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Abstract In this paper, our goal is to significantly extend the list of proven arithmetic properties satisfied by the
function that enumerates cubic partitions which are also 3-cores, namely C3(n), which was studied extensively
by Gireesh in 2017. Our proof techniques are elementary, including classical generating function manipulations
and dissections.
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1 Introduction

A partition of an integer n ≥ 0 is a non-increasing sequence of positive integers, λ1 ≥ · · · ≥ λs , such that
n = λ1 +· · ·+λs . The λi s are called the parts of the partition. The number of partitions of n is denoted by p(n),
where p(0) is defined as 1. The study of arithmetic properties of p(n) emerged as a vibrant area of research since
Ramanujan [23] proved a set of congruences for p(n), including:

p(5n + 4) ≡ 0 (mod 5),
p(7n + 5) ≡ 0 (mod 7),

p(11n + 6) ≡ 0 (mod 11).

After Ramanujan, significant contributions were given by Watson [25], Atkin [4], Dyson [14], Andrews and
Garvan [2], Ono [22] and Mahlburg [21], among others. One of the most impressive achievements in the study
of arithmetic properties of p(n) is the following result of Ono [22]: given a prime p ≥ 5, there exist infinitely
many congruences of the type p(An + B) ≡ 0 (mod p). In a subsequent paper, Ahlgren [1] generalized this
result for composite moduli M that are coprime to 6.

Recently, many authors have extended this study to other partition functions, see for example [3,7–13]. Chen
[9], for instance, proved many congruences for at (n), the number of t-core partitions of n. We recall that a t-core
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Congruences for 3-core cubic partitions 405

partition of n is a partition having none of the hook numbers in its Ferrers graph divisible by t . As noted in [9],
the generating function for the number of t-core partitions is given by

∞∑

n=0

at (n)q
n = (qt ; qt )t∞

(q; q)∞
,

where we use the standard q-series notation (for |q| < 1)

(a; q)∞ =
∞∏

k=0

(1 − aqk).

There are many beautiful congruences for at (n). For example, Garvan et al. [15] proved that if α is a positive
integer and � = 5, 7, 11, then for all n ≥ 0,

a�

(
�αn − �2 − 1

24

)
≡ 0 (mod �α).

In 2010, Hei-Chi Chan [7,8] introduced the cubic partition function, a(n), in connection with Ramanujan’s
cubic continued fraction. In doing so, he noted that the generating function for a(n) is given by

∞∑

n=0

a(n)qn = 1

(q; q)∞(q2; q2)∞
. (1)

Thanks to (1), we see that cubic partitions of an integer n can be interpreted as pairs consisting of two partitions
whose parts sum to n, with the added property that all of the parts in the second partition must be even.

A number of authors have since considered arithmetic properties of the cubic partition function along with
similar properties of a number of related functions. For example, in 2017, Gireesh [16] considered the function,
denoted by C3(n), which gives the number of 3-core cubic partitions. Thus, C3(n) counts the number of cubic
partitions, as described above, where none of the hook numbers in the Ferrers graph of either of the partitions
in question is divisible by 3. As noted in [16, Eq. (6)], the generating function for the number of 3-core cubic
partitions is given by

∞∑

n=0

C3(n)q
n = (q3; q3)3∞(q6; q6)3∞

(q; q)∞(q2; q2)∞
, (2)

In [16], the author proved a number of arithmetic properties satisfied by C3(n), including the fact that C3(3n+2) =
3C3(n) for all n. In this paper, our goal is to significantly extend the list of proven arithmetic properties satisfied
by C3(n) using elementary generating function manipulations and well–known q–series identities.

This paper is organized as follows. In Sect. 2, we establish some notation and recall some useful identities.
The 2-, 3-, 4-, and 6-dissections for C3(n) are the content of Sect. 3. Section 4 is devoted to presenting and
proving the main results of this paper.

2 Preliminaries

Throughout the remainder of this paper, we define

fk := (qk; qk)∞
in order to shorten the notation. So, we can rewrite (2) as

∞∑

n=0

C3(n)q
n = f 3

3 f 3
6

f1 f2
. (3)

We recall Ramanujan’s theta functions

f (a, b) :=
∞∑

n=−∞
a

n(n+1)
2 b

n(n−1)
2 , for |ab| < 1,
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406 R. da Silva, J. A. Sellers

φ(q) := f (q, q) =
∞∑

n=−∞
qn2 = f 5

2

f 2
1 f 2

4

, (4)

ψ(q) := f (q, q3) =
∞∑

n=0

qn(n+1)/2 = f 2
2

f1
. (5)

We recall the classical Jacobi’s identity (see [6, Theorem 1.3.9])

f 3
1 =

∞∑

n=0

(−1)n(2n + 1)qn(n+1)/2 (6)

and Euler’s identity (see [19, Eq. (1.6.1)])

f1 =
∞∑

n=−∞
(−1)nqn(3n−1)/2. (7)

We will also require the following 2- and 3-dissections of certain q-series:

Lemma 1 The following identities hold:

f 4
1 = f 10

4

f 2
2 f 4

8

− 4q
f 2
2 f 4

8

f 2
4

, (8)

f 3
3

f1
= f 3

4 f 2
6

f 2
2 f12

+ q
f 3
12

f4
, (9)

f 2
3

f 2
1

= f 4
4 f6 f 2

12

f 5
2 f8 f24

+ 2q
f4 f 2

6 f8 f24

f 4
2 f12

, (10)

f3

f 3
1

= f 6
4 f 3

6

f 9
2 f 2

12

+ 3q
f 2
4 f6 f 2

12

f 7
2

, (11)

1

f1 f3
= f 2

8 f 5
12

f 2
2 f4 f 4

6 f 2
24

+ q
f 5
4 f 2

24

f 4
2 f 2

6 f 2
8 f12

. (12)

Proof By items (v) and (vi) of [5, Entry 25, p. 40] we have φ(−q)2 = φ(q2)2 − 4qψ(q4)2. Using (4) and (5) it
follows that

f 10
2

(−q;−q)4∞ f 4
4

= f 10
4

f 4
2 f 4

8

− 4q
f 4
8

f 2
4

.

Using the fact that

(−q;−q)∞ = f 3
2

f1 f4
,

we obtain (8) after simplifications.
Identities (9) and (10) are equivalent to Eqs. (22.7.5) and (30.9.9) of [19], respectively. Replacing q by −q

in [19, (27.7.3)] yields (11). Finally, identity (12) is [19, (30.12.3)]. ��
Lemma 2 The following identities hold:

1

f1 f2
= f 9

9

f 6
3 f 2

6 f 3
18

+ q
f 6
9

f 5
3 f 3

6

+ 3q2 f 3
9 f 3

18

f 4
3 f 4

6

− 2q3 f 6
18

f 3
3 f 5

6

+ 4q4 f 9
18

f 2
3 f 6

6 f 3
9

, (13)

f 3
2

f 3
1

= f6

f3
+ 3q

f 4
6 f 5

9

f 8
3 f18

+ 6q2 f 3
6 f 2

9 f 2
18

f 7
3

+ 12q3 f 2
6 f 5

18

f 6
3 f9

. (14)

Proof Identity (13) is equivalent to Eq. (39) of [20]. Identity (14) is Eq. (3.1) in [24]. ��
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Congruences for 3-core cubic partitions 407

3 Dissections for C3(n)

We begin by providing an extremely elementary proof of the 2-dissection of (2).

Theorem 3 We have
∞∑

n=0

C3(2n)qn = f 3
2 f 5

3

f 3
1 f6

, and (15)

∞∑

n=0

C3(2n + 1)qn = f 3
3 f 3

6

f1 f2
. (16)

Proof Substituting (9) into (3), we obtain
∞∑

n=0

C3(n)q
n = f 3

4 f 5
6

f 3
2 f12

+ q
f 3
6 f 3

12

f2 f4
.

Extracting the even and the odd parts from this identity, we obtain
∞∑

n=0

C3(2n)q2n = f 3
4 f 5

6

f 3
2 f12

,

∞∑

n=0

C3(2n + 1)q2n+1 = q
f 3
6 f 3

12

f2 f4
.

After dividing the last expression by q and replacing q2 by q in both identities, we arrive at (15) and (16). ��
Remark 1 As noted in [16, Eq. (41)], it follows from (3) and (16) that

C3(2n + 1) = C3(n).

Now we 3-dissect (3).

Theorem 4 We have
∞∑

n=0

C3(3n)qn = f2 f 9
3

f 3
1 f 3

6

− 2q
f 6
6

f 2
2

, (17)

∞∑

n=0

C3(3n + 1)qn = f 6
3

f 2
1

+ 4q
f1 f 9

6

f 3
2 f 3

3

, and (18)

∞∑

n=0

C3(3n + 2)qn = 3
f 3
3 f 3

6

f1 f2
. (19)

Proof Substituting (13) into (3) yields
∞∑

n=0

C3(n)q
n = f6 f 9

9

f 3
3 f 3

18

+ q
f 6
9

f 2
3

+ 3q2 f 3
9 f 3

18

f3 f6
− 2q3 f 6

18

f 2
6

+ 4q4 f3 f 9
18

f 3
6 f 3

9

.

Extracting the terms of the form q3n , q3n+1, and q3n+2 we obtain
∞∑

n=0

C3(3n)q3n = f6 f 9
9

f 3
3 f 3

18

− 2q3 f 6
18

f 2
6

,

∞∑

n=0

C3(3n + 1)q3n+1 = q
f 6
9

f 2
3

+ 4q4 f3 f 9
18

f 3
6 f 3

9

,

∞∑

n=0

C3(3n + 2)q3n+2 = 3q2 f 3
9 f 3

18

f3 f6
.
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408 R. da Silva, J. A. Sellers

Dividing these three identities, respectively, by q0, q, and q2 and, then, replacing in the resulting identities
q3 by q, we obtain (17), (18), and (19). ��
Remark 2 As noted in [16, Eq. (39)], it follows from (19) that

C3(3n + 2) = 3C3(n).

The next theorem yields the 4-dissection of (3).

Theorem 5 We have

∞∑

n=0

C3(4n)qn = f 6
2 f 8

6

f 6
1 f 4

12

− 12q2 f 2
2 f 2

3 f 4
12

f 4
1

, (20)

∞∑

n=0

C3(4n + 1)qn = f 3
2 f 5

3

f 3
1 f6

, (21)

∞∑

n=0

C3(4n + 2)qn = 3
f 2
2 f 12

6

f 4
1 f 2

3 f 4
12

− 4q
f 6
2 f 4

3 f 4
12

f 6
1 f 4

6

, and (22)

∞∑

n=0

C3(4n + 3)qn = f 3
3 f 3

6

f1 f2
. (23)

Proof Using (8) and (11), we can rewrite (15) as

∞∑

n=0

C3(2n)qn = f 3
2

f6
f 4
3

f3

f 3
1

= f 3
2

f6

(
f 10
12

f 2
6 f 4

24

− 4q3 f 2
6 f 4

24

f 2
12

) (
f 6
4 f 3

6

f 9
2 f 2

12

+ 3q
f 2
4 f6 f 2

12

f 7
2

)
. (24)

Expanding the product on the right hand side of (24) and extracting the even and the odd parts, we obtain

∞∑

n=0

C3(4n)q2n = f 6
4 f 8

12

f 6
2 f 4

24

− 12q4 f 2
4 f 2

6 f 4
24

f 4
2

, (25)

∞∑

n=0

C3(4n + 2)q2n+1 = 3q
f 2
4 f 12

12

f 4
2 f 2

6 f 4
24

− 4q3 f 6
4 f 4

6 f 4
24

f 6
2 f 4

12

. (26)

Thus, (20) follows from (25) after replacing q2 by q. In order to obtain (22), we divide (26) by q and, then,
replace q2 by q.

Identities (21) and (23) follow directly from (15) and (16), respectively, and the fact that C3(2n + 1)
= C3(n). ��

We close this section with the 6-dissection of (3).

Theorem 6 We have

∞∑

n=0

C3(6n)qn = f 4
1 + 12q

f2 f 5
6

f1 f3
, (27)

∞∑

n=0

C3(6n + 1)qn = f2 f 9
3

f 3
1 f 3

6

− 2q
f 6
6

f 2
2

, (28)

∞∑

n=0

C3(6n + 2)qn = 3
f 3
2 f 5

3

f 3
1 f6

, (29)
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∞∑

n=0

C3(6n + 3)qn = f 6
3

f 2
1

+ 4q
f1 f 9

6

f 3
2 f 3

3

, (30)

∞∑

n=0

C3(6n + 4)qn = 6
f 2
2 f 2

3 f 2
6

f 2
1

, (31)

∞∑

n=0

C3(6n + 5)qn = 3
f 3
3 f 3

6

f1 f2
. (32)

Proof Substituting (14) into (15), we obtain

∞∑

n=0

C3(2n)qn = f 5
3

f6

(
f6

f3
+ 3q

f 4
6 f 5

9

f 8
3 f18

+ 6q2 f 3
6 f 2

9 f 2
18

f 7
3

+ 12q3 f 2
6 f 5

18

f 6
3 f9

)
.

Now we extract the terms involving q3n and q3n+2, being left respectively with

∞∑

n=0

C3(6n)q3n = f 4
3 + 12q3 f6 f 5

18

f3 f9
,

∞∑

n=0

C3(6n + 4)q3n+2 = 6q2 f 2
6 f 2

9 f 2
18

f 2
3

.

After simplifications, we arrive at (27) and (31).
Identities (28) and (30) follow from the fact that C3(2n + 1) = C3(n) and using (17) and (18), respectively.

Similarly (29) and (32) are direct consequences of the fact that C3(3n + 2) = 3C3(n) and the identities (15) and
(16), respectively. ��

4 Arithmetic properties of C3(n)

We let dr,m(n) denote the number of divisors d of n with d ≡ r (mod m). In what follows, we let r{�+ 3�}(n)
be the number of representations of n as the sum of a triangular number and three times a triangular number. We
know (see [17, Eq. (1.8)]) that

r{� + 3�}(n) = d1,3(2n + 1)− d2,3(2n + 1).

We begin this section with a complete parity characterization of C3(2n).

Theorem 7 For all n ≥ 0, we have

C3(2n) ≡ r{� + 3�}(n) (mod 2).

Proof Using (6) it follows from (15) that

∞∑

n=0

C3(2n)qn ≡ f 3
1 f 3

3 ≡
∞∑

k,l=0

qk(k+1)/2+3l(l+1)/2 (mod 2), (33)

from which the result follows. ��
This theorem yields the following infinite family of Ramanujan–like congruences modulo 2.

Corollary 8 Let p be a prime such that p ≡ 5 or 11 (mod 12). Then for all k,m ≥ 0 with p � m, we have

C3

(
2p2k+1m + p2k+2 − 1

)
≡ 0 (mod 2).
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410 R. da Silva, J. A. Sellers

Proof From (33) we have

∞∑

n=0

C3(2n)q8n+4 ≡
∞∑

j,l=0

q(2 j+1)2+3(2l+1)2 (mod 2).

Thus C3(2n) ≡ 0 (mod 2) if 8n + 4 is not of the form x2 + 3y2. Since p ≡ 5 or 11 (mod 12) it follows that(−3

p

)
= −1, which implies that νp(N ) is even if N is of the form x2 + 3y2.

Since n = p2k+1m + (p2k+2 − 1)/2, we have

8n + 4 = 8p2k+1m + 4p2k+2 = p2k+1(8m + 4p).

Therefore νp(8n + 4) is odd and the result follows. ��
Thus, for example, the following congruences hold for all n ≥ 0 thanks to the above:

C3(50n + 24 + 10r) ≡ 0 (mod 2), for r ∈ {1, 2, 3, 4},
C3(242n + 120 + 22r) ≡ 0 (mod 2), for r ∈ {1, 2, . . . , 10},
C3(578n + 288 + 34r) ≡ 0 (mod 2), for r ∈ {1, 2, . . . , 16}.

The next theorem exhibits a complete parity characterization of C3(3n).

Theorem 9 For all n ≥ 0, we have

C3(3n) ≡
{

1 (mod 2), if n = k(3k + 2),
0 (mod 2), otherwise.

Proof We recall the identity (see [19, p. 273])

�(q) =
∞∑

k=−∞
qk(3k+2) = f 2

2 f3 f12

f1 f4 f6
,

which yields

∞∑

k=−∞
qk(3k+2) ≡ f3 f6

f1
≡ f 3

3

f1
(mod 2). (34)

Thus, using (17), we have

∞∑

n=0

C3(3n)qn ≡ f2 f 3
3

f 3
1

≡ f 3
3

f1
≡

∞∑

k=−∞
qk(3k+2) (mod 2),

which completes the proof. ��
Corollary 10 For all n ≥ 0,

C3(12n + 6) ≡ 0 (mod 2), and

C3(12n + 9) ≡ 0 (mod 2).
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Congruences for 3-core cubic partitions 411

Proof Since 12n + 6 = 3(4n + 2), Theorem 9 implies that we need to know whether 4n + 2 can be written as
k(3k + 2) for some integer k. This is equivalent to asking whether

3(4n + 2)+ 1 = 9k2 + 6k + 1 = (3k + 1)2

for some k. If so, then 12n + 7 would have to be a square. However, 12n + 7 ≡ 3 (mod 4), and there are no
squares congruent to 3 modulo 4. Therefore, 4n + 2 can never be written as k(3k + 2) for any k, which implies
the first congruence in this corollary.

Similarly, since 12n + 9 = 3(4n + 3), Theorem 9 implies that we need to know whether 4n + 3 can be
written as k(3k + 2) for some integer k. This is equivalent to asking whether

3(4n + 3)+ 1 = 9k2 + 6k + 1 = (3k + 1)2

for some k. If so, then 12n + 10 would have to be a square. However, 12n + 10 ≡ 2 (mod 4), and there are no
squares congruent to 2 modulo 4. Therefore, 4n + 3 can never be written as k(3k + 2) for any k, which implies
the second congruence in this corollary. ��
Corollary 11 For all primes p > 3 and all n ≥ 0, we have

C3(3(pn + r)) ≡ 0 (mod 2),

if 3r + 1 is a quadratic nonresidue modulo p.

Proof Let p > 3 be a prime and 3r +1 a quadratic nonresidue modulo p. If pn+r = k(3k+2), then r ≡ 3k2+2k
(mod p), which implies that 3r + 1 ≡ (3k + 1)2 (mod p), a contradiction. Therefore the result follows from
Theorem 9. ��

Thus, for example, we know that, for all n ≥ 0, the following congruences hold:

C3(15n + 6) ≡ 0 (mod 2), C3(33n + 6) ≡ 0 (mod 2),

C3(15n + 12) ≡ 0 (mod 2), C3(33n + 9) ≡ 0 (mod 2),

C3(21n + 9) ≡ 0 (mod 2), C3(33n + 12) ≡ 0 (mod 2),

C3(21n + 12) ≡ 0 (mod 2), C3(33n + 18) ≡ 0 (mod 2),

C3(21n + 18) ≡ 0 (mod 2), C3(33n + 27) ≡ 0 (mod 2).

Now we present a characterization result for the parity of C3(3n + 1).

Theorem 12 For all n ≥ 0, we have

C3(3n + 1) ≡
{

1 (mod 2), if n = 2k(3k − 2),
0 (mod 2), otherwise.

Proof By (18) and (34), we have

∞∑

n=0

C3(3n + 1)qn ≡ f 6
3

f 2
1

≡ f 3
6

f2
≡

∞∑

k=−∞
q2k(3k−2) (mod 2),

from which the result follows. ��
Corollary 13 For all primes p > 3 and all n ≥ 0, we have

C3(3(pn + r)+ 1) ≡ 0 (mod 2),

if (3r + 2)(p + 1)/2 is a quadratic nonresidue modulo p.

Proof If we had pn +r = 2k(3k −2), then r ≡ 6k2 −4k (mod p), which would imply that 3r +2 ≡ 2(3k −1)2

(mod p). Thus, (3r + 2)(p + 1)/2 ≡ (3k − 1)2 (mod p). However (3r + 2)(p + 1)/2 is a quadratic nonresidue
modulo p. Therefore the result follows from Theorem 12. ��
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412 R. da Silva, J. A. Sellers

Among the infinitely many Ramanujan-Like congruences that the corollary above yields we have, for example,
for all n ≥ 0, the following congruences:

C3(15n + 10) ≡ 0 (mod 2), C3(33n + 4) ≡ 0 (mod 2),

C3(15n + 13) ≡ 0 (mod 2), C3(33n + 13) ≡ 0 (mod 2),

C3(21n + 4) ≡ 0 (mod 2), C3(33n + 19) ≡ 0 (mod 2),

C3(21n + 16) ≡ 0 (mod 2), C3(33n + 22) ≡ 0 (mod 2),

C3(21n + 19) ≡ 0 (mod 2), C3(33n + 25) ≡ 0 (mod 2).

We next consider parity results for the arithmetic progressions 4n and 4n + 2.We first prove a specific result
for C3(4n) which provides additional Ramanujan–like congruences modulo 2.

Theorem 14 For all n ≥ 0, we have

C3(4n) ≡
{

1 (mod 2), if n = k(k + 1),
0 (mod 2), otherwise.

Proof From Theorem 5 we know

∞∑

n=0

C3(4n)qn = f 6
2 f 8

6

f 6
1 f 4

12

− 12q2 f 2
2 f 2

3 f 4
12

f 4
1

Thus, we know

∞∑

n=0

C3(4n)qn ≡ f 6
2 f 8

6

f 6
1 f 4

12

≡ f 6
2 f 8

6

f 3
2 f 8

6

≡ f 3
2 (mod 2). (35)

Finally, thanks to (6), we obtain

∞∑

n=0

C3(4n)qn ≡
∞∑

k=0

qk(k+1) (mod 2),

which completes the proof. ��
Corollary 15 For all n ≥ 0,

C3(8n + 4) ≡ 0 (mod 2).

Proof By (35) and the fact that f 3
2 is an even function of q, we know that C3(4(2n + 1)) = C3(8n + 4) ≡ 0

(mod 2) for all n ≥ 0. ��
Corollary 16 Let p > 2 be a prime. Then, for all n ≥ 0,

C3(4(pn + r)) ≡ 0 (mod 2),

if 4r + 1 is a quadratic nonresidue modulo p.

Proof If pn +r = k(k +1), then r ≡ k2 + k (mod p). Thus, 4r +1 ≡ (2k +1)2 (mod p), which is impossible
since 4r + 1 is a quadratic nonresidue modulo p. Therefore the result follows from Theorem 14. ��

Thus, for example, the following congruences hold for all n ≥ 0 thanks to the above:

C3(20n + 4r) ≡ 0 (mod 2), for r ∈ {3, 4},
C3(28n + 4r) ≡ 0 (mod 2), for r ∈ {1, 3, 4}, and

C3(44n + 4r) ≡ 0 (mod 2), for r ∈ {3, 4, 5, 7, 10}.
We next turn our attention to the arithmetic progression 4n + 2 to yield an additional infinite family of

congruences.
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Theorem 17 For all n ≥ 0, we have

C3(4n + 2) ≡
{

1 (mod 2), if n = 3k(k + 1),
0 (mod 2), otherwise.

Proof Taking (22) modulo 2 yields

∞∑

n=0

C3(4n + 2)qn ≡ f 2
2 f 12

6

f 4
1 f 2

3 f 4
12

≡ f 3
6 (mod 2).

Thus, using (6), we obtain

∞∑

n=0

C3(4n + 2)qn ≡
∞∑

k=0

q3k(k+1) (mod 2),

which completes the proof. ��
Corollary 18 For all n ≥ 0,

C3(8n + 6) ≡ 0 (mod 2),

C3(12n + 6) ≡ 0 (mod 2), and

C3(12n + 10) ≡ 0 (mod 2).

Proof Note that n = 3k(k + 1) is an integer multiple of 6 (because 3k(k + 1) is six times a triangular number).
Therefore, for all n ≥ 0,

C3(4(2n + 1)+ 2) = C3(8n + 6) ≡ 0 (mod 2),

C3(4(3n + 1)+ 2) = C3(12n + 6) ≡ 0 (mod 2), and

C3(4(3n + 2)+ 2) = C3(12n + 10) ≡ 0 (mod 2)

thanks to Theorem 17. ��
Corollary 19 Let p > 3 be a prime and let 3−1 be the inverse of 3 modulo p (that is, 3−1 = (2p + 1)/3 if
p ≡ 1 (mod 3) and 3−1 = (p + 1)/3 if p ≡ 2 (mod 3)). Then, for all n ≥ 0,

C3(4(pn + r)+ 2) ≡ 0 (mod 2),

if 3−1(4r + 3) is a quadratic nonresidue modulo p.

Proof If pn + r = 3k(k + 1), then r ≡ 3k2 + 3k (mod p), which implies 4r + 3 ≡ 3(2k + 1)2 (mod p). Thus,
3−1(4r + 3) ≡ (2k + 1)2 (mod p) which is not possible since 3−1(4r + 3) is a quadratic nonresidue modulo
p. Therefore pn + r is not of the form 3k(k + 1) and the result follows thanks to Theorem 17. ��

Thus, for example, we know the following specific congruences hold thanks to the above corollary:

C3(20n + 4r + 2) ≡ 0 (mod 2), for r ∈ {2, 4},
C3(28n + 4r + 2) ≡ 0 (mod 2), for r ∈ {2, 3, 5}, and

C3(44n + 4r + 2) ≡ 0 (mod 2), for r ∈ {1, 4, 8, 9, 10}.
The next result presents a complete characterization of C3(2n) modulo 3, from which we derive an infinite

family of congruences modulo 3.
In what follows, given an integer j , we let � j denote the pentagonal number j (3 j −1)/2. Given two positive

integers α and β, we also define

s{α� + β�}(n) =
∑

k,l∈Z

α�k+β�l=n

(−1)k+l .
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Theorem 20 For all n ≥ 0, we have

C3(2n) ≡ s{6� + 18�}(n) (mod 3).

Proof The following congruence follows directly from (15):

∞∑

n=0

C3(2n)qn = f 3
2 f 5

3

f 3
1 f6

≡ f 4
3 ≡ f3 f9 (mod 3).

Thanks to (7) it follows that

∞∑

n=0

C3(2n)qn ≡
∞∑

k,l=−∞
(−1)k+lq3k(3k−1)/2+9l(3l−1)/2 (mod 3), (36)

which completes the proof. ��
Corollary 21 For all n ≥ 0,

C3(6n + 2) ≡ 0 (mod 3), and

C3(6n + 4) ≡ 0 (mod 3).

Proof Note that n = 3k(3k − 1)/2 + 9l(3l − 1)/2 is clearly a multiple of 3. Therefore, for all n ≥ 0,

C3(2(3n + 1)) = C3(6n + 2) ≡ 0 (mod 3)

and

C3(2(3n + 2)) = C3(6n + 4) ≡ 0 (mod 3)

thanks to Theorem 20. ��
Of course, the above congruence results also follow immediately from Theorem 6.
As mentioned before, Theorem 20 yields an infinite family of congruences modulo 3.

Corollary 22 Let p > 3 be a prime such that p ≡ 5 or 11 (mod 12). Then for all k,m ≥ 0 with p � m, we
have

C3

(
2p2k+1m + p2k+2 − 1

)
≡ 0 (mod 3).

Proof From (36) we have

∞∑

n=0

C3(2n)q8n+4 ≡
∞∑

k,l=−∞
(−1)k+lq(6k−1)2+3(6l−1)2 (mod 3).

Thus C3(2n) ≡ 0 (mod 3) if 8n + 4 is not of the form x2 + 3y2. The rest of the proof follows the same steps
as in the proof of Corollary 8. ��

now turn our attention to characterizing C3(αn + β), for some values of α and β, for higher moduli. We
begin with the complete characterization of C3(4n + 2) modulo 4.

Theorem 23 For all n ≥ 0, we have

C3(4n + 2) ≡ 3 r{3� + 3�}(n) (mod 4).
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Proof Taking (22) modulo 4 yields

∞∑

n=0

C3(4n + 2)qn ≡ 3
f 2
2 f 12

6

f 4
1 f 2

3 f 4
12

≡ 3
f 12
6

f 2
3 f 8

6

≡ 3
f 4
6

f 2
3

= 3ψ(q3)2 (mod 4).

Now, using (5), we obtain

∞∑

n=0

C3(4n + 2)qn ≡ 3
∞∑

k,l=0

q3k(k+1)/2+3l(l+1)/2 (mod 4), (37)

which completes the proof. ��
We note that two congruences follow immediately from the proof of Theorem 23.

Corollary 24 For all n ≥ 0,

C3(12n + 6) ≡ 0 (mod 4) and

C3(12n + 10) ≡ 0 (mod 4).

Proof Note from the proof of Theorem 23 that

∞∑

n=0

C3(4n + 2)qn ≡ 3ψ(q3)2 (mod 4)

so that, modulo 4, the generating function is a function of q3. Therefore, for all n ≥ 0,

C3(4(3n + 1)+ 2) = C3(12n + 6) ≡ 0 (mod 4)

and

C3(4(3n + 2)+ 2) = C3(12n + 10) ≡ 0 (mod 4).

��
Theorem 23 yields an infinite family of congruences modulo 4.

Corollary 25 Let p > 3 be a prime. Then, for all k,m ≥ 0 with p � m,

C3(12p2k+1m + 3p2k+2 − 1) ≡ 0 (mod 4).

Proof We start by noting that if n = 3k(k + 1)/2 + 3l(l + 1)/2, then 8n + 6 = 3(2k + 1)2 + 3(2l + 1)2. Thus,
it follows from (37) that

∞∑

n=0

C3(4n + 2)q8n+6 ≡ 3
∞∑

k,l=0

q3(2k+1)2+3(2l+1)2 (mod 4).

So, C3(4n + 2) ≡ 0 (mod 4) if 8n + 6 is not of the form 3(x2 + y2).
We have n = 3p2k+1m +3((p2k+2 −1))/4, which implies that 8n+6 = 3p2k+1(8m +2p). Thus, νp(8n+6)

is odd. Therefore 8n + 6 is not of the form 3(x2 + y2) and the result follows. ��
In what follows, � represents a pentagonal number. Thus, r{3� + �}(n) is the number of representations

of n as the sum of three times a triangular number and a pentagonal number. Thanks to [18, Eq. (1.3)] we know
that

r{3� + �}(n) = d1,12(12n + 5)− d11,12(12n + 5).

Theorem 26 For all n ≥ 0, we have

C3(6n + 4) ≡ 2 r{6� + 2�}(n) (mod 4).
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Proof It follows from (31) that

∞∑

n=0

C3(6n + 4)qn = 6
f 2
2 f 2

3 f 2
6

f 2
1

≡ 2 f2 f 3
6 (mod 4).

Thanks to (6) and (7), we have

∞∑

n=0

C3(6n + 4)qn ≡ 2
∞∑

k=−∞

∞∑

l=0

qk(3k−1)+3l(l+1) (mod 4), (38)

from which the result follows. ��
Theorem 26 also yields an infinite family of congruences modulo 4.

Corollary 27 Let p > 3 be a prime with p ≡ 3 (mod 4). Then, for all k,m ≥ 0 with p � m,

C3(6p2k+1m + 5p2k+2 − 1) ≡ 0 (mod 4).

Proof It follows from (38) that

∞∑

n=0

C3(6n + 4)q12n+10 ≡ 2
∞∑

k=−∞

∞∑

l=0

q(6k−1)2+(6l+3)2 (mod 4).

Thus, C3(6n + 4) ≡ 0 (mod 4) if 12n + 10 is not the sum of two squares. However, here we have n =
p2k+1m + 5(p2k+2 − 1)/6 and, then,

12n + 10 = 12p2k+1m + 10p2k+2 = p2k+1(12m + 10p).

It follows that νp(12n + 10) is odd, which implies that 12n + 10 is not the sum of two squares and the result
follows. ��

Our next theorem exhibits the complete characterization of C3(12n + 1) modulo 4.

Theorem 28 For all n ≥ 0, we have

C3(12n + 1) ≡ s{2� + 2�}(n) (mod 4).

Proof We start by using (11) to extract the even part of (28), which yields

∞∑

n=0

C3(12n + 1)q2n ≡ f 6
4 f 4

6

f 8
2 f 2

12

≡ f 2
2 (mod 4).

By (7), we have

∞∑

n=0

C3(12n + 1)qn ≡
∞∑

k,l=−∞
(−1)k+lqk(3k−1)+l(3l−1) (mod 4), (39)

from which the result follows. ��
Corollary 29 For all n ≥ 0, C3(24n + 13) ≡ 0 (mod 4).

Proof Note that k(3k − 1) and l(3l − 1) are each, respectively, twice a pentagonal number. Thus, n = k(3k −
1)+ l(3l − 1) must be even. So, thanks to Theorem 28, we know that, for all n ≥ 0,

C3(12(2n + 1)+ 1) = C3(24n + 13) ≡ 0 (mod 4). ��
The above theorem also yields infinitely many Ramanujan–like congruences modulo 4.
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Corollary 30 Let p > 3 be a prime with p ≡ 3 (mod 4). Then, for all k,m ≥ 0 with p � m,

C3(12p2k+1m + 2p2k+2 − 1) ≡ 0 (mod 4).

Proof From (39) we have

∞∑

n=0

C3(12n + 1)q12n+2 ≡
∞∑

k,l=−∞
(−1)k+lq(6k−1)2+(6l−1)2 (mod 4).

Thus, C3(12n + 1) ≡ 0 (mod 4) if 12n + 2 is not the sum of two squares. However we have n = p2k+1m +
(p2k+2 − 1)/6, which implies that

12n + 2 = 12p2k+1m + 2p2k+2 = p2k+1(12m + 2p).

It follows that νp(12n + 2) is odd and, then, 12n + 2 is not a sum of two squares and the result follows. ��
Theorem 31 For all n ≥ 0, we have

C3(12n + 9) ≡ 2 r{6� + 2�}(n) (mod 4).

Proof It follows from (30) that

∞∑

n=0

C3(6n + 3)qn ≡ f 6
3

f 2
1

≡ f 2
3 f 2

6

f 2
1

(mod 4).

Using (10) we can extract the odd part of both sides of this congruence:

∞∑

n=0

C3(12n + 9)qn ≡ 2
f2 f 4

3 f4 f12

f 4
1 f6

≡ 2 f2 f 3
6 (mod 4).

Finally, using (6) and (7), we have

∞∑

n=0

C3(12n + 9)qn ≡ 2
∞∑

k=−∞

∞∑

l=0

qk(3k−1)+3l(l+1) (mod 4), (40)

from which the result follows. ��
Corollary 32 For all n ≥ 0, C3(24n + 21) ≡ 0 (mod 4).

Proof Note that n = k(3k − 1)+ 3l(l + 1)must be even because k(3k − 1) is twice a pentagonal number while
3l(l + 1) is six times a triangular number. Therefore, for all n ≥ 0,

C3(12(2n + 1)+ 9) = C3(24n + 21) ≡ 0 (mod 4)

thanks to Theorem 31. ��
Theorem 31 also yields an infinite family of congruences modulo 4. The proof of the next result will be

omitted since it is analogous to the proof of Corollary 27.

Corollary 33 Let p > 3 be a prime with p ≡ 3 (mod 4). Then, for all k,m ≥ 0 with p � m,

C3(12p2k+1m + 10p2k+2 − 1) ≡ 0 (mod 4).

We now present the complete characterization of C3(18n + 2) modulo 4.
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Theorem 34 For all n ≥ 0, we have

C3(18n + 2) ≡ 3 s{2� + 2�}(n) (mod 4).

Proof Initially we use (13) to extract from (19) the terms involving q3n :
∞∑

n=0

C3(9n + 2)qn = 3
f2 f 9

3

f 3
1 f 3

6

− 6q
f 6
6

f 2
2

≡ 3
f2 f3 f6

f 3
1

− 2q
f 6
6

f 2
2

(mod 4).

Now using (11) we can extract the even part on both sides of the last congruence:
∞∑

n=0

C3(18n + 2)qn = 3
f 6
2 f 4

3

f 8
1 f 2

6

≡ 3 f 2
2 (mod 4).

Thanks to (7) this yields
∞∑

n=0

C3(18n + 2)qn = 3
∞∑

k,l=−∞
(−1)k+lqk(3k−1)+l(3l−1) (mod 4),

which completes the proof. ��
Corollary 35 For all n ≥ 0, C3(36n + 20) ≡ 0 (mod 4).

Proof Note that n = k(3k − 1)+ l(3l − 1) is even because each of k(3k − 1) and l(3l − 1) is twice a pentagonal
number. Therefore, for all n ≥ 0,

C3(18(2n + 1)+ 2) = C3(36n + 20) ≡ 0 (mod 4)

thanks to Theorem 34. ��
Theorem 34 also yields an infinite family of congruences modulo 4. The proof of the next corollary is

analogous to the proof of Corollary 30 and will, therefore, be omitted.

Corollary 36 Let p be a prime with p ≡ 7 or 11 (mod 12). Then, for all k,m ≥ 0 with p � m,

C3(18p2k+1m + 3p2k+2 − 1) ≡ 0 (mod 4).

The next theorem describes C3(12n + 10) modulo 8 which also yields an infinite family of congruences
modulo 8.

In the next theorem, r{3� + 2�}(n) is the number of representations of n as three times a triangular number
and twice a pentagonal number. We know (see [18, Eq. (1.4)]) that

r{3� + 2�}(n) = d1,8(24n + 11)− d7,8(24n + 11).

Theorem 37 For all n ≥ 0, we have

C3(12n + 10) ≡ 4 r{6� + 4�}(n) (mod 8).

Proof We start using (10) to extract the odd parts on both sides of (31):
∞∑

n=0

C3(12n + 10)qn = 12
f2 f 4

3 f4 f12

f 2
1 f6

≡ 4 f4 f 3
6 (mod 8),

where we have used the elementary fact that 4 f 2
j ≡ 4 f2 j (mod 8). Using (6) and (7), we obtain

∞∑

n=0

C3(12n + 10)qn ≡ 4
∞∑

k=−∞
(−1)kq2k(3k−1)

∞∑

l=0

(−1)l(2l + 1)q3l(l+1)

≡ 4
∞∑

k=−∞

∞∑

l=0

q2k(3k−1)+3l(l+1) (mod 8). (41)

This completes the proof. ��
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Corollary 38 For all n ≥ 0, C3(24n + 22) ≡ 0 (mod 8).

Proof Note that n = 2k(3k − 1)+ 3l(l + 1) is even because 2k(3k − 1) is four times a pentagonal number and
3l(l + 1) is six times a triangular number. Therefore, for all n ≥ 0,

C3(12(2n + 1)+ 10) = C3(24n + 22) ≡ 0 (mod 8)

thanks to Theorem 37. ��
As noted above, this theorem yields an infinite family of congruences modulo 8.

Corollary 39 Let p > 3 be a prime such that p ≡ 5 or 7 (mod 8). Then for all k,m ≥ 0 with p � m,

C3

(
12p2k+1m + 11p2k+2 − 1

)
≡ 0 (mod 8).

Proof From (41) we have

∞∑

n=0

C3(12n + 10)q12n+11 ≡ 4
∞∑

k=−∞

∞∑

l=0

q2(6k−1)2+(6l+3)2 (mod 8).

It follows that C3(12n + 10) ≡ 0 (mod 8) if 12n + 11 is not of the form 2x2 + y2. Since p ≡ 5 or 7 (mod 8)

we know that

(−2

p

)
= −1, which implies that νp(N ) is even if N is of the form 2x2 + y2. However, here

n = p2k+1m + 11(p2k+2 − 1)/12. Then

12n + 11 = 12p2k+1m + 11p2k+2 = p2k+1(12m + 11p).

Therefore νp(12n + 11) is odd and the result follows. ��
We close this section with the following modulo 9 complete characterization of C3(6n + 2) and, as a

consequence, an infinite family of congruences.

Theorem 40 For all n ≥ 0, we have

C3(6n + 2) ≡ 3 s{6� + 18�}(n) (mod 9).

Proof By (29) and the elementary fact 3 f 3
j ≡ 3 f3 j (mod 9), we have

∞∑

n=0

C3(6n + 2)qn ≡ 3 f 4
3 ≡ 3 f3 f9 (mod 9).

Using (7), we obtain

∞∑

n=0

C3(6n + 2)qn ≡ 3
∞∑

k,l=−∞
(−1)k+lq3k(3k−1)/2+9l(3l−1)/2 (mod 9). (42)

This completes the proof. ��
Corollary 41 For all n ≥ 0,

C3(18n + 8) ≡ 0 (mod 9), and

C3(18n + 14) ≡ 0 (mod 9).

Proof Note that n = 3k(3k − 1)/2 + 9l(3l − 1)/2 is clearly a multiple of 3. Therefore, for all n ≥ 0,

C3(6(3n + 1)+ 2) = C3(18n + 8) ≡ 0 (mod 9)

and

C3(6(3n + 2)+ 2) = C3(18n + 14) ≡ 0 (mod 9)

thanks to Theorem 40. ��
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Of course, C3(18n + 8) ≡ 0 (mod 9) because C3(9n + 8) = 9C3(n).
This theorem yields an infinite family of congruences modulo 9.

Corollary 42 Let p > 3 be a prime such that p ≡ 5 or 11 (mod 12). Then for all k,m ≥ 0 with p � m, we
have

C3

(
6p2k+1m + 3p2k+2 − 1

)
≡ 0 (mod 9).

Proof From (42) we have

∞∑

n=0

C3(6n + 2)q8n+4 ≡ 3
∞∑

k,l=−∞
(−1)k+lq(6k−1)2+3(6l−1)2 (mod 9).

Thus C3(6n + 2) ≡ 0 (mod 9) if 8n + 4 is not of the form x2 + 3y2. The rest of the proof follows the same
steps as in the proof of Corollary 8. ��

5 Concluding remarks

While there are certainly more arithmetic properties satisfied by C3(n), we have successfully demonstrated a
significantly extended list of straightforward results, beyond the arithmetic properties found by Gireesh [16],
using elementary generating function manipulations and well–known q–series identities. The interested reader
may wish to extend this study even further.

Acknowledgements The first author was supported by São Paulo Research Foundation (FAPESP) (grant no. 2019/14796-8).

References

1. S. Ahlgren, The partition function modulo composite integers M , Math. Ann. 318 (2000), 795–803.
2. G.E. Andrews and F. Garvan, Dyson’s crank of a Partition, Bull. Amer. Math. Soc. 10 (1988), 167–171.
3. G.E. Andrews, M.D. Hirschhorn and J.A. Sellers, Arithmetic properties of partitions with even parts distinct, Ramanujan J. 23

(2010), 169–181.
4. A.L.O. Atkin, Proof of a conjecture of Ramanujan, Glasg. Math. J. 8 (1967), 14–32.
5. B.C. Berndt, Ramanujan’s notebooks, Part III, Springer-Verlag (1991).
6. B.C. Berndt, Number Theory in the Spirit of Ramanujan, Student Mathematical Library Vol. 34 American Mathematical Society

(2006).
7. H.-C. Chan, Ramanujan’s cubic continued fraction and an analogue of his ‘Most beautiful identity’, Int. J. Number Theory 6

(2010), 673–680.
8. H.-C. Chan, Ramanujan’s cubic continued fraction and Ramanujan type congruences for a certain partition function, Int. J.

Number Theory 6 (2010), 819–834.
9. S.-C. Chen, Congruences for t-core partition functions, J. Number Theory 133 (2013), 4036–4046.

10. S. Chern, New congruences for 2-color partitions, J. Number Theory 163 (2016), 474–481.
11. S. Chern and M.G. Dastidar, Congruences and recursions for the cubic partition, Ramanujan J. 44 (2017), 559–566.
12. S.P. Cui and N.S.S. Gu, Arithmetic properties of �-regular partitions, Adv. in Appl. Math. 51 (2013), 507–523.
13. R. da Silva and J.A. Sellers, Infinitely many congruences for k-regular partitions with designated summands, Bull. Braz. Math.

Soc. 51 (2020), 357–370.
14. F.J. Dyson, Guesses in the Theory of Partitions, Eureka 8 (1944), 10–15.
15. F. Garvan, D.B. Kim, and D. Stanton, Cranks and t-cores, Invent. Math., 101 (1990), 1–17.
16. D.S. Gireesh, Formulas for cubic partition with 3-cores, J. Math. Anal. Appl. 453 (2017), 20–31.
17. M.D. Hirschhorn, The number of representations of a number by various forms, Discrete Math. 298 (2005), 205–211.
18. M.D. Hirschhorn, The number of representations of a number by various forms involving triangles, squares, pentagons and

octagons in: Proc. of Ramanujan Rediscovered, Bangalore, India (2009), RMS Lecture Note Series, Vol. 14, pp. 113–124.
19. M.D. Hirschhorn, The power of q, a personal journey, Developments in Mathematics, Vol. 49, New York: Springer (2017).
20. M.S. Mahadeva Naika and D.S. Gireesh, Congruences for 3-regular partitions with designated summands, Integers 16 (2016),

Article A25.
21. K. Mahlburg, Partition congruences and the Andrews-Garvan-Dyson crank, Proc. Natl. Acad. Sci. 102 (2005), 15373–15376.
22. K. Ono, Distribution of the partition function modulo m, Ann. Math. 151 (2000) 293–307
23. Ramanujan S, Collected Papers, Cambridge University Press, London, 1927; reprinted: A. M. S. Chelsea, 2000 with new preface

and extensive commentary by B. Berndt.
24. P.C. Toh, Ramanujan type identities and congruences for partition pairs, Discrete Math. 312 (2012), 1244–1250.
25. G.N. Watson, Ramanujans Vermutung über Zerfällungsanzahlen, J. Reine und Angew. Math. 179 (1938), 97–128.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2023-05-05T01:19:25+0530
	Preflight Ticket Signature




