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Abstract Curves on surface are called osculating Darboux curve and rectifying Darboux curve if its position
vectors always lies in the osculating Darboux plane and rectifying Darboux plane which are spanned by Darboux
frame. We study the case that osculating Darboux curve and rectifying Darboux curve are geodesic, line of
curvature or asymptotic curve. In this case, we determine each curve is related to rectifying curve, spherical
curve and planer curve. Using this result, we also give the classification of a special developable surface under
the condition of the existence of osculating Darboux curve as a geodesic or a line of curvature. As a result, in
this case, we determine these developable surfaces become conical surfaces.

Keywords Darboux frame · Osculating Darboux curve · Rectifying Darboux curve · Developable surface ·
Conical surface · Rectifying curve
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1 Introduction

Geometric researches on the planes spanned by Frenet frame have been conducted [1,3–6,9,11–14,19]. It is
known that curves whose position vectors always lies in the normal plane and tangent plane are spherical curves
and planar curves, respectively. Chen [4] defined curves called rectifying curve whose position vectors always
lies in the rectifying plane and introduced the invariant of rectifying curve from the ratio of curvature and torsion.
The envelope of the plane spanned by Frenet frame is also being studied. The envelope of the normal plane
and the rectifying plane are called focal surface and rectifying developable, and are shown to be developable
surfaces. These envelopes have been studied in the field of singularities and are classified into cuspidal edge
and swallowtail using invariants of spherical curves and rectifying curves [9,13]. Moreover, it has been shown
that focal surface and rectifying developable are conical surfaces when the base curve is a spherical curve and
a rectifying curve, respectively. Using this result, Takeuchi and Izumiya [12] proved that a developable surface
with a geodesic as a rectifying curve is a conical surface.

By referring to studies on Frenet frame, recently many researches on planes spanned by Darboux frame have
been conducted [2,7,8,10,15,16,18]. The envelope of the plane spanned by Darboux frame is also being studied.
The envelope of the tangent plane and the rectifying Darboux plane are called osculating Darboux developable
and rectifying Darboux developable, and are shown to be developable surfaces [7,10,15]. Invariants δo, σo, δr
and σr along Darboux frame were defined, and it was proved that if the base curve satisfies δo �= 0 and σo = 0,
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osculating Darboux developable becomes a conical surface, and the base curve satisfies δr �= 0 and σr = 0,
rectifying Darboux developable becomes a conical surface [7,10,15]. Moreover, osculating Darboux developable
and rectifying Darboux developable were studied in the field of singularities and are classified into cuspidal edge
and swallowtail using these invariants [7,10,15]. Takahashi defined curves called osculating Darboux curve and
rectifying Darboux curve whose position vectors lies in the tangent plane and rectifying Darboux plane. From
the results stated in [7,10,15], he studied the relationship between δo and σo and osculating Darboux curve, and
the relationship between δr and σr and rectifying Darboux curve. As a result, he proved that the curve satisfying
δo �= 0 and σo = 0 is the osculating Darboux curve, and the curve satisfying δr �= 0 and σr = 0 is the rectifying
Darboux curve (cf. Proposition 2.1, 2.2) [18].

In this paper, we study the geometric properties of osculating Darboux curve and rectifying Darboux curve
under the condition that these curves are geodesic, line of curvature or asymptotic curve, respectively. In this
case, we determine the osculating Darboux curve and rectifying Darboux curve are closely related to rectifying
curve, spherical curve and planar curve (cf. Proposition 3.1, 3.2, 3.3, 3.4, 3.5). From these results, we study
the classification of developable surface with osculating Darboux curve. Using Proposition 3.1, we find the
developable surface which have a curve with any two geometric properties of osculating Darboux curve, geodesic
and rectifying curve becomes a conical surface (cf. Theorem 5.3). Furthermore, we focus on a line of curvature.
As a result, using Proposition 3.3, we find the developable surface which have a curve with any two geometric
properties of osculating Darboux curve, line of curvature and spherical curve becomes a conical surface (cf.
Theorem 5.6).

In Sect. 2, we describe the basic notions and properties of space curves and review the osculating Darboux
curve and rectifying Darboux curve. In Sect. 3, we study the geometric properties of osculating Darboux curve
and rectifying Darboux curve when these curves become geodesics, line of curvatures and asymptotic curves. In
Sect. 4, we show how to construct the osculating Darboux curve and rectifying Darboux curve. In Sect. 5, using
osculating Darboux curve, we study the case that developable surface becomes a conical surface. In Sect. 6,
using Proposition 4.3 and Theorem 5.6, we give examples of osculating Darboux curve and rectifying Darboux
curve. All manifolds and maps considered here are of class C∞ unless otherwise stated.

2 Preliminaries

Let γ : I −→ E
3 be a regular curve, ie., ‖γ ′(s)‖ �= 0, where I is subset of real numbers set R. γ (s) is called unit

speed curve if ‖γ ′(s)‖ = 1. Then, parameter s is called arc-length parameter. We denote by {e1(s), e2(s), e3(s)}
the Frenet frame along γ (s), where e1(s) is the unit tangent vector f ield, e2(s) the unit normal vector
f ield and e3(s) the unit binormal vector f ield of γ (s). Let κ(s) and τ(s) be the curvature and the torsion of
γ at s. Then, we have the Frenet-Serret formulas:

⎧
⎨

⎩

e′
1(s) = κ(s)e2(s)

e′
2(s) = −κ(s)e1(s) + τ(s)e3(s)

e′
3(s) = −τ(s)e2(s),

(2.1)

where κ(s) and τ(s) are the curvature and the torsion of γ at s. It is possible in general, that e′
1(s) = 0 for some

s, however, we assume that this never happens. The osculating plane, recti f ying plane and normal plane
are defined as planes spanned by {e1(s), e2(s)}, {e1(s), e3(s)} and {e2(s), e3(s)}, respectively. It is known that
a space curve is congruent to a curve whose position vector always lies in the osculating plane if and only if a
curve is a planar curve and that a space curve is congruent to a curve whose position vector always lies in the
normal plane if and only if a curve is a spherical curve. A curve is a spherical curve if and only if it consists
that (τ/κ)(s) + ((1/κ)′(1/τ))′(s) = 0. Chen [4] defined a space curve whose position vector always lies in
the rectifying plane as recti f ying curve. Furthermore, he found interesting properties of rectifying curve and
showed that a curve is congruent to a rectifying curve if and only if it consists that (τ/κ)′ �= 0 and (τ/κ)′′ = 0.

Let M be a regular surface and γ : I ⊂ R −→ M be a unit speed curve on the surface. Then, the Darboux
f rame {e1(s), B(s) = nγ (s) × e1(s), nγ (s)} is well-defined along γ , where e1(s) is the unit tangent vector
of γ (s) and nγ (s) is the unit normal vector of M along γ . Here, “×" is the cross product in R

3. We denote
by κn(s), κg(s) and τg(s) the normal curvature, geodesic curvature and geodesic torsion of γ (s). Then,
Darboux equations of this frame are;

⎧
⎨

⎩

e′
1(s) = κg(s)B(s) + κn(s)nγ (s)

B ′(s) = −κg(s)e1(s) + τg(s)nγ (s)
n′

γ (s) = −κn(s)e1(s) − τg(s)B(s),
(2.2)
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It is known that: if κg = 0 then γ (s) is a geodesic; if τg = 0 then γ (s) is a line of curvature; if κn = 0 then
γ (s) is an asymptotic curve of M . If φ(s) denotes the angle between the unit normal vector of M along γ and
the unit normal vector field of γ (s). Then, the following equations hold true:

⎧
⎪⎪⎨

⎪⎪⎩

κ2(s) = κ2
n (s) + κ2

g (s)
κg(s) = κ(s) sin φ(s)
κn(s) = κ(s) cos φ(s)
τg(s) = τ(s) + dφ(s)/ds,

(2.3)

{
B(s) = sin φ(s) · e2(s) − cos φ(s) · e3(s)
nγ (s) = cos φ(s) · e2(s) + sin φ(s) · e3(s).

(2.4)

For arbitrary parameter t , we have the following equations as:

κg(t) = det(γ̇ (t), γ̈ (t), nγ (t))

‖γ̇ (t)‖3 , κn(t) = 〈γ̈ (t), nγ (t)〉
‖γ̇ (t)‖2 ,

τg(t) = det(γ̇ (t), nγ , ṅγ (t))

‖γ̇ (t)‖2 , (2.5)

where 〈a, b〉 is inner product in R
3. The tangent plane, recti f ying Darboux plane and normal plane are

defined as planes spanned by {e1(s), B(s)}, {e1(s), nγ (s)} and {B(s), nγ (s)}, respectively. Otani and Izumiya [10]
defined a special vector field on tangent plane : Do(s) = (τge1 −κn B)(s), called Osculating Darboux vector ,
and the normali zed osculating Darboux vector f ield as Do = (τge1 − κn B)/(κ2

n + τ 2
g )1/2. Furthermore,

they defined two invariants associated with the Darboux frame as follows:

δo(s) = κg(s) +
(

κnτ
′
g − κ ′

nτg

κ2
n + τ 2

g

)

(s), (2.6)

σo(s) =
(

τg

(κ2
n + τ 2

g )1/2

)

(s) −
(

κn

δo(κ2
n + τ 2

g )1/2

)′
(s). (2.7)

Hananoi and Izumiya [7] defined a special vector field on the rectifying Darboux plane : Dr (s) = (τge1 +
κgnγ )(s), called Recti f ying Darboux vector , and the normali zed recti f ying Darboux vector f ield as
Dr = (τge1 + κgnγ )/(κ2

g + τ 2
g )1/2. Furthermore, they defined two invariants associated with the Darboux frame

as follows:

δr (s) = κn(s) −
(

κgτ
′
g − κ ′

gτg

κ2
g + τ 2

g

)

(s), (2.8)

σr (s) =
(

τg

(κ2
g + τ 2

g )1/2

)

(s) +
(

κg

δr (κ2
g + τ 2

g )1/2

)′
(s). (2.9)

Takahashi [18] defined the curves whose position vector always lies in the tangent plane and rectifying Darboux
plane as osculating Darboux curves and recti f ying Darboux curves, and found the following properties.

Proposition 2.1 [18] Let γ (s) be a curve on surface. Then, γ (s) is congruent to an osculating Darboux curve
only in the following two cases.

(i) If κn(s) = 0, γ (s) is a plane curve.
(ii) If κn(s) �= 0, γ (s) is a curve with δo(s) �= 0 and σo(s) = 0.

Proposition 2.2 [18] Let γ (s) be a curve on surface. Then, γ (s) is congruent to a rectifying Darboux curve only
in the following two cases.

(i) If κg(s) = 0, γ (s) is a plane curve.
(ii) If κg(s) �= 0, γ (s) is a curve with δr (s) �= 0 and σr (s) = 0.
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3 The properties of osculating Darboux curve and rectifying Darboux curve

In this section, we study the relationship between the osculating Darboux curve and geodesic, line of curvature,
and asymptotic curve, and the relationship between the rectifying Darboux curve and geodesic, line of curvature,
and asymptotic curve. Camci et.al [2] showed that : if an osculating Darboux curve is a geodesic, it is a rectifying
curve; if an osculating Darboux curve is a line of curvature, it is a spherical curve; if an osculating Darboux curve
is an asymptotic curve, it is a planar curve. By the same method, they showed that; if a rectifying Darboux curve
is a geodesic, it is a planar curve; if a rectifying Darboux curve is a line of curvature, it is a spherical curve; if a
rectifying Darboux curve is an asymptotic curve, it is a rectifying curve. Takahashi [18] showed that a curve that
is a line of curvature and a circle on surface was an osculating Darboux curve and a rectifying Darboux curve.
From these results, we study whether the converse of the result shown by Camci et.al holds true. First, we show
properties of osculating Darboux curve.

Proposition 3.1 Let γ (s) be a curve on surface M with κn(s) �= 0. If γ (s) satisfies two of following conditions,
the remaining condition holds up.

(i) γ (s) is a geodesic of M.
(ii) γ (s) is congruent to an osculating Darboux curve on M.

(iii) γ (s) is a rectifying curve.

Proof We show that if (i) holds up, (i i) and (i i i) are equivalent. Since γ (s) is a geodesic of M , using (2.3)
and (2.4), sin φ(s) = 0, so B(s) = ±e3(s). It is equivalent that γ (s) always lies in the plane {e1(s), B(s)}
and γ (s) always lies in the plane {e1(s), e3(s)}. Therefore, (i i) and (i i i) are equivalent. After that, we show
(i i)(i i i) → (i). Since γ (s) always lies in {e1(s), e3(s)} and {e1(s), B(s)}, it follows that e3(s) = ±B(s). By
(2.3) and (2.4), sin φ(s) = 0 and κg(s) = 0, so γ (s) is a geodesic of M . This completes the proof of Proposition
3.1. 
�
Proposition 3.2 Let γ (s) be a curve on surface M with κg(s) �= 0. If γ (s) satisfies two of following conditions,
the remaining condition holds up.

(i) γ (s) is a asymptotic curve of M.
(ii) γ (s) is congruent to an osculating Darboux curve on M.

(iii) γ (s) is a planar curve.

Proof We show that if (i) holds up, (i i) and (i i i) are equivalent. Since γ (s) is an asymptotic curve of M ,
using (2.3) and (2.4), cos φ(s) = 0, so B(s) = ±e2(s). Then, it is equivalent that γ (s) always lies in the
plane {e1(s), B(s)} and γ (s) always lies in the plane {e1(s), e2(s)}. Therefore, (i i) and (i i i) are equivalent.
After that, we show (i i)(i i i) → (i). Since γ (s) always lies in {e1(s), e2(s)} and {e1(s), B(s)}. It follows that
e2(s) = ±B(s). By (2.3) and (2.4), cos φ(s) = 0 and κn(s) = 0, so γ (s) is an asymptotic curve of M . This
completes the proof of Proposition 3.2. 
�
Proposition 3.3 Let γ (s) be a curve on surface M with κn(s) �= 0. If γ (s) satisfies two of following conditions,
the remaining condition holds up.

(i) γ (s) is a line of curvature of M.
(ii) γ (s) is congruent to an osculating Darboux curve on M.

(iii) γ (s) is a spherical curve.

Proof We show (i)(i i) → (i i i). Since γ (s) is a line of curvature of M , using (2.6) and (2.7), it follows that
δo(s) = κg(s) and σo(s) = ±(κ ′

g/κ
2
g )(s). By Proposition 2.1, we get κg = nonzeroconst . Using (2.3), it follows

that κ(s) = (κg/ sin φ)(s) and τ(s) = −φ′(s). By straight computation, we get (τ/κ)(s)+((1/κ)′(1/τ))′(s) = 0.
Therefore, γ (s) is a spherical curve. We show (i i)(i i i) → (i). Since γ (s) is a spherical curve and congruent
to an osculating Darboux curve, γ (s) always lies in planes {e1(s), B(s)} and {e2(s), e3(s)}. The coefficient of
e1(s) becomes 0, then, γ (s) is given by γ (s) = μ(s)B(s). Differentiating γ (s) with respect to s and comparing
the coefficients, the equations become:

⎧
⎨

⎩

μ(s)κg(s) = −1,

μ′(s) = 0,

μ(s)τg(s) = 0.

(3.1)
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Using the first and second equations of (3.1), it follows that μ(s) �= 0, so we get τg(s) = 0. Therefore, γ (s)
is a line of curvature of M . After that, we show (i i i)(i) → (i i). Since γ (s) is a spherical curve, it follows that
(τ/κ)(s) + ((1/κ)′(1/τ))′(s) = 0. Solving this equation, we get

τ(s) = ε

(
κ ′

κ(cκ2 − 1)1/2

)

(s), (3.2)

where ε = ±1(εκ > 0) and c is a constant. Since γ (s) is a line of curvature, using (2.3), it follows that φ(s) =∫ −τ(s)ds = ε arctan(1/(cκ2(s)− 1)1/2). Therefore, we get sin φ(s) = (1/c1/2κ(s)) and κg(s) = (1/c1/2). By
(2.6) and (2.7), we get δo(s) = κg(s) and σo(s) = ±(κ ′

g/κ
2)(s), so it follows that δo(s) �= 0 and σo(s) = 0. By

Proposition 2.1, γ (s) is congruent to an osculating Darboux curve. This completes Proposition 3.3. 
�
After that, we focus on the rectifying Darboux curve. Propositions 3.4, 3.5 and 3.6 are proved with similar
techniques of the previous proofs.

Proposition 3.4 Let γ (s) be a curve on surface M with κn(s) �= 0. If γ (s) satisfies two of following conditions,
the remaining condition holds up.

(i) γ (s) is a geodesic of M.
(ii) γ (s) is congruent to a rectifying Darboux curve on M.

(iii) γ (s) is a planar curve.

Proposition 3.5 Let γ (s) be a curve on surface M with κg(s) �= 0. If γ (s) satisfies two of following conditions,
the remaining condition holds up.

(i) γ (s) is a asymptotic curve of M.
(ii) γ (s) is congruent to a rectifying Darboux curve on M.

(iii) γ (s) is a rectifying curve.

Proposition 3.6 Let γ (s) be a congruent to a rectifying Darboux curve on surface M with κg(s) �= 0. Then, the
followings are equivalent.

(i) γ (s) is a line of curvature of M.
(ii) γ (s) is a spherical curve.

Remark 3.7 Proposition 3.6 shows that even if γ is a line of curvature and a spherical curve, it is not necessarily
a rectifying Darboux curve.

4 The method of making osculating Darboux curve and rectifying Darboux curve

In this section, we study how to construct the osculating Darboux curve and the rectifying Darboux curve.
Deshmukh et al. [6] studied how to construct rectifying curve, and found that D(s) = (1/κ(s))(τ (s)e1(s) +
κ(s)e3(s)) : dilated centrode(modi f ied Darboux vector f ield [12]) became a rectifying curve. Takahashi
[18] applied this result and found how to construct the osculating Darboux curve from Do and rectifying Darboux
curve from Dr . In this section, we study how to construct the osculating Darboux curve and the rectifying
Darboux curve from various Darboux vectors on the plane spanned by Darboux frame. As a result, we obtain
how to construct an osculating Darboux curve and rectifying Darboux curve from Do(s) and Dr (s). First, paying
attention to the normal direction of surface, we show how to construct the osculating Darboux curve.

Proposition 4.1 Let γ (s) be a curve on M with (κ2
n + τ 2

g )(s) �= 0 and δo(s) �= 0, and Do(s) be an osculating

Darboux vector along γ (s). If the normal vector along Do(s) on M coincides with nγ (s), Do(s) is congruent to
an osculating Darboux curve on M.

Proof We denote by κ̄g(s), κ̄n(s) and τ̄g(s) the geodesic curvature, normal curvature and geodesic torsion along
Do(s) on M , respectively. Differentiating Do(s) with s, we get the following equations:

D′
o(s) =

(
τ ′

g + κgκn

)
(s)e1(s) + (−κ ′

n + τgκg
)
(s)B(s). (4.1)

D′′
o (s) =

(
τ ′′

g + 2κgκ
′
n + κnκ ′

g − κ2
gτg

)
(s)e1(s) +

(
κ2

n + τ 2
g

)
(s)δo(s)nγ (s)
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+
(
−κ ′′

n + 2τ ′
gκg + τgκ

′
g + κnκ2

g

)
(s)B(s). (4.2)

Since the normal vector along Do(s) on M coincides with nγ (s), using (2.5), the equations became:

κ̄n(s) =
( (κ2

n + τ 2
g )δo

(τ ′
g + κnκg)2 + (−κ ′

n + τgκg)2

)
(s), (4.3)

τ̄g(s) =
( τgτ

′
g + κnκ

′
n

(τ ′
g + κnκg)2 + (−κ ′

n + τgκg)2

)
(s), (4.4)

κ̄g(s) =
( (τ ′

g + κgκn)(−κ ′′
n + 2τ ′

gκg + τgκ
′
g + κnκ2

g )

((τ ′
g + κnκg)2 + (−κ ′

n + τgκg)2)3/2

− (−κ ′
n + τgκg)(τ

′′
g + 2κgκ

′
n + κnκ ′

g − κ2
gτg)

((τ ′
g + κnκg)2 + (−κ ′

n + τgκg)2)3/2

)
(s). (4.5)

We denote by δ̄o(s) and σ̄o(s) the invariants along Do(s) on M . Using (2.6) and (2.7), we get the following
equations:

δ̄o(s) =
( δo

((τ ′
g + κnκg)2 + (−κ ′

n + τgκg)2)1/2

)
(s), σ̄o(s) = 0. (4.6)

From (κ2
n + τ 2

g )(s) �= 0 and δo(s) �= 0, it follows that κ̄n(s) �= 0, δ̄o(s) �= 0 and σ̄o(s) = 0. By Proposition 2.1

(i i), Do(s) is congruent to an osculating Darboux curve on M . This completes the proof of Proposition 4.1. 
�
Proposition 4.2 Let γ (s) be a curve on M with (κ2

g + τ 2
g )(s) �= 0 and δr (s) �= 0, and Dr (s) be a rectifying

Darboux vector along γ (s). If the normal vector along Dr (s) on M coincides with B(s), Dr (s) is congruent to
an osculating Darboux curve on M.

Proof We denote by κ̄n(s), δ̄o(s) and σ̄o(s) the normal curvature and the invariants along Dr (s)on M , respectively.
Then, we get the following equations with similar techniques of the previous proof.

κ̄n(s) =
( −(κ2

g + τ 2
g )δr

(τ ′
g − κgκn)2 + (κ ′

g + τgκn)2

)
(s), (4.7)

δ̄o(s) =
( −δr

((τ ′
g − κgκn)2 + (κ ′

g + τgκn)2)1/2

)
(s), σ̄o(s) = 0. (4.8)

From (κ2
g + τ 2

g )(s) �= 0 and δr (s) �= 0, it follows that κ̄n(s) �= 0, δ̄o(s) �= 0 and σ̄o(s) = 0. By Proposition 2.1
(i i), Dr (s) is congruent to an osculating Darboux curve. This completes the proof of Proposition 4.2. 
�
We denote by B-direction the direction perpendicular to the tangent and normal vectors along curve on the
surface. Paying the attention to the B-direction, we show how to construct a rectifying Darboux curve from Do(s)
and Dr (s).

Proposition 4.3 Let γ (s) be a curve on M with (κ2
n + τ 2

g )(s) �= 0 and δo(s) �= 0, and Do(s) be an osculating

Darboux vector along γ (s). If the B-direction along Do(s) on M coincides with nγ (s), Do(s) is congruent to a
rectifying Darboux curve on M.

Proof We denote by TDo(s) and nDo(s) the tangent vector and normal vector along Do(s) on M . From the proof
process in Proposition 4.1, we get the following equation.

TDo(s) =
(

(τ ′
g + κgκn)e1 + (−κ ′

n + τgκg)B

((τ ′
g + κgκn)2 + (−κ ′

n + τgκg)2)1/2

)

(s). (4.9)
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Since the B-direction along Do(s) on M is nγ (s), we get the following equation.

nDo(s) = TDo(s) × nγ (s) =
(

(−κ ′
n + τgκg)e1 − (τ ′

g + κgκn)B

((τ ′
g + κgκn)2 + (−κ ′

n + τgκg)2)1/2

)

(s). (4.10)

We denote by κ̄g(s), δ̄r (s) and σ̄r (s) the geodesic curvature and the invariants along Do(s) on M . Using (2.5),
(2.8) and (2.9), we get the following equations.

κ̄g(s) =
( (κ2

n + τ 2
g )δo

(τ ′
g + κnκg)2 + (−κ ′

n + τgκg)2

)
(s), (4.11)

δ̄r (s) =
( −δo

((τ ′
g + κnκg)2 + (−κ ′

n + τgκg)2)1/2

)
(s), σ̄r (s) = 0. (4.12)

From (κ2
n + τ 2

g )(s) �= 0 and δo(s) �= 0, it follows that κ̄g(s) �= 0, δ̄r (s) �= 0 and σ̄r (s) = 0. By Proposition 2.2
(i i), Do(s) is congruent to a rectifying Darboux curve. This completes the proof of Proposition 4.3. 
�
Proposition 4.4 Let γ (s) be a curve on M with (κ2

g + τ 2
g )(s) �= 0 and δr (s) �= 0, and Dr (s) be a rectifying

Darboux vector along γ (s). If the B-direction along Dr (s) on M coincides with B(s), Dr (s) is congruent to a
rectifying Darboux curve on M.

Proof We denote by κ̄g(s), δ̄r (s) and σ̄r (s) the geodesic curvature and the invariants along Dr (s) on M . Then,
we get the following equations with similar techniques of the proof of Proposition 4.3.

κ̄g(s) =
( −(κ2

g + τ 2
g )δr

(τ ′
g − κgκn)2 + (κ ′

g + τgκn)2

)
(s), (4.13)

δ̄r (s) =
( δr

((τ ′
g − κgκn)2 + (κ ′

g + τgκn)2)1/2

)
(s), σ̄r (s) = 0. (4.14)

From (κ2
g + τ 2

g )(s) �= 0 and δr (s) �= 0, it follows that κ̄g(s) �= 0, δ̄r (s) �= 0 and σ̄r (s) = 0. By Proposition 2.2
(i i), Dr (s) is congruent to a rectifying Darboux curve. This completes the proof of Proposition 4.4. 
�

5 The classification of developable surfaces using osculating Darboux curve and rectifying Darboux
curve

In this section, we study the classification of developable surfaces under the condition of the existence of
osculating Darboux curve. A ruled sur f ace in E

3 is the map F(γ,ξ) : I × R → R
3 defined by F(γ,ξ)(s, u) =

γ (s) + uξ(s), where γ : I → R
3, ξ : → R

3 \ {0} are smooth mappings and I is an open interval or a unit
circle S1. We call γ the base curve and ξ the director curve. The straight lines u → γ (s) + uξ(s) are called
rulings. Developable sur f aces are ruled surfaces and have the vanishing Gaussian curvature on the regular
part. It is known that developable surfaces are classified in tangent developable, cylindrical sur f aces and
conical sur f aces. Furthermore, the necessary and sufficient condition for F(γ,ξ) to be developable surface
is det(γ ′(s), ξ(s), ξ ′(s)) = 0. Izumiya and Takeuchi [12] studied recti f ying developable : F(γ,D)(s, u) =
γ (s) + u D(s) which is the envelope of the family of rectifying planes along the curve. It has been known that
γ (s) is a geodesic of the rectifying developable of γ (s). Izumiya and Takeuchi [12] showed that the converse was
also true (cf : Proposition 5.2). By Proposition 5.2, they studied the classification of developable surface from
the view points of a geodesic and they showed that developable surface is a part of conical surface if and only
if a geodesic is a rectifying curve. In this section, by Proposition 3.1, we extend this result using the notion of
osculating Darboux curve. Furthermore, from the result of Proposition 3.3, we consider classifying developable
surfaces from the view points of a line of curvature. As a result, we show developable surface is a conical surface
under the condition of the existence of a curve which is a line of curvature and a spherical curve. We extend
this result using the notion of osculating Darboux curve. First, we classify developable surface using a geodesic,
rectifying curve and osculating Darboux curve.
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Proposition 5.1 [12] For a unit speed curve γ (s) with κ(s) �= 0, the following conditions are equivalent.

(i) The rectifying developable F(γ,D) of γ is a conical surface.
(ii) γ (s) is a rectifying curve.

Proposition 5.2 [12] Let M be a ruled surface and γ (s) a regular curve on M with nonvanishing curvature.
Then, the following conditions are equivalent:

(i) M is the rectifying developable of γ (s).
(ii) γ (s) is a geodesic of M which is transversal to rulings and M is a developable surface.

Using Propositions 3.1, 5.1 and 5.2, we have Theorem 5.3.

Theorem 5.3 Let M be a developable surface and γ (s) a regular curve with κn(s) �= 0 which is transversal to
rulings on M. Then, M is a part of conical surface if and only if γ (s) satisfies two of the following conditions:
(i) γ (s) is a geodesic of M.

(ii) γ (s) is congruent to an osculating Darboux curve on M.
(iii) γ (s) is a rectifying curve.

After that, we study the classification of a developable surface using a line of curvature, a spherical curve and
an osculating Darboux curve. Before proving Theorem 5.6, we prove some preliminary results.

Proposition 5.4 [17] A curve γ on M is a line of curvature if and only if the surface M formed by the normals
to the surface along γ is a developable surface.

Lemma 5.5 The base curve of the rectifying developable F(γ,D) is a rectifying curve if and only if line of
curvatures of F(γ,D) are spherical curves.

Proof The normal of F(γ,D)(s, u) is calculated as e2(s). Then, we consider the condition that the surface M
: x̄(s, ū) = F(γ,D)(s) + ūe2(s) formed by the normals to F(γ,D)(s, u) along F(γ,D)(s) = γ (s) + u(s)D(s) is
developable surface. Then,

det
(d F(γ,D)(s)

ds
,

de2

ds
, e2

)
= 0

⇐⇒ (−τ(1 + (uτ/κ)′) − κu′)(s) det(e1(s), e2(s), e3(s)) = 0, (5.1)

where κ and τ are the curvature and torsion of γ (s), respectively. Solving this equation, we get

u(s) =
c + ∫ − f (s)

(1+ f 2(s))1/2 ds

(1 + f 2(s))1/2 , (5.2)

where f (s) = (τ/κ)(s) and c is a constant. Using Proposition 5.4, line of curvatures of F(γ,D)(s, u) is expressed
by the following equation:

γ̄ (s) = γ (s) +
c + ∫ − f (s)

(1+ f 2(s))1/2 ds

(1 + f 2(s))1/2 D(s). (5.3)

Then, we put

h(s) =
(1 + f 2(s))1/2 + f ′(s)

(
c + ∫ − f (s)

(1+ f 2(s))1/2 ds
)

(1 + f 2(s))3/2 . (5.4)

Differentiating γ̄ (s) with respect to s, we get

γ̄ ′(s) = h(s)(e1(s) − f (s)e3(s)), (5.5)

and

γ̄ ′′(s) = h′(s)e1(s) + (h(κ + f τ))(s)e2(s) − ( f h′ + f ′h)(s)e3(s). (5.6)
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We denote by κ̄g(s), κ̄n(s), δ̄o(s) and σ̄o(s) the geodesic curvature, normal curvature and invariants along γ̄ (s)
on F(γ,D)(s, u), respectively. Using (2.5), the equations become:

κ̄g = det(γ̄ ′, γ̄ ′′, e2)

‖γ̄ ′‖3 = f ′

h(1 + f 2)3/2

= f ′

(1 + f 2)1/2 + f ′(c + ∫ − f
(1+ f 2)1/2 ds

) , (5.7)

κ̄ ′
g(s) = f ′′(1 + f 2)1/2

(
(1 + f 2)1/2 + f ′(c + ∫ − f

(1+ f 2)1/2 ds
))2 . (5.8)

κ̄n = 〈γ̄ ′′, e2〉
‖γ̄ ′‖2 = (κ + f τ)

h(1 + f 2)
= κ(1 + f 2)3/2

(1 + f 2)1/2 + f ′(c + ∫ − f
(1+ f 2)1/2 ds

) . (5.9)

It follows that f ′(s) �= 0 and f ′′(s) = 0 if and only if κ̄g(s) �= 0 and κ̄ ′
g(s) = 0. This shows that γ (s) is

a rectifying curve if and only if κ̄g(s) �= 0 and κ̄ ′
g(s) = 0. Since γ̄ (s) is a line of curvature of M , we get

δ̄o(s) = κ̄g(s) and σ̄o(s) = ±(κ̄ ′
g/κ̄

2
g )(s). By Proposition 2.1, this shows that γ (s) is a rectifying curve if and

only if γ̄ (s) is congruent to an osculating Darboux curve. Since κ̄n(s) �= 0, by Proposition 3.3, it follows that
γ (s) is a rectifying curve if and only if γ̄ (s) is a spherical curve. Therefore, this completes the proof of Lemma
5.5. 
�
Theorem 5.6 Let M be a developable surface. Then, M is a part of conical surface if and only if there is a curve
γ̄ (s) with κn(s) �= 0 that satisfies two of the following conditions:
(i) γ̄ (s) is a line of curvature of M.

(ii) γ̄ (s) is congruent to an osculating Darboux curve on M.
(iii) γ̄ (s) is a spherical curve.

Proof Let γ (s) be a geodesic of M which is transversal to rulings. By Proposition 5.2, we consider M as the
rectifying developable F(γ,D). By Proposition 5.1 and Lemma 5.5, F(γ,D) is a conical surface if and only if line
of curvatures γ̄ (s) of F(γ,D) are spherical curves. Using Proposition 3.3, we complete the proof of Theorem
5.6. 
�

6 Example

In this section, by Proposition 4.3 and Theorem 5.6, we give the examples of osculating Darboux curve and
rectifying Darboux curve. First, we show an example of osculating Darboux curve. We focus on a line of
curvature on a conical surface. By Theorem 5.6, line of curvatures of a conical surface are spherical curve and
osculating Darboux curve. We consider a conical surface defined by

x(t, u) = u(t2, sin t, cos t). (6.1)

Using (2.5), if the curve γ (t) = u(t)(t2, sin t, cos t) on x becomes a line of curvature, γ (t) can be expressed by
the following equation:

γ (t) = c

(1 + t4)1/2 (t2, sin t, cos t) (6.2)

where c is constant function. By straight computation, it follows that the invariants of spherical curve on γ (t)
becomes 0, so γ (t) is spherical curve on x(t, u). We denote by κn(t), δo(t) and σo(t) the normal curvature and
invariants along γ (t). Then, we get

κn(t) = (2 + t2)(1 + t4)3/2

c(1 + 4t2 + t4)3/2 , δo(t) = − 1√
c2

, σo(t) = 0. (6.3)

By Proposition 2.1 (i i), γ (t) is the osculating Darboux curve on x , so we obtain the example of an osculating
Darboux curve. From this result, we can confirm that Theorem 5.6 is true. Figure 1 shows osculating Darboux
curve γ (t)(c = 1) on conical surface x .
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Fig. 1 Osculating Darboux curve

Fig. 2 Rectifying Darboux curve

After that, using Proposition 4.3, we show an example of rectifying Darboux curve. We consider the surface
y(t, u) = Do(t) + unγ (t), where Do and nγ are osculating Darboux vector and normal vector along γ on x .
By straight computation, it follows that B-direction along Do on y coincides with nγ . By Proposition 4.3, Do

is congruent to a rectifying Darboux curve on y. We denote κ̄g(t), δ̄r (t) and σ̄r (t) the geodesic curvature and
invariants along Do. Actually, we get

κ̄g(t) = − (2 + t2)2(1 + 4t2)5/2(1 + 4t2 + t4)5/2


(t)
, (6.4)

δ̄r (t) = (1 + 4t2)3/2(1 + 4t2 + t4)5/2

(1 + t4)
√


(t)
, (6.5)

σ̄r (t) =0, (6.6)

where 
(t) = 4 + 568t2 + 4953t4 + 14096t6 + 14310t8 + 8032t10 + 2513t12 + 536t14 + 80t16 + 16t18. By
Proposition 2.2 (i i), Do(t) is congruent to a rectifying Darboux curve on y. Figure 2 shows rectifying Darboux
curve Do(t) on y.

123



466 T. Takahashi

References

1. Altunkaya, B., Kahraman, F., Kula, L., Aytekin, C.: On rectifying slant helices in Euclidean 3-space. Konuralp J. Math. 4, 17-24
(2016)
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