Indian J Pure Appl Math (2023) 54:421-427
https://doi.org/10.1007/s13226-022-00263-4

ORIGINAL RESEARCH

Symmetric bi-derivations on posets

Ahmed Y. Abdelwanis - Shakir Ali

Received: 1 September 2021 / Accepted: 26 April 2022 / Published online: 17 May 2022
© The Indian National Science Academy 2022

Abstract Let P be a partially ordered set (poset). The objective of the present paper is to introduce and study the
idea of symmetric bi-derivations of posets. Several characterization theorems involving symmetric bi-derivations
are given. In particular, we prove that if d; and d> are two symmetric bi-derivations of P with traces ¢ and ¢»,
then ¢ < ¢, if and only if ¢ (p1(x)) = ¢p1(x) forall x € P.
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1 Introduction

Inspired by the notions of derivations and related maps in rings and algebras (viz.; [1], [3], [8] [9], [11] and
references therein), the concept of derivation on lattices was introduced and studied in [10] and [12], respectively.
Recently, several authors have studied and verified a lot of meaningful conclusions by applying derivations and
its generalized forms to lattices (see [2], [4] and [6] for more details). In view of above mentioned development,
it is quite natural to transfer the notion of derivations to partial ordered sets. In this direction some progress has
already been made (viz.; [13]). In [13], Zhang and Li initiated the study of derivations on partial ordered sets
and investigated several properties of ideals and operations. In the year 2009, Ceven [4] brought about the idea
of symmetric biderivations to lattices and investigated some related properties(see also [6] for more details).

In the present paper, the notion of symmetric bi-derivation of a partially ordered set is introduced and some
related properties are investigated. Precisely, in Section 2, we present the notion of symmetric bi-derivations of
partially ordered sets and concentrate on their essential properties. Further, we examine the fixed sets in light
of the symmetric bi-derivations. Finally, Section 3 is devoted to the study of the properties of ideals and the
operations related with the symmetric bi-derivations.

In the following, we present few notations for the rest of the part. Throughout this paper, (P, <) always
denotes a partially ordered set (poset). We additionally utilize the shorthand P to indicate a poset. According to
[13],forz € P, wewrite, | z={pe P:p<zland?z={pe€ P :z < p}.For BC P, wedenote [(B) =
{p e P:p<b,forallb € B} the lower cone of B and u(B) = {p € P : b < p, forallb € B} the upper
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cone of A dually. It is quickly clear that both are antitone and their compositions [ (x()) and «(/()) are monotone.
Also we have [(u(1())) =10, u(l(u())) = u() from [5]. If B = {by, by, ..., b,} is a finite subset, then we write
I(C) =1(cy, 2, ..., cy) and u(C) = u(cy, c2, ..., cp) simply. Moreover, for A € P and B € P, we will denote
I[(A, B) forl(AUB)and u(A, B) foru(AUB).For A C P,wewrite | A={p € P:p <a, forsomea € A}.
From [7], we find thatif A =] A, then A is said to be a lower set. A is directed if it is nonempty and every finite
subset of A has an upper bound in A. From nonemptiness, it is ample to expect each combine of components in
A has an upper bound in A. A subset J of P is called an ideal if it is a directed lower set.

2 Symmetric bi-derivations on posets

We begin our discussions with the following notions.

Definition 2.1 ([13], Definition 2.1) Let (P, <) be aposetandd : P — P be a function. We call d a derivation
on P if it satisfies the following conditions:

() d(x,y)) = lul(d(x), y),[(x,d(y)))) forall x, y € P;
(i) {(d(u(x, y))) = (u(d(x),d(y))) forall x, y € P.

Definition 2.2 Let (P, <) be a poset. A mapping f : P x P — P is called symmetric if f(x, y) = f(y, x) for
allx,y € P.

Definition 2.3 Let (P, <) be a poset. A mappingd : P — P definedby d(x) = f(x, x) forallx € P, is called
the trace of f where f is a symmetric mapping.

Inspired by the notion of symmetric bi-derivations on Lattices [4], [6] and rings [3], [8] and [11], we introduce
the following notion on posets.

Definition 2.4 Let (P, <) be aposetandd : P x P — P be a symmetric mapping. We call d a symmetric
bi-derivation on P if for all x; € P, 1 <i < 2, the following conditions hold:

@) d(I((x1,y), x2) = 1(u(l(d(x1, x2), ), [(x1, d(y, x2)))) for all x1, x2, y € P;
(1) {(d(u(x1, y), x2))) = l(u(d(x1, x2)),d(y, x2))) forall x1, x2, y € P.

Remark 2.5 Note that, a symmetric bi-derivation on P satisfies the following conditions:

(1) d(x1,1(y, x2)) =1(u(d(x1,y), x2), I(y,d(x1, x2)))) for all x;, x2, y € P;
(i) I(d(x1,u(y,x2)))) = l(u(d(x1, y)), d(x1, x2))) for all x1, x2,y € P.

Example 2.6 Let (P, <) = (N, <). Define the function d : N x N — N by d(x1, x2) = min(x1, x2) for all
X1, x2 € P. Itis straightforward to check that d is a symmetric bi-derivation on P.

Proposition 2.7 Let P be a poset and d be a symmetric bi-derivation on P with trace ¢. Then the following
hold:

(1) d(x,y) <xandd(x,y) <y;forallx,y € P;
(2) d(x,y) €l(x,y), forallx,y € P;

(3) ifx1 <xandy € P thend(x1, y) < d(x2, y);
(4) ify1 < y2andx € P thend(x, y1) < d(x, y2);
(5) ¢(x) < x, forall x € P,

(6) ¢(x)) € l(p(x)), forall x € P;

(7) if x < ythen ¢(x) < ¢(y);

(8) ¢*(x) = ¢(x), forall x € P.

Proof (1) Letd be asymmetric bi-derivationon P. Then, wehaved (I(x, x), y)=Il(u((d(x, y), x), l(x,d(x, y))))
=lwu(l(x,d(x,y))) =Il(x,d(x,y)) forallx,y € P.Butd(x, y) € d(l(x, x), y), the above relation gives
d(x,y) € l(x,d(x,y)) forall x, y € P. Therefore, we conclude that d(x, y) < x forall x, y € P. Similarly,
we can prove d(x, y) < y. Hence,d(x,y) <xandd(x,y) < yforallx,y e P.

(2) Itis clear from (1).

(3) Letx; < xp and y € P. Then, we have [(d(u(x1, x2)), y) = [(d(u(x2),y)) = l(u(d(x1,y),d(x2,y))) for
all xi,x2,y € P. Butd(xy,y) € l(u(d(x1,y),d(x2,y))), we find that d(x1,y) € I(d(u(x2),y)) for all
X1, X2,y € P.Hence d(x1, y) <d(xp,y) forall x;, xp,y € P.
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(4) By the symmetry of d.
(5) By Proposition 2.7(1).
(6) Letx € P. Then, we have

dU(x) =d(x,x)) Sdl(x,x),[(x,x)),
=luldx,l(x,x)),x)),l(x,d(x,(x, x)))),
=1(u((d(x,l(x,x)), l(d(x,(x, x)))),
=1(u((d(x,l(x,x)))),
= 1w ((d(x, x), x), [(x,d(x, x))),
= l(u(l(d(x, x))),
=I(d(x, x)),
=l(¢p(x)).

This implies that ¢ (/(x)) € I(¢((x)) forall x € P.
(7) Let x,y € P such that x < y. Then, as an application of part (6) we get ¢ (I(y)) € l(¢p(y)). But ¢p(x) €
¢ ((y)), wefindthat ¢ (x) € (¢ (y)) forall x, y € P.Hence, we conclude that ¢ (x) < ¢ (y) forallx, y € P.
(8) In view of part (5), we get $*(x) = p(¢p(x)) < p(x) < x forall x € P. Then for all x € P, we see that

d(x)) S l(px)),
Cd((x),y), forall ye P, and y <x,
=d({(x,x),y), forall ye P, and y <x,
=Ilwu(ld(x,y),x),1(d(x,y))),x)), forall ye P, and y <x,
=Ilw(ld(x,y)),ld(x,y)))), forall ye P, and y < x,
=Il(u((d(x,y))), forall ye P, and y < ux,
=1I1(d(x,y)), forall y e P, and y < x,
Cl(x,y), forall y e P, and y < x,
=1I(y), forall ye P, and y < x.

Then for all x € P we have ¢(I(x)) € I(y) forall y € P such that y < x. Since ¢2(x) <xforallx € P,
we observe that ¢ (/(x)) C l(¢2(x)) forall x € P. But ¢(x) € ¢(I(x)) forall x € P, so ¢(x) € l(¢>2(x))
for all x € P. This implies that ¢ (x) < ¢*(x) for all x € P. Hence, finally we arrive at ¢%(x) = ¢(x) for
allx € P. |

Example 2.8 Let (P, <) = (N, <). Define the function d : N x N — N by d(x1, x2) = max(xy, xp) for all
X1, x2 € P.Then, d is not a symmetric bi-derivation on P.

Proposition 2.9 Let P be a poset with the least element O and d be a symmetric bi-derivation on P with trace
¢. Then ¢(0) = 0.

Proof By definition, we have
d(1(0,0),0) =I(u((d(0,0),0)),1(0,d(0,0))),
= 1(u(1(0), 1(0))),

= [(u(l(0))),
— 1(0).

Since [(0) = {0}, so find that d(1(0, 0), 0) = {0}. We notice that ¢ (0) = d(0, 0) € d(I(0, 0), 0). Consequently,
¢(0) = 0. This proves the result. O

Theorem 2.10 Let P be a poset and I be an ideal of P. Next, let d be a symmetric bi-derivation on P. Then
dx,y)elforallx,y e l.
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Proof Let x,y € I. By Proposition 2.7(1), we get d(x,y) < x for all x, y € I. The last expression yields
d(x,y) € I, since x € I. Hence the result holds. O

Lemma 2.11 Let d be a symmetric bi-derivation on P with trace ¢. Then the following statements hold:

(D) Ifd((x),x) =1(y), then p(x) =y forall x,y € P;
2) Ifd(u(x),x) =u(y), then ¢(x) =y forallx,y € P.

Proof (1) Let x,y € P such that d(I(x),x) = [(y). Then, by the definition of /(), we have y € I(y) for
all y € P. This gives y € d(I(x), x). Hence, there exist z € [(x) such that d(z, x) = y. Application of
Proposition 2.7(3) yields y = d(z, x) < d(x, x) = ¢(x) for x € P. Therefore, the above relation forces that
y < ¢(x) for all x, y € P. On the other hand, ¢ (x) € d(I(x), x) = [(y), then we obtain ¢ (x) < y. Hence
¢(x) =yforallx,y e P.

(2) By using similar approach with necessary variation, we can prove (2).

O

Theorem 2.12 Let P be a poset with a greatest element 1 and d be a symmetric bi-derivation on P. Then
d(1,1)=1ifand only ifd(x, 1) = x forall x € P.

Proof By the assumption, we have d(1, 1) = 1. In view of Proposition 2.7(1), we obtain d(x, 1) < x for all
x € P. Now we want to prove that x < d(x, 1) forall x € P. Let x € P. Then, we have

dl(x), 1) =d(l(x, 1), 1),
= l(u(l(d(x, 1), 1), 1(x,d(1, 1)),
= l(u(l(d(x, 1), 1), 1(x, 1)),
= l(u(l(d(x, 1)), [(x)),
= l(u(l(x))),
= I(x).

By another way, we observe that

d(l(x), 1) = d((x, x), 1),
= l(u(l(d(x, 1), x),1(x,d(x, 1)),
= l(u(l(d(x, 1)), [(d(x, 1)),
= l(u(l(d(x, 1)))),
=I(d(x, 1).

On comparing the above two expressions, we get/(x) = [(d(x, 1)) forall x € P. Hence we have thatd (x, 1) = x
for all x € P. The converse part is clear. O

Theorem 2.13 Let P be a poset with a least element O and a greatest element 1. Next, let d be a symmetric
bi-derivation on P. Then d(1,0) = 0 if and only if d(x,0) = 0 for all x € P.

Proof We suppose that d(1,0) = 0 and x € P. Then, we see that

d(l(1),0) = d(1, 1), 0),
= I(u(l(d(1,0), 1), 1(1,d(1, 0)))),
= I(u(1(0, 1),1(1,0)),
= 1(u(1(0), 1(0)) = I(u(1(0))).
= 1(0) = {0}.

But/(1) = P and x € P, the above relation gives d(x, 0) € d(I(1),0) = [(0) = {0}. Hence, d(x, 0) = 0 for all
x € P. For the converse part, proof is obvious. O
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Theorem 2.14 Let P be a poset with a greatest element 1 and d be a symmetric bi-derivationon P. Ifx < d(1, 1),
thend(x,1) = x forall x € P.

Proof Letx <d(1,1) forall x € P. Then for all x € P, we have

dl(x),1) =d((x, 1), 1),
=1luldx,1),1),l(x,d(, 1)))),
=1lu(l(d(x, 1)), 1(x))),
=1(u(x))),
=1I(x).

On the other hand, we have

dl(x), 1) = d(l(x, x), 1),
= l(u(l(d(x, 1),x),1(x,d(x, 1)),
= l(u(l(d(x, 1)), 1(d(x, 1)))),
= l(u(l(d(x, D))),
=1(d(x, 1).

By comparing the above two expressions, we infer that /(d (x, 1)) = I(x). Hence d(x, 1) = x for all x € P. This
proves the theorem completely. O

Theorem 2.15 Let P be a posetandd : P x P — P be a symmetric map. Then, d is a symmetric bi-derivation
on P if and only if

(D) d(x,y),2)) =ld(x,2),y) =1(x,d(y,2)) forall x, y,z € P;
(2) I(du(x,y),2)) =1lu(d(x,z2).d(y,z)) forallx,y,z € P.

Proof We simply need to show that the condition (1) in Definition 2.4 is equivalent to the one (1) in this
hypothesis. First, we assume that the condition in this hypothesis holds. Then, we notice that

dl(x,y),z) = l(d(x,2),y) = ludd(x,z2),y) = ludl(d(x,2),y),l(x,d(y,2))))) forall x,y,z € P.
Secondly, we suppose that d is a symmetric bi-derivation on P. Then, we see that

I(d(x,2),y) =lul(d(x,z),y) S lul(dx,z),y),l(x,d(y,2))) =d((x,y),z)) forall x, y, z € P.

On the other hand, we suppose that v € d(I(x, y), z)), then there exists r € [(x, y) satisfying the relation
d(t,z) = v. By Proposition 2.7 (1) and (3), we conclude that d(¢, z) < d(x,2),d(t,z) < d(y,z) < y. This
shows that v = d(t, z) € [(d(x, z), ¥). Thus d(I(x, y), z)) € [(d(x,z),y). Hence d(l(x, y),z)) =1(d(x,2),y)
for all x, y, z € P. Similarly, we can prove that d(I(x, y),z)) = I(x,d(y, z)) for all x, y, z € P. This proves
the theorem. O

Let P be a poset and d be a symmetric bi-derivation on P with trace ¢p. We set Fixy(P) ={x € P : ¢(x) =
x}. If P has a least element 0, then 0 € Fixy(P). In view of Proposition 2.9, we conclude that Fixy(P) # .

Proposition 2.16 Let d, h be two symmetric bi-derivations on P with traces ¢1, ¢ respectively. Then ¢p1 = ¢,
if and only if Fixy, (P) = Fixg,(P).

Proof It is clear that if ¢1 = ¢, then Fixy, (P) = Fixg,(P). Conversely, we assume that Fixy (P) =
Fixg,(P), and x € P. Then by Proposition 2.7(8), we obtain ¢(x) € Fixy, (P) = Fixg,(P). This implies
that ¢o (¢1(x)) = ¢1(x). By a similar way we get ¢1(¢2(x)) = ¢2(x) for all x € P. Application of Proposition
2.7(5), (7) yields that ¢1 (x) < ¢2(x) and ¢2(x) < ¢1(x) for all x € P. Consequently, ¢ = ¢p». |

Proposition 2.17 Let P be a poset with a least element 0 and d be a symmetric bi-derivation on P with trace
¢. Then the following hold:

(1) Fixg(P) # 0.
(2) If x € Fixg(P),andy < x then'y € Fixg(P).
(3) If P is directed, then, for any x,y € Fixy(P), there exists z € Fixy(P) satisfying x < z,y < z.
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Proof (1) Since ¢(0) = d(0,0) =0, then 0 € Fixy(P). Thus, we see that Fixy(P) # .

(2) We assume that x € Fixy(P), and y < x then ¢(x) = d(x,x) = x. Then by Proposition 2.7(5) we
get ¢(y) < y. Now we prove that y < ¢(y). By Theorem 2.15(1), we get d(I(y), x) = d((x,y),x) =
I(d(x,x),y)=1(x,y) =1(y).Buty € l(y)theny € d(I(y), x) and thisleads y < d(y, x) = d(x, y). Again
by using Theorem 2.15(1) we get d(I(y),y) = d((x,y),y) = 1(d(x,y),y) = [(d(x, y)). Application of
Lemma 2.11(1) yields that ¢ (y) = d(x, y). Thus, we get y < ¢(y). Hence y € Fixys(P).

(3) Assume that P is directed. Then for any x, y € P, there exist v € P such that x < v and y < v. Since
X,y € Fixg(P), then¢(x) = xand ¢ (y) = y. Butp(x) = x < ¢p(v) and ¢(y) = y < ¢(v). Putz = ¢ (v),
hence by Proposition 2.7(8) we get z € Fixy(P).

O

Corollary 2.18 Let P be a directed poset with the least element 0. Then Fixy(P) is an ideal of P.

3 The ideals and operations related with symmetric bi-derivations

In this section, P is a poset with the least element 0.

Theorem 3.1 Let P be a poset with the least element 0 and d be a symmetric bi-derivation on P with trace ¢.
Then ker¢ = {x € P : ¢(x) = 0} is a nonempty lower set of P.

Proof In view of Proposition 2.9, we infer that ¢ (0) = d(0,0) = 0. Thus 0 € ker¢, and hence ker¢p # 0.
Suppose that x € ker¢ and y € P such that y < x. Then ¢(x) = 0, and y < x. By Proposition 2.7(3) we get
¢(y) <¢p(x) =0.Thus ¢(y) = Oforall y € P. This shows thaty € ker¢. Hence, ker¢p = {x € P : ¢(x) = 0}
is a nonempty lower set of P. O

Proposition 3.2 Let P be a poset with the least element Q. Next, let d be a symmetric bi-derivation on P with
trace ¢ and I be an ideal of P. Then, ¢~ (I) is an ideal of P such that ker¢ < ¢~ (I).

Proof Since ¢(0) = 0, we have 0 € ¢~ !(I). Then, we get ¢! (I) # ¥. Suppose x € ¢~ (1) and y < x. Then
¢ (x) € I. Thus, by Proposition 2.7(7), we obtain ¢ (y) < ¢(x) € I. But [ is an ideal, hence ¢ (y) € I, and this
leadsto y € ¢_1 (I). Hence ¢_1 (I) is an ideal of P. On the other hand, note that ker¢p = ¢_1 o} < ¢_1 (D).
Hence, ker¢p € ¢~ (I). This completes the proof. O

Proposition 3.3 Let P be a poset and d be a symmetric bi-derivation on P with trace ¢. If I, J are two ideals
of P such that if I C J, then ¢(I) C ¢(J).

Proof Assume that x € ¢ (I), then there exist y € I C J such that x = ¢(y). Hence x € ¢(J). This implies
that ¢ (1) C ¢ (J). |

Theorem 3.4 Let P be a poset and dy, dy be two symmetric bi-derivations on P with traces ¢1, ¢a respectively.
Then ¢1(x) < ¢pa(x) forall x € P if and only if ¢p2(¢1(x)) = ¢p1(x) forall x € P.

Proof Letd,, d> be two symmetric bi-derivations on P, with traces ¢1, ¢ respectively such that ¢; < ¢,. Then,
for any x € P, we have ¢1(x) € Fixg, (P)ie., ¢1(x) = ¢1(¢1(x)) < ¢2(¢p1(x)). Proposition 2.7(5) gives that
G2(Pp1(x)) < ¢d1(x). Thus ¢y (¢p1(x)) = ¢1(x) for all x € P. This shows that ¢, (¢p;(x)) = ¢1(x) forall x € P.
On the other hand, for any x € P, we find that ¢ (x) = ¢2(¢1(x)) < ¢2(x), from Proposition 2.7 (5),(7). This
implies that ¢ (x) < ¢2(x) for all x € P. This completes the proof of the theorem. m|
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