, for every x, y, z ∈ L:

(i) x � (y � z) = y � (x � z);
(ii) x � (y ∧ z) = (x � y) ∧ (x � z);

(iii) (y ∧ z) � x ≤ (y � x) ∧ (z � x);
(iv) x � (y ∨ z) ≥ (x � y) ∨ (x � z);
(v) (y ∨ z) � x ≥ (y � x) ∨ (z � x).

Contrary to what Liu et al. demonstrated in [13], the operation � is non associative, non commutative, and is
called the pseudo-addition as was pointed out in [14] by Luo. We shall though have in mind that � is compatible
with the order.
In addition, � is associative when the bounded commutative residuated lattice is a BL-algebra [12].

Before we recall the significant notions of filter and ideal in a bounded commutative residuated lattice, we
must note that a morphism between two bounded commutative residuated lattices L1 and L2 is a mapping
f : L1 −→ L2 that satisfies f (0) = 0, f (1) = 1, f (x ∧ y) = f (x) ∧ f (y), f (x ∨ y) = f (x) ∨ f (y),
f (x � y) = f (x) � f (y) and f (x → y) = f (x) → f (y), for all x, y ∈ L1. In addition, if L1 = L2, then f
becomes an endomorphism.

From now on, unless otherwise specified, L will always denote a bounded commutative residuated lattice
(L , ∨, ∧, �, →, 0, 1).
Recall from [6] the definition of filter.

Definition 2.2 A nonempty subset F of L is called a filter if:

(F1) For every x, y ∈ F , x � y ∈ F ;
(F2) For every x, y ∈ L , if x ≤ y and x ∈ F , then y ∈ F .

Another way to describe filters in bounded commutative residuated lattices is the notion of deductive system.
A deductive system of a bounded commutative residuated lattice L is a nonempty subset F of L containing 1
such that for all x, y ∈ L , x → y ∈ F and x ∈ F imply y ∈ F. It is well-known that in a bounded commutative
residuated lattice, filters and deductive systems coincide [6].
We now turn to ideals and recall from [14].

Definition 2.3 A nonempty subset I of L is called an ideal of L if it satisfies:

(I1) For every x, y ∈ I , x � y ∈ I ;
(I2) For every x, y ∈ L , if x ≤ y and y ∈ I , then x ∈ I .

We denote by I(L) the set of all ideals of L .

Note that in [4] it was shown that a nonempty subset I of L is an ideal of L if and only if the following
conditions hold:

(i) For every x, y ∈ I , x ⊕ y ∈ I ;
(ii) For every x, y ∈ L , if x ≤ y and y ∈ I , then x ∈ I .

We shall notice that {0} and L are trivially ideals of L , and each ideal of L contains 0. An interesting property
of ideals is the following result:

Proposition 2.4 Let L be a bounded commutative residuated lattice, and I an ideal of L. Then, x ∈ I iff x ′′ ∈ I ,
for every x ∈ L.

Proof Assume x ∈ I . Since 0 ∈ I , we have x � 0 ∈ I , that is x ′′ = x � 0 ∈ I .
Conversely, if x ′′ ∈ I , then x ≤ x ′′ ∈ I , which implies x ∈ I . �

An ideal I of L is said to be proper if I �= L (that is 1 /∈ I ).

Definition 2.5 [9,13,17] Let P be a proper ideal of L .

(i) P is called a prime ideal of L if P is a prime element of (I(L),⊆), that is, if I, J are ideals of L and
I ∩ J ⊆ P , then I ⊆ P or J ⊆ P .
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(i) P is a prime ideal of the second kind of L if for any x, y ∈ L , x ∧ y ∈ I implies x ∈ I or y ∈ I .
(ii) We say that P is a prime ideal of third kind of L if for every x, y ∈ L , (x → y)′ ∈ P or (y → x)′ ∈ P.

We denote by SpecI d(L), the set of all prime ideals of L .

Obviously, every prime ideal of L is also a prime ideal of the second kind of L . The converse, however, is not
true, see [9]. Similarly, every prime ideal of the third kind of L is also a prime ideal of second kind of L . But the
converse, is not always guaranteed, see [13].

Nevertheless, if L is a De Morgan residuated lattice, then a prime ideal of the second kind of L is a prime
ideal of L ( or a prime ideal of the third kind of L), see [9]. The next result from [17] characterizes prime ideals.

Proposition 2.6 Let P be a proper ideal of L. Then the following are equivalent:

(i) P is prime;
(ii) x ′′ ∧ y′′ ∈ P implies x ∈ P or y ∈ P, for all x, y ∈ L.

We recall that for a lattice L with bottom element ⊥, and a, b ∈ L , the pseudo-complement of a in L is the
greatest element a∗ ∈ L such that a ∧ a∗ = ⊥, see [2].
Moreover, the relative pseudo-complement of a with respect to b is a maximal element c ∈ L such that a ∧c ≤ b.

The lattice L is said to be pseudo-complemented (or relative pseudo-complemented with respect to an element b)
if every element of L is pseudo-complemented (or relative pseudo-complemented with respect to b, respectively).

For any non empty subset X of a bounded commutative residuated lattice L , the least ideal of L containing
X ( called the ideal generated by X ) will be denoted 〈X〉, and for all x ∈ L , 〈{x}〉 will be denoted 〈x〉.
Proposition 2.7 [4,17] Let L be a bounded commutative residuated lattice, and x ∈ L. Then

(i) 〈X〉 := {a ∈ L : a ≤ x1 ⊕ ... ⊕ xn, x1, x2, ..., xn ∈ X}
(ii) 〈x〉 = {a ∈ L : a ≤ nx, for some n ≥ 1}, with nx = x ⊕ · · · ⊕ x

︸ ︷︷ ︸

n times

.

(iii) For any I ∈ I(L) , if x /∈ I , then 〈I ∪ {x}〉 = {a ∈ L : a ≤ i ⊕ nx, for some i ∈ I and n ≥ 1}.
(iv) (I(L),⊆) is a complete Heyting algebra (that is a complete pseudo-complemented distributive lattice),

where for I, J ∈ I(L), I ∧ J := I ∩ J , I ∨ J = 〈I ∪ J 〉 := {x ∈ L : x ≤ i ⊕ j, i ∈ I, j ∈ J } and
I → J := {x ∈ L : 〈x〉 ∩ I ⊆ J }.

3 Relative annihilators in bounded commutative residuated lattices

In this section, we introduce and investigate the notion of relative annihilator in bounded commutative residuated
lattices.

Definition 3.1 Let L be a bounded commutative residuated lattice, I an ideal of L , f an endomorphism of L
and X a nonempty subset of L .

(1) The set X⊥ := {a ∈ L : x ′′ ∧ a′′ = 0, for all x ∈ X} is called the annihilator of X in L;
(2) The f -relative annihilator of X with respect to I is defined by

X⊥ f
I := {a ∈ L : x ′′ ∧ f (a)′′ ∈ I, for all x ∈ X}.

If X = {x}, then X⊥ f
I is denoted by x⊥ f

I .

Moreover, when f = idL , X⊥ f
I becomes X⊥

I := {a ∈ L : x ′′ ∧ a′′ ∈ I, f or all x ∈ X} and it is called the
relative annihilator of X with respect to I .

We shall notice that X⊥{0} = X⊥ and X⊥ ⊆ X⊥
I . For the convenience of the reader we give some illustrative

examples.

Example 3.2 Let L = {0, a, b, c, d, 1}, with 0 < b < a < 1, 0 < d < c < a < 1. Define the operations → and
� by the following tables:
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→ 0 a b c d 1
0 1 1 1 1 1 1
a 0 1 b c c 1
b c 1 1 c c 1
c b 1 b 1 a 1
d b 1 b 1 1 1
1 0 a b c d 1

.

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 a b d d a
b 0 b b 0 0 b
c 0 d 0 d d c
d 0 d 0 d d d
1 0 a b c d 1

Then (L ,∧,∨,�,→, 0, 1) is a bounded commutative residuated lattice which is not an MV-algebra (see [20]).
Moreover, I = {0, c, d} is an ideal of L .
We have 0⊥

I = L , a⊥
I = b⊥

I = {0, c, d} = I, c⊥
I = d⊥

I = L , 1⊥
I = I.

A second example is at hand.

Example 3.3 Let L = {0, a, b, c, d, 1} be a lattice such that 0 < a < c < d < 1, 0 < b < c < d < 1, where a
and b are not comparable. Define the operations → and � by the following tables.

→ 0 a b c d 1
0 1 1 1 1 1 1
a b 1 b 1 1 1
b a a 1 1 1 1
c 0 a b 1 1 1
d 0 a b d 1 1
1 0 a b c d 1

.

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 a 0 a a a
b 0 0 b b b b
c 0 a b c c c
d 0 a b c c d
1 0 a b c d 1

Then (L ,∧,∨,�,→, 0, 1) is a bounded commutative residuated lattice which is not a MTL-algebra - see [11].
The ideals of L are {0}, {0, a}, {0, b} and L .
We define a map f as follows: f (0) = 0, f (a) = b, f (b) = a, f (c) = c, f (d) = d, f (1) = 1. Then f is an
endomorphism of L .
For X = {b, d} and I = {0, b}, we obtain X⊥ f

I = {0, a}.
The next result collects several properties of annihilators.

Proposition 3.4 Let I , J be ideals of L, f an endomorphism of L, X, Y nonempty subsets of L, and {Xλ; λ ∈
� �= ∅} a family of non empty subsets of L. Then the following hold:

(1) X⊥ f
I is an ideal of L

(2) If I ⊆ J , then X⊥ f
I ⊆ X⊥ f

J

(3) If X ⊆ Y , then Y ⊥ f
I ⊆ X⊥ f

I

(4)
( ∪

λ∈�
Xλ

)⊥ f
I = ∩

λ∈�

(

Xλ

)⊥ f
I

(5) X⊥ f
I = ∩

x∈X
x⊥ f

I

(6) ∩
λ∈�

(

Xλ

)⊥ f
I ⊆ ( ∩

λ∈�
Xλ

)⊥ f
I

(7) X⊥ f
( ∩
λ∈�

Iλ) = ∩
λ∈�

(

X⊥ f
Iλ

)

(8) X⊥ f
I = L if and only if X ⊆ I . Specifically, 0⊥ f

I = L and I ⊥ f
I = L

(9) 〈X〉⊥ f
I = X⊥ f

I . Particularly, ∅⊥ f
I = 0⊥ f

I = L

(10) ker( f ) ⊆ X⊥ f
{0} and L⊥ f

{0} = ker( f ).

Proof We prove each statement step by step.

(1) We have 0 ∈ X⊥ f
I , which implies X⊥ f

I is nonempty. It remains to prove the defining ideal properties.

Therefore, let a ∈ L , b ∈ X⊥ f
I such that a ≤ b. Then, f (a) ≤ f (b), which implies f (a)′′ ≤ f (b)′′, from

(P4). We obtain, x ′′ ∧ f (a)′′ ≤ f (b)′′ ∧ x ′′ ∈ I , for all x ∈ X . Therefore, x ′′ ∧ f (a)′′ ∈ I , for all x ∈ X .
Hence a ∈ X⊥ f

I .

In addition, suppose a, b ∈ X⊥ f
I . Let’s show that a � b ∈ X⊥ f

I , i.e., f (a � b)′′ ∧ x ′′ ∈ I , for all x ∈ X .
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We know that ( f (a)′ → f (b))′ ≥ f (b)′ � f (a)′ , from (P11). This implies
f (a � b)′′ = ( f (a)′ → f (b))′′ ≤ ( f (b)′ � f (a)′)′ by (P4),

i.e., for any x ∈ X , we have x ′′ ∧ f (a � b)′′ = x ′′ ∧ ( f (a) � f (b))′′ ≤ x ′′ ∧ ( f (b)′ � f (a)′)′ (P8)=
[x ′ ∨ ( f (a)′ � f (b)′)]′ (P4),(P9)≤ [(x ′ ∨ f (b)′) � (x ′ ∨ f (a)′)]′ (P6)= [(x ′ ∨ f (b)′) � (x ′ ∨ f (a)′)]′′′ (P4),(P11)≤
[(x ′ ∨ f (b)′)′′ � (x ′ ∨ f (a)′)′′]′ (P8)= [(x ′′ ∧ f (b)′′)′ � (x ′′ ∧ f (a)′′)′]′ = (x ′′ ∧ f (b)′′) ⊕ (x ′′ ∧ f (a)′′) ∈ I .
Therefore, x ′′ ∧ f (a � b)′′ ∈ I . Hence, a � b ∈ X⊥ f

I . Thus, X⊥ f
I is an ideal.

(2) Assume I ⊆ J , and let a ∈ X⊥ f
I , i.e., x ′′ ∧ f (a)′′ ∈ I ⊆ J , for any x ∈ X . Then a ∈ X⊥ f

J .

(3) If X ⊆ Y and a ∈ Y ⊥ f
I , then y′′ ∧ f (a)′′ ∈ I , for all y ∈ Y . This implies y′′ ∧ f (a)′′ ∈ I , for all y ∈ X .

Thus, a ∈ X⊥ f
I . Hence Y ⊥ f

I ⊆ X⊥ f
I .

(4) For each λ ∈ �, since Xλ ⊆ ∪
λ∈�

Xλ, we have
( ∪
λ∈�

Xλ

)⊥ f
I ⊆ (

Xλ

)⊥ f
I . Therefore

( ∪
λ∈�

Xλ

)⊥ f
I ⊆ ∩

λ∈�

(

Xλ

)⊥ f
I .

On the other hand, let a ∈ ∩
λ∈�

(

Xλ

)⊥ f
I . For any x ∈ ∪

λ∈�
Xλ, there is λ ∈ � such that x ∈ Xλ. Hence, we have

f (a)′′ ∧ x ′′ ∈ I , for all x ∈ ∪
λ∈�

Xλ. This implies a ∈ ( ∪
λ∈�

Xλ

)⊥ f
I . Therefore,

( ∪
λ∈�

Xλ

)⊥ f
I = ∩

λ∈�

(

Xλ

)⊥ f
I .

(5) It follows from (4), since X = ∪
x∈X

x .

(6) Since ∩
λ∈�

Xλ ⊆ Xλ for each λ ∈ �, we obtain from 3 that
(

Xλ

)⊥ f
I ⊆ ( ∩

λ∈�
Xλ

)⊥ f
I . Thus, ∩

λ∈�

(

Xλ

)⊥ f
I ⊆

( ∩
λ∈�

Xλ

)⊥ f
I .

(7) We have a ∈ X⊥ f
( ∩
λ∈�

Iλ) iff f (a)′′ ∧ x ′′ ∈ ∩
λ∈�

Iλ, for all x ∈ X iff f (a)′′ ∧ x ′′ ∈ Iλ, for all x ∈ X and for all

λ ∈ � iff a ∈ ∩
λ∈�

(

X⊥ f
Iλ

)

.

(8) Assume X⊥ f
I = L , and let x ∈ X . Then, x ′′ = x ′′ ∧ f (1)′′ ∈ I . i.e., x ′′ ∈ I , which implies x ∈ I , from

Proposition 2.4.
Conversely, suppose X ⊆ I , and a ∈ L , then for every x ∈ X , we have x ∈ I . This implies x ′′ ∈ I . Since
x ′′ ∧ f (a)′′ ≤ x ′′ ∈ I , we obtain x ′′ ∧ f (a)′′ ∈ I . Thus, a ∈ X⊥ f

I , and hence X⊥ f
I = L .

(9) We know that X ⊆ 〈X〉, which implies 〈X〉⊥ f
I ⊆ X⊥ f

I , from (3).

Conversely, let a ∈ X⊥ f
I and y ∈ 〈X〉. Then f (a)′′ ∧ x ′′ ∈ I , for all x ∈ X .

Since y ∈ 〈X〉, there are n ∈ N
∗ and x1, x2, ..., xn ∈ X , such that y ≤ x1 ⊕ ... ⊕ xn .

Thus, y′′ ∧ f (a)′′ ≤ f (a)′′ ∧ (x1 ⊕ ... ⊕ xn)′′.
We need to show that
f (a)′′ ∧ (x1 ⊕ ... ⊕ xn)′′ ≤ ( f (a)′′ ∧ x ′′

1 ) ⊕ ... ⊕ ( f (a)′′ ∧ x ′′
n ). We will do this by induction:

– If n = 1, we have the equality;
– If n = 2, then

f (a)′′ ∧ (x1 ⊕ x2)
′′ = f (a)′′ ∧ (x ′

1 � x ′
2)

′′′
= f (a)′′ ∧ (x ′

1 � x ′
2)

′, f rom (P6)

= ( f (a)′ ∨ (x ′
1 � x ′

2))
′, f rom (P8)

≤ (( f (a)′ ∨ x ′
1) � ( f (a)′ ∨ x ′

2))
′, f rom (P4) and (P9)

= (( f (a)′ ∨ x ′
1) � ( f (a)′ ∨ x ′

2))
′′′, f rom (P6)

≤ (( f (a)′ ∨ x ′
1)

′′ � ( f (a)′ ∨ x ′
2)

′′)′, f rom (P4) and (P11)

= (( f (a)′′ ∧ x ′′
1 )′ � ( f (a)′′ ∧ x ′′

2 )′)′, f rom (P8)

= ( f (a)′′ ∧ x ′′
1 ) ⊕ ( f (a)′′ ∧ x ′′

2 )

Thus, we obtain f (a)′′ ∧ (x1 ⊕ x2)
′′ ≤ ( f (a)′′ ∧ x ′′

1 ) ⊕ ( f (a)′′ ∧ x ′′
2 ).

Now assume that for n = k ∈ N
∗,

f (a)′′ ∧ (x1 ⊕ ... ⊕ xk)
′′ ≤ ( f (a)′′ ∧ x ′′

1 ) ⊕ ... ⊕ ( f (a)′′ ∧ x ′′
k ) holds, and let us show that it also holds

for n = k + 1, i.e.,
f (a)′′ ∧ (x1 ⊕ ... ⊕ xk ⊕ xk+1)

′′ ≤ ( f (a)′′ ∧ x ′′
1 ) ⊕ ... ⊕ ( f (a)′′ ∧ x ′′

k ) ⊕ ( f (a)′′ ∧ x ′′
k+1).

In fact,
f (a)′′ ∧ (x1 ⊕ ... ⊕ xk ⊕ xk+1)

′′ = f (a)′′ ∧ ((x1 ⊕ ... ⊕ xk)
′ � x ′

k+1)
′′′
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= f (a)′′ ∧ ((x1 ⊕ ... ⊕ xk)
′ � x ′

k+1)
′, f rom (P6)

= ( f (a)′ ∨ ((x1 ⊕ ... ⊕ xk)
′ � x ′

k+1))
′, f rom (P8)

≤ (( f (a)′ ∨ (x1 ⊕ ... ⊕ xk)
′) � ( f (a)′ ∨ x ′

k+1))
′, f rom (P4) and (P9)

= (( f (a)′ ∨ (x1 ⊕ ... ⊕ xk)
′) � ( f (a)′ ∨ x ′

k+1))
′′′, f rom (P6)

≤ (( f (a)′ ∨ (x1 ⊕ ... ⊕ xk)
′)′′ � ( f (a)′ ∨ x ′

k+1)
′′)′, f rom (P4) and (P11)

= (( f (a)′′ ∧ (x1 ⊕ ... ⊕ xk)
′′)′ � ( f (a)′′ ∧ x ′′

k+1)
′)′, f rom (P8)

= ( f (a)′′ ∧ (x1 ⊕ ... ⊕ xk)
′′) ⊕ ( f (a)′′ ∧ x ′′

k+1)≤ ( f (a)′′ ∧ x ′′
1 ) ⊕ ... ⊕ ( f (a)′′ ∧ x ′′

k ) ⊕ ( f (a)′′ ∧ x ′′
k+1), f rom hypothesis

Hence, we have f (a)′′ ∧ (x1 ⊕ ... ⊕ xn)′′ ≤ ( f (a)′′ ∧ x ′′
1 ) ⊕ ... ⊕ ( f (a)′′ ∧ x ′′

n ), for any n ∈ N
∗.

Therefore, y′′ ∧ f (a)′′ ≤ f (a)′′ ∧ (x1 ⊕ ... ⊕ xn)′′ ≤ ( f (a)′′ ∧ x ′′
1 ) ⊕ ... ⊕ ( f (a)′′ ∧ x ′′

n ) ∈ I .

Hence, y′′ ∧ f (a)′′ ∈ I , for all y ∈ 〈X〉. Hence, a ∈ 〈X〉⊥ f
I .

Thus, 〈X〉⊥ f
I = X⊥ f

I .
(10) Let a ∈ ker( f ). Then, f (a) = 0, which implies f (a)′′ = 0.

For any x ∈ X , f (a)′′ ∧ x ′′ = 0 ∈ {0}, i.e., a ∈ X⊥ f
{0} . Hence, ker( f ) ⊆ X⊥ f

{0} .

Now let a ∈ L⊥ f
{0} . Then for all x ∈ L , f (a)′′ ∧ x ′′ = 0. Particularly, taking x = f (a), we obtain

f (a)′′ = f (a)′′ ∧ f (a)′′ = 0, i.e., f (a)′′ = 0. This implies f (a)′′′ = 0′ = 1. It follows that f (a)′ = 1
which implies f (a) = 0. Hence, a ∈ ker( f ).
For the converse, from ker( f ) ⊆ X⊥ f

{0} , for X = L , we obtain ker( f ) ⊆ L⊥ f
{0} . Thus, ker( f ) = L⊥ f

{0} .

�

It is worth noting that the inclusion may be strict for (6) as we can see in the example below.

Example 3.5 Let L = {0, a, b, c, d, 1} such that 0 < a < c < d < 1, 0 < b < c < d < 1, where a and b are
not comparable. Define the operations → and � by these tables:

→ 0 a b c d 1
0 1 1 1 1 1 1
a c 1 c 1 1 1
b c c 1 1 1 1
c c c c 1 1 1
d 0 a b c 1 1
1 0 a b c d 1

.

� 0 a b c d 1
0 0 0 0 0 0 0
a 0 0 0 0 a a
b 0 0 0 0 b b
c 0 0 0 0 c c
d 0 a b c d d
1 0 a b c d 1

Then (L ,∧,∨,�,→, 0, 1) is a bounded commutative residuated lattice - see [11].
Take X = {a}, and Y = {b}. Then, for I = {0} and f = idL , we have X⊥ f

I = Y ⊥ f
I = {0} but (X ∩ Y )

⊥ f
I =

{0}⊥ f
I = L � {0} = X⊥ f

I ∩ Y ⊥ f
I .

The next result shows some compatibility properties of annihilator ideals with other operations.

Proposition 3.6 For all a, b ∈ L, and f an endomorphism of L, we have:

(i) If a ≤ b, then b⊥ f
I ⊆ a⊥ f

I ;

(ii) (a ∨ b)
⊥ f
I = a⊥ f

I ∩ b⊥ f
I = (a � b)

⊥ f
I = (b � a)

⊥ f
I .

Proof Statement (i) is easy to prove:
Assume a ≤ b. Then, 〈a〉 ⊆ 〈b〉, which implies b⊥ f

I ⊆ a⊥ f
I , from Proposition 3.4 (3) and (8).

In order to prove (i i) we first of all show that (a ∨ b)
⊥ f
I = a⊥ f

I ∩ b⊥ f
I .

Since a, b ≤ a ∨ b, we have (a ∨ b)
⊥ f
I ⊆ a⊥ f

I ∩ b⊥ f
I , from (i).

On the other hand, if x ∈ a⊥ f
I ∩ b⊥ f

I , then x ∈ a⊥ f
I and x ∈ b⊥ f

I .
This implies f (x)′′ ∧ b′′, f (x)′′ ∧ a′′ ∈ I .

But, f (x)′′ ∧ (a ∨ b)′′ (P8)= ( f (x)′ ∨ (a ∨ b)′)′ (P8)= ( f (x)′ ∨ (a′ ∧ b′))′
(P1),(P4)≤ ( f (x)′ ∨ (a′ � b′))′

(P4), (P9)≤
(( f (x)′ ∨ b′) � ( f (x)′ ∨ a′))′ (P6)= (( f (x)′ ∨ b′) � ( f (x)′ ∨ a′))′′′

(P4),(P11)≤
≤ (( f (x)′ ∨ b′)′′ � ( f (x)′ ∨ a′)′′)′ (P8)= (( f (x)′′ ∧ b′′)′ � ( f (x)′′ ∧ a′′)′)′ = ( f (x)′′ ∧ b′′) ⊕ ( f (x)′′ ∧ a′′) ∈ I .
Hence, x ∈ (a ∨ b)

⊥ f
I .
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Now we show that a⊥ f
I ∩ b⊥ f

I = (a � b)
⊥ f
I .

We have a, b ≤ a � b, which implies (a � b)
⊥ f
I ⊆ a⊥ f

I ∩ b⊥ f
I , from (i).

Conversely, let x ∈ a⊥ f
I ∩ b⊥ f

I , then x ∈ a⊥ f
I and x ∈ b⊥ f

I . i.e., b′′ ∧ f (x)′′, a′′ ∧ f (x)′′ ∈ I . This implies
(b′′ ∧ f (x)′′) ⊕ (a′′ ∧ f (x)′′) ∈ I .

But, f (x)′′ ∧ (a � b)′′
(P11)≤ f (x)′′ ∧ (b′ � a′)′ (P8)= [ f (x)′ ∨ (a′ � b′)]′ (P4),(P9)≤ [( f (x)′ ∨ b′)� ( f (x)′ ∨ a′)]′ (P6)=

[( f (x)′ ∨ b′)� ( f (x)′ ∨ a′)]′′′ (P4),(P11)≤ [( f (x)′ ∨ b′)′′ � ( f (x)′ ∨ a′)′′]′ (P8)= [( f (x)′′ ∧ b′′)′ � ( f (x)′′ ∧ a′′)′]′ =
( f (x)′′ ∧ b′′) ⊕ ( f (x)′′ ∧ a′′) ∈ I .

Therefore, f (x)′′ ∧ (a � b)′′ ∈ I . Hence, x ∈ (a � b)
⊥ f
I .

Thus a⊥ f
I ∩ b⊥ f

I = (a � b)
⊥ f
I and analogously, we obtain a⊥ f

I ∩ b⊥ f
I = (b � a)

⊥ f
I .

�

The following properties always hold for f = idL , which may not in general be the case for some homomorphisms
of bounded commutative residuated lattices.

Proposition 3.7 Let I , J be ideals of L and X, Y nonempty subsets of L.

(1) I ⊆ X⊥
I

(2) X ∩ X⊥
I ⊆ I

(3) I ⊆ X if and only if X ∩ X⊥
I = I . Particularly, X⊥

I ∩ (X⊥
I )⊥I = I

(4) Y ⊥
I ∪ X⊥

I ⊆ Y ⊥
(X⊥

I )
, X⊥

(Y ⊥
I )

and Y ⊥
(X⊥

I )
∪ X⊥

(Y ⊥
I )

⊆ (X ∧ Y )⊥I , where X ∧ Y = {x ∧ y : x ∈ X, y ∈ Y }
(5) L⊥

I = I and 1⊥
I = I

(6) When I is prime, X⊥
I = I iff X � I

(7) X ⊆ (X⊥
I )⊥I

(8) X⊥
I = ((X⊥

I )⊥I )⊥I .

Proof (1) Let a ∈ I . Then a′′ ∈ I , from Proposition 2.4.
Therefore, for all x ∈ X , x ′′ ∧ a′′ ≤ a′′ ∈ I . Thus, x ′′ ∧ a′′ ∈ I , for all x ∈ X ; i.e., a ∈ X⊥

I . Hence, I ⊆ X⊥
I .

(2) Let a ∈ X ∩ X⊥
I . Then, for any x ∈ X , we have x ′′ ∧ a′′ ∈ I . Particularly, for x = a, we obtain a′′ =

a′′ ∧ a′′ ∈ I , implying a ∈ I . Thus X ∩ X⊥
I ⊆ I .

(3) Firstly, X ∩ X⊥
I ⊆ I from (2).

Conversely, assume I ⊆ X . We know that I ⊆ X⊥
I , from (1). Therefore, I ⊆ X ∩ X⊥

I . Hence, I = X ∩ X⊥
I

In the other hand, assume X ∩ X⊥
I = I . Then, I = X ∩ X⊥

I ⊆ X .
(4) We have I ⊆ Y ⊥

I , from (1). Applying proposition 3.4 (2), we obtain X⊥
I ⊆ X⊥

(Y ⊥
I )

. Since from (1) Y ⊥
I ⊆ X⊥

(Y ⊥
I )

,

it follows that Y ⊥
I ∪ X⊥

I ⊆ X⊥
(Y ⊥

I )
.

Similarly, we obtain Y ⊥
I ∪ X⊥

I ⊆ Y ⊥
(X⊥

I )
.

In addition, let a ∈ Y ⊥
(X⊥

I )
, and z ∈ X ∧ Y . Then, there are x ∈ X, y ∈ Y such that z = x ∧ y.

Since a′′ ∧ y′′ ∈ X⊥
I , we have (a′′ ∧ y′′)′′ ∧ x ′′ ∈ I .

But (a′′ ∧ y′′)′′ ∧ x ′′ (P6)≥ (a′′ ∧ y′′) ∧ x ′′ = a′′ ∧ (y′′ ∧ x ′′)
(P4), (P8)≥ a′′ ∧ (y ∧ x)′′.

Thus, a′′ ∧ (y ∧ x)′′ ∈ I , which means a′′ ∧ z′′ ∈ I . Hence, a ∈ (X ∧ Y )⊥I .
Analogously, we show that X⊥

(Y ⊥
I )

⊆ (X ∧ Y )⊥I .

Therefore, Y ⊥
(X⊥

I )
∪ X⊥

(Y ⊥
I )

⊆ (X ∧ Y )⊥I .

(5) From (1), we obtain I ⊆ L⊥
I .

Conversely, for any x ∈ L⊥
I , we have x ′′ = 1′′ ∧ x ′′ ∈ I . Hence, x ∈ I .

Similarly, we obtain 1⊥
I = I .

(6) For I prime, assume X⊥
I = I .

Suppose by contrary that X ⊆ I . Then from Proposition 3.4 (8) , X⊥
I = L , which is a contradiction. Hence,

X � I .
Conversely, assume X � I and let a ∈ X⊥

I . Then, there is y ∈ X such that y /∈ I . i.e., a′′ ∧ y′′ ∈ I and
y /∈ I . Since I is prime, it follows that a ∈ I . Therefore X⊥

I ⊆ I . Thus, X⊥
I = I , because we always have

I ⊆ X⊥
I .
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(7) Let x ∈ X . For any a ∈ X⊥
I , we have x ′′ ∧ a′′ ∈ I , which implies x ∈ (X⊥

I )⊥I .
(8) By (7), we have X⊥

I ⊆ ((X⊥
I )⊥I )⊥I .

On the other hand, applying Proposition 3.4 (3) to the above (7), we obtain ((X⊥
I )⊥I )⊥I ⊆ X⊥

I , which
completes the proof.

�

We shall notice that (I ⊥

I )⊥I = I and (L⊥
I )⊥I = L . Moreover, in Proposition 3.7 (4), the inclusion may be strict

as in the following case:
Consider the bounded commutative residuated lattice L of Example 3.5.

For X = {a}, Y = {b} and the ideal I = {0}, we have X⊥
I = Y ⊥

I = {0} ,which implies X⊥
Y ⊥

I
= X⊥

I = {0}. But

(X ∧ Y )⊥I = (a ∧ b)⊥I = 0⊥
I = L � {0} = X⊥

Y ⊥
I

.

Corollary 3.8 Let X, Y be subsets of L and I an ideal of L. We have the following assertions:

(1) X⊥
(X⊥

I )
⊆ X(

X
(Y⊥

I )

)

(2) If X ⊆ I , then:
(a) X⊥

(X⊥
I )

= X⊥
(

X⊥
(X⊥

I )

)

(b) X⊥
(X⊥

I )
= X(

X
(Y⊥

I )

), whenever X ⊆ Y .

Proof Statement (1) is easy to show: We always have I ⊆ Y ⊥
I , from Proposition 3.7(1). Applying Proposition 3.4

(2) twice, we obtain X⊥
(X⊥

I )
⊆ X(

X
(Y⊥

I )

).

(2) Now, assume X ⊆ I .
(a) We first of all show that X⊥

(X⊥
I )

= L .

We know that X ⊆ I ⊆ X⊥
I , i.e., X ⊆ X⊥

I , which implies X⊥
(X⊥

I )
= L , from Proposition 3.4 (8).

In addition, since I ⊆ X⊥
I , applying proposition 3.4 (2) twice, we have X⊥

(X⊥
I )

⊆ X⊥
(

X⊥
(X⊥

I )

). Therefore,

L = X⊥
(X⊥

I )
⊆ X⊥

(

X⊥
(X⊥

I )

), which implies X⊥
(

X⊥
(X⊥

I )

) = L . Thus, X⊥
(

X⊥
(X⊥

I )

) = X⊥
(X⊥

I )
.

(b) Suppose X ⊆ Y . Then, from Proposition 3.4 (3), Y ⊥
I ⊆ X⊥

I . This implies

X⊥
(

X⊥
(Y⊥

I )

) ⊆ X⊥
(

X⊥
(X⊥

I )

), f rom Proposi tion 3.4 (2)

= X⊥
(X⊥

I )
, f rom (a).

Since X⊥
(X⊥

I )
⊆ X(

X
(Y⊥

I )

) from (1), it follows that X(

X
(Y⊥

I )

) = X⊥
(X⊥

I )
.

�

The next remark shows an endomorphism of a bounded commutative residuated lattice for which most properties
of Proposition 3.7 do not hold.

Remark 3.9 Consider the endomorphism f of L = {0, a, b, c, d, 1} in Example 3.3 defined by f (0) = 0,
f (a) = b, f (b) = a, f (c) = c, f (d) = d, f (1) = 1.
The ideals of L are {0} , I = {0, b}, J = {0, a} and L . We have: 0⊥ f

I = b⊥ f
I = L , a⊥ f

I = c⊥ f
I = d⊥ f

I = 1⊥ f
I =

{0, a} = J. It follows that:

(1) For X = {a}, we obtain X⊥ f
I = {0, a}. Hence, I � X⊥ f

I .

(2) Taking X = {a}, we have X⊥ f
I = {0, a}. But X ∩ X⊥ f

I = {a} � I .

(3) Let X = {0, b, d}. Then, X⊥ f
I = {0, a}. We have I ⊆ X , while X ∩ X⊥ f

I = {0} �= I .
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(4) If X = {c} and Y = {d}, then X⊥ f
I = Y ⊥ f

I = {0, a} = J . This implies Y ⊥ f

X⊥ f
I

= Y ⊥ f
J = {0, b} = I and

(X ∧ Y )
⊥ f
I = (c ∧ d)

⊥ f
I = c⊥ f

I = J . Hence, Y ⊥ f

X⊥ f
I

= I � J = (X ∧ Y )
⊥ f
I .

Also, X⊥ f
I ∪ Y ⊥ f

I = J � I = Y ⊥ f

X⊥ f
I

.

(5) L⊥ f
I = J �= I ; 1⊥ f

I = J �= I .

(6) It is easy to see that I = {0, b} is a prime ideal of L . For X = {a}, we have X � I , but X⊥ f
I = J �= I .

(7) X = {d} � J = (X⊥ f
I )

⊥ f
I .

(8) If X = {0}, then X⊥ f
I = L �= J = ((X⊥ f

I )
⊥ f
I )

⊥ f
I .

We now turn to relative pseudo-complements.

Proposition 3.10 Let I, J be ideals of L. Then J⊥
I is the relative pseudo-complement of J with respect to I in

the lattice (I(L),⊆).

Proof Assume H is an ideal of L such that J ∩ H ⊆ I . Let x ∈ H , i.e., x ′′ ∈ H . For every y ∈ J , y′′ ∈ J .
Hence, x ′′ ∧ y′′ ∈ H ∩ J ⊆ I . Therefore, x ∈ J⊥

I . Thus, H ⊆ J⊥
I .

Conversely, if H ⊆ J⊥
I , then H ∩ J ⊆ J⊥

I ∩ J ⊆ I , from Proposition 3.7 (2). �

We have the following characterization of the relative annihilator of a subset of L .

Proposition 3.11 Let I be an ideal of L and X a subset of L. Then, X⊥
I = {a ∈ L : 〈a〉 ∩ 〈X〉 ⊆ I }.

Proof Consider the set S = {a ∈ L : 〈a〉∩〈X〉 ⊆ I }. Let a ∈ S, then 〈a〉∩〈X〉 ⊆ I . Applying Proposition 3.10,
〈a〉 ∩ 〈X〉 ⊆ I iff 〈a〉 ⊆ 〈X〉⊥I , which implies a ∈ 〈a〉 ⊆ 〈X〉⊥I = X⊥

I . i.e., a ∈ X⊥
I . Hence, S ⊆ X⊥

I .
Conversely, let a ∈ X⊥

I . Since X⊥
I = 〈X〉⊥I , it follows that a ∈ 〈X〉⊥I , which implies 〈a〉 ⊆ 〈X〉⊥I . Then, from

Proposition 3.10, this is equivalent to 〈a〉∩ 〈X〉 ⊆ I . Thus, a ∈ S, and therefore X⊥
I = {a ∈ L : 〈a〉∩ 〈X〉 ⊆ I }.

�

In what follows, we will present a relation between annihilators and homomorphisms of bounded commutative
residuated lattices.

Proposition 3.12 Let f : L1 → L2 be a morphism of bounded commutative residuated lattices and ∅ �= X ⊆
L1. Then, f (X⊥) ⊆ ( f (X))⊥.

Proof For any b ∈ f (X⊥), there is a ∈ X⊥ such that b = f (a). Let y ∈ f (X). Then, there is x ∈ X such that
y = f (x). We have
b′′ ∧ y′′ = f (a)′′ ∧ f (x)′′ = f (a′′ ∧ x ′′) = f (0) = 0. Thus, b ∈ ( f (X))⊥. �

Zou et al. have shown that f (X⊥) is not always an annihilator [21].

Proposition 3.13 Let f : L1 → L2 be a surjective morphism of bounded commutative residuated lattices and
∅ �= Y ⊆ L2. Then, ( f −1(Y ))⊥ ⊆ f −1(Y ⊥).

Proof Let a ∈ ( f −1(Y ))⊥ and y ∈ Y . Since f is surjective, there is x ∈ L such that y = f (x). Then, a′′∧x ′′ = 0.
It follows that f (a)′′ ∧ y′′ = f (a)′′ ∧ f (x)′′ = f (a′′ ∧ x ′′) = f (0) = 0. Hence, f (a) ∈ Y ⊥ which implies
a ∈ f −1(Y ⊥). �

It is shown in [21] that f −1(Y ⊥) may not be an annihilator of a subset of a bounded commutative residuated
lattice.

Proposition 3.14 Let f : L1 → L2 be a morphism of bounded commutative residuated lattices and ∅ �= X ⊆
L1. Then, f (X⊥) = ( f (X))⊥ iff f (X⊥) = ( f (X⊥))⊥⊥ and ( f (X))⊥ ∩ ( f (X⊥))⊥ = {0}.
Proof Assume f (X⊥) = ( f (X))⊥. Then, ( f (X⊥))⊥⊥ = ( f (X))⊥⊥⊥ = ( f (X))⊥ = f (X⊥) and ( f (X))⊥ ∩
( f (X⊥))⊥ = ( f (X))⊥ ∩ ( f (X))⊥⊥ = {0}.
Conversely, we first recall from Proposition 3.12 that f (X⊥) ⊆ ( f (X))⊥. In addition, since ( f (X))⊥ ∩
( f (X⊥))⊥ = {0}, then( f (X))⊥ ⊆ ( f (X⊥))⊥⊥ = f (X⊥).
Hence, f (X⊥) = ( f (X))⊥. �

Finally, we have:
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Proposition 3.15 Let f : L1 → L2 be a surjective morphism of bounded commutative residuated lattices and
∅ �= Y ⊆ L2. Then, ( f −1(Y ))⊥ = f −1(Y ⊥) iff f −1(Y ⊥) ∩ ( f −1(Y ))⊥⊥ = {0}.
Proof If f −1(Y ⊥) = ( f −1(Y ))⊥, then f −1(Y ⊥) ∩ ( f −1(Y ))⊥⊥ = ( f −1(Y ))⊥ ∩ ( f −1(Y ))⊥⊥ = {0}.
Conversely, we have ( f −1(Y ))⊥ ⊆ f −1(Y ⊥) from Proposition 3.13. To prove the other inclusion, f −1(Y ⊥) ∩
( f −1(Y ))⊥⊥ = {0} implies f −1(Y ⊥) ⊆ ( f −1(Y ))⊥⊥⊥ = ( f −1(Y ))⊥. Hence, ( f −1(Y ))⊥ = f −1(Y ⊥). �

Proposition 3.16 Let f : L1 → L2 be an isomorphism of bounded commutative residuated lattices, ∅ �= X ⊆
L1 and ∅ �= Y ⊆ L2. Then,

(i) f (X⊥) = ( f (X))⊥;
(ii) ( f −1(Y ))⊥ = f −1(Y ⊥).

Proof (i) We know that f (X⊥) ⊆ ( f (X))⊥ from Proposition 3.12.
To prove the converse, let b ∈ ( f (X))⊥. Since f is surjective, there is a ∈ L such that b = f (a). Let x ∈ X ;
then, f (x) ∈ f (X), which implies f (a′′ ∧ x ′′) = f (a)′′ ∧ f (x)′′ = b′′ ∧ f (x)′′ = 0. Thus, a′′ ∧ x ′′ = 0
since f is injective. Hence, a ∈ X⊥, i.e., b = f (a) ∈ f (X⊥). This means ( f (X))⊥ ⊆ f (X⊥).

(ii) By proposition 3.13, we have ( f −1(Y ))⊥ ⊆ f −1(Y ⊥).
Conversely, let a ∈ f −1(Y ⊥). Then, f (a) ∈ Y ⊥.
For all b ∈ f −1(Y ), we have f (b) ∈ Y , which implies f (a′′ ∧ b′′) = f (a)′′ ∧ f (b)′′ = 0. Since f is
injective, we obtain a′′ ∧ b′′ = 0. Thus, a ∈ ( f −1(Y ))⊥. Therefore, f −1(Y ⊥) ⊆ ( f −1(Y ))⊥.

�

These next results give a characterization of essential relative ideals in terms of relative annihilators.
Recall that an ideal I �= {0} is said to be essential [1] if I ∩ J �= {0} whenever J is a nonzero ideal. Moreover,
an ideal I �= {0} is prime essential if I ∩ J �= {0} for all nonzero prime ideals. Hence, every essential ideal is
prime essential.

Definition 3.17 Let I, J ∈ I(L) with I �= J . We say that J is essential relative to I if for any ideal H of L ,
J ∩ H ⊆ I implies H ⊆ I .

Proposition 3.18 Let I, J ∈ I(L) with I �= J . Then, J is essential relative to I if and only if J⊥
I = I .

Proof Assume J is an essential ideal relative to I , i.e., for every ideal H of L , J ∩ H ⊆ I implies H ⊆ I .
By Proposition 3.7 (2), we have J ∩ J⊥

I ⊆ I . This implies J⊥
I ⊆ I . Thus, J⊥

I = I , since we always have
I ⊆ J⊥

I ( Proposition 3.7 (1)).
Conversely, suppose J⊥

I = I . Let H be an ideal of L such that J ∩ H ⊆ I . Then, by Proposition 3.10,
H ⊆ J⊥

I = I . �


4 Involutory ideals in bounded commutative residuated lattices

Based on the notion of relative annihilator, we define involutory ideals relative to an ideal I in bounded com-
mutative residuated lattices and show that the set of all involutory ideals relative to an ideal I , endowed with
suitable operations forms a Boolean algebra.

Definition 4.1 Let I and J be ideals of L . The ideal J is said to be involutory relative to I if J = (J⊥
I )⊥I .

If I = {0}, then J is simply called an involutory ideal; more precisely, J is an involutory ideal if J = J⊥⊥.
We say that L is an involutory bounded commutative residuated lattice relative to I (respectively an involutory
bounded commutative residuated lattice) if each ideal of L is involutory relative to I (respectively involutory).
We denote by SI (L) the set of all involutory ideals of L relative to I , and by S(L) the set of involutory ideals of
L .

Example 4.2 Let L = {0, a, b, c, d, 1} be the bounded commutative residuated lattice of Example 3.3. The ideals
of L are {0}, I = {0, b}, J = {0, a}, L . We have:

(i) {0}⊥ = L , I ⊥ = {0, a} = J , J⊥ = {0, b} = I , L⊥ = {0}.
(ii) {0}⊥⊥ = {0}, I ⊥⊥ = J⊥ = I , J⊥⊥ = I ⊥ = J , L⊥⊥ = L .

Hence, L is an involutory bounded commutative residuated lattice.
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(iii) ({0}⊥I )⊥I = L⊥
I = I ; thus, {0} is not involutory with respect to I .

(J⊥
I )⊥I = L⊥

I = I ; then, J is not involutory relative to I .
(I ⊥

I )⊥I = L⊥
I = I ; therefore, I is involutory relative to I .

(I ⊥
J )⊥J = L⊥

J = J ; this means, I is not involutory relative to J .
({0}⊥L )⊥L = (I ⊥

L )⊥L = (J⊥
L )⊥L = (L⊥

L )⊥L = L; hence, L is involutory relative to L .

We observe that for any ideal I of L , I and L are always involutory relative to I .
We show in the following proposition that SI (L) is stable for the operator ∩.

Proposition 4.3 For every ideals I, J, H of L, one has
((J ∩ H)⊥I )⊥I = (J⊥

I )⊥I ∩ (H⊥
I )⊥I . In particular, if J, H are both involutory relative to I , so is J ∩ H.

Proof Since H ∩ J ⊆ H, J , it follows from Proposition 3.4 (3) that ((H ∩ J )⊥I )⊥I ⊆ (H⊥
I )⊥I ∩ (J⊥

I )⊥I .
In order to prove the converse inclusion, let z ∈ (H⊥

I )⊥I ∩ (J⊥
I )⊥I . Then, z′′ ∈ (H⊥

I )⊥I ∩ (J⊥
I )⊥I , since it is an

ideal.
For any x ∈ H and y ∈ J , we have x ′′ ∈ H and y′′ ∈ J . This implies x ′′ ∧ y′′ ∈ H ∩ J .
We know that for all u ∈ (H ∩ J )⊥I , u′′ ∧ (x ′′ ∧ y′′)′′ ∈ I , implying z′′ ∧ u′′ ∧ (x ′′ ∧ y′′)′′ ∈ I .
From (P6), z′′ ∧ u′′ ∧ x ′′ ∧ y′′ ≤ z′′ ∧ u′′ ∧ (x ′′ ∧ y′′)′′ ∈ I .
Hence, z′′ ∧ u′′ ∧ x ′′ ∧ y′′ ∈ I .

Since (z′′∧u′′∧x ′′)′′∧y′′ (P4),(P8)≤ z′′′′∧u′′′′∧x ′′′′∧y′′ (P6)= z′′∧u′′∧x ′′∧y′′ ∈ I , we obtain (z′′∧u′′∧x ′′)′′∧y′′ ∈ I.

But ((z′′ ∧ u′′)′′ ∧ x ′′)′′ ∧ y′′ (P4),(P8)≤ (z′′′′ ∧ u′′′′ ∧ x ′′)′′ ∧ y′′ (P6)= (z′′ ∧ u′′ ∧ x ′′)′′ ∧ y′′ ∈ I.
Hence, ((z′′ ∧ u′′)′′ ∧ x ′′)′′ ∧ y′′ ∈ I . This implies (z′′ ∧ u′′)′′ ∧ x ′′ ∈ J⊥

I .

Since z′′ ∈ (J⊥
I )⊥I and (z′′ ∧ u′′)′′ ∧ x ′′ (P4),(P8)≤ z′′′′ ∧ u′′′′ ∧ x ′′ (P6)= z′′ ∧ u′′ ∧ x ′′ ≤ z′′, therefore, (z′′ ∧

u′′)′′ ∧ x ′′ ∈ (J⊥
I )⊥I . It follows that (z′′ ∧ u′′)′′ ∧ x ′′ ∈ (J⊥

I )⊥I ∩ J⊥
I = I (from Proposition 3.7 (3)). This means

(z′′ ∧ u′′)′′ ∧ x ′′ ∈ I . Hence, z′′ ∧ u′′ ∈ H⊥
I .

Now, having z′′ ∈ (H⊥
I )⊥I which implies z′′ ∧ u′′ ∈ (H⊥

I )⊥I , we obtain z′′ ∧ u′′ ∈ (H⊥
I )⊥I ∩ H⊥

I = I (from
Proposition 3.7 (3)), i.e., z′′ ∧ u′′ ∈ I . Hence z ∈ ((H ∩ J )⊥I )⊥I . �

Proposition 4.4 Let I and J be ideals of L such that J is involutory and contains I . Then, J is involutory
relative to I .

Proof Suppose I ⊆ J and J = J⊥⊥. From Proposition 3.7 (7), J ⊆ (J⊥
I )⊥I .

We have to prove that (J⊥
I )⊥I ⊆ J

By contraposition, assume x /∈ J = J⊥⊥. Then, there is y ∈ J⊥ such that x ′′ ∧ y′′ �= 0. We have y′′ ∈ J⊥,
which implies x ′′ ∧ y′′ ∈ J⊥.

Since x ′′ ∧ y′′ �= 0, and J ∩ J⊥ = {0}, we obtain x ′′ ∧ y′′ /∈ J . i.e., x ′′ ∧ y′′ /∈ I , since I ⊆ J . We know that
y ∈ J⊥ ⊆ J⊥

I (from Definition 3.1) and x ′′ ∧ y′′ /∈ I , i.e., x /∈ (J⊥
I )⊥I . Hence, x /∈ J implies x /∈ (J⊥

I )⊥I . Thus,
J⊥⊥ ⊆ J . �

Remark 4.5 From Proposition 3.7 (8) and Definition 4.1, it follows that
SI (L) = {J⊥

I : J ∈ I(L)}, for any ideal I of L .

Before we can state our theorem we need the following preparatory result.

Theorem 4.6 [3,5,7] Let (L ,∧,∨) be a lattice and c : L → L a closure operator on L, i.e., isotone (a ≤ b
implies c(a) ≤ c(b)), extensive (a ≤ c(a)) and idempotent (c2(a) = c(a)), for all a, b ∈ L. Write ac for c(a),
and let C := {a ∈ L : ac = a} be the set of closed elements of L. Then, each of the following holds.

(i) C is closed under arbitrary meets.
(ii) (C,∧,∨′) is a lattice, where a ∨′ b = (ac ∨ bc)c. Moreover, C is distributive if L is distributive.

(iii) If L is complete, so is C.

Theorem 4.7 Let L be a bounded commutative residuated lattice, and I an ideal of L. Then, (SI (L),�,
, I, L)

is a complete boolean algebra, where for all H, J ∈ SI (L), H � J := H ∩ J and H 
 J := (

(H ∪ J )⊥I
)⊥

I .
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Proof Consider the map f : I(L) → I(L) defined for any J ∈ I(L) by f (J ) = (J⊥
I )⊥I . By Proposition 3.4

(3) and Proposition 3.7 (7),(8) f is isotone, extensive and idempotent, respectively. Thus, f is a closure map.
Since SI (L) = {J ∈ I(L) : (J⊥

I )⊥I = J }, it follows that SI (L) is the set of closed elements of I(L). Applying

Theorem 4.6, SI (L) is a lattice, and for all H, J ∈ SI (L), we have H � J = H ∧ J , and H 
 J = (

(H ∪ J )⊥I
)⊥

I .
In addition, since I(L) is complete and distributive (see [17]), then (SI (L),�,
) is a complete distributive lattice
from Theorem 4.6, such that given a family {Jλ : λ ∈ � �= ∅} ⊆ SI (L), we have

⋂

λ∈�

Jλ and
(

(
⋃

λ∈�

Jλ)
⊥
I

)⊥
I are

respectively the infimum and the supremum of {Jλ : λ ∈ � �= ∅} in (SI (L),�,
).
More over, from Proposition 3.7, I and L are the least and the largest elements in (SI (L),�,
).
Thus, for any J ∈ (SI (L),�,
, I, L), we have:
J � J⊥

I = J ∩ J⊥
I = I , from Proposition 3.7 (3).

J 
 J⊥
I = (

(J ∪ J⊥
I )⊥I

)⊥
I

= (

J⊥
I ∩ (J⊥

I )⊥I
)⊥

I , f rom Proposi tion 3.4 (4)

= I ⊥
I , f rom Proposi tion 3.7 (3)

= L , f rom Proposi tion 3.4 (8)

Therefore, (SI (L),�,
, I, L) is complemented.
Hence, (SI (L),�,
, I, L) is a complete Boolean algebra. �

Corollary 4.8 (S(L),�,
, {0}, L) is a complete Boolean algebra.

Despite the fact that SI (L) ⊆ I(L), (I(L),⊆) is not always a Boolean algebra as we can see in the following
example.

Example 4.9 Let L = {0, a, b, c, d, 1} be the bounded commutative residuated lattice of Example 3.2. For the
ideals I = {0, c, d} and J = {0, b}, we have J⊥

I = I .
But J ∧ J⊥

I = {0} �= I .

5 Involutory ideals and prime ideals in bounded commutative residuated lattices

We give some characterizations of prime ideals, and some properties of annihilators in the quotient set L/ ∼I ,
where ∼I is a congruence relation on a bounded commutative residuated lattice L .

Lemma 5.1 Let {Iλ, λ ∈ �} be a family of prime ideals of L, totally ordered by inclusion. Then ∩{Iλ, λ ∈ �}
is a prime ideal.

Proof Straightforward �

Proposition 5.2 [17] An ideal P of L is prime iff P = I → P or I ⊆ P, for all I ∈ I(L), where I → P =
{x ∈ L : 〈x〉 ∩ I ⊆ P}.
Proposition 5.3 Let I, P be ideals of L, with P prime and I ⊆ P. For any ∅ �= X ⊆ L, if X � P, then
X⊥

I ⊆ P.

Proof Assume X � P , i.e., there is x ∈ X such that x /∈ P . Then, for any a ∈ X⊥
I , we have a′′ ∧ x ′′ ∈ I ⊆ P .

Since P is prime and x /∈ P , it follows that a ∈ P . Thus, X⊥
I ⊆ P . �


Corollary 5.4 Let P be a prime ideal of L. Then for all ∅ �= X ⊆ L with X � P, X⊥
P = P.

Proposition 5.5 Let P be an ideal of L. The following assertions are equivalent:

(i) P is prime;
(ii) For all ∅ �= X ⊆ L, if X � I , then X⊥

P = P.
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Proof [(i ⇒ i i)] Let P be a prime ideal of L .
Assume ∅ �= X ⊆ L with X � P .
Hence, applying Corollary 5.4, we obtain X⊥

P = P .
[(i i ⇒ i)] Let x ′′ ∧ y′′ ∈ P and x /∈ P , i.e., x ′′ /∈ P . Since x ′′ ∧ x ′′ = x ′′ /∈ P , then x /∈ x⊥

P . It follows that
x⊥

P �= L , implying X⊥
P �= L . Then, from Proposition 3.4 (8), X � P . Thus, x⊥

P = P , from hypothesis.
Moreover, since x ′′ ∧ y′′ ∈ P , we have y ∈ x⊥

P = P . Therefore, P is a prime ideal. �

For any ideals I, P of L with P prime, set IP := {x ∈ L : x⊥

I � P}. One can observe that 0 ∈ IP , since
0⊥

I = L � P .
We will simply denote 0P instead of {0}P . In what follows, we give some properties of IP .

Proposition 5.6 Let I be an ideal of L, and P, Q prime ideals of L. Then, the following hold:

(1) IP is an ideal of L
(2) I ⊆ IP
(3) If P ⊆ Q, then IQ ⊆ IP

(4) x ∈ IP iff there is a /∈ P such that x ∈ a⊥
I

(5) If I ⊆ P, then I ⊆ IP ⊆ P

Proof (1) 0 ∈ IP , since 0⊥
I = L � P .

Let a ∈ IP , b ∈ L such that b ≤ a. Then, a⊥
I � P and a⊥

I ⊆ b⊥
I imply b⊥

I � P ; i.e., b ∈ IP .
Now suppose a ∈ IP and b ∈ IP . Then, a⊥

I � P and b⊥
I � P . This implies there are x ∈ a⊥

I and y ∈ b⊥
I

with x /∈ P and y /∈ P . i.e., x ′′ ∧ a′′, y′′ ∧ b′′ ∈ I , with x /∈ P and y /∈ P . Since P is prime, we have x /∈ P
and y /∈ P imply x ′′ ∧ y′′ /∈ P .
But

(x ′′ ∧ y′′)′′ ∧ (a � b)′′ = ((x ′′ ∧ y′′)′ ∨ (a � b)′)′, f rom (P8)

≤ ((x ′′′ ∨ y′′′) ∨ (a � b)′)′, f rom (P8) and (P4)

≤ ((x ′ ∨ y′) ∨ (a′ � b′))′, f rom (P6) and (P11)

≤ ((x ′ ∨ y′ ∨ a′) � (x ′ ∨ y′ ∨ b′))′, f rom (P9)

= ((x ′ ∨ y′ ∨ a′) � (x ′ ∨ y′ ∨ b′))′′′, f rom (P6)

≤ ((x ′ ∨ y′ ∨ a′)′′ � (x ′ ∨ y′ ∨ b′)′′)′, f rom (P11)

= ((x ′′ ∧ y′′ ∧ a′′)′ � (x ′′ ∧ y′′ ∧ b′′)′)′, f rom (P8)

= (x ′′ ∧ y′′ ∧ a′′) ⊕ (x ′′ ∧ y′′ ∧ b′′) ∈ I

Hence, (x ′′ ∧ y′′)′′ ∧ (a � b)′′ ∈ I , which implies x ′′ ∧ y′′ ∈ (a � b)⊥I .
Since we already have x ′′ ∧ y′′ /∈ P , it follows that (a � b)⊥I � P , i.e., a � b ∈ IP .
Thus, IP is an ideal of L .

(2) Let x ∈ I . Then, from Proposition 3.4 (8), x⊥
I = L � P . Hence, x ∈ IP . Therefore, I ⊆ IP .

(3) Assume P ⊆ Q, and let x ∈ IQ . Then, x⊥
I � Q, implying x⊥

I � P . Hence, IQ ⊆ IP .
(4) Since x ∈ IP , we have x⊥

I � P . That is there is a ∈ x⊥
I (a′′ ∧ x ′′ ∈ I ) such that a /∈ P . This implies x ∈ a⊥

I
and a /∈ P .
Conversely, assume there is a /∈ P such that x ∈ a⊥

I . Then, a ∈ x⊥
I and a /∈ P . Hence, x⊥

I � P , which
implies x ∈ IP .

(5) We already have I ⊆ IP .
Let x ∈ IP . From (4), there is a /∈ P such that a′′ ∧ x ′′ ∈ I ⊆ P (by hypothesis). Since P is prime, it follows
that x ∈ P . Hence, IP ⊆ P .

�

Liu et al. proved in [13] that given an ideal I of a bounded commutative residuated lattice L , the binary operation
∼I on L defined by x ∼I y iff (x → y)′ ∈ I and (y → x)′ ∈ I , for all x, y ∈ L , is a congruence relation on L .
The quotient set L/ ∼I ( set of all congruence classes with respect to ∼I ) will be denoted L/I , and for all x ∈ L ,
[x] := {y ∈: x ∼I y}.
Note that [0] = I .
Since ∼I is a congruence relation on L , L/I := (L/I,∧,∨,�,→, [0], L) is a bounded commutative residuated
lattice endowed with the operations induced by those of L [17] , and [x] ≤ [y] iff (x → y)′ ∈ I , for all x, y ∈ L .
Hence, L/I is a chain if and only if I is a prime ideal of third kind of L .
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Proposition 5.7 [12] Let I be an ideal of a BL-algebra L. The relation ≈I defined on L by x ≈I y if and only
if (x ′ � y) ∈ I and (y′ � x) ∈ I , is a congruence on L.

Remark 5.8 In a BL-algebra L , for any ideal I of L , the relations ≈I and ∼I are equivalent. i.e., for all x, y ∈ L ,
x ≈I y iff x ∼I y. However, in bounded commutative residuated lattices, ≈I is not a congruence relation [13].

Lele and Nganou [12] showed that in a BL-algebra L , L/I is regular, for any ideal I of L .
Contrarily to what has been proved by Liu et al. in [13], L/I is not always regular for a bounded commutative

residuated lattice L . Indeed, if we consider the bounded commutative residuated lattice (L ,∧,∨,�,→, 0, 1)

of Example 3.5, then for I = {0}, we have (a′′ → a)′ = c /∈ I . Thus, [a′′] �= [a], i.e, [a]′′ �= [a].
However, it is easy to see that L/I is regular whenever the bounded commutative residuated lattice L is

regular. But the converse is not always guaranteed, as in the non regular bounded commutative residuated lattice
L of Example 3.2, where for any ideal I of L , L/I is regular.

Proposition 5.9 Let P be an ideal of a bounded commutative residuated lattice L. Then the following are
equivalent:

(i) P is prime;
(ii) [x ′′] ∧ [y′′] = [0] implies [x] = [0] or [y] = [0] in L/P, for all x, y ∈ L.

Proof [(i ⇒ i i)] Assume P is a prime ideal and [x ′′] ∧ [y′′] = [0] in L/P . This implies [x ′′ ∧ y′′] = [0] = P ,
hence x ′′ ∧ y′′ ∈ P . Since P is prime, we obtain x ∈ P = [0] or y ∈ P = [0]. Thus, [x] = [0] or [y] = [0].
[(i i ⇒ i)] Let x ′′ ∧ y′′ ∈ P . Then, [x ′′ ∧ y′′] = P = [0], that is [x ′′] ∧ [y′′] = [0]. From the hypothesis, this
implies [x] = [0] = P or [y] = [0] = P . Therefore, x ∈ P or y ∈ P . �

Recall that any subset of L/I is in the form X/I := {[x] : x ∈ X}, where X is a subset of L . We will simply
denote (X/I )⊥{[0]} by (X/I )⊥, and for all x ∈ X , [x]⊥ will stand for [x]⊥{[0]}.

Proposition 5.10 Let I be an ideal of L, ∅ �= X ⊆ L, and x ∈ L. Then, we have:

(1) (X/I )⊥ = X⊥
I /I . Particularly, [x]⊥ = (x/I )⊥ = x⊥

I /I
(2) If P is a prime ideal of L and [x] �= P, then [x]⊥ = {P}.
Proof (1)

(X/I )⊥ = {[a] : [x]′′ ∧ [a]′′ = [0], f or all x ∈ X}
= {[a] : [x ′′] ∧ [a′′] = [0], f or all x ∈ X}
= {[a] : [x ′′ ∧ a′′] = [0], f or all x ∈ X}
= {[a] : [x ′′ ∧ a′′] = I, f or all x ∈ X}, since [0] = I

= {[a] : x ′′ ∧ a′′ ∈ I, f or all x ∈ X}
= {[a] : a ∈ X⊥

I }
= X⊥

I /I

(2) Assume P is a prime ideal of L , and let [x] �= P . Then, x /∈ P , and by Corollary 5.4, we obtain x⊥
P = P .

From (1), [x]⊥ = x⊥
P /P = P/P = {P}.

�

Proposition 5.11 Let I, J be ideals of L. If J is an involutory ideal relative to I , then, J/I is an involutory ideal
in L/I .

Proof Applying Proposition 5.10 (1), (J/I )⊥⊥ = (J⊥
I /I )⊥ = (J⊥

I )⊥I /I = J/I . �


6 Conclusion

In this work, we have introduced the concept of relative annihilator in a bounded commutative residuated lattice
with respect to an ideal, and studied some of its properties. We have shown that the relative annihilator of an
ideal J with respect to an ideal I is the pseudo-complement of J with respect to I in the lattice of all ideals of L .
We have also investigated essential ideals, involutory ideals and their properties, which allowed us to give some
characterizations of prime ideals in bounded commutative residuated lattices.
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The notion of annihilator-preserving congruence relation in a bounded distributive lattice was defined by M.
F. Janowitz [10]. In our future work, we will continue our study on relative annihilators, particularly investigat-
ing relative annihilator-preserving congruence relations and relative annihilator-preserving homomorphisms in
bounded commutative residuated lattices.
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