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Abstract We consider py;, k) (n), the number of m-regular partitions in k-colors. We find many infinite family
of congruences modulo 2, 3, 5 for some m-regular partitions in 3 colors, especially, for m = 2, 4, 10, 20.
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1 Introduction and Notations

A partition of a positive integer n is a non-increasing sequence of positive integers, called parts, whose sum
equals n. Let p(n) denotes the number of partitions of n. Then, the generating function for p(n) is given by

> png" = —
n=0

(@ Do

Here, in this sequel, we use the following standard g-series notation:
o
@ @)oo= [A—ag"™"). lql<l.
n=1

Let p3(n) denotes the number of partitions of n in three colors. Then, the generating function for p3(n) is given
by

o ; 1
gpz(n)q = T

Let pym ky(n) denotes the number of m-regular partitions of n in k-colors. Then, the generating function for
Dim.ky(n) is given by

< . k

(g™ 9™)
Y sy (mg" = == (1.1)
n=0 (4; q)oo
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390 K. N. Vidya

Recently, Hirschhorn [5] established infinite family of congruences modulo powers of 3 for p3(n). For example,
for all @, n > 0, he proved that

5 X32a+1+1

< =0 (mod 3°**2).

p3 (32(¥+1n) +

In [4], Gireesh and Mahadeva Naika found the generating function for p(3 3)(n) and deduced congruences
modulo large powers of 3. They also found the generating functions and congruences for linear combination of
p3(n) by finding the relation connecting p3(n) and py3 3)(n). They found finite discrete convolution of p3 1;(n)
and p(32y(n). In [6], DA Silva and Sellers have provided a parity characterization for p(3 3;(2n) as well as the
following characterization mod 3 for p(3 3)(n): For alln > 0,

P33 Bn+1) = 0(mod 3),
pi33GB8n+2)=0 (mod 3)

and

(=DM (mod 3), if n =kGk — 1)/2

3n) =
P3G =10 0d 3). otherwise

In this paper, our goal is to find the new infinite families of congruences for m-regular partitions in 3—colors
for m € {2, 4, 10, 20}, by employing p-dissections of Ramanujan‘s theta functions v (q), f(—¢), f>(—¢) and
¥2(g?) f2(—q) stated in the next section. The p-dissections of ¥ (¢q) and f(—q) are due to Cui and Gu [3] and
the p-dissections of f3(—¢) and ¥%(¢%) f2(—¢q) are due to Ahmed and Baruah [7].

2 Preliminaries

In this Section, we list some of the standard identities that we use while proving our results. Jacobi’s identity(
[2], Theorem(1.3.9))is given by

o
D =12+ g = (g ). 2.1)
n=0

Ramanujan’s [1] general theta function f(a, b) is given by

f(av b) =1 + Z(ab)”("il)/z(an +bn)

n=1

o
— Z (ab)n(n+l)/2(b)n(n—l)/2’ |ab| < 1
—00

The special cases of f(a, b) are given by

_ 4140?14 _ s
(q;qz)oo(_qz;q2)oo f12f4 7

0@ :=fg.=1+2) ¢~
k=1

00 2. 2 2
S 3y _ k(k+1)/2 _ (G790 _ /5
Vg := f(q.q7) /?:oq G Pe

and

f=q) = f(=q. =g = Y D" = (g:9)0e = f1.

k=—o00
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On m-regular partitions in k-colors 391

Lemma 2.1 (Cui and Gu [3], Theorem(2.1))For any odd prime p,

p—3

P2Ck+Dp  pP—Qk+Dp

*\ 2 2=l 2
V@ =) g2 flg 2 .9 2 )+q ¥ ¥@"), (2.2)
k=0

where € +k and p are not in the same residue class modulo p for 0 <k < (p —3)/2.

Lemma 2.2 (Cui and Gu [3], Theorem(2.2))For any prime p > 5,

k2 1k 3p2—(6k+1)p 3p2 4 (6k+1)p p=1 p>-1 2
feo= Y (=D 7 f(=¢~ 2 —q¢" 2 )+ (DFeqF f(—q"),  23)

where + depends on the conditions that (&p — 1)/6 should be an integer. Moreover, note that (3k* + k)/2 #
(p* — 1)/24 (mod p) as k runs through the range of the summation.

Lemma 2.3 (Ahmed and Baruah [7], Lemma(2.3))If p > 3 is a prime, then

p—1

(@ D)% = Z (~Dq MZ( D" @pn + 2k + g™

n=0

21 pZ p2 3
+p(—1) r " (q":q oo (2.4)
k;ép

Furthermore, if k # 25— 0<k<p—1 thenkH‘ ;ép (modp)
Lemma 2.4 (Ahmed and Baruah [7], Lemma(2.4))If p > 5 is a prime and

3 T =22l if p=—1(mod3),

tp—1 |2 if p=1(mod3),
—P
then,

VA@GDL = Y TS Gpnt 3k + DgPOPHD L p By (28 g7 g7 25)

r=—p=1 n=—00
k ip271
73
Furthermore, if k # ipT_l, _’; <k < 5=, then 3k* 4+ 2k # I L (mod p)

3 Main Results

In this Section, we prove our main results.

Theorem 3.1 For any prime p > 5 and a, n > 0, we have

— 2 I’za -1 3
E P23} <P “n+3 7 >q" = f7(—q) (mod?2). (3.1)
n=0

Proof Using (1.1), we have

2,3
Zp{zs}( )q" (q 7 oo

Gk =(—q:9)2 = f(—q) (mod?2),
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which is the o = 0 case of (3.1). Now, suppose that (3.1) holds for some o > 0. Using (2.3), we rewrite (3.1) as

o8]

20
2a pr—1 n
E +3
P{2.3} (p n 24 ) q

n=0

3

p—1
2 2 2 2 2
3k2+k 3p2—(6k+1)p 3p2+6k+1)p p=1 p2-1 >
S DT T T (D f(—g?) | (mod 2).(3.2)
ksl

21
Extracting the terms containing qp”+3p7 from both sides of (3.2) and replacing ¢” by ¢, we obtain

S 2042 _
Z P{2.3} (PzaHn + 3PT> q" = 3 (—q¢?) (mod?2). (3.3)
n=0

Again extracting the terms containing ¢””* from both sides of the above congruence and replacing g” by ¢, we
arrive at

o0 S p2(x+2 -1
D pes) (p “n +3T) q" = f(=q) (mod?2),
n=0

which is the o + 1 case of (3.1). O

Corollary 3.1 For any prime p > 5, a« > 1 and n > 0, we have

(24j +3p)p>~' -3
PR3 (pZ“n + N =0 (mod2), (3.4)
where j =1,2,---,p — 1.
Proof Comparing the coefficients of g”"*/, 1 < j < p — 1 from both sides of (3.3), we obtain (3.4). O

Corollary 3.2 For any prime p > 5, a > 0 and n > 0, we have

(24 +3)p* =3
Pi2.3} <p2°‘+ln+ / 24p =0 (mod?2), (3.5)

wherej:1,2,-~-,p—1and(244p+3)=—1.

Proof For any prime p > 5 and an integer j with 0 < j < p — 1, according to (2.3) and Theorem(3.1), if
j # Bk*> +k)/2 (mod p) for [k| < (p — 1)/2, then we have

p2a _
P2.3) (Pza(lm +/)+3 54 ) =0 (mod?2),
which yields (3.5). O
Theorem 3.2 For the primes py, p2, -+, pr =5, r = 0andn > 0, we have
r
2
00 r 1_[ Ps — 1
=1
doren [[[oin+3|=5—||4"= ) (mod2). (3.6)
n=0 s=1
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On m-regular partitions in k-colors 393

Proof We prove it by induction on r. First, we get the initial case from Theorem (3.1). Then suppose

.
[[ri-1

o r
2 s=1 _ £3
S e [[1pin+3| =0 — | |a" = £ (mod2).
n=0 s=1
Based on (2.3), for a prime p,4+1 > 5, we have
,
2
00 r p2 1 1_[ Ps — !
2 2 +1 s=1
dresn |17 (pr+1” 3702 ) +3 24 ¢
n=0 s=1
r+1
2
00 r+l 1_[ Ps — 1
=1
=2 ey | [[pin+3| =5—||4"= -0 (mod2).
n=0 s=1
Therefore, the result holds for r + 1. O

Theorem 3.3 For any odd prime p, o > 0 and n > 0, we have

200

> 1
3 s <p2“n+3p < )q" = y3(q) (mod?2). 37

n=0

Proof We use induction on «. Using (1.1), we see that

e 4. 43
g7 q9")
Y pusmgt = =52 = (g1 q)%, (mod2).
Now, using (2.1), we can see that
o0
Y q" = (g1 ), (mod2),
n=0
that is
(45 )% = V(g) (mod?2).
Therefore,

> puamgt = v (q) (mod2),

n=0
which is the @ = 0 case of (3.7). Now, suppose the lemma holds for some & > 0. Then we have

- 2 p* -1 3
ZP{4,3}<P“"+3 g )qn = Y(q) (mod?2).

n=0

21
Using (2.2) in the right side of the above equation, extracting the terms containing qp"%pT from both sides of
the resulting equation and replacing ¢” by ¢, we obtain

s o] p2a+2 —1
ZP{4,3} (P “*ln+ 3T> q" = ¥3(qP) (mod?2). (3.8)
n=0
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Moreover, we have
2042 1

o0
Y pus <p2“+2n+3pT> q" = V(@) (mod?2),
n=0

which is the @ + 1 case of (3.7). ]

Corollary 3.3 For any odd prime p, o > 1 and n > 0, we have

8j +3p)p* ' -3
P (pz"n + 2 =0 (mod2), (3.9)
where j =1,2,---,p — L.
Proof Comparing the coefficients of g”"*/, 1 < j < p — 1 from both sides of (3.8), we obtain (3.9). O
Corollary 3.4 For any odd prime p, o > 0 and n > 0, we have
8j +3)p>* -3
P (p””“n + %) = 0 (mod?2), (3.10)

wherej:1,2,-~~,p—1and<%>=—l.
Proof For any odd prime p and an integer j with 0 < j < p — 1, according to (2.2) and Theorem(3.3), if
j# (k*+k)/2 (mod p)for0 <k < (p —3)/2, then we have

p2a_1
8

Pia3) (pzo‘(pn+j)+3 >E 0 (mod?2),
which yields (3.10). |

Theorem 3.4 If p is a prime such that (_76> = —1, then for all o > 0,

- 2a pre-1\ aZe=l 3 2. 2\3
d_pey (P +3 x5S —)q" = DT @)% gD (mod 3). (3.11)
n=0

Proof We prove the theorem by induction on «. Using the fact that
@ D% = @%5a))00 (mod3)
and using (1.1), we see that
o0 2. 219
(g7 97)
Y piesmg" = (—)g‘” = V(@)% g% (mod3),
n=0 7> Ve

which is the @« = 0 case of (3.11). Now, suppose that (3.11) holds for some « > 0. Using (2.2) and (2.3), we
rewrite (3.11) as

0 , p2ot -1
o 3 5 n
ZP{6,3} <p n+3x o ) q

n=0

3

p=3
2
+p—1 m2+m PA@mtp  pP—@mthp p2-l 2
=D [ Y g f(q A R A AU
m=0

3

2 2 2 +p—1  p*-i 2 2
x| D0 (DR (=gt OO g3 O D) (1) H g T (g2 g2 ) | (mod 3).
k;éipgl

(3.12)
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p2—1
Extracting the terms containing q””+3XSIT from both sides of (3.12) and replacing ¢” by ¢, we obtain

204+2

o0

p 1 -1
> pi6s) (p2°‘“n+3x5—> q" = (=DVTT Y3 (g% 4?3 (mod 3).  (3.13)
n=0

24

Again extracting the terms containing ¢””* from both sides of the above congruence and replacing ¢g” by ¢, we
find that

e¢]

2a+2 Pt -1 nEe=l 3 2. 2\3
Y P (p o n+3xsT) g" = (DT Y% D3, (mod 3),
n=0
which is the @ + 1 case of (3.11). |

Corollary 3.5 If p is a prime such that (_76) =—landl <j <p—1,thenforalla,n >0,

p2a+2 -1
Pi6.3) <p2“+1(pn +j)+3x ST) =0 (mod3). (3.14)
Proof Comparing the coefficients of ¢”"*/, 1 < j < p — 1 from both sides of (3.13), we obtain (3.14). O

Theorem 3.5 If p is a prime such that p = 5 or 7 (mod 8 ) and o > 0, then

o

> puios) (Pzan +9
8
n=0

) 4" = P =1 Y3 ()% gD (mod 5). (3.15)

Proof We prove the theorem by induction on «. Using the fact that

@D = @07 (mod5)

and using (1.1), we see that

o (qz q2)15
Y pnoymgt = =——22 = ¥ (q)(q% ¢M)3 (mod5),
—rs (q: )3

which is the @ = 0 case of (3.15). Suppose (3.15) holds for some o > 0. With the help of (2.2) and (2.4), we
can rewrite (3.15) as

S 2a

p¥—1
> pros) (pz”n +97— ) q"
n=0

3

=3
2
p—1 m2+m ]72-%—(2m+l)p [)2—(2n1+1)p pzi—l
=pP (=17 x| Y g f(q > g 2 )+q Y (p?)
m=0

3

p_l 0 p— 21
x|S0 DR SO (1 @pn + 2k 4 PP 1) T 2 (2 g2, | (mod 5).
k;é n=0

(3.16)

2
p-—1
pn+9=——

Extracting the terms involving ¢ from both sides of (3.16) and then replacing ¢” by ¢, we find that

00 20+2 _ 1 i
> P03 (pz‘"“n + 9PT> q" = PP (=13 gP) (g7 ¢*P)3 (mod 5 ). (3.17)
n=0
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396 K. N. Vidya

Again extracting the terms containing ¢”" from both sides of the above congruence and replacing g” by ¢,
we arrive at

- 2042 pt—1 3(a+1 3+ 2L 3 2. 219
Y puos (p o9t — )q" = p? (=)D (g) (g% g% (mod 5), (3.18)
n=0
which is the & 4 1 case of (3.15). |
Theorem 3.6 If p is a prime such that p = — 1 (mod 6), then for all o > 0,

)X (@3 @H (=% =8 (mod 5).  (3.19)

S ) pZ(x -1
Z pro3y | pn+3x 19 q"
= 24

Proof We use induction on «. Clearly,

00 20. ,2043 4. 4\15
S poy g’ = L9 Joe = D)0 334 (—g2 —g?)8, (mod 5),
= CRORS (45 Dz

which is the o = 0 case of (3.19). Now, suppose (3.19) holds for some o > 0. Using (2.2) and (2.5) with ¢
replaced by —g? in (3.19), we have

o ) p20(_1
> P03 <p “n43x 19— )qn

n=0

p=3 3

i m24m p24+Cm+1)p p2—Cm+D)p ﬁ 2
=D q > f(q > g 2 >+q 5 Y(g”)

p—1
2

o
x|S0 (DRI ST (L1 Bpn + 3k + 1)gPrrCOrnt okt

— =
gt
3
st 2@ 4p? 2p? 2p%\2
—p(=D)"7F g 3 Y@ )=q" ;=g )5 | (mod5). (3.20)

21
Extracting the terms containing g?" 3 19%3~ from both sides of (3.20) and replacing ¢” by ¢, we obtain

- 2 1 p2a+2 -1
Y P (p oty 43 % 19T> q"
n=0

= (—p)>@DY3 @3 (¢*P) (¢ —¢*P)S, (mod 5). (3.21)

Again extracting the terms containing ¢””* from both sides of the above congruence and replacing g” by g, we
arrive at

S 20+2 _
> P03 (pz"‘“n +3 x 19PT) q" = =p)’ v (g (=% —¢H% (mod 5),
n=0

which is the @ + 1 case of (3.19). |
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On m-regular partitions in k-colors 397
Corollary 3.6 If p is a prime such that p = Sor7(mod 8)and1 < j < p — 1, then foralla,n > 0,
_ p2a+2 _
Puaa(P“+(Pn+j)+9——7;——> =0 (mod5). (3.22)

Proof Comparing the coefficients of ¢”"*/ 1 < j < p — 1 in (3.17), we obtain (3.22). O
Corollary 3.7 If p is a prime such that p = 5 (mod 6 )and 1 < j < p — 1, then for all a,n > 0,

© , p2o(+2 _

> pios <p Hpn 4 j) +3 x 19T> ¢" =0 (mod5). (3.23)

n=0
Proof Comparing the coefficients of g”"*/, 1 < j < p — 1 from both sides of (3.21), we obtain (3.23). O
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