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Abstract The hybrid numbers were introduced by Ozdemir [9] as a new generalization of complex, dual, and
hyperbolic numbers. A hybrid number is defined by k = a + bi + ce + dh, where a, b, ¢, d are real numbers
and i, €, h are operators such that i2=—1,e2=0,h> =1and ih = —hi = € + i. This work is intended as
an attempt to introduce the bi-periodic Horadam hybrid numbers which generalize the classical Horadam hybrid
numbers. We give the generating function, the Binet formula, and some basic properties of these new hybrid
numbers. Also, we investigate some relationships between generalized bi-periodic Fibonacci hybrid numbers
and generalized bi-periodic Lucas hybrid numbers.
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Mathematics Subject Classification 11B39 - 05A15 - 11K31

1 Introduction

Non-commutative algebras play important role and have broad applications in many areas, such as mathematics
and physics. Hence it is worth to study and investigate the properties of some special types of non-commutative
algebras. The real quaternion algebra is the first non-commutative division algebra to be discovered and defined
by

H={a+bi+cj+dk|i’=j>=k>=—1,ij = —ji =k}

where a, b, c,d € R. For a survey on the properties of quaternions, we refer to Hamilton’s book [5], and for
some special type of quaternions see [4,6].

A new non-commutative number system, the hybrid numbers, were introduced by Ozdemir [9] as a gener-
alization of complex numbers, dual numbers, and hyperbolic numbers which are having the form a + be with

e = —1,¢?> =0, and ¢*> = 1, respectively. The set of hybrid numbers are defined as
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On a new generalization... 429

K:[a+bi+ce+dh|i2=—1,62=0,h2=1,ih=—hi=e+i} (1.1)

where a, b, ¢, d € R.
The addition, substraction and multiplication of two hybrid numbers k; = aj + byi + c1€ + dih and
ko = ar 4+ byi + cre + dyh are defined as

ki £ky = (a1 £ a2) + (b1 £ by)i + (c1 £ 2) € + (dy £ d) b,
kiky = ayap — b1by +dida + bica + c1b2
+ (a1by + brax + brd, — d1by) i
+ (aicr + cray +bidr — diby +dicy — cido) €
+ (a1dr + dyaz + c1by — bicy) h.

The multiplication of a hybrid number k = a + bi + ce + dh by the real scalar s is defined as
sk = sa + sbi + sce + sdh,

and the norm of a hybrid number k is defined by

k]l == VIC (K1,

where C (k) := kk is the character of the hybrid number k and k := a — bi — ce — dh is the conjugate of
k. Ozdemir’s paper [9] serves as an excellent reference to the algebraic and geometric properties of the hybrid
numbers.

Recently, many studies have been devoted to the hybrid numbers whose components are taken from special
integer sequences such as Fibonacci, Lucas, Pell, Jacobsthal sequences, etc. In particular, Szynal-Liana [12]
introduced the Horadam hybrid numbers as

KW,n =W, + Wypii + Wygpoe + Wyy3h (1.2)

where {W,,} is the Horadam sequence defined by W,, = pW,,_; — ¢ W,,_» with arbitrary initial values Wy, Wj.
In [12-15], the authors studied several properties of special type of hybrid numbers. The basic properties of
k-Pell hybrid numbers were investigated by Catarino [2]. Also, Morales [8] considered the (p, ¢)-Fibonacci
and (p, q)-Lucas hybrid numbers and gave several relations between them. Recently, motivated by the Szynal-
Liana’s paper, Senturk et al. [11] derived summation formulas, matrix representations, general bilinear formula,
Honsberger formula, etc. regarding to the Horadam hybrid numbers.

This work has been intended as an attempt to introduce a new generalization of Horadam hybrid numbers,
called as, bi-periodic Horadam hybrid numbers. The bi-periodic Horadam hybrid numbers generalize the best
known hybrid numbers in the literature, such as Horadam hybrid numbers, Fibonacci&Lucas hybrid numbers,
k-Pell hybrid numbers, Pell&Pell-Lucas hybrid numbers, Jacobsthal&Jacobsthal-Lucas hybrid numbers, etc.
The components of the bi-periodic Horadam hybrid numbers belong to the bi-periodic Horadam sequence {w,, }
which is defined by the recurrence relation

wy = x (M) wy—1 +cwp2, n>2 (1.3)

where x (n) = a if n is even, x (n) = b if n is odd with arbitrary initial conditions wg, w; and nonzero real
numbers a, b and c. It is clear that if we take @ = b = p and ¢ = —¢q, then it reduces to the classical Horadam
sequence in [7]. For the details of the bi-periodic Horadam sequences see [1,3,10, 18].

The outline of this paper is as follows: In the rest of this section, we give some necessary definitions and
mathematical preliminaries, which is required. In Section 2, we introduce the bi-periodic Horadam hybrid
numbers and give the generating function, the Binet formula, matrix representation and several basic properties
of these hybrid numbers such as Vajda’s identity, Catalan’s identity, Cassini’s identity, summation and binomial
sum formulas. In Section 3, we give some relationships between the generalized bi-periodic Fibonacci hybrid
numbers and the generalized bi-periodic Lucas hybrid numbers. The final section is devoted to the conclusions.

The Binet formula for the bi-periodic Horadam sequence {w,,} is

4EHD)
= (A" — BB, 1.4
v (ab)L3] (Ao = Bp") (14
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430 E. Tan, N. R. Ait-Amrane

where

o
wp — S Wo
and B := 4

p p— (1.5)

Here « and B are the roots of the polynomial x2 —abx —abc, thatis, @ = abt+a"b"t4abe ”122b2+4”b" and 8 = ab—va"h"t4abe ”‘221’2+4“b",
and & (n) = n — 2| %] is the parity function, i.e., £ (1) = 0 when n is even and & (n) = 1 when n is odd. Let

assume a’b? + 4abc > 0. Also we have o + 8 = ab, A := a — B = Va?b? + 4abc and of = —abc. If we
take the initial conditions 0 and 1, we get the Binet formula of the generalized bi-periodic Fibonacci sequence

{un} as
aé(n+l) ot — ,3"
T an ( a—p ) (o

and by taking the initial conditions 2 and b, we get the Binet formula of the generalized bi-periodic Lucas
sequence {v,} as

a—Em
b= ("4 ). (L.7)
(ab)L3]
The bi-periodic Horadam numbers for negative subscripts is defined as
H\E®
(=)' w_, = (;) WOUp41 — Wilkky. (1.8)

Also we have

m+E(m)  m—§&(m) m—&(m)  m+E(m)
2 ph 2 2 b2

" =ala

Um—1 (1.9)

AU, + ca

and

—1  mtEn) ) m—gGm) m=gGn) | m+EGn)
a 2 2 2

B" =a b2 Buy +ca Up—1. (1.10)

For details, see [16,17].

2 The bi-periodic Horadam hybrid numbers

Definition 1 For n > 0, the bi-periodic Horadam hybrid number K,, , is defined by the recurrence relation
Ku,n = Wy + Wpg1l + Wyg2€ + wpi3h
where w,, is the n-th bi-periodic Horadam number.
From the definition of bi-periodic Horadam hybrid numbers, we have
Kuw,0 = wo + wii + (aw; + cwo) € + ((ab + ¢) wy 4+ becwo)h,

Kw.1 = w1 + (aw; + cwo) i + ((ab + ¢) w1 + bcwg)e
+(a (ab 4+ 2c¢) wi + ¢ (ab + ¢) wo)h.
In the following table, we state several number of hybrid numbers in terms of the bi-periodic Horadam hybrid
numbers K, , according to the initial conditions wo, w; and the related coefficients a, b, c.
The norm of the n-th bi-periodic Horadam hybrid number K, , is || Kuy.n || = |C (Kw’ n) | Here C (Kw, n)
is the character of the n-th bi-periodic Horadam hybrid number K,, , and defined by

C (Kw,n) =Ky Kyn= wz + (Wpt1 — wn+2)2 - w5+2 - wy21+37 (2.1

where Ky, » := wy, — Wy41i — wp+2€ — wy3h is the conjugate of the bi-periodic Horadam hybrid number.
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Table 1 Special cases of the sequence {K,, ,}

Kuw,n (wo,wrsa,b,c) bi-periodic Horadam hybrid numbers

Ky.n ©,1;a,b,c) gen. bi-periodic Fibonacci hybrid numbers

Ky.n 2,bya,b,c) gen. bi-periodic Lucas hybrid numbers

K n 0, 1;b,a,c) modified gen. bi-periodic Fibonacci hybrid numbers
K30 2,a;b,a,c) modified gen. bi-periodic Lucas hybrid numbers
Kw.n Wo, Wi p, p, —q) Horadam hybrid numbers [11,12]

Ky n O, 1; p,p.q) (p. q) -Fibonacci hybrid numbers [8]

Ky n 2, p;p.p.q) (p, g)-Lucas hybrid numbers [8]

KF.n ©,1;1, 1,1 Fibonacci hybrid numbers [13]

Kin 2, 51,1, Lucas hybrid numbers [12]

Kpn 0,1;2,2, 1) Pell hybrid numbers [15]

Ko (2,2;2,2,1) Pell-Lucas hybrid numbers [15]

Kip.n 0,1;2,2,k) k-Pell hybrid numbers [2]

Kyn 0,1;1,1,2) Jacobsthal hybrid numbers [14]

Kjn 2, 1;1,1,2) Jacobsthal-Lucas hybrid numbers [14]

Theorem 1 The generating function for the bi-periodic Horadam hybrid sequence { Kw’n} is

(1 —(ab+c)x%+ bcx3) Ky.0+x (1 4+ ax — cxz) Kuw.1

G =
(x) 1 — (ab + 2¢) x% 4 c2x*

Proof Let

00
G(x)= ZKw,nxn = Kw,O + Kw,lx + Kw,sz + -+ Kw,nxn + .-
n=0

Since the bi-periodic Horadam hybrid numbers satisfy the recurrence relation
Kw,n = (ab +20) Kw,n—z - Csz,n—éh n >4,

we get
(1 — (ab + 2c¢) x>+ c2x4) G (x)

= Ku,0 + Ky, 1x + (Ky 2 — (ab + 2¢) Ky ) x*
+ (Ku,3 — (@b +20) Ky 1) x°

00
+ Z <Kw,n — (ab +2c) Kw,n72 + Csz,nf4> x"
n=4

=Ky.o0+ Ky 1x + ((aKw,l + C]Kw,o) — (ab + 2¢) Kw,o) x?
+ (((ab + ¢) Ky 1 + beKu o) — (@b +2¢) Ky 1) 7.
0

Next, we state the Binet formula for the bi-periodic Horadam hybrid numbers and so derive some well-known
mathematical properties.
Theorem 2 The Binet formula for the bi-periodic Horadam hybrid numbers is
aE@m+D) ., .,
"= @] (Aaga” = BB B")

where ag ) and Bg ) are defined as

1 ja\é§m L, I sa\&ém) 4
ag(n)::l—i—;(—) al+—ae+—<—) a’h,

b ab a’b \b
L 1 ra\é§m L 5 I sa\ém) o
prn =142 (5) pid e o (3) A
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432 E. Tan, N. R. Ait-Amrane

Proof By using the definition of the sequence {K,, ,} and the Binet formula of {w,}, we obtain the desired

result. O
Remark 1 1f we take a = b = p and ¢ = —¢q, we obtain the Binet formula of the classical Horadam hybrid
numbers in [12].
Lemma 1
KU0—9+—C( u0_77) if n is even,
= ’ -~ 22
Olé'(n)ﬁ&'(n) { K’J,O — 9+ g (KT,ZO — 17) if n is odd, (22
Ko 0 — 8¢ (Kug - 1), i is evem
= ’ -~ 2.3
Be ) e (n) {Kﬁ,o _0— %c (Kﬁo ;7) if n is odd, @3
where
n:={0-=»bi+@—b—-—c)e+ (1 +ab+c)h,
n:=(l-ai+b-—a—-ce+(1+ab+c)h,

bc be3
0:=1——+bc+—,
a a

ac3

0. =1-%L 4Lac+
t=1——+4ac+—.
b b

and the sequences {K’,;n} and {Kan} are the auxiliary sequences that are obtained from {Ku,n} and {KU,,,}

~ 1 -
Jjust only switching a <> b. That is, U, = (g)“’g(wr )un and v, = (%)5(") V.

Proof By using the definition of multiplication of two hybrid numbers, we have

be saN2%®m)  bed jaN2%®m)  sanE®)
wmbin =1+ (5) —=-(5) —(5) e

" )
((ab +20) + - (b)zg(") A+ 2—2 (2_1)5(") A) ¢
N ((g)-‘?(n) (ab2 +3bc) 3 Lc_l (g &(n) A> "
(S )

¢
a
0 E(n) 5
+(g)s(><(é) 2+bi+( ) (ab+2c)e+(b(ab+3c))h)_
b a

aNs§m ¢ [ ra\Em a\&m)
(G (G (G -h).
2 a< b AV R
After some necessary simplifications, we get the result (2.2).

Similarly, we can obtain Bg n)cg (n) - m]

By using the Lemma 1, we have

2(Kyo0—0), ifniseven,
@z Psm + P @) = {2 gK;o —53 if n is odd.

2A€ (K, 0 —n), ifniseven,
@z Psm) = Pem@sn) = {2A§ EK;O —77\;, if n is odd.
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Lemma 2
KU0+M6+A( u0+7/e) if n is even,
e _ , : 2.6
HORHO! {Kﬁ,o-l-,uo %(Kﬁ0+y0) ifnis odd, 20
KU()‘F/J/e_%( u0+78)a lfl’liSéVei’l,
_ , : 2.7
Bem Psin) {Kﬁ,o + o — 2 (Kao + vo), ifnis odd,
where
b
e @ = —1+;C(u5+2“2_u1)+b78
a b
M0:=_1+EC l/l5+2;u2_ul +aJ/o
and
1 /(b b
Vei=3 —M6+2M3_;u2
1
Yo:= §(u6+2u3—142)

Proof By considering the relations

Qe (m) & (n) = 2% () — C (@)

and

BeyBem) = 2By — C (Bewy) -

where C (atg(n)) is the character of the hybrid number o,y and using the relations ( 1.3) and (1.4), we get the
desired result. |

Remark 2 1f we take @ = b = p and ¢ = ¢, we obtain the analogous relations for (p, g) -Fibonacci hybrid
numbers given in [§].

Theorem 3 (Vajda’s like identity) For non-negative integers n, r, and s, we have

Ko, nt2-Kuw,nt2s — Ko oK nr2049)

(—c)" ABA2uy, ((KU 0— 9) Uy — C (K,,,o — n) vzs) , ifniseven
(=) ABA2uy, ( Kﬁ() - /) Ly (Kg,o - ﬁ) vzs) , ifnis odd.

Proof From the Binet formula of the bi-periodic Horadam hybrid numbers, we get

IKu},n+2r}Kw,n—§—2s - ]Kw,n Kw,n+2(r+s)
aé(n+2r+1)

2s+1
_ A n+2r _ B n—+2r aé‘(n+ s+1)
= —J g (n) By B

7 (Aoeea™ = Bewp™™)
(ab)L 2 J

E(n+1) EMm+2(r+s)+1)
a a
(A()lg (n)an+2(r+s) — BB ﬂn+2(r+s))

T (Aara — BB ) e
(ab)LzJ( £ s )(ab){"“‘{“)J

g2k m+1)
+ABg e BT + ABﬂan)as(n)a"“"*”ﬂn)
g2+

= —— oA
(ab)2L31+r+s
25+ D)

(—ABozg(n)ﬂg(n)a””’ﬂ””“ _ AB,Bg(n)Otg(n)an+2‘Yﬂn+2r

B @B)" (e Be B (B — o) + Betea™ (¥ = 7))

= apyin P (@p)’ <a2r N ﬂ2r> (ﬂS(nw;(n)azs - as(n)ﬂsm)ﬂzs) .
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If n is even, by considering the relations (2.2) and (2.3), we obtain

Kw,n+2r Kw,n+2s - Kw,an,n+2(r+s)
a2é§ (n+1)

B WAB @p)" <a2r - ﬂzr) (ﬂf(m“f(")“zs - %(n)ﬂé(n)ﬂzs)

— (12 (_C)n 2r 2r 2s 2s 2s 25

= e 4B (@ =) ((K“‘O —0) (@ = ) = = (Kuo — 1) («® + B ))
a*(=o)" ,  (ab) (ab)’ ;

= (gb)r""s AB p Auy, <(Ku,0 - 9) < P Udg A) — —C (Ku’() — 77) ((ab) U23)>

= (_C)n 14Bl/{2rA2 ((KU,O - 9) Uze — C (Ku,() — 77) U2S) .

Similarly, we obtain the desired result for odd n.

SIS

Corollary 1 If we take s = —r, we get the Catalan’s like identity:

2
Kw,n+2er,n72r -K

w,n

(=) =2 AB A2u,, ((KU,O — 0) Usr + ¢ (Ku,o - n) vzr) , ifniseven
Tl (=D)L e AB AUy, ((Kﬁ,o — é) guzr +c (Kﬁ,o — ﬁ) vzr) , ifnis odd.

Corollary 2 Ifwe take s = —r and r = 1, we get theCassini’s like identity:

2
Kw,nJrZKw,an - Kw,n

_ (=D ac"2ABA? ((KU,O — 0) a—+c(ab+2c) (Ku,o — n)) , ifnis even
Tl (=D ac"2ABA? ((Kﬁ’o — é) b+ c(ab + 2c) (Kg,o - ﬁ)) , ifnis odd.

Note that for even case, the Cassini’s like identity can be stated as by means of the following matrix identity:

|:Kw,2n+2 _Csz,2n :| _ |:Kw,4 _Csz,2:| [ab + 2¢ —C2:|n_1

Koo ~Kpons | Koz —cKuo|| 1 0 238

By taking determinant from above to down below of both sides of the matrix equality (2.8), we get
Ky 2n12Kw an-2 — K2, 5, = 22 (KMKUJ,O - szl) . 2.9)

By taking determinant from down below to above of both sides of the matrix equality (2.8), we get
Ko an 2Ky 242 — K2 5, = > (Kw,OKwA - ng,z) . (2.10)

Theorem 4 Forn > 1, we have

zn:K . Cz (Kw,n + Kw,n—l - Kw,O - Kw,—l) - Kw,n+2 - Kw,n—H + Kw,Z + Kw,l
o v 2 —ab—2c+1 '

Proof First note that by considering the formula in (1.8), the bi-periodic Horadam hybrid numbers for negative
subscripts can be defined as

Ky, n =w_p +w_pyp1l +wW_pi2€ +w_,y3h.

If n is odd, we have

n
> K =
r=I1

B}

—1 n+l

2 2
Kw,Zr + Z Kw,erl

r=1

g

=~ 03
|

— —

N‘

n—1
7+l
a ab B -
= (ab)r (Aag(Zr)Otzr — B,3§(2r),32r> + E W (AaE(Zr—l)azr L _ BﬁE(ZV—l),Bzr 1)
1

r r=1
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% 012 r % ﬁZ r
= aAag Z <E> —aBBs 2 Z <E)
r=1 r=1

—1 —1
ol o+l

ab o2\ ab 52\
& Adser- — ) — =" BB P
+ o *e@r-1 ; (ab) B Be2r—1) ; (ab)
% nT71+1 B O(_Z 5_127 nT71+1 - ﬂ_z
a a a .
= aAag @ —aBBsr 7
ab ab
b “_2 %+2_£ ) (ﬁ_2>%+2_ﬁ_2
b b 5 .
+a—Aas(2r—1) A e a—BﬂS(Zr—l) — -
ab 7B
Since § (2r) = 0and & (2r — 1) = 1, we have
XH:K _ a Aaoan+l — AO[()()(2 (ab)% N _3,80/3"+1 + BlgO,BZ (ab)%
S @' o —ab 5 —ab
n ab Aaja™? — Aaja (ab)% N —BB1 A2 + BBIB (ab)%
(ab)"5" a? —ab B2 — ab

a
B (ab)an1 («? — ab) (B> — ab) .
((aﬁ)2 (Aaoanfl _ Bﬂ()ﬁ"”) —ab (Aaoa”+] _ Bﬁoﬁnﬂ)
+(@b)'s (= @By (Ado — Bfo) + ab (Acoe® — Bpop?)))
ab
+ n+l1 X
(ab) 2 ((x2 — ab) (,32 — ab)
(@B (Acia” — BB1B") — ab (Acia™? — Bp1 ™)

+@)T (= @) (Aaia™" = BBIB™") +ab (Aaia — BBiB) ) )

_ C2 (Kw,n—l - Kw,O + Kw,n - Kw,—l) - Kw,n—H - Kw,n+2 + Kw,Z + Kw,l
N 2 —ab—2c+1 '

If n is even, we have

n n
n 2 2
ZKw,r = ZKer + ZKw,2r—l-
r=1 r=1 r=1

In a similar manner, we get the desired result.

Theorem 5 For non-negative even integer n and non-negative integer r, we have

" n n—i n
> (l) ()" Ku2igr = (@h)? Ky nsr.
i=0
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Proof From the Binet formula of the bi-periodic Horadam hybrid numbers, we get

n
n .
> () (—0)" " Ku2ir
i=0 !

n GEQitr1) - e
n—i i+r i+r
= E (l) (—o) V"‘”J (Aag(r)a — BB:rn B )
i=0 (ab)L 2

2Er+D o o2\ gEr+D (B i
= @ b)l- JAOlg(r)O( Z( )( c) (E) @ b)l— ] ,35(,),3 Z( )(_C) (E)

a5+ . o? noLECED /62 n
= apE 0 (<) - @hE ot (15~ <)

5D ar+D (gpyl*5"]

_ n+r __ n+ry __
= —(ab) 2] (Aa,g(r)a BB B ) ab) (2] gEotreD Ko, ntr

a—§+Em+r)
= —F—7-K
(abyla) =1

= (ab)% Ko ntr.

3 Some relations between generalized bi-periodic Fibonacci and Lucas hybrid numbers

In this section, we state some relations between generalized bi-periodic Fibonacci numbers and generalized bi-
periodic Lucas hybrid numbers. We also give some relations between generalized bi-periodic Fibonacci numbers
and modified generalized bi-periodic Lucas hybrid numbers. To do this, we consider the generalized bi-periodic
Fibonacci hybrid numbers K, ,, the generalized bi-periodic Lucas hybrid numbers K, , , and the modified
generalized bi-periodic Lucas hybrid numbers K3 ,, which are stated in Table 1.

From Theorem 2, the Binet formula of K, , is

Koy = a5<”+: (as(nm” - ﬂs(mﬂ”) ’ 3.1)
(ab)l3] a—p
the Binet formula of K, ,, is
a—Em ) )
Ky = 2] (ezma” + Bey B") » (3.2)
and the Binet formula of K3, is
il
Ko = ) (e + BemenB") - 3.3)

Theorem 6 For any natural number m, n with n > m, we have

(@) Ku,n+l + CKu,n—l = Kﬁ,n-
() Ksnt1 + cKg o1 = (@b +40) Ky 4.
2 (=c)" (Kv,O — 9) Un—m, if nand m are both even,
2(=c)" f‘; (Kg’o — /9\) Up—m, if n and m are both odd.
4 (=) (Kv,() — 9) , ifniseven,
4(=0)" L (Kg0 — 0) . if n is odd.
A2 2 ((Ku,o + ,ue) v, + ﬁ—j (Ku,() + ye) u2n> , Ifniseven
(U) Ku,nKv,n + a_zKu,nKu,n = b - A2 . . .
2 (5 (KU,O + /L{)) V2 + = (Ku,() + 7/0) MZn) . if nis odd.

D) Ky n Ky — Ky Ky = {

AZ
(iv) Kv,nKv,n - a_zKu,nKu,n = {
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Proof (i) From the relations (3.1) and (3.3), we have,

Ku,n—i—l + CKu,n—l
as™ (ag(nﬂ)a"“ - ,3§(n+1)/3n+1) e atm (ag(n—l)otnl - ﬁs(n—l)ﬂnl)

ntl — - -
(ab)L 2 “ (ab)L p J a—B
) o (O{E(HH)(X"H — Bewrn B — dzinaB + ﬂé(n+1),3na)
(abyL31+Em -
(ab)L31+Em P
0] ) n

(ii) By using the relations (3.1) and (3.3), we get the desired result.

(iii) By using the Binet formulas for K,, , and K, ,, and considering the relation (2.4), we get the desired
result.

(iv) By using the Binet formulas for K, , and K, ,, we have

AZ
KU,}’ZKU,H - a_zKu,nKu,n
o ( "4 Bean ) A% gD (aan)a” —ﬁs(n>ﬂ”)2
= ———— (@ - —
(ab)?L3] ) ) a? (ab)?ls) a—p
= — (e — (g —
apyla] o £(n) £(n) £(n)
aizg(n) 2n 2n n
= St (@™ + Ben B B + @B)" (s Beior + Beanean)
(ab)?L3]
—te s m@™ = e Beon B + @B)" (e Ben) + ﬂé(n)aé(n)))
a2 ;
= —2(« o + o
52 P (et m Bem) + Beam@e(m)
By considering the relation (2.4), we have

K K A—ZK K 4@ (ap)" (Kv,o — 9) , if nis even
v,nioy,n u,n™y,n = - . .
a? 4# (@B)" (Koo — 5) , if n is odd

| 40" (Kyo—0), ifniseven
T4 (=0" b (Koo —6), if nis odd.
(v) By using the Binet formulas for K, , and K, ,, we obtain

A2 a2
Kv,nKv,n + _2Ku,nKu,n = Tz
a (ab)?L3]

By considering the relations (2.6) and (2.7), we get the desired result. O

(asm)asm)azn + ﬁs<n)ﬁs<n)ﬁ2") :

4 Conclusion

In recent years, many studies have been devoted to investigate the hybrid numbers whose components are from
the special number sequences such as Fibonacci, Lucas, Pell, Horadam numbers, etc. This work provides a new
generalization for hybrid numbers whose coefficients are from the bi-periodic Horadam numbers. Most of the
results of this study generalize the results of those were given in [11,12]. It would also be interesting to study
the algebraic structure of these new hybrid numbers.
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