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Abstract In this paper, we study the existence of infinitely many solutions of the nonlinear Steklov—Neumann
problem involving concave-convex type nonlinearities. The method of proof is based on critical point theory and
a certain decomposition of the Sobolev space W!2().
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1 Introduction

We study the existence of infinitely many solutions of the following semilinear elliptic problem

—Au=a()|ul’>uin Q,
0 (1)
M b))% on 9Q,

an

where Q2 C R", n > 2 is an open bounded domain with smooth boundary, 1 < p < 2 < q < 2, =

2n—1)/(n —2)anda : Q2 - R, b : 92 — R are functions satisfying the following hypotheses:

(Hy) a € L*®(RQ) and @ := infeqa(x) > 0;
(Hy) b € L*°(0R) and fm b(x)doy # 0.

Since the work of Steklov [22], elliptic problems with nonlinear boundary conditions have been studied
extensively, we refer to [7, 9, 12, 13, 15-17, 19, 23]. It has applications in several branches of physics and
mathematics like conductivity and harmonic analysis [4] and conformal deformations of Riemannian manifolds
with boundary [6, 8]. Also problems related to Sobolev trace embeddings H L) — LPOQ) naturally gives
rise to elliptic problems with nonlinear boundary conditions [10].

In [11], Garcia-Azorero et al. studied the following semilinear elliptic problem

—Au+u=uPuinQ,

9
Al on 992
an
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448 A. K. Badajena, S. Pradhan

In one of their results the authors proved the existence of infinitely many solutions for all 0 < A < Ap and
for some 1o > 0. In [14], Kajikiya and Naimen considered a problem with more general nonlinearity whose
prototype is

—Au+u= f(x,u)in 2,

B_u = g(x,u) on 0Q2.

an
and proved the existence of a sequence of solutions that converges to zero if the nonlinear term is locally sublinear
and that diverges to infinity if the nonlinear term is locally superlinear. Also we refer to [21], where the existence
of infinitely many solutions are studied for a nonlinear boundary value problem involving m —Laplace operator.
Motivated by the above literatures, in this paper we study the existence of solutions of (1). Here in problem (1) one
main difficulty is, unlike in [11, 14], the quadratic term |, o Vu |2 is not a norm in W!2(£2) in the corresponding
energy functional. To overcome this we use some ideas from [3] and consider an appropriate decomposition of
the space W' 2(2). We prove the following result.

Theorem 1 Assume that (Hy), (Hy) hold and 1 < p < 2 < g < 2. Then there exists a sequence of solutions
(upn) of (1) such that I (u,) < 0and I (u,) — 0asn — oo.

The paper is organized as follows: In Section 2, we prove some preliminary results required for the proof of
Theorem 1. In Section 3, we give the proof of Theorem 1. We also prove some regularity results for the solution.
More precisely, we prove that the H'!(£2) solutions of (1) are Holder continuous. This is discussed in Section 4.

2 Preliminaries

Let E = W12(Q) be the usual Sobolev space with norm given by

1
2
lulli 2 = (/ |Vu|2+u2> :
Q

Definition 1 We say a function u € E is a weak solution of (1) if for every ¢ € E we have

/ VuVe dx —[ a()|ul? ugp dx —/ b()|u|?*ugp doy = 0. 2)
Q Q Elo)

For u € E we define the energy functional for problem (1) by
1 5 1 1
ITw)== | |Vul"dx — — | a(x)|u|? dx — — b(x)|ul? do,.
2 Ja rJe q Jog

Since 1 < p <2 < g < 2, we have that I € C'(E,R) and the critical points of I are weak solutions of
(1). Hence the existence of solutions of (1) is equivalent to the existence of critical points of /. We will use the
following critical point theorem (see [2,Theorem 2]) to show the existence of infinitely many critical points of 1
which in turn will provide the existence of infinitely many solutions of (1).

Theorem 2 Let X be a Banach space and I € C'(X, R) satisfies

(I1) there exists an admissible representation V of G, a compact lie group, such that X = @ jca X (j) with
A=NorA=7%Zand X(j) =V forevery j € A. The space X is then a Banach space with isometric
linear G-action. The functional I : X — R is invariant under this action: 1 (gu) = I (u) for g € G and
ue X.

(I2) forevery k > kg there exists Ry > 0 such that I (u) > 0 for every u € Xy := @ >, X (j) with ||u| = Ry.

(I3) by :=inf,ecp, I(u) — 0 ask — oo where By :={u € Xy : |ul| < Ri}.

(14) for every k > 1 there exists ri € (0, Ry) and dy < O such that I (u) < di for every u € Xk = @<k X ()
with ||u|| = rg.

/!

(I5) every sequence u, € X", = GB’}I_nX(j) with I (u,) < 0 bounded and (I|X'L,,> (uy) - 0asn — o0

has a subsequence which converges to a critical point of 1.
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Existence of infinitely many solutions of nonlinear Steklov—Neumann problem 449

Then for each k > ko, I has a critical value cy € by, di], hence ¢,y — 0 as k — oo.
The following decomposition of E (see [5]) will be used in the proof of Theorem 1.

Lemmal (i) Let X = {u € WH2(Q) : fasz u do, = 0}. Then the Poincaré inequality holds in X. That is,
there exists a constant C, depending only on Q, such that

”u”LZ(Q) < C”VM”LZ(Q), for any u X.

(ii) For any u € E there exists a unique t, € R and u* € X such that u = t, + ut, that is, E = (1) & X and
foranyu,v € E

<M,U>=lu'lv+/Vu~Vv
Q

defines an inner product in E. Moreover, the corresponding norm is equivalent to the usual norm in E.
Next we prove a technical lemma which we need in the proof of Theorem 1.

Lemma 2 Assume that (Hy) holds. Then there exists y > 0 such that, if u = t, + ut e (1) ® X satisfies
IVullp2@) < vltul, then

Lip 2,17
a()|t, +u—|P dx > a(x) dx.
Q 2 Ja

Proof Suppose by contradiction, there exists a sequence (u,) C E such that || Vu,|;2q) < |t,|/n and

t, |P
/a@ﬂ%4ﬁ¢de<hﬂ—fa&)M. (3)
Q 2 Ja

Now set v,, := uf;/tun, then v, € X and ||Vv, L2y = Oasn — oo. Since, the Poincare’s inequality holds in
X, v, = 0in X. Also X is continuously embedded in L?(£2), hence v, — 0 in L”(£2). Consequently, we have
v, — 0 a.e. in Q. Now dividing both sides of (3) by |z,,| and using Lebesgue theorem we obtain

/ a(x) dx < 0.
Q

But this contradicts that a(x) > 0 on €2.

3 Proof of Theorem 1

Proof We show that I satisfies the hypotheses of Theorem 2. Consider the Neumann eigenvalue problem

—Au = Auin ,
ou
— =0on0dQ.
an

Then applying the theory of compact self-adjoint operators, there exists a sequence of eigenvalues 0 < A <
Ay <---<Xj <--- withA; — oo and the corresponding eigenfunctions {e;} form an orthonormal basis of X
(see [1, 20]). Define for u € E, the Rayleigh quotient by

|Vu|? dx
Jou?dx
Then, the eigenvalues has the following characterization
Lj=R(ej) = max R(u). ©)

uespanfey,...,e;}

Below we give a proof of the equation (5).
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Since A; is an eigenvalue with corresponding eigenfunction e, we have

/VejwVejdx:kj/e%dx.
Q Q

N Jo IVejI? dx . .
This implies that A; = =*———— = R(e;). This proves the first equality of (5).
Jo ejdx
Now for the second equality, let u € spanfey, ..., e;}. Thenu = Zi:l ay ex. Since Ay < Aj, fork < j and

Jo IVer] = Ax [ e, we have

Z,{zl oc,% fQ Ve - Ve
21{:1 of Jger - ex

_ Xioih foer-a

Yior o Jo ek - ek

ej} R(u) < Aj.But R(e;) = A;. Hence

R(u) =

=2

This implies that max, espan(e,

.....

R(ej) = max R(u).

uespanfey,...,e;}
Let E = (1) ® ®;>1X(j), where X(j) = span{e;}. Since I is even, hypothesis (/1) is satisfied taking
G =7/2 and V = R. For (1) we set
5 = lullLr )
uex\(oy  llull

By Rellich’s embedding theorem, the inclusion map i : wWh2(Q) — LP(Q)is compact. Note that §; is the same
as the operator norm of the restriction map i|x, . That is,

el Lr(s2)

Sk = llilx, Il = sup (6)

uex\foy  llull
Now suppose ||i|x, || - 0 as k — oo. Then there exist € > 0 and a subsequence uy € X with |luy|| = 1 such
that ||i (ug)|l = |lilx, (ux)]l > € for all k. Since for any j, (e;, ux) = 0 with k > j, this implies for any fixed j,

(ej,ur) — 0ask — oo. Since {uy} is bounded, u; — 0 weakly in WL2(Q). Now the compactness of i implies
that i (ux) — 0, which is a contradiction. Hence ||i|x, || — O and therefore §; — 0 as k — oo. Now foru € Xj
using the trace embedding we obtain

1 cl (6]
I(u) > 5/ IVut 12 — =@ ull? — = ul?
Q p q

1 c1 (&)
= —lull® = =GP ull? — = |lull?.
2 P q

Since ¢ > 2 choosing R > 0 small enough we have ¢ ||u||9/q < |lu||>/2 if |u|| < R. Thus
1 2 Plyll?
I(u) > Z||14|| —c1 (@) flull”.

Let Ry = (cl(Sk)p)l/(z_p). Then Ry — 0. Hence one can find kg such that Ry < R for k > ko. Now for u € Xy
with ||u|| = Ry we obtain

1
I(u) = leull2 — 1@ fJull” =0

Thatis (/17) holds. Since By is weakly compact and 7 is weakly lower semicontinuous (/3) follows from Ry — 0.
Next we show (I4) in two cases.
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Case 1: [|[Vul | ;2q) < ¥ltul.

Let [lu|| = r. Then ||ul*> = 2 + ||wL||§2(Q) = 1, > W As u can be written as u = t, + u",

where 7, is a constant [see Lemma 1(ii)]. Thus, Vu = V1, + Vul = Vul as V1, = 0. Therefore, Vulllp2@) =
| Vut l22()- Using Lemma 2 we get

1 t,|P
Tw) < = llull® + callulld — ] /a(x)dx
2 2 Jo

1 1
<r (5 +or T — Seall + J/z)_”/zr”_z) :

Since | < p <2, rP=2 — coasr — 0. Thus choosing r¢ small enough we get (1/2) + c3ri=2 — (ca/2)(1 +
y2)~P/2rP=2 < _1/2. Hence

2

Tk

I(u) < —— :=d; <O.

2

Case 2: | Vu|[|12(q) > ¥ |tl-
In this case for |[u]| = r we have r? = t2 + ||WL||§2(Q) = ||Vul|s > B~ 'r, where p = /1 +y—2.

Now since X* is finite dimensional, we have ||u lz2(@) < cllullLr (). Hence using (5) we obtain

r

P
2 2
f|u|f’zc3 (f |u|2) > o (/ |wL|2) > B PP,
Q Q Q

for some ¢; > 0 depending on k. Thus we have

1 o
1) < 5||u||2+c3||u||‘1 - —/ |u|?
PJQ
r2
=3 +c3r? —c fPrP.

Again similar to the case 1 we can find r; > 0 small enough so that

2
Tw) < —%" —d <0.

Hence (I4) holds. Finally we show that I satisfies the Palais—Smale condition (/5). Let (#,) C X", be asequence
/
and I (u,) <0, (”X'ln) (un) — 0asn — oo. Since the operators A, B : E — R defined by

A(u):/a(x)|u|pdx and B(u):/ b(x)|ul? do,,
Q Q2

are weakly continuous and their derivatives A’, B" are compact it is sufficient to show that (u,) is bounded in
E. Suppose by contradiction, there exists a subsequence denoted by (u,,) such that ||u,| — oo asn — oo. Set
Uy i= up/|luy|l. Then ||v,|| = 1 for all n. Hence upto subsequence v, — v weakly in E also v, — v in LP ()
and L9(0€2). Now from

1, 11 11
I(un) — 51 (up)up = <§ - ;) fga(X)lunl” + <§ - 5) /asz b(x)|unl?,

/ bWl < c1llun]?
0

we can write

Also since I (u,,) < 0 we have

1 2 1 » 1 q
3 [Vuuy|" = — | a(x)ual” + - b(x)|un|?.
Q P Ja q Jag
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Thus fQ [Vu,|? < esllun||P~2 — 0asn — oo. If v, = ty, + v,ﬂ‘, then v,J; — 01in X. Also upto a subsequence
ty, — ty in R and

Il = N6l = lvl = lim [v,| = 1.
n—oo

Hence v, — 1 strongly in E. Now from ||u,,||1_ql/(u,,)tvn =0, (1) we get

1
/ b(x)|vn |72 vaty, <—/a(x)|vn|P*‘|rvn|+on(1)
Q2 Q

= lunll?=P

Since ¢ > p and v, — 1 strongly in E the right hand side tends to zero. Hence by Lebesgue theorem we obtain

/ b(x) = 0.
aQ

which is a contradiction. Thus (u,) is bounded in E. This completes the proof of the theorem.

4 C* regularity of solutions

In this section we show that the solutions of (1) are in C*(£2). We follow the method used in [14,Lemma 4.2] to
prove our result. We prove the following.

Proposition 1 Let 1 < p <2 < g < 2*. Then any H'(Q) solution u of (1) is in C*(S2) and satisfies
-1 -1
lullcr@) = € (Iull 2 + lullfxtgy + 41§ =lyg ) -

Proof Letu € H L(Q) be any solution of (1). We first show that u € L°(£2). We use a bootstrap argument. Let
v > 1 be a parameter to be chosen later. Multiplying both sides of (1) by |u|"~'u, and integrating we obtain

v/ IVu)? |u)"~! zx/ a(x) |u|P+H+M/ b(x) |u?t L.
Q Q aQ

Since, a, b € L°°(2) we have
- +p—1 +q—1
o [ 1R < e (D7) g + Il e ™
where we denote by |u|ls,x = (fX |u|5)1/s . Using the identity

vi\ |2 1)?
‘V(M%l)‘ :¥|VM|2|M|U71

. vil .
and putting w = |u| 2 we obtain

4v p_1 ot
(1) + 1)2 /;2 |VU)|2 <c (“u||:+£_1’g2 + ||M||5+Z_1’39) (8)
Without loss of generality we can assume

2
n—2

P—q= ®
Indeed, set p; such that g +2/(n —2) < p; < 2n/(n —2) and p < p;. Let g1 = p; —2/(n — 2). Then
q <q1 <2(m—1)/(n—2). Then (7) and (8) are satisfied with p1, g;.

The Sobolev embedding shows that

2 2 2 2
s, o < clwlgy Twliy 40 < clwli, (10)
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Combining (8) and (10) and using w = |14|UT+l we get

2
v+1 v+1 v+1 ( vtp—1 vtg—1 ) V1
u u <—vc u u
Il ||<\;t12>ny9+|| ||(u+rll)7(g—l)y89— leelly i@+ lull,yg—190) + Q| |

4v

v+p—1 v4qg—1 1
<vc <||M||U+Z_1’Q + ”u”v_ﬂqj_l’ag +/ |M|v+ )
Q

Now using the Holder’s inequality

p—2
/Q T < QI D o < elulllE ) o
for some constant ¢ > 0. Thus we can write
-1 -1
Il < ve (hal o7 g+ Nl o+ Mt h -y ) (11)
Now define the sequences ay, by by
n—1
bui=2r, b= (bt =g +2)r, 1= —— (12)
n—
n
= (bk—1 —q+2)—— by (13)
2 n-—1
Then
rk—1
by =rfF+2-— q)r ,Vk € N. (14)
There exists constants ¢, C > such that
crk < b < CrF (15)
Since r > 1, ap — oo and by — 0o as k — oo. Puttingv = by — g + 11in (11) we get
br—q+2 bk q+2 br—q+2
lullg o™+ Ml ag < cbi (IIullb +7 + IIMII s T Ilullbkthg) (16)

where we have used (9) Since bk is increasing it holds that bk > 2(71 — 1)/(}’1 - 2) This 1mphes
bt — <
ag.
k 7 = k

Let §; be such that 1/8; =1 — ((bx +2/(n — 2))/ax). Then 1/8y — 1/n as k — oo. Using this and the Holder
inequality implies

bk+%2 bk+ bk+%2
IIulle" a= IQISk lull,, o < cllull, o
n—.
By a similar calculation we also have
br—q+2 br—q+2
lullyt 137 < cllullg
Substituting this in (16) we have
br—q+2 br—q+2 br—q+2
Nl 457+ Nl < by (nunak a7l o+l ) : a7
Define 0 := max{||u|lq., [ty 00, 1}. Then (17) implies
_ bt 25
01 < ey, T (18)
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Set 5
b+ 35

1
= b bk—q+2’ = —
ayp = (cby) Bk br—q12

Then (18) can be written as
Ok+1 =< Olef “
Now repeated use of (19) produces
0 < ak_lall?k:zlaflglﬂkfz . _a,13k71"~/329{3k71~"ﬁ2.

‘We wish to show that 6, < ¢ for all k € N. For this we first show that

o

0< 1_[ Br < o0.
k=1

By (14) there exists a constant ¢ > 0 such that by — g + 2 > ¢r¥ for all k € N. Since

p—1
—q=2/n=2),B=1+—,
p—q=2/ )» Br b —q 12

(21) follows from the fact that

Puto =[]t Bk Then | < o < oo. Since fi > 1, it follows that
Bk—1---Bi <ofori <k—1.

Since «; > 1, we can write

Br—1_ Be-1Bk-2 _a/fkfl-'-ﬁz

k105 O 3 < (ar---ox-1)°.

Next, we show that

o0
0< Hak < 00.
k=1

Using (15) and the definition of o, we get

m m (0.¢]
log (l_[ ock) = Zlogak < Zlogak < 00.
k=1 k=1 k=1

Hence (22) holds. Thus there exists a constant ¢ > 0 such that
Ok < cO7,Vk € N.
As k — 0o we can write
lulloo.2 + lullocae < ¢ < oo.

Thus u € L®°(2) N L>®(0RQ).
Now using [18, Proposition 3.6] we obtain u € C%(£2) and u satisfies

—1 —1
lullcei@) = € (Ilull 2 + lulfxtgy + lull{=te)) -
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