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Abstract In this paper we present a construction of quantum codes from 1-generator quasi-cyclic (QC) codes of
index 2 over a finite field IF,. We have studied QC codes of index 2 as a special case of [F;-double cyclic codes. We
have determined the structure of the duals of such QC codes and presented a necessary and sufficient condition
for them to be self-orthogonal. A construction of 1-generator QC codes with good minimum distance is also
presented. To obtain quantum codes from QC codes, we use the Calderbank-Shor-Steane (CSS) construction.
Few examples have been given to demonstrate this construction. Also, we present two tables of quantum codes
with good parameters obtained from QC codes over F,.
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1 Introduction

Quantum codes were introduced for quantum information processing. The central idea of quantum codes is to
protect quantum information from errors which originate from decoherence and quantum noise. After the works
of Shor [1] in which it was proved that 9 qubits can be used to protect a single qubit against generalized errors,
and thereafter in the independent work of Steane [2] where a general code construction was described and it
was proved that the same task can be done by 7 qubits, quantum codes started gaining much interest amongst
researchers. But it was mainly after the work of Calderbank et al. [3] that research on quantum codes became
more interesting and gained more attention. Calderbank et al. [3] gave a method in which quantum codes are
obtained by transforming them into a scheme of finding additive self-orthogonal codes over F4 with respect to a
certain inner product. It is well known that the classical Hermitian self-orthogonal codes over 4 are contained in
these additive self-orthogonal codes. These additive self-orthogonal codes over 4 were used for the construction
of quantum codes. This method of construction of quantum codes is known as Calderbank-Shor-Steane (CSS)
construction. Since then, research on quantum codes has grown with a rapid pace, which is evident from the
large number of research papers that have appeared in this area in recent years [4-9].

On the other hand, cyclic codes are one of the most studied families of codes among linear codes. The main
reason for this is the rich algebraic structure of cyclic code and their easy implementation. Many good quantum
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codes have been obtained from cyclic codes, both over finite fields and finite rings, by using the CSS construction.
Recently La Guardia [10] obtained quantum codes from cyclic codes over [F; by using the CSS construction. The
main idea of his construction was to show the existence of (classical) cyclic codes whose defining set consists of
only one g-cyclotomic coset containing at least two consecutive integers. Such a cyclic code induces conditions
to construct a quantum code by the CSS construction. To determine the lower bound on the minimum distance
of such a quantum code, classical BCH bound was used. Following this work, Gao and Wang [11] used the same
idea to construct quantum codes from negacyclic codes over [F,. This construction was further generalized by
Islam et al. [12] to construct quantum codes from constacyclic codes over I 2. In all these works some new
quantum codes were obtained.

Quasi-cyclic (QC) codes are a natural generalization of cyclic codes. They have a rich algebraic structure
and are widely studied over finite fields [13, 14] and finite rings [15, 16]. However the algebraic structure of their
duals is not well known. One of the main objectives of coding theory is to find codes with large minimum distance
for a given length and dimension. Many QC codes have proved to serve this purpose giving improved minimum
distances when compared to cyclic codes. Kasami [17] has shown that QC codes meet the asymptotic Gilbert-
Varshamov bound and thus showing them to be asymptotically good. Among QC codes, 1-generator QC codes
have been studied more extensively. In particular, a 1-generator QC code of index 2 is a special case of a double
cyclic code. Borges et al. [18] have studied binary double cyclic codes, and many of the results of 1-generator QC
codes of index 2 are special cases of the results in [18]. Galindo et al. [19] gave constructions of quantum codes
from 2-generator QC codes of index 2. They used Euclidean, Hermitian and Symplectic inner product for their
constructions. In [20], Lv et al. considered a particular case of [19] wherein they gave a construction of quantum
codes for 1-generator QC codes using the Hermitian inner product. Motivated by the above mentioned works and
considering the fact that QC codes have given many record breaking codes, in this paper we study QC codes of
index 2 over I, for the construction of quantum codes from them. We study such QC codes by considering them
as a special case of [F;-double cyclic codes and hence making our construction different from those appeared
in [19-22]. The structure of the duals of these codes is determined and a necessary and sufficient condition for
them to be self-orthogonal is presented. A construction of 1-generator QC codes with good minimum distance
is also presented. We then present a construction of quantum codes from self-orthogonal 1-generator QC codes
of index 2 over F, using the CSS construction. Using the above constructions we have obtained several new
quantum codes with good parameters in respect of Quantum singleton bound (QSB). Two tables of quantum
codes with good parameters obtained from this construction are also presented.

2 Preliminaries

Let F, be a finite field with g elements, where ¢ = p”, p is a prime and r a positive integer. A linear code
of length n over F, is a linear subspace of IE"Z and is denoted by [n, k, d],, where k is the dimension and d
the minimum distance of the code. To define the dual of the linear code C, we define two inner products: the
standard Euclidean inner product and the symplectic inner product. The Euclidean inner product of two vectors
u= (ui,un,...,uy)and v= (v, vo,...,v,)Iin IFZ is defined in the usual way as

n

u-v= E uiv; .

i=1

The dual code C* of a linear code C of length n over ¥, is defined as Ct={ve IF; |u -v=0,YueC}LIf

C C C+ then C is called a self-orthogonal code, and if C L C C then C is called a dual containing code.
To define the symplectic inner product of two vectors, we require them to be of length 2n for some n > 1. The
symplectic inner product of two elements w' = (u}, u}, ..., u5,) and v/ = (v{, v, ..., v5,) in IF(%” is defined as

n
/ / 7 U /
<Uu,V >;= E :(uivn+i — Uy V) -
i=1

If C is a linear code of length 2n over I, then the symplectic dual of C is defined as ch ={v e Fé” <

u,vV >=0,Yyu eCL.IfCCC L5, then C is called a symplectic self-orthogonal code, and if CLs C C then
C is called a symplectic dual containing code.
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The symplectic weight wt;(w') of any w' = (u},u), ..., u},) € FS" is defined to be the number of i,
1 < i < n, such that at least one of u; and u,; is nonzero, i.e., wtg(u') = |{i |(u§, u;lJri) = (0, 0)}|. The

symplectic distance ds(C) of a linear code C of length 2n over I, is the minimum nonzero symplectic weight
of any codeword in C.

A linear code C of length n over I, is called a cyclic code if for every codeword (co, c1, ..., ¢,—1) in C,
its cyclic shift (¢, 1, co, ..., cp—2) isalsoin C. Let R, = IF,;[x]/{(x" — 1) be the quotient ring of polynomials
modulo x" —1. Thenitis well known that a cyclic code C of length n over F is an ideal of R,,. Further, there exists
aunique monic divisor g(x) of x" —1 over IF, such that C = (g(x)). Then g(x) is called the generator polynomial
of C. In this paper we assume that n is coprime to g, so that any cyclic code of length n over I, is a simple root
cyclic code. Let Z,, = {0, 1, --- ,n — 1}. For s € Z,, the g-cyclotomic coset (¢-coset) C; modulo n containing
s is defined as Cy = {s, sq, - - - , sq”l }, where r is the smallest positive integer such that s¢q” = s mod n. Let C
be a cyclic code of length n over I, with the generator polynomial g (x). Let « be a primitive n’ " root of unity in
some extension field of IF,. Then the defining set C, of C is defined by C, = {s € Z, | g(a’) = 0}. The minimal
polynomial of o* over Fy is my(x) =[] jec, (X — a/). Moreover let I be a complete set of g-cyclotomic coset
representatives modulo n. We obtain the factorization in the form x" — 1 = [[.; m,(x). The dual of a cyclic
code is also a cyclic code, and if the code length is even, the symplectic dual of a cyclic code is again a cyclic
code.

The following result gives the construction of quantum codes from linear codes, and is known as the
Calderbank-Shor-Steane (CSS) construction [3].

Lemma 1 (CSS construction) [3] Let C be an [n, k], linear code C such that C € C - Suppose also that the

minimum weight of C+ \ C is d. Then there exists an [[n, n — 2k, d]], quantum code that can be obtained from
C.

There exists an important connection between symplectic self-orthogonal linear codes and quantum codes.
A detailed study on this connection can be found in [23]. We have the following important result.

Lemma 2 Let C C Fg” be a [2n, n — k] linear code such that C € C+s (symplectic self-orthogonal code). Then
there exists a quantum code with parameters [[n, k, d]]4, where d = min {wy(c) | ¢ € (Cl“ \O)}.

3 Quasi-cyclic codes over I,

A linear code Cg of length £m over I, is called a quasi-cyclic (QC) code if for any codeword

¢ =(c0,0,€0.15 -+ -5 €0.e—11€1,05 1,15 - -5 Cle—1] "+ [€m=1,05 - s Cm—1e—1) € Cg,
we have

"= (Cm=1,0, - cm—1,6-11€0,0, €015 - - -, €O=1| = |em=2,0, - - -, cm—2,0-1) € Cog,

where ¢; j € F;,0 <i <m —1,0 < j < ¢~ 1. The smallest such positive integer £ is called the index of Cyp.
When £ =1, Cy is simply a cyclic code.
Let Cp be a QC code of length ¢m and index ¢ over F,, and let R,, = F,[x]/(x™ — 1). A codeword

¢ =(c,0,---5¢0,e—1l€1,0, - - Cle—1l - - lcm=1,0, -+ -, cm—1,6—1) € Cg is permutation equivalent to
¢ ~ (€0,0,€1,05 - -+ Cm—1,01€0,15 €115 -+ » Cm—1,1] =+ [€COL—1, CLe—15 -+ s Cm—1,0—1)
— (co(x), c1(x), ..., ce—1(x)).
Then (xco(x), xc1(x), ..., xce—1(x)) corresponds to
(€m=1,01€0,05 - + - » Cm=2,01Cm—1,15 €01, - - - s Cm=2,11 = * [Cm—1,6—1, COt—15 - - - s Cm—2,6—1)

which is permutation equivalent to ¢’.
Therefore a quasi-cyclic code C of length £m and index £ can be regarded as an Ry,-submodule of R, .

If we write ¢ ~ (c0,0,€0,1,---,€0,6-11€1,0, C1,15 - - > ClLe—1] - [Cm—1,0o Cm—1,15 - - - » ECm—1,0—1) = (c((x),
ch(x), ..., ¢, (x)), where cl’. (x) = Zﬁ;g) ¢;jx7, then a quasi-cyclic code C of length £m and index £ can also
be regarded as an R¢-submodule of Ry
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Let Cg be a QC code of length £m and index £ over IF,. If C is generated by a single element

G(x) = (g0(x), g1(x), -, gr—1(x)) € R, ,

then Cyg is called a 1-generator £-QC code with generator G (x). Moreover if g(x) = gcd(go(x), g1(x), - -+,
gr—1(x),x™ —1)and h(x) = %, then g(x) is called the generator polynomial and /4 (x) is called the parity-
check polynomial of Cg. Both g(x) and i (x) are unique and the dimension of Cg is m — deg g(x) = degh(x).

In the theorem that follows, a BCH-type bound for one generator £-QC code over I, is given. We first define
a projection map. Let Cp be an £-QC of length £m over F,. Let 0 < i < £ — 1, define the i th projection map
I1; : Co — Ry by

IT; (co(x), c1(x), - -+, co—1(x)) = ¢i(x) .

It is easy to see that IT; (Cg) is a cyclic code of length m over I, for all i.
In the next result we present a construction of QC code with good minimum distance.

Theorem 1 Let Cg be a 1-generator £-QC code of length {m over I, with the generator

G(x) = (to(x)g1(x), t1(x)g1(x), - -+, tr—1(x)g1(x)) ,

where g1(x), t;(x) € Fy[x], g1(x) | (" — 1), and gcd <t,- (x), ?:&;) =1V0<i<{-—1. Letabeaprimitive

mth root of unity. If the roots of g1 (x) include al, ol o o2 where § > 1and b > 0, then d(Cg) > £6.
Further if £m is even, then the minimum symplectic distance of Cg is at least £5/2, i.e.,

12)
dy(Co) = [ﬂ .

In particular, if £ is even, then ds(Cp) = £5/2. Moreover, the dimension of Cg is m — deg g1 (x).

Proof Since gcd (t,- (x), %) = 1, the i"" projection I1;(Cp) of Cg is a cyclic code of length m over [,

with the generator polynomial g1 (x) for all 0 <i < £ — 1. Then any nonzero codeword of IT; (Cp) has weight
(strictly) greater than the number of consecutive roots of g;(x) (BCH bound). Also, from the form of G(x) it
is clear that if any one component ¢;(x), 0 <i < £ — 1, of a codeword c(x) = (co(x), c1(x), ..., ce—1(x)) in
Cy is zero, then all the components of ¢(x) are zero. Therefore the weight of any non-zero codeword in Cg is
at least £8, i.e., d(Cp) = £4.

Now suppose £m is even. Then the symplectic weight of the elements of ]Ff;m is defined. It is well known
that the symplectic weight wi,(c) of any nonzero codeword ¢ of a linear code C of an even length satisfies the
relation wts(c) > wt(c)/2 [24, page 68]. Since d(Cp) > £, the symplectic weight of any nonzero codeword

of Cg is at least £5/2. Hence
12
ds(Co) = [?—‘ :

For the dimension of Cg, we see that gcd(gi(x), g1(x),...,g1(x)) = gi(x), so the generator
polynomial of Cgp is gj(x) and hence the dimension of Cgp is m — deg gi(x). A basis for Cgp is
g1(x), xg1(x), -+, xM a1 =D gy (x), O

In [10], La Guardia has shown the existence of cyclic codes with defining set consisting of only one g-coset
C; containing at least two consecutive integers. In the next result, we present a construction of 1-generator QC
codes from such a cyclic code whose generator polynomial has roots ', i € C, where « is a primitive mth root
of unity.

Theorem 2 Let g > 3 be a prime power and m > y such that gcd (¢, m) = 1 and ged(g“ — 1,m) = 1 for
everyi = 1,2,--- ,r, where y = ordy(q) > r+2and 1 < r,ay,az,...,a, < y are integers. Then there
exists an [Km, m—y* d=>0r+ 2)]q quasi-cyclic (QC) code if m | gcd(ka, - - - , k), where kj = [(j — (j —
Dg%) (g% — 1)~1 = (g® — 1)~ for every j = 2,...,r and y* is the cardinality of the q-coset containing
(r + 1) consecutive integers.
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Proof With the above conditions satisfied by g and m, it follows from [10, Theorem 3.1] that there exists a
q-cyclotomic coset C, modulo m that contains r 4+ 1 consecutive integers. Let C be the cyclic code of length
m over I, whose defining set is C,. Then by the BCH bound, d(C) > r + 2. Let g;(x) be the generator
polynomial of C. Then g{(x) has r + 1 elements «*, ot a1 as its roots for some 0 < s < m — 1,
where o is a primitive mth root of unity in an extension of I,. Let C be a 1-generator QC code with generator

(1 ()21 (), (X)g1 (X), - ., 1e(x)g1 (x)), where gcd (ti(x), );T;)l) — 1foralli = 1,2,...,¢ Then from

Theorem 1, the minimum distance d of Cg satisfies d > £(r 4 2). Since the cardinality of C, is y*, we have
deg g1(x) = y*. Hence the dimension of C¢ is m — deg g1 (x) = m — y*. Thus, Cg is an £-QC code over [,
with the parameters [¢m, m — y*,d > £(r + 2)]q. o
A QC code of index 2 can be considered a special case of a double cyclic code (defined below). In the next
section we study QC codes of index 2 and their duals considering them as double cyclic codes. We then obtain
the conditions for them to be self-orthogonal.

4 Quasi-cyclic codes of index 2 over I,

The class of double cyclic codes is an interesting generalization of classical cyclic codes, and these codes have
generated a lot of interest in recent years [18,25]. In a double cyclic code of length m + s, the set of coordinates
are partitioned into two blocks in which the first block consists of the first m coordinates and the second block
consists of the remaining s coordinates such that the code remains invariant under the cyclic shift of coordinates
in any block. We call such a shift of coordinates a double cyclic shift. In [18], Borges et al. have studied Z;-double
cyclic codes. For m = s, such a double cyclic code is permutation equivalent to a quasi-cyclic code of index 2. In
this section we consider double cyclic codes over IF; with m = s. Then we can regard these codes as quasi-cyclic
codes of index 2 over IF,. Many results in this section generalize similar results on Z-double cyclic codes, as
given in [18] to double cyclic codes over F, form = s.

Definition 1 Let C be a linear code of length m + s over IF;,. Then C is called an (m, s) double cyclic code over
F, iffor any (uo, w1, ..., Up—tlug, uy, ..., us_) € C, the vector (w1, uo, ..., Um—2|}_y, up, ... u,_5)1is
alsoin C.

Clearly, for m = s, the code C is a QC code of length 2m and index 2 over FF,,.
Letu = (uo, u1, ..., Up—1 | ug,uy,....u, )€ Fgm and i be any integer. We use the notation

[ /
U = o, Uiy e Ui UGy Uy i)

for the i™ double cyclic shift of u, where the subscripts are computed modulo . Let C o be a QC code of length
2m and index 2 over IF,;. Let Cp, be the canonical projection of C¢ on its first m coordinates and Cg, be the
projection of C¢ on its second m coordinates, respectively. If Cp = Cg, x Cyp,, then Cy is called a separable
double cyclic code. As usual, we identify a codeword (g, u1, ..., um—1 | uy, u}, ..., u,,_,) in Co with the
polynomial

u(x) = (uo +urx + -+ w1 X" L ug +ulx Al X" = (ux) | o (x))

in the product ring ()JE,ZEC{) X <E,?,[ﬂ).
Let Rpym = % X (XF,Z—[ﬁ). As discussed earlier, a quasi-cyclic code Cg of length 2m and index 2 over

IF, can be regarded as an R;,-submodule of Ry, ;.

4.1 Generator polynomials of QC codes of index 2 over I,

In this subsection we study submodules of R, , and describe their generators and derive some related results.
For any f(x) € Ry and (u(x), v(x)) € Ry, m, we denote their scalar multiplication by f(x) * (u(x), v(x)),

ie., f(x)x (ux),v(x)) = (f(x)u(x), f(x)v(x)). We use the notation (S) to denote the submodule generated

by a subset S of R, ,,,. In the next theorem we determine the generator polynomials of QC codes of index 2 over
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Theorem 3 Let Cg be a QC code of length 2m and index 2 over F,. Then

Co=((f(x)10), (£(x) [ g(x)) ,

where f(x), £(x), g(x) € Fy[x]with f(x)|(x™ —1) and g(x)|(x™ —1). Moreover, we can assume that deg £(x) <
deg f(x).

Proof Let Cg, be the canonical projection of Cyp on its last m coordinates. Then Cg, is the image of the
map 72 : Cgp — Ry, defined by (c1(x)|c2(x)) > c2(x), where (c1(x)|c2(x)) € Cg. Clearly Cgp, is a cyclic
code of length m over ;. Then from the theory of cyclic codes over finite fields, there exists a polynomial
g(x) € Fy[x] such that g(x) | (x™ — 1) and Cg, = (g(x)). Also, we have ker 75 = {(c1(x)|0) € C}. Define
I ={c1(x) | (c1(x)|0) € Cp}. Then [ is an ideal of Ry,. Therefore, there exists a polynomial f(x) € F,[x]
such that f(x)|(x™ — 1) and I = (f(x)). Now for any (c;(x)|0) € ker >, so we have c|(x) € I, and hence
c1(x) = b(x) f (x) for some b(x) € Fy[x]. Since f(x) € Fy[x], we get (cl(x)|0) = b(x) * (f(x)|0). From this
follows that ker 75 is an I, [x]-submodule of Co generated by (f(x)|0). Then by the first isomorphism theorem
we have

Co = Co
kerms (G0 B9

From this we get

Co = ((f(x)]0), (£(x)[g(x)))

where £(x) € F,[x]. Now if deg £(x) > deg f(x), we can divide £(x) by f(x) as £(x) = g(x) f(x) + £1(x),
where £1(x) = 0 or deg £1(x) < deg f(x). Then it is easy to verify that

Co = ((f(0)]0), (1(x)|g(x))) .
Hence we can assume that deg £(x) < deg f(x). O

Let Cp = {(f(x)]0), (€(x)|g(x))) be a QC code of length 2m and index 2 over [F,;. Then the canonical
projection C g, of C onits first m coordinates is a cyclic code of length m over I, generated by ged(f (x), £(x)).
Also, as noted above, the canonical projection Cg, of C¢ on its last m coordinates is a cyclic code generated by
g(x). Therefor if ged(f(x), £(x)) = g(x), then Cy is a 1-generator QC code.

The next two results are immediate generalizations of [18, Proposition 2] and [18, Corollary 1], respectively.

Proposition 1 Let Co = ((f(x)|0), (€(x)|g(x))) be a QC code of length 2m and index 2 over F,. Then
FO 1 (SEHew).

Corollary 1 Let Co = ((f(x)]0), (£(x)]|g(x))) be a QC code of length 2m and index 2 over ;. Then f(x) |
(25) ed (£ (), €.

The next result presents a minimal generating set for a QC code of length 2m and index 2 over F,,.

Proposition 2 Let Cp = ((f(x)]0), (£(x)|g(x))) be a QC code of length 2m and index 2 over . Define the
sets

S1 :{xi*(f(x)|0), 0<i<m-—degf(x)—1},
Sy = {x' % (L(x)|g(x)), 0 <i <m —degg(x)—1}.

Then S1 U Sy is a minimal generating set for Cg over T,.

Proof It is easy to verify that the elements of S| U S, are [F,-linearly independent. Let d(x) = pi(x) *
(f(x)]0) + pa(x) * (£(x)|g(x)) € Co. We shall show that d(x) € (S; U S7). If deg p1(x) < m — deg f(x),
xMm_1

then p1(x) * (f(x)]0) € (S1). Otherwise, using division algorithm, we get pi(x) = ¢q1(x) (fT) + 11 (x) for
some g1 (x), t1(x) € F;[x] with deg #1(x) < m — deg f(x). Hence p1(x) * (f(x)|0) = t1(x) * (f(x)|0) € (S1).

Therefore, d(x) € (51 U S) if pa(x) * (€(x)]|g(x)) € (S1 U $»). Now if deg pa(x) < m — degg(x) then
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p2(x) * (£(x) | g(x)) € (S2). Otherwise, by division algorithm, there exist g2(x), 12(x) € [Fy[x] with

degtr(x) < m — deg g(x) such that p(x) = g2(x) (x:(—;l> + t2(x). Then

m

p2(x) * (£(x)|g(x)) = (pz(x) <x > + tz(X)) * (£(x) | g(x)))

glx

m_ 1
= pa(x) * ((x_ )ﬁ(x) I 0) + 1 (x) * (£(x)]g(x)) .
g(x)

Now 12 (x)% (£(x)|2(x)) € (S2). Also, since f(x)| (%) £(x), it follows that pz(x)*((x;(;)l) ) | 0) € (S)).
Hence d(x) € (S1 U S,). The result follows. O

Corollary 2 Let Co = ((f(x)]0), (€(x)|g(x))) be a QC code of length 2m and index 2 over IF,. Then

m—deg f(x) ,m—degg(x) _ q2m—deg f(x)—degg(x)

[Col=gq q

4.2 Duality in Ry,

In this subsection we obtain the generator polynomials of the dual code C JQ- of a QC code of length 2m and index

2 over F;. We also obtain a minimal spanning set for C JQ- The inner product of any two elements u, w € Fg' x F/
is defined in the usual way as

2m
u-w= Zu,-w,- (1)
i=1

With respect to this inner product we define the dual code as
Co={weF) xF)|u-w=0, forallue Cp}.

Clearly C é is linear code over [F,. For any element w € C L, wehave u - w = 0 forall u in C - Since u belongs

to C g, we know that uD (the left double cyclic shift by one position) is also in Co.So uChow=u-w® =0
for all u in Cg. Therefore w is in C JQ- and C JQ- is also a quasi-cyclic code of length 2m and index 2 over F,.
Consequently, we have the following proposition.

Proposition 3 Let Cg be a QC code of length 2m and index 2 over F. Then the dual code C JQ‘ of Co is also a
OC code of length 2m and index 2 over F. Furthermore,

Co = ((F®)10), ((x)[gx))
where f(x),1(x),g(x) € Fqlx], FI™ = 1), and g(x)|(x™ — 1). Moreover, deg £(x) < deg f(x) and
70 | (%5h) eed(F), £x)) mod p.

The reciprocal polynomials play an important role in the study of duals of cyclic codes (see [26]). The
reciprocal polynomial of a non-zero polynomial p(x) is defined as x4€7™) p(x~1) and is denoted by p*(x).

Definition 2 Let u(x) = (u(x)|u'(x)) and w(x) = (w(x)|w’(x)) be elements in R, . We define a map
o Rym X Ry — Fylx]/(x™ — 1) such that

o(u(x), w(x)) = u(x)x™ 17dew@ * () 4/ ()™ 1= deg W ) % () mod (x™ — 1) .

Now onward we denote o(u(x)|w(x)) by u(x) o w(x). The next result is a generalization of [18, Proposition
6].

Proposition 4 Let u and w be vectors in Fj' x Ty with the associated polynomial representations u(x) =
(u(x)|u'(x)) and w(x) = (w(x)|w'(x)), respectively. Then w is orthogonal to u and all its shifts if and only if

u(x)ow(x)=0.
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Lemma 3 Leru(x) = (u(x)|u'(x)) and w(x)
If u'(x) or w'(x) equals 0 then u(x)w*(x)
' (x)w*(x) = 0mod (x™ — 1).

(w(x)|w'(x)) be elements in Ry, such that u(x) ow(x) = 0.
0 mod (x™ — 1). Similarly, if u(x) or w(x) equals O then

Proof Suppose u’(x) or w'(x) equals 0. Then,
u(x) o w(x) = u(x)x"™ 179 W@y*(x) 4 0 = 0 mod (x™ — 1).

Therefore, (x — 1) | u(x)x™~17deew@®y*(x), which implies that (x” — 1) | u(x)w*(x). Hence u(x)w*(x)
0 mod (x — 1). The same argument can be used to prove the other case.

ol

In the next result we determine the generator polynomials of the dual C JQ- in terms of the generator polynomials
of the code Cyp.

Proposition 5 If Cp = ((f(x)]0), (€(x)|g(x))) is a QC code of length 2m and index 2 over Fy, then CJQ‘ =
(£ (0)]0), (€(x)[g(x))), where

x" =1 2(x) = (" — 1) ged(f(x), £(x)* T = (" —xl)k(x) 7

T&) = @ ey 2+ (1) f*(x)

and

J(x) = —xdeEg(+deg () (&)_1 mod (A) |
2cd(f (), L)) ecd(f(x), £(x)*

Proof Clearly f(x) and £(x) are polynomials over F,. Since f(x) | (x:(;)l) ged(f(x), £(x)), g(x) is also a

W)

~1
; ; £*(x) f ; £%(x)
polynomial over [F,;. Also, since (gcd(f(x)’ax))*) and (gcd(f(xm(x))*) are coprime, (gcd(f(x),zz(x))*) mod

frx) :
(gcd(f(x),ax»*) exists.

Now let

D = ((f(x)|0), (£(x)[g(x))) -

We will show that D € C é For this we show that

(f()0) o (f(0)I0) =0, 2
(f(0)0)) o (£(x)[g(x)) =0, 3
(E@IgX) o (f(0)]0) =0, “
(£(x)[g(x)) 0 (L(x)[g(x)) = 0. &)

For (2), we observe that

(F)10) o (f(x)|0) = Fx)am~17de /) g% () 40
xm —1

T ged(f (x), £(x))*

=0mod (x" —1).

m—1—deg f(x) f* (x)

Thus (2) holds. Similarly, we have

(f(0)10) 0 (£(x)[g(x)) = 0mod (x" — 1),

and thus (3) holds. Equation (4) also holds similarly.
To prove (5), we first observe that A(x) can be written as

_ £5(x) ! f*(x)
2z — _ ym—degg(x)+degt(x) < ) k ( > ,
(0= o o) TN ed @, co
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for some k(x) € Fy[x]. Then we have

Cx)Ig(x) o (£(x)]g(x)) = L(x)x™ 7179l p* () 4 g(x)am~17dee s g% (x)

) m—1—deg £(x) px
T Ax)x £ (x) +
ﬂ * m—1—deg g(x) *
g+ (o) 7 () 24 (0, L) )
=1 - l—deg g(x) ,
IATES ( * 81 ged (f (x), £(x)) )~|—
uxm—l—degg(x) ng(f(X),f(x))* mod (xm D
frx)
— Omod (" — 1).

Hence D C CJQ-.
Now |CQ||CJQ-| = ¢*", and from Corollary 2 we have |Cg| = g9 /()=dee8() Then we get

ICJQ‘I — qdegf(X)+degg(X) ]

On the other hand, from Corollary 2 we have

D] = g¥m—des T —degB(x) _ jdeg f*(x)Hdegg"(x) _ deg f()+degg(x) |

Hence |D| = |C$|. Now since D C Cé, it follows that D = Cé. Hence the result. O
The next two results follow from Proposition 2 and Corollary 2, respectively.

Proposition 6 Ler C L= ((?(x)|0), (Z(x)|§(x))) be the dual of a QC code of length 2m and index 2 over IF,.
Define the sets

St = {x % (F(x)[0), 0 <i <m—deg f(x) — 1},
Sy = {x' % (€(x)[g(x), 0 <i <m —degg(x) —1}.
Then S1 U S, is a minimal generating set for CJQ‘ as an IF4-module.
Corollary 3 If C5 = ((f(x)|0), (I(x)|g(x))) is the dual of a QC code of length 2m and index 2 over F,, then
|C$| _ qm—degf(x)qm—degg(x) _ q2m—deg7(x)—deg§(x) _

Now we present a necessary and sufficient condition for a QC code of index 2 over [F;; to be self-orthogonal.

Theorem 4 Let Cp = ((f(x)[0), (£(x)|g(x))) be a quasi-cyclic code of length 2m and index 2 over F,. Then
Cy is self-orthogonal if and only if the following conditions hold.

1. (f(x)|0) o (f(x)]0) =0mod (x™ —1),
2. (f(x)]0) o (£(x)|g(x)) = 0 mod (x" — 1),
3. (U(x)|g(x)) o (b(x)|g(x)) = 0mod (x™ — 1) .

Proof Let Ct = ((7(x)|0), (Z(x)|§(x))) be the dual of Cg. Suppose Cy is self-orthogonal, i.e., Cop C Cé.
Then (f (x)]0), (£(x)|g(x)) € C&, and therefore,

(f(0)10) = b1(x) * (f (0)]0) + b2 (x) * (€(x)[g(x)) , and
(£(x)|g(x)) = b3(x) * (f(x)]0) + ba(x) * (£(x)|g(x))
for some by (x), b2 (x), b3(x), bs(x) € Fy[x]. Now we have (f (x)[0)o (f(x)[0) = 0, (f(x)[0)o(£(x)[g(x)) = 0,
((x)|g(x)) o (f(x)|0) = 0, and (£(x)|g(x)) o (£(x)|g(x)) = 0, all computed mod (x — 1). From this we get
(f()10) o (f (x)[0) = 0 mod (x™ — 1),
(f(x)|0) o (£(x)[g(x)) = 0 mod (x™ — 1), and
(£(x)|g(x)) o (£(x)[g(x)) = 0 mod (x" —1) .

Conversely if the given conditions hold, then reversing the arguments above, we obtain Cp € C é O
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Corollary 4 LetCp = ((f(x)]0), (£(x)|g(x))) be a QC code of length 2m and index2 over Fy. If f (x) = x™ —1,
then Cg is a 1-generator QC code generated by (£(x)|g(x)), i.e., Co = ((£(x)|g(x))). Also, in this case, Cg is
self-orthogonal if and only if (£(x)|g(x)) o (£(x)|g(x)) = 0 mod (x™ — 1).

Proof The first part follows from the fact that x™ — 1 = 0in F,[x]/(x" — 1). The second part follows by taking
f(x) =x™ — 1 in Theorem 4. ]

5 Construction of quantum codes from 1-generator quasi-cyclic codes

In this section we present constructions of quantum codes from 1-generator QC codes of length 2m and index
2 over IF, with generator of the form (gi(x), #(x)g1(x)), where g1 (x), t(x) € Fy[x], g1(x) | (x" — 1) and
ged(f(x), (x™ — 1)/g1(x)) = 1. The next result gives the algebraic structure of the symplectic dual code of a
QC code of this class.

Proposition 7 [21] Let Cp be a 1-generator QC code of length 2m and index 2 over ¥, with generator of
the form (g1(x), 1(x)g1(x)), where gi(x) | (x™ — 1). Let t(x) = to + tix + -+ + ty_1x™ ' € R, and
hi(x) = (™ — 1)/g1(x). Then the symplectic dual code C JQ‘“ of the quasi-cyclic code C is generated by the
pairs (1,7(x)) and (0, g (x)), where 1(x) = to + tm—1X + tw—2x> + - + t1x" ! and gi-(x) = mh*;(x).

It is well known if C is the cyclic code generated by g (x), then its dual code C is generated by gll(x).

Theorem 5 Let Cg be a 1-generator QC codes of length 2m and index 2 over ¥, with generator of the form
(g1(x), 1(x)g1(x)), where g1(x), t(x) € Fylx], g1(x) | (x™ — 1) and ged(z (x), (x™ —1)/g1(x)) = 1. Then Cg
is symplectic self-orthogonal.

Proof Let c(x) € Cg. Then c(x) = a(x)(g1(x), t(x)g1(x)) = (a(x)g1(x), a(x)t(x)g1(x)) for some a(x) €
[F4[x]. The symplectic inner product of c¢(x) and (g1 (x), #(x)g(x)) is
((@(x)g1(x), a(x)1(x)g1(x)).(g1(x), 1(x)g1(x))), =
a(x)g1(x) - 1(x)g1(x) —ax)r(x)gi(x) - gr(x) =0.
Hence (g1(x). 1(x)g1(x)) € Cp'. This implies that Cp = ((g1(x). 1(x)g1(x))) € Cg’, i.e., Cg is symplectic
self-orthogonal. O

Now we consider the self-orthogonality of 1-generator QC codes of index 2 with respect to the Euclidean
inner product. The following result is important for our construction of quantum codes from QC codes.

Theorem 6 Let gcd(m, q) = 1 and C be a cyclic code of length m over ¥ with the defining set T. Then C is
self-orthogonal if and only if M\{—T} (mod m) C T, where M ={0,1,...,m — 1}.

Proof Let g(x) be the generator polynomial and h(x) = (x™ — 1)/g(x) be the check polynomial of C. Then
the set of zeros of g(x) is {&' | i € T} and the set of zeros of h*(x) is {&@’/ | j € M\ {—T}}, where « is a
primitive mth root of unity in some extension field of ;. Since C = (g(x)) and C L+ = (h*(x)), the code C is
self-orthogonal if and only if 2*(x) | g(x), which is equivalent to M\{—T7} (mod m) C T. O
Theorem 7 Let Cg be a 1-generator QC code with generator (g1(x), t(x)g1(x)), where g1(x) | (x" — 1) and
gcd (t (x), ’;:T;)l) = 1. Let T be the defining set of the cyclic code (g1(x)) of length m over IF,. Then a sufficient
condition for C g to be self-orthogonal is that M\{—T} (modm) C T.

Proof Since Cg = ((g1(x), t(x)g1(x))), from Corollary 4, Cg is self-orthogonal if and only if
(1)t (x)g1(x)) o (g1(x)]£(x)g1(x)) = 0 (mod x™ — 1),

i.e., g1 (x)x™179e881@ gy (x)* 41 (x) g1 (x)xm_l_deg(’(x)gl(x))t*(x)g’l*(x) = 0 (mod x™ — 1), which is equivalent
to g1 (x) g (x)*xm 17481 (1 ¢ (x)r* (x)x™ 981 ™)) = 0 (mod x™ —1). Therefore, if g (x)g; (x)* = 0 (mod
x™ — 1) then Cy is self-orthogonal. Now gi(x)g1(x)* = 0 (mod x — 1) is equivalent to the condition that
(g1(x)) is self-orthogonal. From Theorem 6, (g1 (x)) is self-orthogonal if and only if

M\{=T} (modm) C T .

The result follows. O
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The next result follows from Lemma 1 and Theorem 7.

Theorem 8 Let Cg be a 1-generator QC code with generator (g1(x), t(x)g1(x)), where g1(x) | (x™ — 1)
and gcd (t(x), );:T;)l) = L Let T be the defining set of the cyclic code (gi(x)) of length m over F,.
If M\{=T} (mod m) C T, then there exists a quantum code with parameters [[2m,2|T|,d'ly, where

d' = minfw(c) | ¢ € C5\ Co}.
The next result follows from Lemma 1 and Corollary 4.

Theorem 9 Let Cg be a 1-generator QC code with generator (g1(x), t(x)g1(x)), where g1 (x) | (x" — 1) and

g1(x)
[[2m, 2 deg g1 (x), d'1ly, where d’ = min{w(c) | ¢ € cé \ Col.

gcd (t(x), xm_l) = L If g1(x)g{ (x) = 0 (mod x™ — 1), then there exists a quantum code with parameters

The following result is a consequence of Lemma 2 and Theorem 5.

Theorem 10 Let Cg be a 1-generator QC code with generator (g1(x), t(x)g1(x)), where g1(x) | (x™ — 1) and

gcd (t (x), ZT(;)]) = 1. Then there exists a quantum code with parameters [[n, k, d]],, where d = min {wy(c) |

ce (CLS \ Cp)}and k = m — deg g (x).

6 Examples of new quantum codes

In this section we give some examples of quantum codes constructed from the class of 1-generator quasi-cyclic
codes of length 2m and index 2 over I, using the results given above. All the computations involved in the
examples are carried out by using Magma computation system [27].

Example 1 Let g = 5 and m = 39. The smallest extension of F5 containing a 39th root of unity is Fss. Also,
the set {0, 1,2,3,4,6,7, 12, 13, 14, 23} is a complete set of 5-cyclotomic coset representatives modulo 39. Let
T =CoUCIUCUC3UC1UCgUC7UC12UC13U Ca3, where Cy denotes the 5-cyclotomic coset containing
s. Then

T=1{0,1,5,8,25,2,10, 11, 16, 3, 15, 24, 36, 4, 20, 22, 32, 6, 9, 30, 33, 7, 17, 19, 35,
12,18, 21,27, 13, 26, 23, 28, 29, 37} .

We have

{—T} (mod 39) = { 0, 38, 34, 31, 14, 37, 29, 28, 23, 36, 24, 15, 3,35, 19, 17, 7, 33,
30,9, 6,32,22,20,4,27,21, 18, 12,26, 13, 16, 11, 10, 2} .

So, M\{—T} = {1, 5,8, 25} . Clearly, M\{—T} C T.Let C be the cyclic code of length 39 over 5 with defining
set T', where the corresponding primitive element of 54 is a root of the primitive polynomial x4+ x2+4x+1in
Fs[x]. Then the generator polynomial of C is g1 (x) = X3 4 2x3 4 4x33 1 3x30 1 2x30 428 4 3527 4 4,260 4
x 224 2x2 44520 43518 4 o 17 4 x5 43014 1 dxe 13 4 x% 4208 4457 3% 4+ 2x* + %%+ 3x +4. Let Cg be the
=1y _

g1(x) )
Then from Theorem 7, C ¢ is a self-orthogonal QC code. From Theorem 1, the parameters of C g are [78, 4, > 34],

as there are 16 consecutive integers in 7". The minimum distance of C JQ- is 2 (obtained from the generator matrix

1-generator QC code over IF; generated by (g1(x), #(x)g1(x)), where #(x) € F,[x] with gcd (t (x),

for Cé using Magma computational algebra system [27]). Hence from Theorem 8§ it will generate a quantum
code with parameter [[78, 70, 2]]s. The parameters of the quantum code obtained satisfy n + 2 — k — 2d < 6.

Example 2 Letqg = 5andm = 39. Let g(x) = x31 4+4x30 4+ 4x2° 4 3x28 4 x20 4 x5 4 xB 4 x20 4 4x 8 4 417
10 4 4x B 4 ax ! 4 4x 1?2 4 4x10 4 457 4 3x% 4 x + 4. Let C be the 1-generator QC code of length 2m and
index 2 over I, generated by (g(x), g(x)). We have g(x)g*(x) = 0 (mod x”* — 1). Then from Theorem 9, Cy is
a self-orthogonal 1-generator QC code. The parameters of C are [78, 8, 32]. The minimum distance of C JQ- is2
(obtained from the generator matrix for Cé using Magma computational algebra system [27]). Therefore from
Theorem 9, Cp will generate a quantum code with parameters [[78, 62, 2]]5. The parameters of the obtained
quantum code satisfy n + 2 — k — 2d < 14.
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Table 1 Examples of new quantum codes using Theorem 8

q,m T [2m,m — |T|, d] [[2m,2|T|,d'1),
23,33 {0,1,23,2,13,3,4,26,5,16,6,7,29,8,19,9,11,

22,12,14,25,15,17,28,18,20,31,

21,24,27,30 } [66, 2, > 44] [[66, 62, 2]]>3
29,35 {0,1,29,2,23,3,17,4,11,5,7,28,8,22,9,16,10,

12,33,13,27,14,21,15,18,32,19,

26,20,24,31,25,30 } [70,2, > 56] [[70, 66, 2]]29
31,45 {0,1,16,31,2,17,32,3,4,19,34,5,20,35,6,7,22,

37,8,23,38,9,10,25,40,11,26,41,12,13,28,

43,14,29,44,15,18,21,24,27,30,33,36 } [90, 2, > 84] [[90, 86, 21131
31,75 {0,1,16,31,46,61,2,17,32,47,62,3,18,33,48,63 .4,

19,34,49,64,51,6,21,36,51,66,7,22,37,52,
67,8,23,38,53,68,9,24,39,54,69,10,
11,26,41,56,71,12,27,42,57,72,13,28,
43,58,73,14,29,44,59,74,15,20,25,30,

35,40,45,50,55,60 } [150,2, > 132] [[150, 146, 21131
37,45 (0,1,19,28,37,2,11,29,38,3,12,21,39,4,13,22,31,

5,6,24,33,42,7,16,34,43,8,17,26,44.9,

18,27,36,10,14,23,32,41,15,20,25,30 } (90,2, > 72] (190, 86, 21137

Example 3 Let g = 29 and m = 39. The smallest extension of 29 containing a 39th root of unity is F,g6. The
set {0, 1,2,3,4,6,7,12, 13,21} is the complete set of 29-cyclotomic coset representatives modulo 39. Let the
defining setbe T = Co U C1 UCr UC3 UCs U CeUC7UCy3U Cy1 where Cy denotes the 29-cyclotomic coset
containing s. Then

T ={0,1, 14, 16,22,29,35,2,5,19, 28,31, 32, 3,9, 27,4, 10, 17, 23, 25, 38, 6, 15,
18,7,8, 11,20, 34,37, 13, 26, 21, 24, 33} .
We have
{—T} (mod 39) = { 0, 38, 25, 23, 17, 10, 4, 37, 34, 20, 11, 8, 7, 36, 30, 12, 35, 29,
22,16, 14,1, 33,24,21,32,31,28, 19,5, 2, 26, 13, 16, 15, 18} .

So, M\{—=T1} = {3, 9, 27} . Clearly, M\{—T} C T.Let C be the cyclic code of length 39 over Fo9 with defining
set T, where the corresponding primitive element of [Fgs is a root of the primitive polynomial X050 +11x4 +
10x3 +17x% + 14x + 1 in Fag[x]. Then the generator polynomial of C is g1 (x) = x3¢ 4 14x3> 4+ 17x3% 4-24x33 +
4x3% 4 11030 13530 4 1562 + 11628 4+ 507 + 126 4+ 123 + 1452 + 17221 + 24520 +4x 1 + 1118 4 13217 +
150104 11545514 413 4104 1409 + 1728 42457 +4x0 4+ 1155+ 13x* + 1523 + 1 1x2+5x + 1. Let Cg be the

1-generator QC code over F;, generated by (g1(x), 7(x)g1(x)), where 1 (x) € F,[x] with ged (t (x), );TT;)I) =1.
Then from Theorem 7, C ¢ is a self-orthogonal QC code. From Theorem 1, the parameters of C are [78, 3, > 36],
as T has 17 consecutive integers. The minimum distance of C is 2 (obtained from the generator matrix for C5

using Magma computational algebra system [27]). Hence from Theorem 8 it will generate a quantum code wit
parameter [[78, 72, 2]]29. The parameters of the obtained quantum code satisfy n +2 — k — 2d < 4.

Example 4 Let ¢ = 9 and m = 43. Let g(x) = x2> + w’x?! + w3x? + wx!? + wx'!® + 2x10 4 w3xb +
wOx M 4 xB  wZx 12 x4 0x 10 4 9 4 2x8 o + 2x0 + Wit + W w2+ wix+ 1L (wisa
primitive element of ;). Let C¢ be the 1-generator QC code of length 2m and index 2 over I, generated by
(g(x), g(x)). We have g(x)g*(x) = 0 (mod x” — 1). Then from Theorem 9, C is a self-orthogonal 1-generator
QC code. The parameters of C are [86, 21, 12]. The minimum distance of C JQ- is 2 (obtained from the generator

matrix for C é using Magma computational algebra system [27]). Therefore from Theorem 9, Co will generate
a quantum code with parameters [[78, 44, 2]]o.

In Tablel, some more examples of 1-generator QC codes and the induced quantum codes using Theorem 8
are presented. All the g-ary quantum codes obtained satisfies n — k — 2d + 2 < 2 and are new. It is worth
mentioning here that an [[n, k, d]]; quantum code satisfying n — k — 2d + 2 = 0 is a quantum MDS code.
Howeverifn —k —2d +2 <t, t > 0 we know smaller the value of ¢ nearer the code is to MDS code.

In Table 2 we present some more examples of 1-generator QC codes and the induced quantum codes from
them using Theorem 9.
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Table 2 Examples of new quantum codes using Theorem 9

q,m g1(x) = gi [2m, m — deg g1, d]q [[2m, 2deg g1, d'1)y
9,19 100 =210+ w’x® + wdx® + wdx” + wxO+

X+ wxt +wxd +wx? +wix +1 [38,9, > 8] [138, 18, 2119
13,55 g1(x) = x3 +4x3* + 1053 4+ 9x32 4+ 45314

2x30 4 8x28 4 5527 4 8x20 4 5x254

7X24 + 7)623 +x22 + 3X21 + 9X20+

3x10 4 8x18 + 10x17 + 10x10 + 11x154

5x14 +8X13 + 12x12 +3X“ +x10+

8x8 4+ 5x7 +8x0 + 11x5 + 7x*+

3x3 +10x2 +3x + 12 [110, 20, > 16] [[110, 70, 21113
23,51 g1(x) = x3 4 8x3* + 17x3 + 11132 4213+

20x30 4+ 22x2 4+ 9x28 4 15x27 4 17x264+

8xB 4 9x2* 4 21x2 4 5x22 4 144214

18x20 4+ 17x19 + 15x!8 + 16x17 + 6x10+

12215 42514 3513 4 412 4 145114

8x10 4 6x9 4 15x8 + 14x7 + 2x0+

18x% + 9x* + 5x3 + 6x2 + Tx + 22 [102, 16, > 6] [[102, 70, 21123
23,57 g1(x) = x4+ 11038 4 2107 4 x36 4 8x3+

113 4 12x32 4 230 412230 4 42294

10x28 + x27 4 10x20 + 9x2* + 10xB3+

X2 4 21x% 4+ 12x%0 4 13419 4 2x 184

22x17 4 15210 4 12x15 4 11x13 4 224124

x4 19510 4 13x% 4+ 2248 4+ 1327+

14x° 4+ 13x% 4+ 22x3 + 2x% + 10x + 22 [114, 18, > 14] [[114, 78, 2]]23
29,39 g1(x) = x27 4+ 18x20 4 4x® 4 x¥ 4 8xB+

27x22 4+ 8x2! + 16x20 4 20x 1 + 7x 184+

5x17 4 7x10 4 13x 15 11 4 124834

25x12 4 28x ! 4 21x10 4 2%+

21x8 4+ 13x7 + 9x° + 227+

24x* 4+ 22x3 4+ 16x% + 17x + 28 [78, 12, > 18] [[78, 54, 21129

7 Conclusion

In this paper we have presented a construction of quantum codes from a class of 1-generator quasi-cyclic (QC)
codes of index 2 over finite fields. The quantum codes are obtained by using the CSS construction on self-
orthogonal QC codes of this class. We have studied these codes as a special class of double cyclic codes and
derived the structure of their duals. A necessary and sufficient condition for these codes to be self-orthogonal is
presented. Examples have been given to illustrate the constructions of quantum codes. We have obtained some
good quantum codes over finite fields satisfyingn +2 — k —2d < 2.
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